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In  each  successive  edition  of  this  work  the  author  has  had 
to  state  that  many  additions  and  improvements  have  been  made. 
The  present  is  no  exception  to  this  rule.  The  subject  of  dynamics 
grows  so  rapidly  and  so  many  new  extensions  are  continually 
being  discovered  that  much  of  every  edition  has  had  to  be  re- 
written. There  were  necessarily  omissions  of  some  of  the 
older  matter,  a  condensation  of  what  remained,  and  a  selection 
made  from  the  new  work.  The  student  will  see  by  a  glance 
at  the  table  of  contents  how  many  and  how  various  are  the 
applications  of  dynamics  and  it  is  not  to  be  supposed  that  this 
list  is  an  exhaustive  one. 

It  will  be  seen  that  the  general  plan  of  the  book  is  the 
same  as  before,  and  need  not  be  further  described.  The  several 
chapters  have  been  made  as  independent  as  possible  to  enable 
the  reader  to  choose  his  own  order  of  study.  Historical  notices 
have  been  given  throughout  the  book,  and  an  endeavour  has 
been  made  to  join  to  every  theorem  or  problem  the  name  of 
its  author.  The  result  is  however  not  perfectly  satisfactory, 
partly  because  of  the  enormous  mass  of  memoirs  which  have 
to  be  searched,  and  partly  because  a  theorem  discovered  by  one 
person  is  sometimes  so  improved  by  others  that  it  is  difficult 
to  say  who  is  the  real  author  or  what  merit  is  due  to  each. 

As  in  former  editions  all  very  long  investigations  have  been 
avoided,  the  author  having  endeavoured  to  replace  all  such  by 
shorter  demonstrations.     In  all  cases,  whether  a  proof  is  given 
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or  not,  the  full  references  in  the  text  will  euahle  the  reader  to 
find  the  original  work.  This  seems  to  be  the  only  course  which 
could  be  adopted  \vithout  expanding  the  book  beyond  its  existing 
limits. 

Numerous  examples  have  been  given  throughout  the  book, 
and,  whenever  any  one  seemed  to  depend  on  a  principle  to  which 
attention  had  not  been  fully  drawn,  hints  have  been  given  for  its 
solution.  Everywhere  the  results  have  been  given  and  care  has 
been  taken  to  secure  their  accuracy,  but  amongst  so  many  theorems 
it  cannot  be  expected  that  no  errors  have  escaped  detection. 

The  brief  headings  in  the  table  of  contents  will  enable  the 
reader  to  discover  the  page  on  which  any  theorem  may  be  found, 
but,  to  help  matters,  an  index  containing  some  references  has 
been  added. 


EDWAKD  J.   ROUTH. 


Pbtbhhodse, 
May,  1905. 
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DYNAMICS. 

CHAPTER  I. 

MOVING  AXES  AND  RELATIVE  MOTION. 

Moving  Axes. 

1.  In  many  problems  io  dynamics  it  is  found  that  the  axes 
of  reference  suitable  to  the  initial  state  of  the  motion  are  not 
well  adapted  to  follow  the  body  under  consideration  during  its 
whole  course  of  motion.  It  is  therefore  sometimes  convenient  to 
use  axes  which  themselves  move  in  space  so  that  they  always  keep 
those  positions  which  are  most  appropriate  to  the  instantaneous 
position  of  the  body.  Thus,  to  take  a  simple  case,  in  dynamics  of 
a  particle  we  sometimes  resolve  our  forces  along  the  tangent  and 
normal  to  the  path.  This  is  practically  the  same  as  using  a  set  of 
Cartesian  axes  which  move  so  as  to  be  always  parallel  to  the 
tangent  and  normal.  This  theory  has  been  generalised  in  Vol.  i. 
Chap.  IV.  where  the  motion  is  referred  to  any  two  lines  whatever 
which  move  in  one  plane.  We  now  propose  to  extend  the  theory 
still  further.  We  shall  discuss  the  general  equations  of  motion  of 
a  particle  and  then  those  of  a  rigid  body  referred  to  any  rectangular 
axes  which  move  as  we  may  find  convenient. 

2.  If  we  make  the  axes  to  which  we  refer  the  body  move,  it 
is  clear  that  we  must  have  some  means  of  determining  the  posi- 
tion and  motion  of  these  axes  in  space.  This  might  be  effected 
by  having  another  set  of  axes  which  are  themselves  fixed  in  space 
and  to  which  in  turn  we  might  refer  the  moving  axes.  This  is  the 
course  adopted  by  Euler;  thus  in  the  equations  usually  called 
after  his  name  (Vol.  i.  Chap,  v.)  he  uses  two  sets  of  axes.  The 
advantage  of  giving  motion  to  the  axes  is  however  greatly 
diminished  if  we  must  also  use  a  set  of  fixed  axes  throughout 
the  motion.     For  this  reason  we  shall  now  determine  the  motion  of 
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the  moving  axes  by  angular  velocities  d,,  d^,  6s  about  themselves. 
In  other  words,  we  regard  the  axes  as  if  they  were  a  material 
system  of  three  straight  lines  at  nglit  angles  whose  motion 
at  any  instant  was  given  by  three  coexistent  angular  velocities 
about  axes  which  instantaneously  coincided  with  them.  In  this 
way  we  do  not  use  any  fixed  axes  except  at  the  beginning  or 
end  of  the  solution,  and  only  in  such  a  manner  as  we  may  find 
convenient. 

3.  In  order  to  understand  how  the  motion  of  a  body  is  re- 
ferred to  moving  axes  let  us  first  suppose  that  the  body  is  turning 
about  a  fixed  point.  Taking  this  point  as  origin  we  determine  the 
motion  of  the  body  by  three  angular  velocities  at^,  w^,  wj  about  the 
axes  in  the  same  manner  as  if  the  axes  were  fixed  in  space.  The 
position  of  the  body  at  the  time  t  +  dt  may  be  constructed  from 
that  at  the  time  (  by  turning  the  body  through  the  angles  aiidt, 
ta^dt,  M^dt  successively  round  the  instantaneous  positions  of  the 
axes.  But  it  must  be  remembered  that  m^dt  does  not  now  give 
the  angle  the  body  has  been  turned  through  relatively  to  the 
plane  we,  but  relatively  to  some  plane  fixed  in  space  pa 
through  the  instantaneous  position  of  the  axis  of  z.  The  s 
turned  through  relatively  to  the  plane  of  xz  is  (wj  —  ^3)  dt. 

If  there  be  no  fixed  point  we  use  the  construction  explained 
in  Vol.  I,  Chap.  v.  We  represent  the  motion  of  the  body  by  the 
six  components  u,  v,  w;  to,,  m^,  oij  referred  to  any  origin,  the 
axes  being  treated  as  if  they  were  fixed  for  the  moment.  Here 
u,  V,  w  are  the  resolved  parts  in  the  directions  of  the  axes  of  the 
velocity  of  the  origin  or  base  point,  and  o),,  wj,  wj  are  the  resolved 
parts  about  the  same  axes  of  the  angular  velocity  of  the  body.  In 
the  same  way  the  motion  of  the  axes  is  given  by  the  components 
of  motion  p,q,r;  d„  0,,  S^,  the  moving  axes  being  themselves  the 
instantaneous  axes  of  reference. 

In  most  cases  however  the  axes  will  be  made  to  turn  round 
some  point  which  either  is  fixed  or  may  be  treated  as  fixed. 
Their  directions  in  space  are  made  to  vary  in  a  manner  suitable  to 
the  purpose  we  have  in  hand.  We  then  have  p,  q,  r  all  zero. 
Since  any  point  may  be  reduced  to  rest  by  the  method  explained 
in  Vol.  I.  Chap.  IV.  this  supposition,  which  will  be  generally  made, 
does  not  really  limit  our  choice  of  axes. 

4.  Fundamental  Theorem.  A  system  of  rectangular  axes 
moves  in  any  manner  ahout  a  fixed  point  0,  it  is  required  to  establish 
the  kinematical  relations  between  these  axes  and  a  system  of  axes 
jjjced  in  space  and  coincident  with  them,  at  any  time  t. 

Let  Ox,  Oy,  Oz  be  the  positions  of  the  moving  axes  at  the 
time  t;  after  an  interval  dt  these  assume  new  positions,  which  we 
represent  by  Ox ,  Oy',  Oz.  The  change  of  position  may  be  repre- 
sented by  a  rotation  ddt  about  some  instantaneous  axis,  which  we 
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may  represent  by  01.  Let  Ot,  0,,  $.j  be  the  coraponenta  of  the 
angular  velocity  8,  so  that  the  axes  are  moved  from  theb'  positions 
Od;,  Oy,  Oz  at  the  time  t  into  their  positions  Ox',  Oy',  Oz'  at  the 
time  *  +  rff  by  the  three  rotations  d^dt,  0,dt,  O^dt  about  Otv,  Op,  Oz 
performed  in  any  order. 

Let  us  represent  by  the  symbol  R  any  directed  quantity  or 
vector,  such  as  a  force,  a  velocity,  the  moment  of  a  couple  about  its 
axis,  or  an  angular  momentum.  Let  ila  suppose  that  the  vector 
may  be  resolved  and  compounded  according  to  the  "  parallelogram 
law."  Let  us  represent  its  components  parallel  to  the  three  axes 
Ox,  Oy,  Oz  by  the  symbols  U,  V,  W.  In  the  time  dt  the  vector  fi 
has  changed  its  magnitude  and  direction ;  in  the  same  time  the 
axes  have  also  changed.  The  components  of  the  vector  at  the 
time  t  +  dt  in  the  then  direction  of  the  axes  of  reference,  i.e.  in 
the  directions  Oa^,  Oy',  0/,  are   U-\-dV,  V  +  dV,   W  +  dW. 

We  wish  to  find  the  increase  in  the  time  dt  of  the  component 
in  the  direction  of  the  axis  Ox  supposed  fixed  in  space.  -  Describe 
a  sphere  of  unit  radius  whose  centre  is  at  0  and  let  the  axes  cut 
the  sphere  in  the  points  x,  y,  s,  a/,  y\  /.  Thus  we  have  two 
spherical  triangles  xyz,  x'y'^,  all  whose  sides  are  right  angles. 
The  resolved  part  of  the  vector  at  the  time  t+dt  along  the  axis 
Oa^is      {U  +  dU)  cos  xx' +  {V +dV)  cos  xy'  +  {W  +  dW)  ma  xz'. 

The  rotations  about  Ox  and  Oy  cannot  alter  the  arc  xy,  but 
the  rotation   about   Oz  will   move  y'  away  from  x  by  the   arc 
B^dt.     In  the  same  way  the  rotations  about  Ox  and  Oz  cannot 
alter  the  arc  xz  but  the  rotation  about 
Oy  will  move  i/  towards  x  by  the  arc 
e.,dt.     Therefore 

xy'  =  xy  +  6a  dt,  xz'  =  xz  —  Q.^  dt. 
Also  the  cosine  of  the  arc  xx'  differs 
from  unity  by  the  square  of  a  small 
quantity.  Substituting,  we  find  that 
at  the  time  t  +  dt  the  component  of 
the  vector  along  Ox  is 

U  +  dU-r0,dt+WO^dt. 
The   rate   of  increase   of  the   component   of  the  vector  in  the 
direction  Ox  is  U-,  =  dU/dt  -  VS^  +  Iff,. 

In  the  same  way  the  rates  of  increase  of  the  components  in  the 
directions  Oy,  Oz  are 

V,  =  d  VI dt  -  W0J  +Ue„         W,^d  W/dt  -  U0,  +  VO^ . 

We  have  here  practically  used  two  sets  of  axes.  One  set 
Ox,  Oy,  Oz  moves  about  the  fixed  origin  according  to  the  law 
determined  by  the  angular  velocities  6i,  0^,  0s,  these  are  the  axes 
of  reference.    Another  set  coincides  with  Ox,  Oy,  Oz  at  the  time  t, 
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but  is  fixed  in  space  and  is  therefore  left  behind  by  the  axes  of 
reference  as  they  move  in  the  time  dt.  The  symbols  U,  V,  W  re- 
present the  resolved  parts  of  the  vector  along  either  set  of  axes  at 
the, time  t.  The  symbols  U  +  dU,  V  +  dV,  W  +  dW represent  the 
components  along  the  moving  axes  at  the  time  i  +  rf*;  and  U+  ll,dt, 
F+  V-idt,  W  -\-  Widt,  represent  the  components  along  the  fixed 
axes  at  the  same  time  t  +  dt. 

5.  Important  Applications.  We  may  now  apply  this 
general  theorem  to  a  variety  of  vectoi's*. 

(1)  Let  the  vector  R  be  the  radius  vector  of  a  moving  point  P. 
Then  f,  V,  W  represent  the  coordinates  x,  y,  z\  while  I/,,  Fi,  W^ 
represent  the  component  velocities  in  space.  These  wc  now  repre- 
sent by  M,  V,  w.    Therefore 

u  =  dx\dt  -  y^3  +  z6^,  v  =  dyjdt  -  zO,  +  x6^ , 

w  =  dzldt~~ai$i  +  yO,. 

(2)  Let  the  vector  R  be  the  veiocitv  of  a  moving  point  P. 
Then  U,  V,  W  represent  the  component  velocities  u,  v,  w ;  while 
^1.  ^li  ^1  represent  the  accelerations.  These  we  represent  by 
X,  Y,  Z.     Therefore 

X  =  dujdt  -  vO^  +  wd^,         Y  =  dvjdt  -  w0j  +  uO^, 
Z=dwldt-u0^  +  ve^. 

(3)  Let  the  vector  R  be  the  angular  velocity  «  of  a  body. 
Then  U,  V,  W  ai'e  the  components  of  w  about  the  moving  axes, 
let  us  call  these  wi,  tos,  lUg.  Let  w^;,  Wy,  w^  be  the  components 
about  the  fixed  axes.     Then  we  have 

da>x/dt  =  dwijdt -  Wjfla  +  Ms ^5,         dayjdt  =  do)^ldt  -  ws^i  +  at^di, 
daijdi  =  dtOijdt  —  wi  ^a  +  w.^  Oi  ■ 
Here  8^,  6^,  0,  are  the  component  angular  velocities  of  the  axes  of 
reference,  while  Wi,  Wg,  o's  are  the  component  angulai'  velocities  of 
the  body,  both  about  the  same  axes,  namely,  the  axes  of  reference, 
see  Art.  2. 

(4)  Let  the  vector  R  be  the  angular  momentum  of  a  body. 
Let  k„  h^.  A;  be  its  components  about  the  moving  axes;  h^,  hy,  A, 
the  components  about  fixed  axes.     Then 

dK/dt  =  dhjdt ~ hA  +  hA,        dhyjdt  =  dJuJdt  -  kA  +  h,e„ 
dk^jdt  =  dk,ldt  -  h-A  +  Ml- 

'  The  sets  of  eqaatione  (I|  (2)  (3)  were  given  in  this  form  by  the  late  Trof. 
Slesser  [Cavibridge  Qaarta-ly  Journal,  Vol.  ii.,  1858)  to  whom  the  two  special  cases 
giyen  further  on  in  Art,  12  had  been  previonsly  Bhown  by  the  author,  together  with 
their  application  to  the  motion  o£  spheres.  Other  proofs  were  given  of  them  in  the 
following  number  of  the  Quarterly  Journal  by  P.  Frost.  All  four  sets  of  Bquationa 
were  given  by  R.  B.  Hayward  in  Vol.  x,  of  the  Cambridge  Transactions,  1856. 
Similar  results  were  also  given  in  Liouville's  Jowiial,  1858. 
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5  a.  If  the  origin  of  coordinates  is  also  in  motion,  these  equations  requite  some 
modifioations.  Let  (p,  g,  r)  be  the  resolved  parts  of  the  velocity  of  the  origin  in  the 
directions  of  the  axes.  If  (it,  v,  ip)  represent  the  resolved  velooitles  of  the  centre  of 
gravity  in  space,  i.e.  referred  to  aies  fixed  in  space,  we  must  add  p,  q,  t  reapeetively 
to  the  espressiona  foe  u,  v,  w  given  by  (1).  Supposing  (m,  v,  w)  to  continue  to 
repressnt  the  velocities  referred  to  axes  fised  in  space,  the  expressions  (2)  will  be 
analtered.  On  the  same  supposition  we  must  add  m[-vr  +  'ii!q),  m(  -  lu/i  +  iir), 
ta{-iiq  +  vp)  respectively  to  Oie  esptessions  for  ilhjdt  &e.  given  by  (4),  wliere  mis 
the  mass  of  the  body. 

To  prove  this  let  us  determine  the  parts  of  dh^  and  dh,  due  to  the  translational 
and  rotatioDal  motion  of  the  axes  separately.  Those  of  the  latter  are  given  by  the 
formulae  [i);  to  find  those  of  the  former,  let  H^.  Hy,  H^  be  the  angular  momenta 
about  parallel  axes  through  the  centre  of  gravity.    Then,  by  To!,  i.  Art.  75, 

ft^  =  h,  =  ffj-miTj  +  mf«!/. 
The  differential  coefficient  dhjdt  is  obtained  from  this  on  the  supposition  that  we 
■write  r  +  dsjdt,  q  +  dyldt  for  dijdt  and  dyjdt,  beeanse  these  are  the  resolved  velocities 
in  space  of  the  centre  of  gravity.    The  differential  coefficient  dh-^^dt  is  obtained 
without  the  addition  of  r  and  q.     We  therefore  have 
dhjdt=dh,jdt  -  mvr  +  tawq. 
5  b.     We  may  notice  that,  if  the  moving  set  of  axes  be  fixed  in 
the  body  and  move  with  it,  0^=  to,,  d^=  m^,  0^=  w^.    The  third  set 
of  equations  then  show  that 

do3a  _  dt»i  duty  _  rfwa  rf(i)j  _  dros 

~dt  ~~di'       dr~~dt  '      ~dt  ^~dt~' 
These    simplified    fortns    are    used    by   Euler    in   obtaining   his 
equations  of  motion  of  a  rigid  body  about   a  fixed   point.     See 
Vol.  I.  Chap.  V. 

6.  The  above  results  may  be  obtained  in  other  ways,  but  there  is  an  obvious 
advantage  in  deducing  them  all  by  one  metliod. 

The  equations  connecting  («,  v,  w)  with  the  ooordinates  (x,  y,  z)  may  be 
obtained  as  follows.  The  resolved  velocities  in  space  of  a  point  F  are  not  given  by 
dscfdt,  dyjdt,  dzjdt.  These  are  the  resolved  velocities  relatively  to  the  moving  axes. 
To  find  the  motion  in  space  we  ffitiat  add  to  these  the  resolved  velocities  due  to  the 
motion  of  the  aies.  If  we  supposed  the  particle  to  be  rigidly  connected  with  the 
axes,  its  velocities  would  be  espcesaed  by  the  forms  e^s-Sgy,  &c.  given  iu  Vol.  i. 
Chap.  V.  By  adding  the  parts  together  the  actual  resolved  velocities  of  the  particle 
aie  found  to  be  those  Ri^en  above. 

Since  acceleration  is  the  rate  of  increase  of  velocity,  just  as  velocity  is  the  rate 
of  increase  of  apace,  it  is  clear  that  the  relations  which  hold  between  accelerations 
and  -velocities  must  be  the  same  as  those  which  hold  between  velocities  and  spaces. 
Thus  the  relations  (2)  between  (X,  Y,  Z)  and  («.  «,  w)  follow  at  once  from  those 
between  (m,   t,  lo)  and  (x,  y,  z)- 

T  ObUqne  axaa.  Es  1.  Let  the  motion  be  referred  to  ohliqite  moving  axes 
BO  that  the  sides  of  the  spherical  triangle  xys  are  a,  b,  c,  and  the  angles  A,  B,  G. 
Let  the  equal  quantities  sin  u  sin  b  sin  C,  sin  Ei  sin  e  sin  A ,  sin  e  sin  a  sin  JB  be  called  /*. 
Prove  that,  if  the  velocity  be  represented  by  the  three  compon^its  u,  v,  v>  parallel  to 
these  Bses,  then  the  resultaia  acceleration  parallel  to  the  axis  of  a  is 
^    dio     dv,        ,     dv 

with  similar  espreasions  for  X  and  Y. 
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Thia  may  be  done  by  the  use  of  the  spherical  triangles  xyz,  x'y's',  by  firat  prosing 
za:'=b  +  8^dt&int:AinA,  zy'=a~  6^dtBiacs\aB,  and  then  Bubstitnting  as  before. 

Es.  3.     Pcove  in  the  eame  way  that,  if  x,  y,  z  he  the  ooordinates  referred  to 
obliqna  ases  moving  about  a  fised  origin,  and  u',  i>',  te'  the  resultant  velocities 
p.,.lM  to  th.  .X.,,  .■  =  |  +  §™H.|.o,«-.»„  +  jl),„, 
with  Bimilar  espressions  for  ii'  and  v'. 

Es.  3.     Prove  also  that  the  equations  connecting  the  components  u,  v,  w  svith 
the  coordinalea  x,  y,  z  reterred  to  axes  with  a  fised  origin  are 
_dz      I  ^-'ain^c     -cotB     -cotJ  I 

with  two  similar  espresaiona  for  v,  and  v.  Since  ic'  ia  the  component  parallel  to  r 
ot  (u,  V,  5d),  we  have  uoost  +  iicosa  +  'H'^iii',  with  similar  expressions  for  u'  and  c'. 
Ey  solving  these  we  get  the  required  va,luee  of  «,  v,  i«. 

Ex.  4.  If  the  whole  acceleration  be  represented  by  the  three  components 
X,  Y,  Z  parallel  to  the  ases,  prove  that  the  expresaiona  for  these  in  terms  of  «,  v,  w 
may  be  ohtained  from  those  given  in  the  l^t  example  by  changing  x,  y,  z  into  u.  v,  w 
and  u,  V,  w  into  X,  Y,  Z. 

8.  To  explain  another  general  method  of  obtaining  the  kine- 
matical  relation  between  fixed  and  moving  axes. 

Let  U,  V,  W  be,  as  before,  the  components  of  a  vector  11.  Let 
OL  be  any  straight  line  jixed  in  space  making  with  the  moving 
axes  the  angles  a,  /3,  7.  Let  i^  be  the  resolved  part  of  the  vector 
along  OL.     Then 

iJ,=  [/"coaaH-  FcoS;S+  IT  cos  7, 
rfiJ,     dU  dV       ^     dW 

■■■^-^"^'"^■di'''^^^  +  W''"' 
j^  .      da     ,^  .       dfS      ,.-  .       dj 

Since  OL  is  any  fixed  line  in  space,  let  it  be  bo  chosen  that  the 
moving  axis  of  z  coincides  with  it  at  the  time  t  Then  a  =  ^'n-, 
;S=  lir,  7  =  0,  also  diii/di=  Wi.  Since  a  is  the  angle  OL  makes 
with  the  moving  axis  of  w,  dajdt  expresses  the  rate  at  which 
the  axis  of  ic  is  separating  from  a  fixed  straight  line  coincident 
with  the  axis  of  z  and  this  is  clearly  ^5,  Similarly  d0/dt=  -  Bi, 
hence  W,  =  d  Wjdt  -  17$,  +  V0, 

where  W,  expresses  the  rate  of  increase  of  the  component  W  along 
the  fixed  axis  of  s.  The  other  two  equations  follow  in  tlie  same 
way.  The  principle  of  this  method  is  due  to  the  late  Prof.  Slesser. 
We  may  obtain  the  relafions  between  the  second  and  higher  differential  ooeffi- 
cients  in  the  same  way.  though  the  expreaaions  become  more  complicated.  Since 
J^u   ^11   ^1  follow  the  parallelogram  law,  we  have 


f..(f-r,.«.).....(f-,™..™.)„...C 


u+br -■".+  ". 
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Repeating  tbe  snnie  reasoning,  we  finally  obtain 

dt       dt\dt  ^         ^J      ^\dt  '  V         V*t(  '         'J 

9.  We  have  now  obtained  a  method  of  transforming  the 
equations  of  motion  with  regard  to  fixed  axes  into  those  with 
regard  to  axes  moviog  about  a  fixed  origin. 

Let  any  general  equation  true  for  all  fixed  axes  having  a  given 
origin  be  '^{(^x,  dco^ldt,  &c. ...j  =0, 

where  a^,  aij,,  Wj  are  the  angular  velocities  about  the  fixed  axes. 

Since  the  fixed  axes  are  arbitrary  in  position,  let  them  be  so 
chosen  that  the  three  moving  axes  are  passing  through  them  at 
the  moment  under  consideration ;  thus  at  that  instant  the  two 
sets  are  coincident.  The  equations  relative  to  the  moving  axes 
may  then  be  deduced  by  replacing  m^,  a>y,  Wj  in  the  general 
equation  -i^  =  0  by  tbe  corresponding  quantities  atj,  oia,  o>a  for  the 
moving  axes  ;  and  da>Jdt,  &c.  by  the  equivalents  written  above  in 
Art.  5.  The  same  remarks  apply  if,  instead  of  Wx,  <o^,  toj,  the 
components  of  any  other  vector  entered  into  the  equation. 

10.  Greneral  equations  of  Motion.  To  state  the  general 
eqitatiovs  of  motion  of  a  system  of  moving  bodies  referred  to  any 
rectangular  axes  Ox,  Oy,  Os  moving  about  a  jveed  origin. 

Let  m  be  the  ma?s  of  any  one  body  of  the  system.  Let  the 
impressed  forces  on  the  body  be  represented  by  the  three  forces 
mX,  mY,  mZ  acting  at  its  centre  of  gravity  and  the  three  couples 
L,  M,  N.  We  suppose  that  the  unknown  reactions  of  the  other 
bodies  of  the  system  are  included  in  these  expressions. 

Let  (m,  V,  w)  be  tbe  resolved  velocities  in  space  of  the  centre  of 
gravity  of  the  body.  The  equations  of  motion  for  fixed  axes  are 
u  =  dxjdt,  X  =  dujdt,  &c.     When  the  axes  move,  these  become 


.-!-!,«.«<'., 

^4 

.=!-..+..., 

-1 

•"-f-^S.+J/S., 

-t 

Let  (hi,  h^,  lis)  be  theangularmomentaof  the  body  about  paral- 
lels to  the  coordinate  axes  drawn  through  the  centre  of  gravity. 
The  equations  of  moments  for  fixed  axes  are  dh^jdt  =  L,  &c., 
Vol.  I.  Chap.  II.     When  the  axes  are  in  motion  these  become 

1  =  '^-  h.A  +  hA,  M  =^  -  hA  +  hA. 
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The  expressions  for  {A,,  h.^,  h^)  in  terms  of  the  angular  velo- 
citiea  of  the  body  are  given  in  Vol.  i.  Chap.  V.  If  fO],  (o^,  0)3  he  the 
angular  velocities  of  the  body  about  the  parallels  to  the  axes 
through  the  centre  of  gravity,  and  A,  F,  &c.  the  moments  and 
products  of  inertia,  the  fundamental  relation  is 

Ai=  A<Di  —  F(-}^—  E(i>3 
with  similar  expressions  for  h^  and  h^,.     But  there  are  many  others 
which  cannot  be  repeated  here. 

The  expressions  for  L,  M,  N  when  applied  fco  any  one  body  are 
the  moments  of  the  effective  forces  about  the  moving  axes  used 
for  that  body,  while  X,  Y,  Z  are  the  components  of  the  effective 
forces  at  the  centre  of  gravity.  These,  when  reversed  for  all  the 
bodies  are,  by  D'Alembevt's  Principle,  in  equilibrium  with  the 
impressed  forces.  By  following  the  rules  of  Statics  we  can  now 
wnte  down  the  equations  of  equilibrium  for  each  body,  and  if  we 
wish  to  avoid  introducing  the  mutual  reactions  of  any  two  bodies  we 
treat  these  two  as  one  system. 

Besides  the  dynamical  etjuations  there  will  be  the  geome- 
trical equations  which  express  the  connections  of  the  system,  As 
every  such  forced  connection  is  accompanied  by  some  reaction,  the 
number  of  geometrical  equations  will  be  the  same  as  the  number 
of  unknown  reactions.  Thus  we  have  sufficient  equations  to 
determine  the  motion. 

In  these  formulae,  ^j,  d^,  $s  determine  the  motion  of  Hie  axes 
of  reference  and  are  therefore  generally  arbitrary.  The  angular 
velocities  w,,  m^,  0)3  determine  the  motion  of  the  body  and  are 
generally  the  quantities  to  be  found. 

In  many  problems  it  is  useful  to  choose  as  one  of  the  axes  of 
reference  a  straight  line  fixed  in  the  body ;  let  this  be  the  axis  of 
z.  The  angular  velocities  of  this  axis  in  the  planes  yOs  and  zOx 
are  respectively  ^,  and  0^,  but  since  the  axis  is  fixed  in  the  body 
they  are  also  wi  and  m^.    Hence  m,  =  ^1,  Wa  =  f'a- 

Let  the  plane  of  reference  zOx  make  an  angle  %  with  a  plane 
zOF  fixed  in  the  body,  and  let  x  ^^  measured  positively  from  OF 
to  Ox.  The  angular  velocities  of  OF  and  Ox  in  the  plane  xOy  are 
respectively  wj  and  ^3,  hence  ^j  =  0)3  +  d^/dt. 

lOa.  Ex.  1.  A  heavy  uniaxal  body  of  unit  mass,  rotating  about  its  asis  of 
figure  '"'C  wtl  an  aogalar  selooty  s  suspended  from  a  fined  point  0  bj  a  string 
oi  le  gth  iattaehed  toa  ro  ntPo  the  as  a  GC  where  GP^c.  Find  the  inolinationB 
a,  p  of  the  str  ug  an  1  axm  to  the  vert  al  so  that  tke  system  may  rotate  in  steady 
mot  on  aboat  the  vert  cal  th  oagh  th  a  nuiform  angular  velocity  ii,  GC  and 

FO  be    g  alwa  s    n  the  sa  ue  ve  t  cal  plane. 

We  take  as  moving  axes  Gc  and  OA  in  the  plane  GPO  and  GB  perpendicular 
to  that  plane    Theoonstruot  veangular   elocitiesarefli=  -fisin^S,  83  =  0,  flj=0oos;3. 
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(Art.  10).     The  anguliir 


e^  Ac 


iinn  T  ot  the 


=  -Tesi 


effective  momeDts   ab  ut   the   a 

Bubstitutmg  these  values   of  / 

eipcessions  f  r  L    M    ^  in  Ait    10     Those  aboit 

OA     GC    aie    i  ia  jdt   and    (,  (uj/  It   and   are   zero 

because  the   impressed  momenta  about  those  ax  i 

are    zero       The    effective    moment   about    GB    la 

Cui^i  +  Jujfls       The  effechve   force  at   G  is  O 
where   ^   is   the   distance  of    G  from  the  vertn-il 
tbiough   0     BeversiDR    these  there   is 
with  the  weight  of  the  bod;  and  the  ten) 
string      Take  moments  about  OB  and  w 
aiQBin^-Aii'sin^ 
Besolviag  horizontally  and  vertically  we  find  Tsin 
Teosa~g.     These  equations  determine  T,  a  and  p. 

Ei.  2.  A  gyrostat  consists  of  a  heavy  symmetrical  flywheel  freely  mounted  in  a 
heavy  sphenoai  ease,  and  is  suspended  from  a  fiied  point  P  by  a  string  of  length  I 
fised  to  a  point  Q  on  the  case.  The  centres  of  gravity  of  the  flywheel  and  ease  are 
coincident.  Show  that  if  the  whole  revolve  in  steady  motion  round  the  vertical  with 
angular  velocity  J),  the  string  and  the  axis  of  the  gyrostat  inclined  at  angles  o,  ,3 
to  the  vertical,  then 

msin^-JSi2  8in)3coB^=M0seoa[asinO3-o)  +  6cos(^-tt)] 
where  M  is  the  mass  of  the  gyr<atat,  a  and  b  the  coordinates  ot  the  point  Q  with 
reference  to  axes  coinciding  with  and  at  right  angles  to  the  axis  of  the  flywheel, 
I  the  angulac  momentum  of  the  flywheel  about  its  axis  and  A  its  moment  of  inertia 
about  a  line  perpendicular  to  its  axis.  [Math.   T.  1900. 

Ex.  3.  Two  equal  oiroular  wheels,  mass  M  and  radius  a,  are  attached  to  the 
ends  of  an  axle  of  length  21,  with  their  planes  at  right  angles  to  it  so  that  each  can 
rotate  freely.  The  moment  of  inertia  of  either  wheel  about  the  axis  is  C,  and  the 
inertia  of  the  axis  is  negligible.  The  wheels  roll  on  a  horizpnlal  plane  under  no 
external  forces  except  their  weight.  Show  that  the  speed  v  of  the  centre  of  the 
axle  and  its  angular  velocity  a  have  constant  values,  subject  to  the  inequality 
lC  +  Ma')vuS>Mgal.  [Math.  T.  1903. 

The  inequality  is  due  to  the  condition  that  the  pressure  of  the  ground  on  each 
wheel  must  act  upwards. 

Ex.  4.  Two  l^ht  rods  OP,  PQ,  each  of  length  2a,  are  smoothly  jointed  at  P, 
and  are  the  axes  of  equal  gyrostats  whose  centres  of  mass  are  at  the  middle  points 
of  the  rode.  The  gyrostats  spin  with  equal  angular  velocities  n  in  such  directions 
that  both  would  spin  the  same  way  if  OPQ  were  a  straight  line.  0  is  fixed  and  Q 
slides  above  O  in  a  smooth  vertical  rod  OZ,  If  M  is  the  mass  of  ea«h  gyrostat, 
A  and  C  its  principal  moments  of  inertia,  and  a  mass  m  is  suspended  from  Q,  show 
that  steady  motion  is  possible  with  a  precession  li,  in  the  same  sense  as  the  resolved 
^  Cna-2{M-i-m)ga 
il'(J  +  M(t3j  ' 
zero  and  unilj.     Show  further  that  the  motion  is  always  stable.       [Math.  T.  1904. 

Ex.  5.  A  heavy  rigid  body  is  spitted  on  a  smooth  circularly- cylindrical  rod.  on 
which  it  can  slide,  and  which  passes  through  its  centre  of  gravity,  and  the  rod 
is  made  to  rotate  uniformly  with  angular  velocity  a  in  a  right  circular  cone,  semi- 
vertical  angle  a,  about  a  vertical  axis.  If  C  is  the  moment  of  inertia  about  the  rod, 
A  and  B  about  two  lines  fixed  in  the  body  perpendicular  to  the  rod,  one  of  which  is 


part  of  any  angular  velocity  n  along  OiJ,  provided  - 


3  between 
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iDClined  at  an  angle  ip  to  tlie  plane  througli  the  vertical  axis  and  tbe  rod,  and  if 
D,  B,  F  are  the  products  of  inertia;  prove  that 
Cri*^/(f('=&.=  3111=0  {(£- A)Bin0cos^  +  Fcos  3^1 -ttf^ein  ooosa(Esiii^  + 
Bj  resolving  the  angular  velooity  a 
aig^dipldt  +  iDCOSa.     See  figure  of  Art. 
^1.  ''s.  ftj  given  in  Art.  10,  and  equate  to  aero  the  moment  of  the  effective  forces 
about  the  rod  and  the  result  follows  at  once.  [Math.  Tripos,  1885. 

11.  The  motion  of  the  moving  axes  has  been  supposed  to  be 
determined  by  the  three  angular  velocities  8i,  ffn,  ^a-  To  find 
their  actual  position  in  space  we  use  the  Eulerian  geometrical 
equations  already  given  in  Vol.  i.  Chap,  v.  Let  $,  -i^,  if>  be  the 
Eulerian  angular  coordinates  of  the  moving  aa:es  referred  to  any 
axes  fixed  in  space.     We  then  have 


dd 


dt  " 


"^^  dr 

dt      dt 

These  geometrical  equations  determine  &,  ^,  ^  when  dt,  0.^,  $, 
are  linown.     See  also  Art.  18. 

12.  Two  important  special  cases.  Theve  are  two  cases 
in  which  the  equations  of  motion  just  found  admit  of  great  sim- 
plification. As  these  often  occur*  it  is  worth  while  to  discuss  them 
separately. 

Uniaxal  Bodies,  In  the  first  case  we  suppose  the  body  to 
be  turning  round  some  point  0  Hxed  in  space  and  to  be  such  that 
two  of  the  principal  moments  of  inertia  at  the  fi^xed  point  are  equaX. 

Let  OG  be  the  axis  of  unequal  moment  of  inertia  and  let  us 
take  this  as  the  moving  axis  of  s.  Let  us  choose  as  the  other  axes 
of  reference  two  straignt  lines  OA,  OB  which  turn  round  OG  in 
any  manner.  To  fix  this  let  -^^  he  the  angle  the  plane  GOA  makes 
with  some  plane  OGF  fixed  in  the  body  and  passing  through  OG. 
Then,  since  OG  is  fixed  in  the  body,  we  have  (Art.  10)  S,  =  o>i, 
6i=<i>i,  and  03  =  <o,  +  dxldt  Also 
h,='Ao>i,  h^  =  B(D-i,  hi  =  CM3.  The 
equations  of  moment'!,  Art.  10,  are 
now 


dt 
In    this  case    the    most    convenient 
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geometrical  equations  to  express  the  relations  of  these  moving 
axes  to  axes  OX,  OY,  OZ  fixed  in  space  are  those  usually  called 
Euler's  geometrical  equations  (Vol.  i.  Chap.  v.).  They  are  given 
at  length  in  the  last  article,  where  Wi,  oij  and  w,-¥  d^/dt  must  of 
course  be  written  on  the  left-hand  sides  for  0^,  0^,  0^.  In  the 
figure  ZC=0,  XZG=^^,  EGA=>^. 

13.  Since  d')(^jdt  is  arbitrary,  it  may  be  chosen  to  simplify 
either  the  dynamical  equations  or  the  geometrical  equations. 

If  we  put  dx!dt=  —  o}t,  the  moving  axes  of  reference  move 
round  the  axis  of  OC  with  an  angular  velucity  relatively  to  the 
body  equal  and  opposite  to  that  of  the  body,  so  that  if  the  axis 
OC  were  fixed  iu  space  the  axes  of  reference  would  be  also  fixed 
in  space.     The  dynamical  equations  then  become 

The  geometrical  equations  however  are  not  much  simplified. 
We  may  also  choose  dxjdt  =  -  wj  (^i  -  0)1  A.     The  dynamical 
equations  then  take  the  simple  forms 

A''-P.L,  A'!p  =  M,  C^-  =  ff. 

at  at  dt 

13  a.  We  may  so  choose  dxJdt  that  ij  =  0.  In  this  case  the 
plane  COA  always  passes  through  a  straight  line  OZ  fixed  in 
space.     Euler's  geometrical  equations  then  become 

I'ib.     If  we  substitute  these  values  in  the  equations  of  Art.  12, 


they  take  the  form  ^     rf  /  [^.^\ 

-^n-0dt['^'^  di) 


dt  ' 

These  eqaatione  aUaJoUov!  at  once  from  the  general  forjautae  of  Art,  10  bywriting 
ei  =  b,,=  -smMV/dt,  fl^  =  wa=<le/dt,  e,  =  cos  Sdij/ 1  dt  whidi  are  obtained  by  putting 
0=0  iu  Art,  II.  Here  N  represents  the  moment  of  the  impressed  forces  ftboat  the 
asis  of  symmetry  OC,  and  L  repreaenta  the  moment  about  an  axis  OE  drawn 
perpendicular  to  OG  in  the  plane  in  which  the  tiugle  8  is  measured  (fig.  Art.  12). 

It  will  be  found  useful  to  notice  that  when  the  couples  i  =  0, 
JV  =  0,  the  last  of  the  three  equations  shows  that  Wj  is  constant  and 
the  first  becomes  integrable  after  multiplication  by  —  sin  0.     We 

then  have  A  sin^  9  -t- +  Ow-,  cos  8  =  E, 

dt 
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where  E  is  a.  constant.  This  integral  also  holds  when  the  moment 
of  the  forces  about  OZ  (that  is  —  2  sin  ^  +  iV  cos  0)  is  aero,  though 
o),  is  not  thet 


When  L  =  0,  N=0  and  the  couple  M is  any  given  function  of 
0  we  find  a  second  integral  by  multiplying  the  two  first  equations 
by  —  sin  0  dijridt,  d0ldt  respectively  and  adding  the  products. 
After  integration  we  have 


{(f)"-'»-nf)>^-^/*^^' 


where  F  is  another  constant. 

The  dynamical  meaning  of  the  first  integral  is  that  the  angular 
momentuna  of  the  body  about  the  axis  OZ  is  constant.  The  second 
is  the  equation  of  energy. 

13  c.  We  may  put  these  equations  into  a  symmetrical  form  by 
referring  the  motion  to  Cartesian  axes  fixed  in  space.  Let  {p,  ([,  r) 
be  the  direction -cosines  of  the  axis  of  symmetry,  h^,  ky,  k^  the 
angular  momenta  about  the  fixed  axes,  then 

h^  =  Aw^  cos  ^X  +  ^ w, cos  BX  +  (?o>,  cos  OX, 

tUj;  =  Wi  COS  .d  X  +  Wa  COS  BX  +  Wj  COS  GX, 

.  ■ .  hx  =  A  (ws  —  m^p)  +  Cojap. 
Since  (p,  q,  r)  are  the  coordinates  of  a  point  on  the  axis   OQ 
distant  unity  from  0,  the  velocities  of  this  point  are 

p'  =  <cyr  -  (o,q,  q  =  ^y,p  -  <o^r,  r'  -  w^q  -  ^yp, 

.-.  qr  -  rq'  =  Wj,  -  p  {m^p  +  tOyq  +  w^r) 

=  (Oj  —  ptog, 
.-.  hic  =  A  {qr'  —  rq)  +  Gm^p, 
similarly,  ftj,  =  A  {rp'  —pr')  +  Om.q,  h,  =  &c., 

where  accents  denote  differentiations  with  regard  to  the  time. 

The  equations  of  motion  are  then  formed  by  substituting  for 
Aj,,  hy,  hi  in 

h'=L,  hy'  =  M,  /,;^M 

where  L,  M,  N  are  the  moments  of  the  impressed  forces  about  the 
fixed  axes,  A  shorter  proof  of  the  equations  thus  formed  is  given 
in  Vol.  I.  Art.  ii66. 

In  this  manner  the  equations  of  motion  of  a  uniaxal  body  can 
be  expressed  in  terms  of  (1)  the  angular  velocity  m,  about  the  axis  of 
symmetry,  and  (2)  the  angular  coordinates  of  that  axis  (either 
ff,  t]},-\}r  ov  p,  q,  r).  It  will  be  necessary  (by  the  help  of  the  geo- 
metrical conditions  of  the  problem)  to  express  also  the  moments 
L,  M,  N  in  terms  of  the  same  coordinates. 

14.  Second  special  case.  In  the  second  special  case  we 
suppose  as  before  that  the  body  is  turning  about  a  fixed  point,  but 
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that  all  the  moments  of  inertia  at  the  fixed  point  a,re  equal.  In  this 
case  there  are  three  sets  of  axes  which  may  be  chosen  with 
advantage. 

Firstly.  We  may  choose  axes  fixed  in  space.  Since  every  axis 
is  a  principal  axis  in  the  body,  the  general  equations  of  motion 
,  da>,       L  da„      M  dw,      N 

become  — j-  =  -r ,         — jr  =  — r  ,  — jr  =  -r  ■ 

dt      A'         dt      A'         dt      A 

Secoiidly.  We  may  choose  one  axis,  as  that  of  0(7,  fixed  in 
space  and  let  the  other  two  move  round  it  in  any  manner,  when, 
as  in  the  first  special  case,  the  equations  of  motion  become 

Ia  ~ '^^Tt  ~  A'  ~di~^'^^dt~A'  ~^~A' 

Thirdly.  We  can  take  as  axes  any  three  straight  lines  at  right 
angles  moving  in  space  in  any  proposed  manner.  The  equations 
of  motion  may  be  deduced  from  the  first  set  just  written  down  by 
the  help  of  the  general  rule  for  changing  from  fixed  to  moving 
axes.     We  have  therefore 

dwjjdt  -  ftis^s  +  ("A  =  LjA .        dfajdt  -  (0,^1  +  w^  =  MfA, 
da,,jdt-^A+'^A  =  NjA. 

The  geometrical  equations  may  be  conveniently  expressed  in 
the  forms  given  to  them  in  Art.  18. 

15.  Numerous  examples  showing  the  utility  of  the  above 
forms  of  dynamical  equations  will  be  found  in  the  following 
chapters  of  this  work,  and  especially  in  that  on  motion  under  any 
forces.  The  following  is  an  instance  of  their  application  to  a 
problem  on  small  oscillations,  which  includes  many  cases  of  frec[uent 
occurrence, 

A  body,  which  can  turn  freely  about  a  fixed  poird  0,  rotates  with 
uniform  angular  velocity  n  about  a  p 

principal  axis  00.  A  small  distur- 
bance being  given,  that  axis  makes 
small  oscillations  about  a  straight  line 
OZ  fixed  in  space.  It  is  required  to 
find  these  oscillations.  Letp,  q,  r  be 
the  direction  cosims  of  OZ  referred 
to  the  principal  axes  OA,  OB,  OG  of 
the  body,-  then  p,  q  are  small  quanti- 
ties and  r=  1 .  The  angular  velocities 
Ml,  dig  are  also  small  quantities  and 
we  may  put  wj  =  n  in  the  small  terms.  To  express  the  geometrical 
condition  that  OZ  is  fixed  in  space  we  substitute  p,  q,  1  for  I,  m, 
n;  w,,  a>i  for  0^,  0^  in  Art.  18.     We  then  have 

p'  —  qn-\-w^  =  (i,       5'  — w, +  p)i  =  0,       r'  — p(Da  +  5fDi  =  0...(l), 
where  accents  denote  differential  coeSicients  witli  regard  to  the 
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time.     The  last  of  these  three  equations  is  nugatory.     Substituting 

for  (Oi,  &)2  in  the  first  two  of  Euler'a  equations  we  have 

Aq"  +  (A+B-C)np'-{B-  G)  n'q  =  L  ] 

~  Bp"  +  {A-\-B-G)nq'+{A-  C)  n'p^MJ 

In  this  way  the  determination  of  the  oscillation  is  made  to 

depend  on  the  solution  of  two  linear  differential  equations  with 

constant  coefficients.     The  moments  of  the  forces  L  and  M  are 

zero  in  the  undisturbed  position  and  must  be  expressed  in  terms 

of  p,  q  by  the  geometiy  peculiar  to  the   problem.     Since   the 

squares  of  p  and  q  are  neglected,  we  have 

L=  a,p  +  a^q,         M^b,p  +  hq  (3), 

where  a-i,  a^,  bi,  b^  axe  constants. 

The  quantities  L,  M,  N  are  atriotly  the  moments  of  the  impressed  forces  about 
the  aseB  OA,  OB,  OC  respectively.  In  determining  their  values  in  any  particular 
problem,  it  will  be  found  uaeful  to  notice  that,  since  these  momenta  aie  smaU,  they 
are  to  the  first  approximation  equal  to  the  moments  about  axes  OX,  OY,  and  OZ, 
which  move  so  that  the  angles  they  respectively  make  with  OA,  OB,  OC  are  small 
quantities  cf  the  first  order      Thus 

Lj  =  t  COS  JT+M"co9B\+V  cos  CX"=Z, 
when  the  squaies  of  email   luantities  are  lejected.    For  example  OX,  OY  may 
reiohe  romd  OZ  ^nth  a  uniform  angilai  velocity  equal  to  n. 

15a  Deeenhe  a  spheie  with  centre  O  and  radius  unity  and  let  the  axes  OA, 
OB  00  mtersect  the  sphere  m  A  B  L  and  let  OZ  cut  it  in  Z.  Then  on  the 
surface  of  this  spbeie  the  aics  Jl/Z=3  yZ  —  q  so  ibatp,  g  may  be  regarded  as  the 
Cartesian  coordinates  of  Z  referred  to  the  axes  GN,  CM. 

The  following  geovtetrical  theorem,  which  follows  at  once  from  this  construction, 
wili  be  found  useful.  Let  OA,  OB,  OC  and  OX,  0¥,  OZ  be  two  eystems  of 
rectangular  axes  so  olosely  coincident  that  the  angles  AX,  BY,  CZ  are  of  the  first 
order  of  small  quantities.  Let  (y,  q,  1).  (p',  a',  1)  be  the  direction  oosinea  of  OZ 
and  of  any  other  straight  line  OP  near  OC  both  referred  to  the  axes  OA,  OB,  OC  ; 
t\ie-CL  the  dii-ectiim  cosines  oj  OP  referred  to  the  axes  OX,  OY,OZ  are  p' -p,q' -q,  1, 
to  the  first  order  of  small  quantities.    Aa  a  corollary  we  infer  that  the  direction 


!S  of  OC  referred  to  the  axes  OX,  OY,  0 


-a.  1- 
■  uniaxal  and  the  i 


15  b.  When  the  oscillating  ho 
symmetry  OG  does  not  deviate  far 
from  a  straight  line  OZ  fixed  in 
space  we  w.ay  refer  the  motion  to 
axes  OX,  0  Y,  OZ  jiwed  in  space. 
Let  (P,  Q,  1)  be  the  direction 
cosines  of  OG.  By  writing  (P,  Q,\) 
for  (p,  q,  r)  in  the  equations  of 
Art.  13  c  and  rejecting  the  second 
powers  of  the  small  quantities  we 
have  h^  =  ~Aq  +  GnP, 
hy  =  AF  +  OnQ,  h,  =  Go,,...(i), 
where  n  baa  been  written  for  w,  in  the  small  terms.     By  substi- 
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tutiug  ill  the  equations  h,J  —  L,  &c.  the  equations  of  motion  are 
found  to  be 

-  AQ"  +  OnP' ^  L^,     AV'  +  CnQ'^My.     Ct^;  -  jV,...(5), 
where  accents,  as  before,  denote  differentiations  with  regard  to  t 

Let  the  asis  OC  iiitecseot  tte  tmit  sphere  ia  the  point  O  and  let  CM,  CN  be 
pei-pendiculars  on  the  arcs  ZY,  ZX,  then  CM^P,  CN^Q;  so  that  od  the  anrfaoe 
of  the  sphere  F,  Q  are  the  Cartesian  ooordiuates  of  C  referred  to  the  fised  axes  ZX, 
ZY(       A  t  15   ) 

W  1  t       tl    t    f  If    V  th     B  1  fel        P=:sioecoa^I<, 


I     th         q     t         L     M      ^  th    m  m     t      t  tl     f    oe      b  nt  the  fised 

0\    Oi    OZ     I         It        I  th  t    m      f  (P    y    1)  i(  laay  be 

e»     -y        IS      U  sy  r  P        P  ^  OA    OB    OC     htch  are  more 

H  ta    ly         le  Ud        h  th    b   ly    h      i    Y   Z     L  t  th        es  0.d,  OB  be  so 

h  th  t  th  y      t  t         th    b  dy  d  OC       th      e^  ti      d       tion  with  an 

angular  velooit;  which  is  either  equal  to  it  oi  difFecs  from  it  by  small  quantities  of 

the  first  order.     These  axes  are  very  nearly  Ssed  in  apace  and  we  may  regard  them 

as  making  small  oscillations  about  any  fixed  aiea  OX,  OY,  OZ  which  are  in  their 

immediate  neighbourhood.    If  L,  M,  N  are  the  momenta  of  the  forces  about  the 

ases  OA,  OB,  OC  we  hare,  aa  in  Art.  15,  L^^L,  My~M,  N,=N  so  that  in  finding 

these  aiomeuts  we  may  use  either  set  of  aies. 

Let  (ui,  Oa.  W3),  (ui,  "i;,  "i)  be  the  angalar  velocities  of  the  body  about  the  ases 
{A,  B,  C),  (X,  Y,  Z)  respeotively,  it  viitl  be  nsefid  to  have  expreasiom  for  these  in 
terms  of  {P,  Q,  1).  Since  P,  <i  ate  the  coordinates  of  0  on  the  surface  of  the  unit 
sphere,  the  component  velocities  of  C  in  the  planes  BOC,  AOC  are 

w,--d(CNildt=-Q',        o,^=d[MC)!dt  =  P- (6). 

Also  w,  =  ajieos^j:  +  uij008BX+i0300sCi'=iij,  +  JiP    (7), 

when  the  squares  of  small  quantities  are  neglected.     Similarly  wy=a^  +  v.Q  and 

The  constructive  angular  velocities  of  the  axes  A,  B,  C  ate  8i-i^,  0,  —  o>i  and 
d^—u^-n.  Jf  'we  sutsiiftite  their  vahies,  as  given  by  equations  (6),  in  the  funda- 
jnenlal  eguotions  of  Art.  10  (remembering  that  63  is  a  amall  quantity)  we  at  once 
arrive  at  the  equations  (5). 

15  c  Es.  1.  A  top  ia  spinmng  about  its  aiis  of  figure  which  is  vertical  and 
the  vertex  O  is  fixed.  Prove  that  the  motion  is  osoiUalorj  when  e,  slight  dis 
turbance  is  given  if  C^ii^s-iAgh  where  7i  f  the  intance  t  the  centre  of  gtaiity 
from  O  anit  the  mass  is  unity. 

Take  for  L.  M  the  moments  of  the  weight  about  the  fixed  axes  we  then  haie 
L=-ghQ,  M=ghP.  The  equations  (5)  lead  to  the  result  gnen  above  It  the  top 
la  unsymmetricftl  the  eorresponding  condition  £or  stability  may  be  deduced  from 
the  equations  of  Art.  16.     This  case  will  be  considered  in  Chap.  v. 

Ex.  2.  A  hoop  rolls  in  a  vertical  plane  on  a  horizontal  gronnd  with  uniform 
angular  velocity  b.  Find  the  condition  that,  when  slightly  disturbed,  the  hoop 
should  make  small  oscillations  on  each  side  of  the  vertical  plane. 

Let  the  axis  of  X  he  horizontal  and  parallel  to  the  vertical  plane ;  let  the  axis 
of  Y  be  vertical  and  upwards  and  let  the  centre  O  of  the  hoop  be  the  origin.     Let 
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OC  ba  the  axis  of  tbe  hoop,  B'OB  the  diameter  tlirjngli  the  1     p'tt  loint  B'.     This 
ohoioe  of  axes  aatiefleB  the  conclilions  given  in  A  t   lib 

Let  F  and  H  he  the  components  of  friction  at  B  i  aiallel  to  the  axes  X  and  Z 
reapeetiTelj.  Then  to  the  fiist  order  of  email  quantities  the  monientB  abont 
Xaad  r  are  L—  -Ha~gaQ,  JW  =  0  where  i  is  the  radme  anl  the  mass  is  unity. 
Let  w  be  the  component  of  the  velocity  of  0  parallel  to  then  H^dwfdt. 
Since  B'  is  momentarily  at  rest  and  the  plane  of  the  hoop  nearly  vertical, 
M>  =  uijja  =  (-Q'  +  nP)o.  After  substitutint  theae  values ot  H  L  il/ in  equations  (5) 
Art.  15  6,  and  elimiaating  F  we  find 

■where  JC  has  been  ■written  for  A.     The  r  qttired    o-idit%on  %s  W(C  +  n')i'Op.    If 
the  hoop  is  an  arc  C^a'  and  K^>Jj7/(iot  thehoop  is  a  disc  C=\a}  andn^>  J^/a. 

Ex.  8.  A  flywheel  is  attached  to  the  middle  point  0  of  a  lod  length  2a.  and 
inelastic  strings  are  attached  to  the  ends  of  the  rod,  each  of  length  I.  The  nniaxal 
system  thus  formed  ie  stretched  so  that  the  tension  is  T  and  the  other  extremities 
of  the  strings  are  then  fixed  in  space.  The  angular  velocity  of  the  flywheel  is  n 
and  gravity  is  omitted.     If  2ir/)i  is  theperiod  of  any  oscillation  prove  that  '\^  =  2Tll 


ind  gravity  is  omitted.     If  2ir/)i  is  theperiod  of  any  oscillation 
ir  .J?,5*C.i\-2nT(a  +  i)/t=0.     ^  Ti'iOS),  ^.i1^  t^  . 


A  heavy  uniasaJ  body  of  unit  mass  is  suspended  from  a  fixed  point  by 
a  string  of  length  6  attaohed  to  a  point  C  in  its  axis,  and  the  distance  of  C  from 
the  centre  of  gravity  is  GC  =  a.  The  body  is  set  rotating  about  its  axis  with  an 
angular  velocity  n  and  makes  small  oscillations  about  the  vertical.  Prove  that  the 
periods  ai-e  given  by 

where  2jr/X  ia  any  period. 

This  result  follows  from  the  equations  of  Art.  15  6;  aiiother  soiutioc  founded 
on  Lagrange's  equations  is  indicated  iu  Chap.  iii.  Art.  117. 

16.  The  G-eometry  of  Moving  Axes.  In  order  to  use 
moving  axes  it  is  neces.'iary  to  be  able  to  express  with  respect  to 
these  axes  any  cooditions  which  may  exist  with  regard  to  straight 
lines  or  points  which  move  independently  in  apace.  We  have 
therefore  placed  together  in  the  following  articles  a  few  of  the 
more  important  conditions. 

17.  To  express  the  geometrical  conditions  that  a  point  whose 
coordinates  are  (ce,  y,  z)  is  fixed  in  space. 

This:  may  be  done  by  equating  to  zero  the  resolved  velocities 
of  the  point  as  given  in  Art.  5.     We  thus  obtain  the  conditions 
p  +  dxjdt  -  yfi  +  ^5,  =  0,         g  +  dyjdt  -  20,  +  ccOt  =  0,  fee. 

18.  To  eapress  the  geometrical  conditions  that  a  straight  line 
whose  direction  cosines  are  (I,  m,  n)  moves  parallel  to  itself  in  space, 
or  that  its  direction  is  fixed  in  space. 

Let  a  straight  line  OL  of  unit  length  be  drawn  from  any  point 
0  fixed  in  space  parallel  to  the  given  straight  line.  The  co- 
ordinates of  L  referred  to  axes  which  turn  round  0  as  an  origin 
so  as  to  be  always  parallel  to  the  moving  axes  will  be  I,  m,  n. 
Since  OL  is  fixed  in  space,  the  resolved  velocities  of  L  are  zero. 
The  required  geometrical  conditions  are  therefore 

dl/dt  -  mds  +  nB^  =  0,         dm/dt  -  n6,  +  10,  =  0,  &c. 
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Since  i'  +  m'  +  n'  —  l,  these  three  equations  are  equivalent  to  two 
independent  conditions. 

It  is  sometimes  necessary  to  express  tlie  direotioa  of  the  straight  line  bj  the 
Eulerian  angles  S,  $.  ^,  as  explained  in  Tol.  i.  Chap,  v.  The  moving  asflB  are  there 
colled  OA,  OB,  OC,  and  the  straight  Une  whose  direction  is  to  be  fixed  in  space  is 
represented  by  OZ.  We  see  that  the  equations  just  written  down  are  eqnivalent  to 
two  of  those  usually  called  Baler's  geometricai  eq'iationt,  but  expressed  in  a  ajm- 
metrioa!  form.     The  third  of  Bnler'B  equations  follows  from  Ait.  19. 

19.  Sometimes,  while  using  moving  axes,  we  require  to  refer 
the  motion  of  some  straight  line  OM  connected  with  the  moving 
axes  to  an  axis  of  reference  fixed  in  space.  The  object  of  the 
following  theorem  is  to  show  how  thia  may  be  done. 

Let  the  direction  cosines  of  a  straight  line  OM  fixed  relatively 
to  the  moving  axes  be  (\,  /*,  v),  and  let  it  be  required  to  refer  the 
motion  of  OM  to  some  straight  line  OL  fixed  in  space  whose 
direction  cosines  at  the  time  t  are  {I,  m,  n).  Let  the  angle  LOM 
be  6,  and  let  -Jr  be  the  angle  which  the  plane  LOM  makes  with 
any  plane  fixed  in  space  passing  through  OL.  Then  it  may  be 
shown  that 

cos  6  =  lX  +  m/A.  +  nv, 

sin't)^  =  I?,  (i  -  A  cos  6)  +  e.,  (m  -  jx  cos  d)  +  d-M-v  cos  B)  [ 

If  ^i,  ^m.  be  the  resolved  parts  of  the  angular  velocities  about. 
OL,  OM  respectively,  the  last  equation  may  be  written  in  the  form 

sin=^^=^;-^^cos^. 
at 

If  the  straight  line  OM  be  not  fixed  relatively  to  the  axes, 
then  (X,  /i,  f)  will  be  variable,  and  we  must  add  to  the  right-hand 
side  of  the  second  equation  the  determinant 

/    du.        dX\        I    dv       dii\  ,      /  dX     ,  dv\ 

^i-''dij»+l''*--s)'  +  ("a-'^a)-- 

In  this  determinant  we  may  replace  \  /*,  v,  by  any  quantities 
Xk,  fiK,  VK  proportional  to  them  (whether  k  be  variable  or  not), 
provided  we  divide  the  determinant  by  k'. 

The  mode  of  proof  maj  be  indicated  as  follows.  Let  P  be  a  point  in  OM  at  a 
distance  unity  from  O,  and  let  F  move  about  with  j^ 

OM.     Draw  PQ  perpendicular  to  OL.     First,  iet 
OM  be   fixed  to    the    system   of   axes.      Let   the  Q  —--^ 

angular  velooitj  of  the  system  about  its  iostan- 
taneous  axis  be  lesolved  into  three  components 
viz.,  flj  about  OL,  9^  about  a  perpendicular  to  OL 
in  the  plane  LOM,  and  9^  about  a  perpendioular  to 
the  plane  LOM.  The  y  component  of  the  velocity 
ofPis  8i.FQ-0^.OQ.  Sinoe  the  velocity  of  P  is 
also  PQ.d-l/ldt.ve  have  sinM^/d(  =  e,sine-e^coEe.  1 
whence  substituting  for  S^  we  have  the  result  in  the  qnet 
K.  D.     II. 
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The  additional  tGrm  due  to  the  motioa  of  OM  relative  to  the  system  may  be 
•easily  iound  by  treating  the  system  as  if  it  were  at  rest.  The  quantities  in  braoketa 
in  the  determinant  are  the  moments  about  the  asea  of  the  velocity  of  P.  Resolving 
these  about  OL,  tbe  determinant  expresses  the  moment  of  the  velocity  of  P  about 
OL  and  this  is  also  expreesetl  by  sin"  Bdijildt. 

20.  The  motion  of  a  body  being  given  when  referred  to  axes 
fised  in  the  body  by  the  angular  velocities  (mi,  oi^,  wa)  it  is  some- 
times necessary  to  find  the  motion  of  the  instantaneous  axis  in 
space.  This  is  clearly  only  a  case  of  the  theorem  in  Art.  19. 
Let  OM  be  the  instantaneous  axis,  OL,  as  before,  the  fixed 
line  in  space,  then  0i  =  8mKOs8.  The  expression  for  s\R^$d\fr/dt 
is  reduced  therefore  to  the  determinant  above.  The  following 
examples  are  obtained  by  combining  Arts.  18  and  19,  accents 
denoting  differentiations  with  regard  to  the  time. 

Ex.  1.    If  iJ  be  the  angular  velocity  about  the  instantaneous  axis  OM,  prove  that 

dt       '-  '  '  dt       ^    l^  +  m'  +  n^ 

Ex.  2,     Show  that  dfldt  =  $,+DI{l'^  +  pi'^+n'^}, 

where,  as  before,  fl,  ia  the  angular  velocity  of  the  body  about  OL  and  D  is  the 
following  determinant  Hvi'n"  -  m"ii']  +  m  {n'V  '-■a"l')  +  n  {Vm"  -  l"m'). 

Es.  3.     Show  that  if-  Sj==i'=  +  ra'>  +  iA 

Ex.  4.  Show  that  the  equation  to  the  plane  LOM  leferred  to  the  axes  fixed  in 
the  body  is  I'x  +  m'y  +  n'i  —  O. 

21.  Use  of  IMCovlng  Axes  in  Solid   Greometry.     As  wo 

have  sometimes  to  displace  the  axes  of  coordinates  independently 
of  the  motion  of  the  body,  and  even  to  change  the  axes  without 
altering  the  time,  it  is  convenient  to  have  the  fundamental 
principle  of  Art,  4  expressed  without  reference  to  dynamical  ideas. 
This  is  effected  in  the  following  proposition. 

Let  a  system  of  moving  axes  be  screwed  from  one  position 
Ox,  Oy,  Oz  to  a  consecutive  position  Ox',  Oy',  Oz'  h^  the  small 
rotations  d^^,  dif>^,  dips  about  their  instantaneous  positions.  Let 
U,  V,  W  be  the  projections  or  components  of  a  straight  line  or 
vector  OL  on  Ox,  Oy,  Os,  where  U,  V,  W  may  be  either  constant 
or  variable.  Let  U+dU,  V+dV,  W+rfTTbe  the  projections  of 
the  consecutive  position  OL'  of  the  straight  line  on  Ox',  Oy",  Oz'\ 
andfT+SF,  Y-\-W,  Tf +  8  If  the  projections  of  Oi' on  Oa^,  Oi/,  Oz. 
Then  SU  =  dU-  Ydtj,,  +  Wd(j>A 

BV=dr-Wd<l>,  +  Ud<pl. 

&W^dW-Ud4>:,  +  Vd^] 

These  follow  from  Art.  4  by  writing  B^dt^dtp,,  e.,dt  =  dj>^„ 
etdt  =  d4>3. 

If  the  length  OL  is  taken  equal  to  unity,  the  projections 
JJ,  V,  W  become  the  direction  cosines  of  the  line.     'These  equa- 
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ART.  21.]  GEOMETRY    OF    MOVING    AXES.  19 

tions  then  tell  us  at  once  the  changes  in  space  of  the  direction 
cosi/nes  when  the  changes  relative  to  the  moving  axes  are  known. 

Thus  if  S^j;  be  the  angle  between  two  consecutive  positions 
of  a  line  OL,  whose  direction  cosines  referred  to  the  moving  axes 
are  U,  V,  W,  we  have  (8;^)'=  (SC/)^  +{BVy  +  (BWy. 

Also  the  equation  of  the  plane   which   passes   through  two 
consecutive  positions  of  OL  is  evidently 
(VBW~WBV)X  +  (WBU~  IJBW)Y+(USr-VBU)Z=0. 

1%  is  not  oai'  object  bare  to  show  the  utility  of  moving  axes  in  Solid  Oeometiy 
farther  than  to  prove  those  theorems  which  are  required  in  Dynamioa.  It  will 
be  found  how         th  t  b  th  d    mf  m  t  t     silj  treated 

b;  leferting  Chmt  tfm        g  hhth         gm  t        Is  along  the 

onrve  or  enrf  dthdt  fth  htgtand  normftlB 

as  may  be  an  tabl    t    th    p    pe  t        i      1  W  f     the  readw 

to  a  paper  by  th        th  t\     C      b    dg    M    h    u,       I  1{V  I  vii.  1866). 

where  the  appl     t  f  m  vi  g  to  th  t         f  illustrated  by 

several  esampl         Th   f  11  wi  mpl     th     gh    f        mm  d    ta  importauoe  will 

be  found  useful  farther  on. 

Ex.  1.  The  pHndpal  axes  at  any  point  P  of  a  cuTce  are  the  va^us  of  curvature, 
the  tangent  and  the  binomial.  If  theae  be  respeotively  taken  as  the  axes  of  x,  y,  z, 
prove  that  the  six  components  of  motion  by  which  the  axes  are  screwed  along  the 
curve  through  an  arc  dy  are  i)=0,  q  =  dy,  r  =  0;  d^=0,  ri^=-(iT,  (i^^-de, 
where  dr  and  de  are  the  angles  of  torsion  and  contingenoe.  Herey,  q,  r  are  the 
resolved  displacements  of  the  origin  and  d^^ ,  d<j>^ ,  dij>^  the  rotations  of  the  axes. 

Ex.  2.  The  principal  axes  at  any  point  0  of  a  surface  ate  the  tangents  to  the 
lines  of  coirature  and  the  normal  to  the  surface.  Let  these  be  called  the  axes  of 
X,  y,  z.  Let  it  be  required  to  move  the  axes  from  0  into  the  position  of  the 
principal  axes  at  a  neighbouring  point  tX  on  the  axis  of  x.  If  00' —  dx  the  six 
oomponents  of  motion  are  given  by 

p  =  dx,   9  =  0,   r-0;   d^  =  0,   rf^,=  -^^,    Q  -  ^)    '*'*3  =  |)  Q) ''^• 
where  p,  p'  are  the  principal  radii  of  curvature  for  the  sections  xe,  iji  respectively. 
By  combining  this  with  a  corresponding  motion  along  the  axis  of  y,  we  can  move 
the  axes  from  0  into  the  positions  of  the  principal  axes  at  any  neighbouring  point 
O"  on  the  surface 

As  an  example  of  the  use  of  moving  axes,  let  us  prove  that  the  equation  of  the 
osculating  plane  of  a  biif  of  cm-vature  is  ¥dip^  + Zd^^^O.  The  direction  cosines 
of  the  tangent  to  the  line  of  curvature  are  17=1,  V—0,  W=0;  hence  Stf=0, 
SV^TJd^,  SW=  Od^  and  the  equation  of  the  plane  containing  two  ooneeoutive 
tangents  follows  at  once  The  geometrical  meaning  of  the  equation  of  the 
osculatmg  plane  is  that,  as  the  axes  are  screwed  along  the  line  of  curvature,  the 
instantaneom  angular  veloiity  about  the  radius  of  curoatwe  of  that  line  is  zero. 

The  direction  cosines  of  the  binorroal  to  the  line  of  curvature  are  now  known. 
Eepresenting  these  by  n  r  W,  the  angle  between  two  oonsecutiTS  binormals 
follows  a.1  o-ae^mlhout  icqainng  any  figure.     This  is  the  angle  of  torsion. 

Ex.  3.  Show  that  the  equation  of  a  surface  referred  to  the  principal  axes  at  any 
point  0  is 
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20  MOVING   AXES.  [chap.  I. 

23.  Xi^natloiiH  of  Motlaii  of  a  cliansliiE  body.  It  ma;  be  noticed  that  the 
three  general  equations  ot  motion  whose  type- is 

dh,ldt-a,li^  +  esf,^=L (1) 

are  not  restricted  to  a  rigid  body.  They  hold  eeen  tchen  the  eystem  is  a  collection 
of  parlieUs  moving  amongst  themselves.  We  may  therefore  apply  them  to  find  the 
motion  of  a  body  whioh  Is  chauging  its  shape  by  transference  of  heat,  or  by  some 
other  cauee,  and  is  also  turning  Ireely  in  space  about  its  centre  of  gravity  as  a  fixed 

In  many  cases  the  mode  in  which  the  body  is  changing  its  shape  is  given,  bo 
that,  if  we  lind  the  motion  in  space  of  any  three  rectangular  axes  connected  in  a 
known  manner  with  the  changing  body,  the  motion  of  every  part  of  the  body  is 
^own.  The  asiea  thus  chosen  to  define  the  motion  in  space  of  the  body  may  for 
shortness  be  called  axes  of  I  lie  body. 

There  is  one  method  ot  choosing  these  ases  which  has  the  advantage  ot 
simplifying  the  eqnations  of  motion.  Let  a  system  of  axes  0|,  Oij,  Of  move  about 
the  centre  of  gravity  as  oiigia  with  such  augular  velocities  that,  if  at  any  instant 
the  changing  body  were  suddenly  to  become  rigid,  the  motion  of  the  axes  in  the  time 
dt  wonld  he  the  same  as  if  they  were  fixed  in  the  body.  These  axes  possess  the 
property  that  the  angular  momentum  of  the  changing  body  about  each  of  them 
is  the  same  as  that  of  an  ideal  rigid  body  whiolt  is  attached  to  the  axes,  and  has  the 
same  instantaneous  moments  and  products  of  inertia  as  the  changing  body.  The 
angular  momenta  can  therefore  be  expressed  by  the  usual  formulae  for  a  rigid  body, 
viz.  kj  =  AiS,- Fii^- Eil^,  &e. 

To  malie  this  point  clear ;  let  U,  V,  W  be  the  resolved  velocities  in  space  of  a 
particle  of  mass  m,  i2, ,  Q^,  fJ,  the  angular  velocities  of  the  axes.  Then  as  in  Art.  5, 
if  aocente  denote  differentiations  with  regard  to  the  time, 

Let  ^f  =  aji{,,r-i^'),    A^=Sm.{^-(n,     ^f=Sm(fv'-ijf'), 

BO  that  A^,  A-,,,  A^  are  the  angular  momenta  of  that  part  of  the  motion  ot  the 
partioles  of  the  body  which  is  relative  to  the  axes  f,  jj,  f.  Let  ftj,  ft„,  ht  be  the 
whole  angular  momenta  about  the  axes,  we  then  find  by  substitution 

;ij=27ii(fF-7,t7)  =  ^f+Ca,-Ell|-Dii3 (2), 

and  two  similar  equations,  where  A,  B,  C,  D,  E,  F  are  the  moments  and  products 
of  inertia  ot  the  body  about  the  axes  of  J,  i|,  f. 

The  choice  of  axes  we  have  described  makes  them  such  that 

^^  =  0,     J,  =  0,    A^^O (3), 

Such  axes  have  been  called  mean  axes  by  Tiseerand  in  his  Mecanique  Celeste.  He 
remarks  that  they  ai-e  charaoterised  by  the  property  that  the  changes  in  the  body 
do  not  take  the  form  ot  currents  round  them. 

We  may  notice  that  the  positions  of  the  axes  are  not  strictly  defined  by  the 
property  that  Ac~Q,  ■*-  — 0.  A'=0.  These  equations  only  determine  the  motion 
when  their  initial  positions  have  been  chosen.     To  take  a  single  instance,  let  the 

*  The  equations  of  motion  of  a  changing  body  were  given  by  Liouville  in  1853 
in  the  third  volume  of  his  Journal  in  the  form  shown  in  e([uations  (6)  of  the  text. 
The  equations  marked  (9)  agree  with  those  given  by  Prof.  Darwin  in  the  PhiL 
Tram.  1876,  On  the  infiaence  of  geological  changes  on  the  earth's  axis  of  rotation. 
The  equations  (10)  are  in  substance  the  same  as  those  of  Lord  Kelvin  in  the 
Appendix  C  of  Prof.  Darwin's  paper.  These  are  also  to  be  found  in  the  MScaitique 
Cileite  of  Tisserand,  1831.  The  first  use  of  mean  axes  is  ascribed  by  Tisserand  to 
Gyldta,  Societe-  EoyaU  d'Upsala,  1871. 


y  Google 
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body  be  initially  at  rest  and  let  internal  change  beginning  at  any  instant  aJter  its 
shape  and  structure.  It  is  evident  that  at  the  beginning  and  throughout  all  these 
changes,  the  angular  roomentuni  about  any  axis  fixed  in  space  is  zero.  It  follows 
that  any  rectangular  axes  fixed  in  apace  form  a  mean  system.  The  angulai' 
momenta  A^,  A„ ,  A^  depend  on  the  motion  relative  to  the  axes  of  i,  jj,  f,  and  are 
independent  of  0,,  fij,  Sij.  We  may  therefore  now  superimpose  on  the  body  antl  the 
axes  any  the  same  state  of  motion,  and  the  axes  will  oontinue  to  be  a  mean  system. 
It  sometimes  happens  that  the  changes  under  conaifteration  are  ho  slow,  though 
long  oontinned,  that  the  body  presents  the  appearance  of  being  unaltered  and  rigid 
when  viewed  for  any  short  time.  It  is  evident  that  in  such  eases  the  mean  axes 
will  also  be  sensibly  fixed  in  the  body. 

23.     Let  Of,  Ot),  Of  be  the  asra  of  the  bodj      h  th      m        a  n  t     L  t 

Ox,  Oy,  Oz  be  any  other  set  ot  axes  to  which  w  h  t  t  th  n  t  n  Let 
u, ,  wj.  uj  be  the  angular  velocities  of  the  as  f  th  bol  ah  t  tl  a  f 
reference;    S,,   5,,   fl,  those  of  the  axes  of  ref     nee  th  m    1  Th       ng  1 

momenta  of  the  body  about  the  axes  of  refere        a      th  n 

\^A^-i-A<^,-Fw^-lLaA 

/ij  =  ^j  +  Bui3-C«,-Fo>i[ (4) 

where  A^,Ay,  A^  are  the  components  of  ^t,  A  ,  A^,  about  the  axes  o£  reference,  and 
are  zero  if  the  axes  of  the  body  are  mean  axes.  Also  A,  B,  C,  D  E,  Fare  here  the 
moments  and  products  of  inertia  of  the  body  about  the  axes  of  leferenee 

To  obtain  the  equations  of  motion  we  substitute  theea  values  ol  Ji^  liy,  h,  in 
the  equations  h'^-Bshf  +  S^h^-L,  &e.,  &o....  .(5). 

If  the  axes  of  the  body  are  chosen  as  the  axes  of  referent*,  v-e  have  fli^ui, 
#2=<i'3,  &s=i'>s,  &c     The  equations,  after  substitution  for  ]i^  &c.,  take  the  form 
i{A.,-F.,-E.,^A.}H^-B,^,  I ||,j_ 

+  R  (uj=  -  aj^  +  Fioiioa  -  Eui-,^^  +  a.^A^  -  Wg^i,  =  J.) 
with  two  other  equations. 

In  these  equations  A,  B.  G,  D,  E.  F  are  the  moments  and  products  o£  inertia 
about  the  axes  of  the  body,  while  the  angular  velocities  u^,  &o,,  and  the  moments 
L,  M,  N  are  referred  to  these  as  axes  of  coordinates. 

If  the  instantaneous  positions  of  the  principal  axes  ai*  taken  as  the  axes  of 
reference,  the  expressions  (4)  for  h^,  h^,  h,  assume  very  simple  forms.  The  equa- 
tions of  motion  (5|  now  become 

^^{A^,  +  A^)-8,{B^,  +  A,)  +  8,{Cw,  +  A,)^L |7), 

with  two  similar  equations.     In  these  we  write 


BO  that  a,,  Hj,  ttj  are  the  angular  velocities  with  which  the  principal  axes  are 
separating  from  the  ases  of  the  body.  This  substitution  is  made  because  in  most 
cases  a,,  a^  ,  a^  are  very  small.     Tlie  equations  now  take  the  form 

with  two  similar  equations.  In  these  equations  A,  B,  C  are  the  instantaneous 
values  of  the  principal  moments  of  inertia  of  the  body,  and  the  angular  velocities 
4)[,  &a.,  aj,  &c.,  ace  referred  to  the  principal  axes  as  axes  of  coordinates. 

24.    These  equations  admit  of  simplification  when  the  instantaneous  axis  of 
rotation  is  nearly  coincident  with  one  principal  axis.     Taking  this  axis  as  that  of  z, 
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botb  Uj  and  u^  are  then  bidbU  quantities.  If  also  the  internal  changes  are  small  and 
periodio.  or  alow  and  limited,  bo  that  the  principal  aiea  do  not  wander  much  in  the 
bod;,  tlie  angolar  velocities  w,  and  u,  will  remain  small  throughout  the  motion.  In 
such  cases  we  may  sometimes  be  able  to  neglect  the  angular  momenta  A^,,  Ag,  A^ 
Hae  to  these  internal  chaDges.  Taking  a  set  of  axes  in  the  body  such  that  the 
principal  axes  (to  not  deviate  far  from  them,  the  angular  velocities  a„  a^,  a,  wiB 
also  be  small.    We  shall  also  suppose  that  .N'^O  and  that  L,  M  are  small. 

The  third  of  equations  (9)  then  shows  that  d{Cw^/dt  differs  from  zero  by  the 
squares  of  small  quantities.  We  may  therefore  write  in  the  small  terms  of  the  two 
first  equations  Cuj  — G,  where  G  is  a  oonstant.     We  thus  obtain 


f,W".)- 


dt 


dt 


(»".)- 


il-0 
£0    ° 


/C-A^ 


Go,= 


When  the  body  IS  nniasal  and  remains  so  throug 
we  may  now  take  any  axes  in  the  equator  of  the  b 
further  simplify  tlie  equations  by  so  choosing  these  asee  ihat  05=0. 

In  using  these  equations  the  internal  changes  of  the  body  relatively  to  the  axea 
of  the  bod</  are  supposed  to  be  given,  so  that  icj,  dj,  Og  and  A,  B,  C  are  known 
fnnotioQS  of  1.  These  differenlial  equations  when  solved  will  then  determine  iUj  and 
(itj.  The  motion  in  the  body  of  the  instantaneous  axis  follows  at  onoe.  If  required, 
^i>  ^si  ^3  ^30  may  be  found,  and  the  motion  in  apace  of  the  principal  axes  may  be 
deduced  from  Euler's  equations. 

Taking  the  case  of  a  uniaxal  body,  let  ue  suppose  that  the  motion  in  the  body 
of  the  axis  of  figure  Oz  is  given  by  its  aogular  cooi-dinates  (f ,  ij,  1)  referred  to  the  axes 
OS,  Oij,  Oj";  then  |,  ij  are  known  functions  of  t.     Since  (oj,  a,,  a^)  are  the  angular 


velocities  with  which  Ihe  principal  axes  are 
we  have  a.i=  -dij/tii  and  a^  —  d^jdt. 

If  we  also  suppose  that  the  changes  in 
positions  in  the  body  of  the  prineipal  axes 
in  magnitude  of  A,  A,  C  are  so  small  that 
multiplied  by  oij,  Uj,  the  equations  become 


■ving  relatively  tc 


the  body  are  such  that,  though  the 
are  sensibly  altered,  yet  the  changes 
le  may  neglect  their  variations  when 


+^^^  +  „      = 


=     (6      i)/l(?and-  =  G/^. 
th      p    bl  ms  the  position 


LS  of  the  principal  axec  may  be  fixed   n  th   b   ' 

n  the  moments  of  inertia  aie  qI^cu     In  such  11 

0    nd  regard  A,  B,  C  aa  known  fiinctiuna  of  the  time 

h    earth  be  regarded  as  a  uniaxal  body,  having  all    t    p   n   p. 

t      nearly  equal,  and  lotatm^  about  its  axis  of  fl|,u  h  a 

If  the  internal  changes  ot  the  earth  are  such  that  tl  e  ;   1 

has  a  small  annual  motion  lonnd  its  mean  place         I  at 

=p  cos  nit,  Ti^q  sin  mt,  the  magnitudes  ot  the  principal  n        n 

g  sensibly  unaltered,  prove  thai  the  coordinates  of  th    pi 


is  of  r( 


_li.'q  +  fimp   . 


.  mt +  H  Sin  {nt  +  iq, 


Be  results  we  put  X  =  0,  M  =  0  in  the  equations  (11)  and  substitute 
Q  values;  then  |j  =  j-huj/ii  and  ^^^ti  +  u^ju. 
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In  tlie  actual  case  of  the  earth  2rlii  ia  equal  to  ten  mouths  tieariy,  and  2' 
equal  to  a  jear. 

Bx.  3.     An  ellipsoid,  whose  oeitiTe  0  is  Ji^ed.  c 
set  in  motion  in  any  manner  ia  imder  the  action  of  no 

The  principal  cliameters  are  principal  axes  at  0  throughout  the  motion.  Let  ua 
take  them  as  axes  of  reference.  The  expressions  foe  the  angular  moments  about 
the  axes  are  kj  =  Aui„  li^^Bw^,  k^^Cu,.     The  equations  (6)  then  become 

|(^„.)-(ii-c).,..-o 

am]  two  Bimilar  equations. 

Multiplying  these  equations  by  jliu, ,  Bwj,  Cib,,  adding,  and  integrating  we  see 
that  J'lUi^  +  B^Uj'  +  Cuj^  JB  oonstaut  throughout  the  motion.  To  obtain  another 
integral,  let  A-A„f{t),B-Bff{t),  C  =  Co/ (i)  where/ (t)  expresses  the  law  of  cool- 
ing which  has  been  supposed  such  that  the  body  clumges  its  /orm  very  atowly.  Let 
tjj/((}  =  ni,  w2/((}  =  ai,Bs/(()=lij,andpatd(/<«' =/{'):  then  the  eqoationa  become 

and  two  similar  equationa.     These  may  be  treated  as  in  the  chapter  on  the  motion 
of  a  body  uader  no  forces.    LioiwiUe's  Jotirnal,  1858. 

On  relative  motion. 

25.  Ctairaut's  Theorem*.  The  theory  of  relative  motion  is 
best  understood  by  viewing  it  in  as  many  aspects  as  possible.  We 
shall  therefore  now  consider  a  method  of  determining  the  motion 
which  is  more  elementary,  and  does  not  in  the  result  make  an, 
exclusive  use  of  Cartesian  coordinates. 

Let  it  be  required  to  refer  the  motion  of  a  particle  P  to  any 
given  set  of  moving  axes.  Let  /"„  be  the  position  of  P  at  any 
time  t  and  let  P„  be  attached  to  the  axes  and  move  with  them 
during  any  short  interval.  Let/represent  the  acceleration  of  P„. 
in  direction  and  magnitude  at  the  time  (.  The  particle  P  will  of 
course  separate  from  P„,  but  as  is  explained  in  dynamics  of  a. 
particle  the  actual  acceleration  of  P  in  space  is  the  resultant  of 
its  acceleration  relative  to  P„  treated  as  a  fixed  point  and  the 
acceleration  /  of  Po.  The  acceleration  of  Po  is  called  the  "  acceie- 
ration  of  the  moving  space'' 

Let  X,  y,  z  be  the  coordinates  of  the  particle  P  referred  to  the 
moving  axes,  and  Set  X,  F,  Z  be  the  impressed  forces  on  the 
particle  resolved   parallel  to  the  axes.     Let  p,  q,  r  be  the  re- 

"  The  rule  to  determine  the  relative  motion  of  a  particle  was  first  given 
by  Clairuut  in  1712,  and  aftertvards  the  same  rule  was  demonstrated  in  a  different 
manner  by  Coriolia.  The  ai^uments  of  the  former  were  critioized  and  improved  by 
Bertrand  in  the  nineteenth  volume  of  the  Journal  Potytechniqve.  The  mode  of 
pioof  of  the  latter  is  independent  of  coordinates.  Another  demonstration  by  the 
use  of  polar  coordinates  was  given  in  Vol.  xii.  of  the  (Jwirterly  Jounuil  of  .1/<i(?(e- 
waliis  by  H.  W.  "Watson. 
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solved  velocities  of  the  origin;  adding  these  to  the  right-hand 
sides  of  equations  (1)  in  Art.  5  and  substituting  in  (2)  we  have 

m      df         at  at  ■' 

with  similar  expressions  for  Kand  Z.  Here  A,  B,  C,  D  are  func- 
tions oi'  0,,  d„  6s,  p,  q,  r  and  their  differential  coefficients  with 
regard  to  (  whicii  it  is  unnecessary  to  write  down.  If  x,  y,  z  were 
constants,  all  the  terms  of  X  would  disappear  except  the  last  four. 
These  then,  with  the  corresponding  terms  in  Y  and  Z,  express  the 
acceleration  /  of  a  point  /•„,  rigidly  attached  to  the  axes,  bat 
occupying  the  instanianeous  position  of  P. 

We  have  now  to  examine  the  effect  of  the  remaining  terms. 
The  motion  of  the  axes  of  reference  during  any  interval  dt  may 
be  constructed  by  a  displacement  of  the  origin  together  with  a 
rotation  round  a  straight  line  01  which  is  the  resultant  axis  of 
the  angular  velocities  0,,  6^,  O,.  Let  this  rotation  be  ildt.  Let 
Y  represent  the  velocity  of  P  relative  to  these  axes,  and  let  ff  be 
the  angle  made  by  the  direction  of  V  with  01.  Consider  now 
the  second  and  third  terms  of  X  taken  together,  and  the  corre- 
sponding terms  of  Fand  Z,  neglecting  for  the  moment  all  the 
other  terms.  If  we  multiply  the  expr.rasions  for  X,  Y,  Z  by 
^1,  ^51  ^3  respectively  the  sum  of  these  terms  is  zero.  The  re- 
sultant of  the  accelerations  is  therefore  perpendicular  to  OT. 
Again,  if  we  multiply  the  expressions  for  X,  Y,  Z  by  dxjdt, 
dyjdt,  dzjdt  respectively  the  sum  of  the  terms  is  again  zero. 
The  resultant  of  the  accelerations  is  therefore  perpendicular  to 
the  direction  of  the  relative  velocity  V.  Finaily,  by  adding  up 
the  squares  of  the  terms,  we  find  that  the  magnitude  of  the 
resultant  acceleration  is  2ftFsin^. 

To  determine  the  manner  in  which  the.'^e  forces  shoidd  be 
applied,  we  must  transpose  the  terms  which  represent  them  to  the 
other  sides  of  the  equations.     The  firet  equation  then  becomes 

and  the  other  two  take  similar  forms.  These  are  the  equa- 
tions of  motion  of  a  particle  referred  to  fixed  axes,  moving  under 
the  same  impressed  forces  as  before,  but  with  two  additional  forces. 
These  are,  first,  a  force  equal  and  opposite  to  that  represented  by 
mf,  wherey  is  the  acceleration  of  the  point  of  moving  space  occu- 
pied by  the  particle ;  and  secondly,  a  force  whose  magnitude  has 
been  shown  to  be  2mFfl  sin  6.  To  determine  the  direction  of  this 
force,  let  the  axis  of  z  be  taken  along  the  axis  01,  and  let  the 
plane  of  yz  he  parallel  to  the  direction  of  motion  of  the  particle, 
then  ^,  =  0,  d^  =  0,  and  dxjdt  =  0.  We  then  easily  see  that  this 
force  disappears  from  the  equations  giving  md^yldfi  and  md^i/dt^ ; 
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while  in  that  giving  md^xjdt^,  we  have  the  single  term  2m6,d'i//dt. 
The  magnitude  of  this  force  ia  obviously  2mVQ,  sin  0,  and  it  acts 
along  the  positive  direction  of  the  ajiis  of  a;.  This  is  the  left- 
hand  side  when  the  receding  particle  is  viewed  from  the  axis  01. 

When  these  equations  have  been  integrated,  the  arbitrary  con- 
stants are  to  be  determined  from  the  initial  values  of  x,  y,  b, 
dxjdt,  dyjdt,  dzjdt.  These  differential  coefficients  are  clearly  the 
components  of  the  initial  velocity  of  the  particle,  taken  relatively 
to  the  moving  axes. 

26.  Relative  motion  of  a  particle.  We  may  express  these 
conclusions  in  the  following  ride. 

In  finding  the  motion  of  a  particle  of  mass  m  with  reference 
to  any  moving  axes  we  may  treat  the  axes  as  if  they  were  fixed 
in  space,  provided  that  we  regard  the  pai-ticle  as  acted  on,  in 
addition  to  the  impressed  forces,  by  two  other  forces : 

(1)  a  force  equal  and  opposite  to  mf,  where  /  represents  in 
direction  and  magnitude  the  acceleration  of  the  point  of  moving 
space  occupied  by  the  particle.  The  force  mf  is  called  the  "force 
of  moving  space  " ; 

(2)  a  force  perpendicular  to  the  direction  of  relative  motion 
of  the  particle,  and  also  to  the  axis  of  rotation  01  of  the  moving 
axes.  This  force  is  measured  by  2mFnsin^  where  V  is  the 
relative  velocity  of  the  particle,  II  the  resultant  angular  velocity 
of  the  moving  axes,  and  0  is  the  angle  between  the  direction  of 
the  velocity  and  the  axis  01.  This  force  is  called  the  compound 
centrifugal  force. 

To  find  the  direction  in  which  the  force  is  to  be  applied ;  stand 
with  the  back  along  the  axis  of  rotation  so  that  the  rotation 
appears  to  be  in  the  direction  of  the  hands  of  a  watch ;  then 
viewing  the  particle  receding  from  that  axis  the  force  acts  to  the 
left-hand.  The  axis  of  rotation  may  be  conveniently  called  the 
axis  of  the  centrifugal  forces. 

27.  Ei.  If  the  particle  is  coiiBtraiued  to  move  along  a  curve  which  is  itself 
moving  in  any  manner,  the  compound  centrifugal  force,  being  pei'pendicaini;  to  the 
direction  of  the  relative  velocity  of  the  particle,  may  be  included  in  the  reaction  of 
the  curve.  Tla  only  force  which  it  is  neceaaary  to  impress  on  the  particle  is  the 
force  of  the  moving  space,  II  the  onrve  is  turning  about  a  fixed  aiia  with  an 
angular  velocity  iS,  the  components  of  the  accelerating  force  of  moving  space  are 
clearly  fl'r  tending  directly  from  the  axis  of  rotaUon,  and  rXtjdt  perpendicular 
to  the  plane  containing  the  particle  and  the  axis,  where  r  is  the  distance  of 
the  particle  from  the  axis.  This  agrees  with  the  result  obtained  in  the  section  on 
relative  motion  in  Vol.  i.  Chaji.  rv.  Art.  213. 

28.  In  finding  the  compound  centrifugal  force  it  is  useful 
to  remember,  that  we  may  replace  the  angular  velocity  SI  or 
the  linear  velocity  Fby  the  axial  components  from  which  it  was 
derived    and    find    the    forces    due    to    each    of    the    components 
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separately.  Though  we  have  thus  more  than  two  forces  which 
must  be  apphed  to  the  particle,  yet,  by  making  a  proper  resolu- 
tion, some  of  these  may  either  produce  no  effect,  and  may  therefore 
be  omitteci,  or  may  produce  an  effect  which  is  easily  taken 
account  of. 

29.  Relative  motion  of  a  Kigid  body.  When  we  wish  to 
apply  Clairaut's  theorem  to  the  motion  of  a  rigid  body,  we  must 
consider  each  particle  to  be  acted  on  by  the  two  forces  which 
depend  on  the  position  and  velocity  of  that  particle.  To  find  the 
resultant  of  all  these  forces,  we  generally  have  to  effect  an 
integration  throughout  the  body.  This  integration  though  not 
difficidfc  is  sometimes  troublesome.  Methods  of  abbreviating 
the  process  have  been  formulated  bnt  they  are  omitted  here 
because  such  problems  are  generally  more  easily  solved  by  using 
the  methods  described  in  Art.  10. 

30.  Principle  of  Via  Viva  applied  to  morins  axee.  Sv^poie  the  system  at 
any  instant  to  become  fixed  to  the  set  of  moving  axes  relative  to  which  the  motion  ie 
required,  and  calculate  what  mould  then  be  the  (effective  forces  on  the  system.  These 
have  been  called  in  Art.  25  the  forces  of  -moving  space.  If  we  apply  them  as  ad- 
ditional impressed  forces  on  the  systejn,  hut  reversed  in  direction,  tBe  may  use  the 
equation  of  Vis  Viva  to  determine  the  relative  viotion  as  if  the  axes  vierc  fixed  in 
space.     TMb  theorem  is  dne  to  Coriolia,  Journal  Folytech.  183X. 

li  WB  follow  tte  notation  of  Art.  35  tbe  accelerations  of  any  point  F  resolved 
parallal  to  the  rectangular  moving  axes  are 

with  two  similar  expressions  for  the  axea  of  y  and  a.  The  last  tout  teima,  with  the 
corresponding  teims  in  the  otber  pspressiona,  are  the  resolved  accelerations  of 
a  point  P„  rigidly  attaohed  to  the  axes,  but  occupying  the  instantaneous  position  of 
P.     Let  us  caU  these  S„,  Y„,  Z„. 

Let  us  now  recur  to  tbe  proof  of  the  principle  of  Vis  Viva  given  in  Vol.  i. 
Chap,  vir.  Art.  350.  To  adapt  that  proof  to  our  present  case  we  have  merely  to 
substitnte  the  above  expressions  for  d^^jdt^,  &a.  in  the  general  equation  of  virtual 
moments.  After  substituting  for  tLe  displacements  3a:,  By,  Si  their  Talnes  dx,  dy, 
dz,  it  is  clear  that  the  terms  containing  dxjdt,  dyfdt,  d/cjdt  disappear.  The 
equation  after  integration  becomes 


Sijf 


i(i)"+(*y+(s)i='^-'«^-^'"*'^-'''""'*i''-^'""'-^''' 


31.  Another  proof.  This  theorem  of  Coriolis  also  follows  at  once  from  that 
given  in  Art.  35  for  all  kinds  of  relative  motion.  The  mode  of  proof  just  given  has 
the  advantage  of  recurring  to  first  principles- 
It  is  clear  that  when  we  use  the  principle  of  virtual  velocities  any  force  whose 
line  of  action  is  perpendicular  to  the  displacement  given  to  its  point  of  application 
must  disappear  from  tbe  equation.  Now  in  the  principle  of  Vis  Viva  the  displace- 
ment given  to  every  point  is  the  elementary  are  described  by  that  point  in  the  time 
dt  relative  to  the  axes.  The  compound  centrifugal  force  acts  perpendicularly  to 
this  are,  and  therefore  disappears  from  the  equation.  But  the  virtual  moments  of 
tbe  forces  of  moving  space  are  not  zero,  and  must  be  allowed  for  in  the  equation. 
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33.  Ex.  A  spliere  rolls  on  a  perfectly  roash  plane,  which  turns  vnth  a 
uniform  angular  velocity  n  ahout  a  korizotttal  axis  in  iU  oum  plane.  Svppasing  the 
motion  of  ifte  sphere  to  take  place  in  a  verlieal  plane  perpendicular  to  the  axis  of 
rotation,  find  the  motion  of  the  sphere  relatively  to  the  plane. 

Let  Oat  be  the  traoe  deBOribed  bj  the  sphere  as  it  coUb  oa  the  plane,  and  let 
Og  be  drawn  thrgugh  the  axis  of  rotation  peirendioular  to  Ox  in  the  plana  of 
motion  of  the  sphere.  Let  nt  be  the  angle  whiuh  Ox  makes  with  a  horizontal  plane 
through  the  aiia  of  rotation.  Let  tp  be  the  angle  that  the  radius  of  the  aphere  which 
waa  initially  perpendicular  to  the  plane  makes  with  the  axis  of  y.  Let  x,  y  be  the 
cooi'dioates  of  P  the  centre  of  the  sphere,  and  Mk^  the  moment  of  inert^  of  the 
sphere  about  a  diameter. 

If  the  sphere  were  fixed  relatjyely  to  the  plane  its  efEeotive  forces  would  be  Mn^x 
and  Mn'y  acting  at  the  centre  of  gravity,  and  a  couple  Mk^d?{nt}ldt^  round  the 
centie  of  gravity.  See  Vol.  i.  Chap.  in.  Art.  89,  Also  the  impressed  force,  viz., 
gravity,  is  equivalent  to  g  sin  n(  and  -  g  cos  nt  parallel  to  the  moving  axes.  The 
equation  of  Vis  Viva  tor  relative  motion  is  therefore 

»siU)+(sj+''U)}="-'«+"^5+»"'""*-''"'"'5r- 

Here  dxldt  —  adfjdt  and  dyjdt^O.    We  have  therefore  I  1  +  -^)  -T-^=n''x+g  sin  nt. 

This  equation  might  also  have  been  derived  from  the  formulae  for  moving  axes 
given  in  Vol.  i.  Chap.  iv.  Ai-t.  211.     If  t^  —  ^a'  the  equation  leads  to 

where  A  and  B  are  two  eonstauts  which  depend  on  the  initial  conditions  of  the 


Oil  Motion  relative  to  the  Earth. 

33.  The  motion  of  a  body  on  the  surface  of  the  earth  is  not 
exactly  the  same  as  if  the  eai-th  were  at  I'est.  As  an  iliastratioa 
of  the  use  of  the  equations  of  this  chapter,  we  shall  proceed  to 
determine  the  equations  of  motion  of  a  particle  referred  to  axes 
of  coordinates  fixed  in  the  earth  and  moving  with  it. 

Let  0  be  any  point  on  the  sur- 
face of  the  earth  whose  latitude 
is  \.  Thus  \  is  the  angle  which 
the  normal  to  the  surface  of  still 
water  at  0  makes  with  the  plane 
of  the  equator.  Let  the  axis  of 
z  be  the  vertical  at  0,  measured 
positively  in  the  direction  oppo- 
site to  gravity.  Let  the  axes  of 
*■  and  y  be  respectively  a  tangent 
to  the  meridian  and  a  perpendi- 
cular to  it,  their  positive  direc- 
tions being  respectively  south 
and  west.  In  the  Jigure  the  axis 
of  y  is  dotted  to  indicate  that  it 
is  perpendicular  to  the  plane  of 
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the  paper.  Let  to  be  the  angular  velocity  of  the  earth,  h  the 
distance  of  the  point   0  from  the  axis  of  rotation. 

We  may  reduce  the  point  0  to  rest  by  applying  to  every 
point  under  consideration  an  acceleration  equal  and  opposite 
to  that  of  0,  and  therefore  equal  to  o)^6  and  tending  from  the  axis 
of  rotation.  We  must  also  apply  a  velocity  equal  and  opposite  to 
the  initial  velocity  of  0.  This  velocity  is  wh.  The  whole  figure  will 
then  be  turning  about  an  axis  01,  parallel  to  the  axis  of  rotation 
of  the  earth,  with  an  angular  velocity  &>. 

When  the  particle  has  been  projected  from  the  earth  it  is  acted 
on  by  the  attraction  of  the  earth  and  the  applied  acceleration 
m%.  The  attraction  of  the  earth  is  not  what  we  call  gravity. 
Gravity  is  the  resultant  of  the  attraction  of  the  earth  and  the 
centrifugal  force,  and  the  earth  is  of  such  form  that  this  resultant 
acts  perpendicular  to  the  surface  of  still  water.  If  it  were  not 
80,  particles  resting  on  the  earth  would  tend  to  slide  along  the 
surfece.  It  appears,  therefore,  that  the  force  on  a  particle  at  0, 
after  0  has  been  reduced  to  rest,  is  equal  to  gravity.  Let  this  be 
represented  by  g. 

The  equations  of  motion  are  much  simplified  if  we  neglect 
such  small  quantities  as  the  difference  between  the  attractions  of 
the  earth  at  different  points  neai'  0.  If  a  is  the  equatorial 
radius  of  the  earth,  the  attraction  at  a  height  z  above  0  is  nearly 
equal  to  g{l-2zla).  Since  a  is  20926629  feet  and  27r/o)  is 
24  hours,  we  easily  find  that  the  centrifugal  force  at  the  equator, 
oi'ti,  is  equal  to  3/289.  Hence  if  we  neglect  the  smalt  term 
2gz!a  we  must  also  neglect  m's  at  all  points  neai'  0.  The  term  a'b 
ia  not  neglected,  because  at  places  near  the  equator  6  is  nearly  as 
large  as  the  radius  of  the  earth. 

Since  the  earth  is  turning  round  01  with  angular  velocity  a, 
the  resolved  part  about  Oz  is  to  sin  X,  since  the  angle  lOz  is  the 
complement  of  X;  since  the  rotation  is  from  west  to  east,  the 
resolved  angular  velocity  is  from  y  to  x,  which  is  the  negative 
direction,  hence  ^j  =  —  gi  sin  X.  The  resolved  angular  velocity 
round  Ox  is  aicosA,  and  is  trom  y  to  s,  which  is  the  positive 
direction,  hence  di  =  a>cosX.  Also  since  01  is  perpendiculai'  to 
Oy,  0-t  =  0.  Hence,  by  Art.  5,  the  actual  velocities  of  any  particle 
whose  cooixiinates  are  (ic,  y,  z)  are 

dx  .    ^  du  ^  .    ,  dz  , 

u  =  __  4-  0,  am  \y     J,  =  ^  _  ft,  cos  Xs  —  a,  sin  Xx,   w  =  -j-  +  w  cos  Xy. 

dt  ^  dt  '  dt  ^ 

To  find  the  equations  of  motion  it  is  only  necessary  to  substitute 
these  values  in  the  equations  of  Art.  5.     We  thus  have 

— +2wsinX^  =  X  '^-2q,cos\  — -2G,sinX— =F 

dt'  '         dt         '  dt'  dt  dt        ' 
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F  2(1)  sin  \  -^  —  ci>^  sin^  Xjc  —  w^  sin  X  cos  \z  —  X, 
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where  the  terms  {X,   ¥,  Z)  include  all   the  accelerating  forces, 
except  gravity,  which  act  on  the  particle, 

34.     If  we  retain  the  terms  containing  ai\  and  iuclnde  the 
difference  hetween  the  attractions  at  (x,  y,  z)  and  0  in  the  forces 
X,  Y,  Z,  the  equations  of  motion  are 
d^x     ,      .       dy 
at 

dht     „  ^  ds     ^      .       dec       „       ,^ 

-j^  -  2(0  cos  X  ^  -  2oi  sm  X  -rr  -  w^'/  =  Y, 
dt^  dt  dt         ■' 

d?z  dy 

-: — \-2(i>  COS  X  -^  —  ai'  cos'  'Ke  ~  w^  sin  X  cos  7^=  —  (f  +  Z. 

dt'  dt  ■' 

These  equations  agree  with  those  given  by  Poisson,  Journal  Poly- 
tecknique,  1838. 

35.  Es..  1.  As  an  exitmple,  let  us  coceider  tbe  case  of  a  particle  dropped  hora 
alieight  ft.  The  initial  conditions  are  thecetoce  i,y,dxldt,dyldt,  dzfdt  all  zero, and 
i  —  k.  As  a  first  approximation,  neglect  all  the  terms  containing  the  small  factor  a. 
WetheEhavea:  =  0,  ^=0,  z-h-^gC 

For  a  second  approximation,  we  may  subatitnte  these  values  of  (x,  y,  z)  in  the 
small  teems.    We  obtain  after  integration  x  =  ii,y=  -iiacosXgt^.  s^k-iat'. 

Thus  there  v^ill  l>e  a  small  deviation  towards  the  east  proputtioual  to  the  cabe 
of  the  tune  of  descent.  There  miil  be  no  southerly  deviation  and  the  *ertn,al 
motion  will  be  the  same  as  if  the  earth  were  at  rest. 

An  elementary  demonstration  of  this  result  will  make  the  whole  aigument 
clearer.  Let  the  particle  be  dropped  from  a  height  h  vertioallj  o^er  0  Then  O 
being  reduced  to  rest,  the  particle  is  really  projected  eastwaids  with  a  velocity 
lahao&X.  Hence,  if  the  direotion  of  gravity  did  not  alter  owing  to  the  rotation  ot 
ihe  eartb  about  01,  the  particle  nould  describe  a  parabola,  and  the  easterly  deviation 
ivouldbe  (u/ioosX)S,  where  t  is  the  time  of  falling.  Since  ft  =  Jgl',  this  deviation  is 
^ueoa'Sgt'.  The  rotation  u  about  01  is  equivalent  to  usinX  about  Oz  and  uoosX 
about  Os.  The  former  does  not  alter  the  position  of  OC  the  normal  to  the  surface 
of  the  earth,  which  is  the  direction  ot  gravity.  The  latter  turns  OC  in  any 
time  t  through  an  angle  u  cos  At.  Thus  gravity  gradually  changes  its  direction 
as  the  particle  falls.  Tlie  particle  is  therefore  acted  on  by  a  westerly  oomponent 
=  3  sin  (ftj  cos  M),  which,  since  wt  is  small,  is  nearly  equal  to  flu  cos  W.  Let  i^' be  the 
distance  of  the  particle  from  the  position  of  the  plane  xz  in  space  at  the  moment 
when  the  particle  began  to  fall,  and  let  y'  be  measured  positively  to  the  west.  The 
equation  ot  motion  of  the  particle  in  space  is  therefore  <Py'jd&=g<jt  cos  \.  Inte- 
grating this  and  remembering  that,  as  explained  above,  dy'ldt—  -uhco&X  when 
t  =  0,we  get  !/'=  -ojftfoosA  +  JpiuJ'cosX.  When  the  particle  reaches  the  ground  we 
have  y' —y  very  nearly,  and  li  —  \g&,  thus  the  deviation  westward  is  -^upt'oos  X, 
which  is  the  same  as  before.  It  it  be  not  evident  that  j'  =  y,it  maj- be  shown  thus. 
In  the  time  t,  Oy,  Oz  have  tm'ned  through  a  very  small  angle  8  —  ui  cos  \t,  hence,  as 
in  transformation  of  axes,  y'=y  oo&B-zsind,  which  gives  y'  =  y  when  we  reject  the 
squares  of  B. 

Ex.  2.  A  particle  is  projected  vertically  upwards  in  vacuo  with  a  velocity  V. 
Show  that  on  reaching  the  ground  again  there  is  no  deviation  to  the  south  but  the 
deviation  to  the  west  is  4u  cos  Xr^/Bji'^.  [Laplace,  Mec.  CSl.  iv.  p.  341. 
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i.     A  partiol         d    pp  d  f    m      h   i^l  t  /     nd  ±  lis  to  the  earth.     If  the 
le  ot  the  air  1)    I      wh  la  th       It  lot  tj  of  the  particle  and  air, 

show  that  the  deyiat   n  t    th  th         till  b  t  tl     deviation  to  the  east  ia 


-jiTlii if    "      • 

Laplace  j         'h        p  f  1   powers   of  ft   when   the 

reaistance  varies  as  th     qu         f  tli      It  It  [MSc.  Celeste,  iv.  p.  337. 

35(1.    A  brief  hist  f  tl        p  t      ad  11    g  bodies  with  a  view  of 

testing  the  cofrectneas    fththniag  lAth        treatise  on  Dynamics 

of  a  Particle,  1898.  It  will  be  sufficient  to  mention  here  those  made  in  1903  at  the 
Pantheon  iu  Paris  under  the  direction  oi  C.  Flamraarion.  The  chief  points  noticed 
were  the  smallness  of  the  south  deviation  and  the  distinctness  of  that  to  the  east- 
Theory  indicated  a  deviation  of  8  mm.  towards  the  east,  and  the  means  ot  the  last 
72  experiments  gave  7-6  to  the  east  and  -5  to  the  north.  See  the  BuiUiin  de  la 
SociSte  Ailronomique  de  France,  July  IWS. 

36.  In  many  cases  it  will  be  found  convenient  to  refer  the 
motion  to  axes  more  generally  placed.  Let  0  be  tlie  origin,  and 
let  the  axes  be  fixed  relatively  to  the  earth,  but  in  any  directions 
at  right  angles  to  each  other.  Let  di,  0^,  8,  be  the  resolved 
parts  of  m  about  these  axes,  then  (5,,  ^,,  6^  are  known  constants. 
We  obtain  by  Art,  5, 


":-_2T0 


$/^2$^,  +  2$^,=  F, 


av        at  at 

For  example,  if  we  wish  to  detenuine  the  motion  of  a  projectile, 
to  take  the  axis  of  z  vertical  and  the  plane  of  xs  to  be  the  plane  of  projection.  Let 
the  asis  of  X  mate  an  angle  §  with  the  meridian,  tho  angle  being  measured  from 
the  south  towards  the  west.     Then 

Sometimes  it  ii  iisefwl  to  refer  the  mutton  to  axes  which  move  relatively  to  the 
earth.  For  example,  suppose  we  heep  the  axis  of  z  vertical  and  let  the  ases  of  x  and 
y  move  round  the  vertical  with  an  angular  velocity  p.  In  this  case  6, ,  8^  have  the 
values  just  written  down,  while  flj=j)-u  sinX.  We  now  have  ii^jdt=p,  and  pro- 
vided p  is  of  the  order  w.  the  diSerential  ooeffioients  dejdt,  &o.  are  of  the  order  b? 
and  should  therefore  still  be  neglected.  The  general  equations  of  motion  given 
above  apply  therefore  also  to  these  moving  axes.  In  general  thete  equations  may  be 
'Used  tuiih  any  rectangular  axes,  whether  fixed,  or  itioveaile  about  a  fixed  origin,  pro- 
vided their  angular  motions  relative  to  the  earth  are  of  the  order  u. 

These  equations  may  be  solved  in  any  particular  case  by  the 
method  of  continued  approximation.  If  we  neglect  the  small 
terms  we  get  a  first  approximation  to  the  values  of  (x,  y,  s).  To 
find  a  second  approximation  we  may  substitute  these  values  in  the 
terms  containing  w,  and  integrate  the  resulting  equations.  As 
the  equations  arc  only  true  on  the  supposition  that  <o^  may  be 
neglected,  we  cannot  proceed  to  a  third  approximation. 
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36  a.  Two  special  cases  deserve  attention,  (1)  when  the  particle 
in  its  motion  does  not  deviate  muck  from  the  vertical  and  (2)  when 
the  motion  is  nearly  horizontal. 

Let  the  axis  of  z  be  vertical.  In  the  first  case  the  horizontal 
velocities  dcejdt  and  dy/dt  are  small  compared  with  the  vertical 
velocity  dz/dt.  The  products  of  the  former  by  w  are  therefore  of 
a  higher  order  of  small  quantities  than  the  product  of  the  latter 
and  should  be  neglected  in  a  first  approximation. 

In  the  second  case,  on  the  contrary,  ds/d(  is  small,  and  we 
reject  its  product  by  0i  or  d,.  The  two  seta  of  equations  placed 
side  by  side  for  comparison  are  as  follows : 


dp+'-dt"--^' 

S^^S"-^ 

s-^s^-=^ 

We  notice  that  when  the  motion  is  nearly  vertical  the  com- 
ponents 6i.  02,  enter  into  the  equations,  while  d,  dues  not  appear 
until  we  proceed  to  higher  approximations.  This  explains  why,  in 
calculating  the  easter^  deviation  of  a  falling  body,  the  resolved 
angulai-  velocity  of  the  earth  about  the  horiEontal,  and  the  conse- 
quent change  in  the  direction  of  gravity,  cannot  be  neglected. 
Art.  35.  When  the  motion  is  nearly  horizontal,  it  is  the  component 
of  the  earth's  rotation  about  the  vertical,  viz.  $3,  which  plays  the 
principal  part. 

366.  riat  TralectorleB.  A  particle  is  projected  from  a  gun  situated  at  the 
point  0  with  a  great  velooilry  T  in  a  direction  malting  a  email  angle  a  with  the 
horizon  so  that  the  trajectory  is  nearly  flat.    It  is  required  to  find  the  motion. 

Here  we  uee  the  equations  for  a  nearly  horizontal  motion,  with  X=0,  y=0, 
Z=0.  The  two  first  are  identical  vitth  those  derived  from  the  general  forms  of 
Art.  36  by  putting  fli=0,  9^—0.  These  two  equations  therefore  represent  the  motion 
of  a  particle  moving  fi'eely  in  space,  unaffected  by  the  rotation  of  the  earth,  tut  re- 
fened  to  axee  which  move  round  the  vertical  and  leave  the  particle  behind.  The 
third  equation  shows  that  the  altitude  e  differs  fi  cm  that  of  a  free  particle  by  small 
quantities  which  depend  on  8^  and  fl,.  Let  the  initial  plane  of  xx  contain  the 
direction  of  projection,  then  the  horizontal  space  described  in  this  plane  is 
i=Vtaosa.  Bn(  the  plane  of  xi  makes  a  small  augleeji  with  its  initia!  position, 
henee  x  —  Tt  cos  a,  j(  =  -  icfl,  (,  where  8^=  -a  ein  \. 

The  deviation  y  is  therefore  always  to  the  right  of  the  plane  of  firing  in  the 
northern  hemisphere  and  to  the  left  in  the  southern  hemisphere.  If  i!  is  the  range, 
the  whole  deviation  from  the  plane  of  firing  is  Bt «  sin  \,  and  it  is  asserted  {Compter 
Bendiis,  1866)  that  this  is  about  half  the  actual  deviation  in  'Whitworth'e  gun. 
We  notice  also  that  the  deviation  y  is  independent  of  the  azimuth  of  the  plane  of 
firing  and  that  the  time  of  describing  a  given  distance  x  is  independent  ot  the 
rotation  of  the  earth. 
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The  third  equation  of  motion  gives 


The  vertical  deviation  of  the  bullet  from  its  pavabolio  path  at  the  moment  of 
reaching  a  target  distant  x  from  the  Rira  is  -xtiaeoe  X  Binj3  It  foUons  that  when 
firing  due  east  the  range  is  increased,  when  due  west  the  lan^e  is  deoieated,  but 
when  firing  north  or  south  the  range  is  Eot  altered. 

37.  Sevlatlon  ot  a  projectile.  When  the  bullet  is  bied  at  a  considei  able 
angle  to  the  horizon  the  conclusions  just  arrived  at  require  some  modification 
The  followir^  results  may  be  deduced  from  the  equfttiona  of  Art  36  fay  the  method 
of  continued  approximation  as  esplained  in  that  article. 

A  paitiole  is  projected  with  a  velocity  T  in  a  direction  making  an  angle  a  with 
the  horizontal  plane,  and  such  that  the  vertical  plauc  thiough  the  direction  of 
projeclion  makes  an  angle  ^  with  the  plane  of  the  meridian,  the  angle  (3  being 
measured  from  the  south  towards  the  west.  IE  x  be  mifasured  hoiizontally  in  the 
plane  of  projection,  y  be  measured  horizontally  m  a  direction  making  an  unjrlo 
3  +  Jt  with  the  meridian,  and  2  vertioallj  upwards  from  the  point  ot  pinjeetion 
then  a:^rcos«i  +  (FBino(''-%st»l«cosXBm^, 

y  =  (Fsinot'-ifl(')u,oosXcosj3+Fcos«t=«sin\, 
a^  Fsiu  ol  -  isl^  -  Toos  at^u  cos  X  sin /3, 
where  A  is  the  latitude  of  tbe  place,  and  u  the  angular  velocity  of  the  earth  about  its 
axis  of  figure. 

Tofind  the  time  of  flight  we  put  3  =  0;  this  gives,  when  wMs  neglected, 

By  substituting  this  value  ot  t  in  the  expressions  for  x,  y,  we  find  thai  the  increase 
of  range  on  the  hoiiaontal  plane  through  the  point  ot  projection  is 

and  that  the  deviation  to  the  right  of  the  plane  of  projection  is 
4u.  8in=  a  (^  cos  X  COB  ^  Bin  o  +  sin  \  cos  a)  FS/fl=. 

It  follows  from  these  eipressionB  that  the  deviation  is  to  the  right  ot  the  plane 
of  firing  when  tanaoos^  +  3  tanX  is  positive.  In  the  northern  hemisphere,  this 
expression  is  positive  for  all  azimuths  provided  tana  is  less  than  Stan  X.  This  is 
also  true  for  greater  inclinations  of  fire  exc^t  when  firing  doe  north  or  at  an 
azimuth  measured  from  the  north  less  than  y  where  cos  7=3  tan  X  cot  a. 

If  taua<:,.y3,  that  is  o  •=  60°,  the  range  is  increased  Or  decreased  according  as  the 
firing  is  due  east  or  west ;  but  the  contrary  holds  if  a:>60°.  When  firing  due  north 
or  south  the  range  is  not  altered. 

A  numerical  example  is  given  in  Owen's  Modem  Artillery,  1S71.  A  ball  fired 
due  south  in  latitude  52°  from  a  56  pr.  gun,  with  a  chaige  of  17  lbs.  and  elevation 
of  35°,  giving  a  range  of  5600  yds.  in  S4  seconds  would  have  a  right  or  west 
deflection  of  10-914  yds.  W.  F.  Richardson  in  Vol.  iv.  of  the  Proceedings  of  the 
R.  A.  Institution,  1865,  gives  a  table  of  deviations  due  to  tlie  rotation  of  the  earth. 

It  may  be  objected  that  in  obtaining  these  results  we  have  neglected  the  resistance 
of  the  air,  whose  effects  in  altering  the  parabolic  path  ai-e  much  greater  than  those 
of  the  rotation  ot  the  earth.  So  long  however  as  we  reject  ihe  squares  both  of  « 
and  of  the  constant  of  resistance,  the  deviations  due  to  lu  from  a 
sarae  as  those  irom  a  resisted  path. 
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38.  Disturbance  of  a  pendulum.  A  particle  of  mass  m  is 
suspended  by  a  fine  wire  of  length  /  from  a  point  0  fixed  relatively 
to  tlie  earth,  and  being  drawn  aside,  so  that  the  wire  makes  a  small 
angle  a  with  the  vertical  at  0,  is  let  go.  It  is  required  to  find 
the  motion. 

Here  the  vertical  motion  of  the  bob  is  so  small  that,  in  a  first 
approximation,  it  might  be  neglected.  It  also  foilowa  li-om  what 
was  said  in  Art.  36  b  that  the  horizontal  motion  is  unaffected  by 
the  rotation  of  the  earth  but,  when  viewed  by  a  spectator,  is 
referred  to  axes  which  rotate  round  the  vertical  and  leave  the  bob 
behind.  The  plaiie  of  oscillation  will  therefore  appear  to  revolve 
round  the  vertical  with  an  angular  velocity  equal  to  —  S3,  tliat  is  with 
an  angular  velocity  a  sin  X  from  south  to  west.  This  is  usually 
called  Foucault's  experiment. 

38  a.  Anothep  solntlon.  The  equations  ol  motion  are  given  in  Art.  36.  We 
shall  take  the  axig  of  a  vertical  and  the  oiigin  at  the  poeitioii  of  equilibrium  of  the 
ls  wliioh  contain  dijdt  ai-e  of  the  order  a'^w,  these  we  shall  reject. 


i  us  also  make  the  axes  of  i  and  y  rotate  slowly  round  the 
;ular  yelooity  p  relatively  to  the  earth  that  £>,  heoomea  zero. 

vertical  -with  such  ; 
,  then  aa  explained 

(Px          To:         Sy          Ty 

^_^,^^.^2'4e.^-..'y-/ 

where  T  is  the  tension  of  the  string.  The  tlurd  equation  shows  that  Uie  tension 
differs  from  mg  by  quantities  of  the  order  um  at  least.  Siace  xjl  and  yjl  are  of  the 
order  a  and  we  have  agreed  to  reject  terras  of  the  order  uia^  we  must  put  T=ing  in 
the  two  first  equations. 

If  bir'^g,  the  solutiona  of  the  equations  are  clearly 

:.  =  Joos(«(  +  C),  y-Bsin(«(  +  Z)). 
It  appears  that  the  time  of  oscillation,  viz.  2jr/)i,  is  unaffected  by  the  rotation  of  the 
earth.  To  determine  the  constants  of  integration  we  notice  that  when  the  particle 
is  drawn  aside  from  the  vertical  and  not  yet  liberated,  it  partakes  of  the  velocity  of 
the  earth,  and  has  therefore  a  small  velocity  in  space  equal  to  -  iiwi  sin  X  transverse 
to  the  initial  plaae  of  disturbance.  Taking  this  plane  aa  that  of  xz,  the  initial  con- 
ditions relatively  to  the  axes  are  i=0,  x^^la,,  y  —  0,  dxjdt^d,  dyldt—  -Jaoi  sin  X. 
It  is  then  easy  to  see  that  ^  =  fa,  Bii=  -  (ou  sin  X,  0  =  0,  D  =  0.  The  particle  there- 
fore describes  an  ellipse  whose  semi-axes  are  A  and  -  B.  Since  the  ratio  of  the 
axes,  viz.  wsin  X^/(I/i/),  is  very  small,  the  ellipse  is  very  elongated  and  the  particle 
appears  to  oscillate  in  the  plane  xz.  The  effect  of  the  rotation  of  the  earth  is  to 
make  this  plane  appear  to  turn  round  the  vertical  with  an  angular  velocity  m  sin  \. 

It  is  proved  in  dynamics  of  a  particle  that,  independently  of  all  considerations 
of  the  rotation  of  the  earth,  the  path  of  the  boh  of  a  pendulum  is  approximately  an 
fllhpse  whose  axes  have  a  small  nearly  uniform  motion  round  the  vertical.  This 
progression  of  the  apses  vanishes  when  the  angle  subtended  at  the  point  of  suspension 
by  eithei  axis  of  the  ellipse  is  aero  (see  Art.  3'J,  Ex.  2).  As  the  presence  of  this 
motion  will  complicate  the  experiment,  it  is  important  (1)  that  the  length  t  of  the 
pendulum  should  be  very  great,  (2)  that  the  pendulum,  when  drawn  aside,  should 
be  libeiated  without  giving  the  bob  more  transverse  velocity  than  is  necessary. 
This  IS  usually  effected  by  fastening  the  bob  when  displaced  to  some  fixed  point  by 
R.  n.    II,  3 
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a  thread  and  when  it  has  oonie  to  appaient  rest,  it  13  set  free  by  burning  the  thread. 
The  progression  of  the  apses  depending  on  the  Rngular  m^nitude  of  the  displace- 
ment is  in  the  opposite  direction  to  that  cause  i  by  the  lOtation  of  the  earth 

Another  advantage  of  nsiog  a  long  penduli  m  is  that  the  hneai  \  eplacement  of 
the  boh  may  be  considerable  though  the  ineular  displacement  of  tie  wiie  is  v  ij 
small.  The  bob  should  also  be  of  some  weight  for  otheiwise  its  motion  wonld  be 
soon  destroyed  by  the  resistauoe  of  the  ai 

39.  Ex.  1.  In  Foucault's  experiment  a  \vag  pundulnm  13  suspended  from  a 
point  over  the  centre  of  a  circular  table  and  the  are  of  aciUation  ib  see  1  to  1  ats 
from  one  diameter  to  another.  Show  that  the  arc  of  the  circular  nm  of  the  table 
deeotibed  by  the  plaaie  of  oscillation  in  one  day  is  equal  to  the  difference  in  length 
between  two  parallels  of  latitude,  one  through  the  centre  and  the  other  through  the 
nortbern  or  southern  point  of  the  rim.     This  theorem  is  due  to  Prof.  J.  B.  Young. 

Ex.  2.  A  heavy  particle  is  suspended  from  a  fixed  point  of  support  by  a  string 
of  length  I,  and  the  effect  of  the  rotation  of  the  earth  is  neglected.  Prove  that,  if 
the  inclination  a  of  the  string  to  the  vertical  is  very  small,  the  path  of  the  particle 
is  very  nearly  an  ellipse  whose  apses  advance  in  each  complete  revolution  of  the 
particle  through  an  angle  j3.2ir,  where  (3  — -Ibo/f  and  6  c  are  the  major  and  minor 
semi-axes  of  the  ellipse.  See  the  author  s  treatise  on  Di/  lamics  of  a  Particle  tor 
this  and  some  allied  results. 

Ex.  3.  A  pendulum,  at  rest  relatively  to  the  eaith  is  started  in  any  direction 
mth  a  email  angular  velocity,  show  that  the  oscillations  will  take  place  in  a  vertical 
plane  turning  uniformly  round  the  vertical  ao  that  the  pendulum  becomes  vertical 
once  in  ea«fa  half  oscillation. 

Ex.  4.  Iiet  $  be  the  angle  which  a  pendulum  of  length  /  makes  with  the  vertical, 
and  ^  the  angle  which  the  vertical  plane  coutaining  the  pendulum  makes  with  a 
vertical  plane  which  turns  round  the  vertical  with  uniform  angular  velocity  a  sin  \ 
in  a  direction  from  south  to  west.  Prove  that  when  teims  depending  on  t"  are 
neglected,  the  eq.uationa  of  motion  become 


vhere  ^is  an  arbitrary  constaut,  and  the  other  letters  have  the  n 
them  in  Art.  86.     See  M.  Quet  in  Lioumlle't  Journal,  1853. 

These  equations  will  be  found  convenient  in  treating  the  motion  of  a  pendulum. 
They  may  be  obtained  by  transforming  those  given  in  Art.  SG  to  polar  coordinates. 

40.  In  the  first  volume  of  this  treatise  the  motion  of  a  body  was  discussed  as 
if  the  earth  were  really  fixed  in  epaee.  It  may  therefore  be  useful  to  form  some 
numerical  estimate  of  the  forces  thus  neglected.  Let  us  treat  this  as  an  esample  of 
the  method  of  Clairant  and  Coiiolis  explained  in  Arts.  25,  26. 

Let  some  point  0  on  the  surface  of  the  earth  be  chosen  and  let  it  be  reduced  to 
reat.  Art.  33.  Then  the  moving  bodies  while  in  the  neighbourhood  of  O  are  acted 
on  by  their  weights  in  a  direction  normal  to  the  surface  of  still  water  placed  at  0. 
The  earth  is  cow  turning  round  an  axis  through  0  parallel  to  the  axis  of  figure  with 
a  constant  angular  velocity  u  whose  square  we  shall  neglect.  Let  the  rectangular 
axes  described  in  Art.  33  he  chosen  as  the  axes  of  reference,  then  ej  =  wcoaX,  ^5  =  0, 
^3=  -ujsinX.    These  axes  are  fixed  relatively  to  the  eaiih,  and  fl,.  8^,  e^  are  con - 

We  apply  to  each  particle  in  the  body  the  force  of  moving  space  and  the  com- 
pound centrifugal  force.  The  component  forces  of  moving  space  aj'e,  since  the 
origin  0  is  at  rest,  X^-Ax-^By  +  Gz,  ri  =  &e.,  Z^-Ssc.  where  A,  B,  C,  Ac.  are 
terms  each  of  which  contains  u^  as  a  factor.  The  forces  of  moving  space  are  there- 
fore insensible. 
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Tlie  ooniponeiits  of  the  compound  centrifugal  force  are,  since  Sj  =  0, 
X,^=ime,dyjdt,  Y,  =  2m{ejdzldt  -  e^dxjdt),  2,=  -'ImS^dijjdt. 
The  effect  of  the  rotation  of  the  aarth  toay  be  alloived  for  by  applying  the  forces 
Xj,  Yj,  Z^  to  each  particle  and  tbea  treating  the  earth  ae  fixed.  It  is  unnecessary 
to  cUscusB  these  forces  more  particulaily,  for  if  the  velocity  of  any  particle  were  as 
great  as  32  feat  per  aeooad  the  ratio  of  the  compound  centnfugai  force  to  its  we^t 
would  be  at  most  4ir/24 .  60 .  60,  which  is  leaa  than  a  seven  thousandth. 

The  constants  of  integration  ace  determined  by  the  initial  values  of  the  coor- 
dinates and  velocities.  These  are  usually  given  in  terms  of  the  relative  coordinates 
X,  y,  1,  dijdt,  lie.,  and  then  require  no  correction. 

41.  DiBturbanceof  the  motion  of  a  rigid  body.  Hitherto 
we  have  considered  chiefly  the  motion  of  a  single  particle.  The 
effect  of  the  rotation  of  the  earth  on  the  motion  of  a  rigid  body 
will  be  more  easily  understood  when  the  methods  to  be  described 
in  the  following  chapters  have  been  read.  If,  for  example,  a  body 
be  set  in  rotation  about  its  centre  of  gravity,  it  will  not  be  difficult 
to  determine  its  motion  as  viewed  by  a  spectator  on  the  earth, 
when  we  know  its  motion  in  space.  It  seems,  therefore,  sufficient 
here  to  consider  the  peculiarities  which  these  problems  present, 
and  to  seek  illustrations  which  do  not  require  any  extended  use  of 
the  equations  of  motion. 

42.  The  effect  of  the  rotation  of  the  earth  is  in  general  so 
small  compared  with  that  of  gravity,  that  it  is  necessary  to  fix  the 
centre  of  gravity  in  order  that  the  effects  of  the  former  may  be 
perceptible.  Even  when  this  is  done,  the  friction  on  the  points  of 
support  and  the  other  resistances,  cannot  be  wholly  done  away 
with.  If,  however,  the  apparatus  be  made  with  such  care  that 
these  resistances  are  small,  the  effects  of  the  rotation  of  the  earth 
may  be  made  to  accumulate,  and  after  some  time  to  become 
sufficiently  great  to  be  clearly  perceptible. 

If  a  body  is  placed  at  rest  relatively  to  the  earth  and  free  to 
turn  about  its  centre  of  gravity  as  a  fixed  point,  it  is  actually  in 
rotation  about  an  axis  parallel  to  the  axis  of  the  earth.  Unless 
this  axis  is  a  principal  axis,  the  body  does  not  continue  to  rotate 
about  it,  and  thus  a  change  takes  place  in  its  state  of  motion. 
By  referring  to  Euler's  equations,  we  see  that  the  change 
in  the  position  of  the  axis  of  rotation  is  due  to  the  terms 
{A  ~  B)  fDiOi^,  {B'-G)w^a>s,  (G  —  A)m^mi.  The  body  having  been 
placed  apparently  at  rest,  w,,  m^,  wj  are  small  quantities  of  the 
same  order  as  the  angular  velocity  of  the  earth  ;  these  terms  are, 
therefore,  of  the  order  of  the  squares  of  small  quantities.  Whether 
they  are  great  enough  to  produce  any  visible  effect  or  not  depends 
on  their  ratio  to  the  frictional  forces  which  could  be  called  into 
play.  But,  since  these  frictional  forces  are  sufficient  to  prevent 
any  relative  motion,  these  terms  will  in  general  be  just  cancelled 
by  the  frictional  couples  introduced  into  the  right-hand  sides  of 
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Euler's  cfjuations.  The  boiJy,  therefore,  continues  at  rest  relatively 
to  the  earth. 

In  order  that  some  visible  effect  may  be  produced,  it  is  usual 
to  impress  on  the  body  a  very  great  angular  velocity  about  some 
axis.  If  this  be  the  axis  of  w,,  the  terms  in  Euler's  equations, 
which  are  due  to  the  centrifugal  forces,  and  which  contain  w,  as  a 
factor,  become  greater  than  when  013  had  no  such  initial  value. 
The  greater  this  initial  angular  velocity,  the  greater  these  terms 
will  be,  and  the  more  visible  we  may  expect  their  effects  on  the 
body  to  be. 

If  the  angular  velocity  thus  communicated  to  the  body  be 
sufficient  to  turn  it  only  once  in  a  second,  it  is  still  24  >:  60  x  60 
times  as  great  as  the  angular  velocity  of  the  earth.  In  such 
problems,  therefore,  we  may  regard  the  angulaf  velocity  of  the 
earth  as  so  small,  compai-ed  with  the  existing  angular  velocities 
of  the  body,  that  the  square  of  the  ratio  may  be  neglected. 

As  an  example*  of  the  application  of  these  principles,  we  have 
selected  one  case  of  the  gyroscope,  which  admits  of  an  elementary 
solution.     More  general  cases  are  considered  further  on. 

43.  Ex.  'I'lie  centre  of  gravity  of  a  solid  of  revolution  is  fixed,  while  the  axis  of 
figure  it  constl^ined  to  retaain  in  a  plane  fixed  relatively  to  the  earth.  The  aolid 
being  set  in  rotation  about  its  axis  of  figure,  it  is  required  to  find  the  )aotion. 

Let  QB  refer  the  motion  to  moving  axes.  Let  the  centre  of  gravit;  be  the  origiD, 
the  place  of  yz  the  plane  fixed  relativelj  to  the  earth.  Let  the  axis  of  figure  be  the 
axia  of  2,  and  let  it  make  an  ajigle  x  with  the  projection  of  the  axis  of  rotation  of  the 
earth  on  the  plane  of  jii.  Let  this  projection,  for  the  sake  of  brevity,  be  called  the 
axis  of  X-  Let  ji  be  the  angular  velocity  of  the  earth  about  its  axis,  a  the  angle  which 
the  normal  to  the  plane  of  yi  makes  with  the  axis  of  the  earth.  We  suppose  p  to 
be  reclioned  poeitive  when  the  rotation  is  in  the  standard  direction  osnally  taken  as 

MQthpblhd        L         U       J  I    1861        m  1  t 

t        an  1  th      1  pi      t       t    th    pe  d  1  m      d  I  f    m      f  th      j      oope 

Th    p    bl  m  d      d        A  t    43  t  tl  i     1  bj   li  m    th       h 

df[ 
Th      ppl      t         1  L  g      g        q  lat         t        1  t       m  t       h     1         d  1 

bEIBm  mm      p         tcUthr        lid  my      19  b       1    ften      d 

p  bl   bed        Lio      lU     J  ?   1     3     H    f    m  p  f      th    via 

mila    t    that  g  A  t  44  eq     t       (I)        d    i  pi        t  t  p    bl  m 

Thp        plbjtfhimm  toahwbytl         It  fsomiblm 

1    1    m  mph    t  d  tl        th  lly  ^  t      t  h  th 

d       tag        hi  It  by         g  th  al  1    m      f  Ham  It  1  J      b 

H    th      f  t        Uj  th    p         t   1  f      t  f  H       It  bta      tl 

solutions  of  hia  problems.  Lagrange  s  equations  have  also  been  used  by  Lottner  in 
GrelU's  Journal,  1857.  Hia  procesees  are  somewhat  comphcated,  but  they  have  been 
abbreviated  by  Prof.  Gilbert  of  Louvain.  who  supplied  a  "oompte  rendu"  to  the 
Aasociatimt  Fran^aise  m  1878  and  another  to  the  Academy  in  1883,  Tome  xorv.  In 
both  of  these  he  oontinually  refers  to  a  memoir  published  by  him,  which  however 
the  autliot  has  not  seen.  Prof.  Elein  supplies  the  reference  to  Gilbert's  works 
AnnaUs  de  la  Soci^te  Scientifique  de  Bnixelles,  Vol,  ii.   1878  and  Vol.  vii.  1883. 
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it  when  viewed  fioi 


e  positive  extremitj  of  the 


appears  to  be  in  the  direction  of  the  hands  of  a  watcli.     Since  the 
west  hy  soith  to  east  it  folloHo,  if  the  aii);le  o 
be  measured  from  the  northern  estremity  F  of 


Let  Uj,  uj,  ugbe  the  angular  velocities  of  the 
body  about  the  moving  axes;  A,  A,  C  the  princi- 
pal moments  ot  inertia  at  the  centre  of  gravity. 
Let  K  be  the  reaction  by  which  the  axis  of  figure 
the  fixed  plane,  thea  R  acts  parallel  to  the  axis  of  x. 
point  of  application  from  the  origin.     The  angular 
lespeolively  ki^Au,,     h^=Aa!^,    Iig=C 

Substituting  ill  Art.  10,  the  equations  of  motion  are 


1  constrained  to  remain  in 
Let  h  be  the  distance  of  its 
I  about  the  ases  are 


Adij^ldl  -  Au 

Since  the  axis  of  e  it 
The  last  equation  ofmotic 
be  remembered  that  u^  is  nc 
by  a  spectator  on  the  earth, 


■^ll^  =  Rli, 


...(1). 


loving  a. 


eiij^ 


Cdu^dl  -  Aa,^0^■^A^J^^  =  O    

fixed  iu  the  body,  we  see  by  Art,  3,  that  io,  =  fli,  Uj^Sj. 
(,  therefore,  sfiows  that  uj  is  cojistaat.    It  should  however 
not  the  apparent  angular  velocity  of  the  body  as  vie\v6d 
irt.  3.    If  flj  be  the  augnlar  velocity  relatively  to  the 
-  fla ,  BO  that 
lij+psinacoB  j;  =  con3tant. 
Thus  the  body,  if  so  email  a  difference  could  be  perceived,  ivoald  appear  to  rotate 
slower  or  quicker  the  neaier  its  axis  approached  one  extremity  or  the  other  of  the 
projection  of  the  axis  of  the  earth's  rotation  on  the  fixed  plane. 

The  first  equation  ot  motion,  after  subatitating  for  u,,  wo,  #,,  S,,  their  values  in 
terms  of  x.  becomes  ^d'x/rf'^^  Jiy^in'asiuxoos  x +  (''1131  sin  n  sin  x  =  0, 

where  n  has  been  written  for  aij.    The  second  term  should  be  rejected  as  compared 
with  the  third,  since  it  depends  on  the  square  of  the  sinall  quantity  p,  Art.  3S. 


We  have,  therefore, 


df 


This  is  the  equation  of  motion  of  a  pendulum  under  the  action  of  a  force 
constant  in  magnitude,  and  whose  direction  is  along  the  asisofx,  i.e.  the  projection 
of  the  axis  of  rotation  of  the  earth  on  the  fixed  plane.  The  body  being  set  in 
rotation  about  its  a}:is  of  figure,  we  see  that  that  axis  immediately  begins  to 
approach  one  extremity  or  the  other  of  the  axis  of  x  "ith  a  continually  increasing 
angular  velocity.  When  the  axis  ot  figure  teaches  the  axis  of  %,  its  angular  velocity 
begins  to  decrease,  and  it  comes  to  rest  when  it  makes  an  angle  on  the  other  aide 
of  the  axis  of  x  equal  to  its  initial  value.  The  oscillation  will  then  be  repeated 
continually. 

The  axis  of  figure  oscillates  about  that  extremity  of  the  axis  of  Xi  which, 
when  X  is  measured  from  it,  makes  the  coefficient  on  the  right-hand  side  of  the  last 
equation  negative.  This  extremity  is  such  that,  when  the  axis  of  figure  is  passing 
through  it,  the  rotation  n  of  the  body  is  in  the  same  du-eetion  as  the  resolved 
rotation  p  of  the  earbl). 

If  we  compare  bodies  of  different  form,  we  see  that  the  time  of  oscillation  depends 
only  on  the  ratio  of  C  to  A.     It  is  otherwise  iudependeut  of  the  structure  or  form 
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of  tte  body.  The  greater  this  ratio  the  qnieker  will  the  oseiUation  be,  For  a  solid 
of  revolution  the  ratio  is  greatest  when  Smz-  =  0.  lu  this  case  the  mtio  is  equal  to 
2,  and  the  body  is  a  circular  disc  or  ring. 

If  we  compare  the  different  planes  in  which  the  axis  may  be  constrained  to 
remain,  we  see  that  the  motion  is  the  same  for  all  planes  making  the  same  an^le 
with  the  axis  of  the  earth.  It  is  therefore  independent  of  the  inclination  of  the 
plane  to  the  horizon  at  ibe  place  of  observation.  The  time  of  oscillation  is 
least,  and  the  motion  of  the  axis  most  perceptible,  when  a^Jjir,  i.e.  when  the  plane 
is  parallel  to  the  axis  of  rotation  of  the  earth.  If  the  plane  be  perpendicular  to  the 
axis  of  the  earth,  the  axis  of  figure  does  not  oscillate,  and  if  the  initiaJ  value  of  dxl^t 
is  zero,  it  remains  at  rest  in  whatever  position  it  maj  be  placeii. 

We  have  hitherto  suppoaed  that  the  constraining  plane  is  perfectly  smooth,  tint 
if  it  be  slightly  rough  the  motion  will  continually  decrease  and  the  axis  will  settle 
down  into  a  position  of  equilibrium.  To  find  this  position  we  put  d^xl^t'  —  O, 
which  gives  at  once  sinx  =  0.  The  axis  o£  figure  will  therefore  ultimately  coincide 
with  the  axis  of  x-  I''  t^ie  plane  is  parallel  to  tlie  axis  of  the  earth,  the  axis  of 
figure  will  ultimately  point  to  the  pole. 

To  determine  how  this  roughness  affects  the  motion  we  place  on  the  right-hand 
side  of  the  first  of  tlie  eqaations  (1)  a  term  Fh  where  F=  ±/iR.  Assuming  that  the 
constraining  plane  is  parallel  to  the  axis  of  the  earth  and  that  n/y  is  very  great  we 
deduce  from  the  second  of  these  equations  Fh=  -  unCdxJdt.  It  follows  that  the 
axis  of  fignre  oscillates  hke  a  pendulum  whose  angular  motion  is  retarded  by  a 
resisting  force  Kdxjdt  where  K=/iiiC/d. 

44.  Application  of  Lagrange's  equations.  Let  the  body 
be  referred  to  a  system  of  axes  with  a  fixed  origin  0,  whose 
angular  motions  about  themseJves  arc  given  by  ^i,  ^3,  ^3.  If 
X,  fi,  V  are  the  direction  cosines  of  their  instanfemeoiis  axis  01, 
aod  9  the  angultir  velocity  about  it,  then  6^  =  \$,  0^  =  /j-O,  8^  =  v0. 
The  vis  viva  of  the  body  is 

where  accents  denote  differential  coefficients  with  regard  to  the 
time.  Let  2R  be  the  vis  viva  of  the  motion  relative  to  the 
moving  axes,  then         2fi  =  Sm(«''  +  3/'^  +  s'*). 

We  and  by  expansion         T=R  +  N0+^I$'-  (1), 

where  N—  XSm  {ye'  -  zi/'j  +  fiZm  {ix'  -  ,-c/)  +  tSJR  {.ij/'  -  ys/) 

I  =  v^lm  (3f  +  y^)  +  &c.  -  2K/j,1mwi/  -  &c. 
so  that  N  is  the  angular  momentum  of  the  relative  motion  about  the 
instantaneous  aans  01  of  the  axes  of  reference  and  I  is  the  moinent 
of  inertia  of  the  body,  about  the  satne  axis. 

If  the  origin  0  of  the  moving  axes  is  not  fixed,  let  a,  0,  y  be  its 
components  of  acceleration  in  space  along  the  axes  of  reference. 
To  reduce  0  to  rest  we  apply  these  with  reversed  signs  to  every 
point  of  the  system,  Art.  33.  The  resultant  of  each  of  these 
systems  of  parallel  forces  is  a  single  force  acting  at  the  centre  of 

fravity  of  the  body.     These  may  be  included  in  the  force  function 
y  adding  to  U  the  term     K  =  —  M(ax  +  0y  +  yz) (2), 

where  ic,  y,  s  are  the  coordinates  of  the  centre  of  gravity,  and  M 
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is  the  mass  of  the  body.  If  r  is  the  distance  of  the  centre  of 
gravity  Q  of  the  system  from  the  moving  origin,  and  /  is  the 
resolved  part  of  the  acceleration  of  0  in  the  direction  OG,  we 
see  that  K^-Mrf. 

The  Lagrangian  function  is  therefore 

L^B  +  Ne+iie^+U+K (3), 

and  if  q  he  any  one  of  the  independent  variables  on  which  the 
position  of  the  body  depends  we  have  the  typical  equation 
d  dL     dL  _  ^  , , , 

dtd^~~d<i~     ^  ^' 

In  applying  these  equations  to  find  the  motion  of  a  body 
relative  t-o  the  earth  we  neglect  as  explained  above  the  term  ^Iff'. 
For  the  reasons  given  in  Art.  42,  the  centre  of  gravity  of  the  body 
is  usually  iixed  relatively  to  the  earth,  so  that  the  terms  in  the 
force  function  due  to  gravity  do  not  appear.  The  term  represented 
by  K  may  also  be  omitted  (Art,  ^3).  If,  then,  gravity  is  the  only 
acting  force  the  Lagrangian  function  reduces  to 

L  =  R  +  N0  (5). 

44  a.  One  integral  of  the  equations  (1)  can  he  fonud  bj'  a  principle  equivalent 
to  that  of  Vis  Viva.  Sea  Vol.  i.  Cbap.  viii.  Art.  407.  For  the  sake  of  iuoreased 
geneifality,  let  ua  Buppoae  that  L  =  L„  +  L^  +  &c■  +  L,^,  ivhere  i„  ia  a  homogeneous 
function  of  n  dimensions  of  the  velocities  of  the  cootdinates.  When  L  has  the 
valae  (8)  this  expression  reduces  to  the  first  three  terms.  Multiplying  each  of  the 
equations  compriaed  in  the  typical  form  (4)  by  the  oorrespondiug  q'  and  adding 
the  results  we  baye 

_,  lit  /  .dL\        „dL\      ,  ,<IL     „  ,,. 

where  X  implies  summation  for  all  She  variables.     Now 

^   dq'  "  V^    d<i'     '    dq  /       dt  ' 

since  Z.„  does  not  contain,  t  explicitly.     It  follows  by  integrating  (6)  that 

(ii-l)L,.  +  (i(-2)X„_i  +  dic.  +  L3-i^  =  /<  (7), 

where  the  term  I.,  ia  absent  and  h  ia  an  arbitrary  constant.  When  the  expression 
for  L  contains  only  three  terms,  this  rectoces  to  L^-L„=k  or 

B~ilff'-U-K=h (8). 

In  applying  this  equation  to  motion  relative  to  the  eartli  when  ff'  is  rejected  and 

tJie  centre  of  gravity  is  fised  we  have  K^h (9). 

The  equation  (8)  corresponds  to  the  equation  of  energy.    It  may  be  used  ivhert 
the  Lagyaiigian  function  L  does  )iot  contain  the  time  eiipiicilly. 
446.     We  may  alio  form  the  Hamiltoman  fwiction  H  ofL.    Let 

ii.    a    m, 

•^     liq'      dq'         dq'  '     " 

where  q  stands  for  any  one  of  the  ooordinates  and  j?  ia  the  corresponding 
momentum  (Vol.  i.  Art.  402).     The  function  R  is  then  defined  by 

fi"-i-t=Pi<;,'+j>j59'+...=2J!  +  «e, 
by  Eulet'a  theorems  on  homogeneous  functions. 

.-.   H  =  !i-iTff'~  U-K. ., 111]. 
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Using  the  typical  etiuation  (10),  we  expiess  M  a.&  a.  faiietion  of  the  momenta 
ji] ...  j)„  nnd  of  the  eonrdinatea  qi...q„-   The  tjpical  Hamiltoniau  equations  ai'e  than 
dq  _  dH  _'^P  —  '"^  1121 

If  the  axes  of  refeienee  are  not  orthogonal,  we  may  still  nee  the  focmolae  (S)  and 
(llj  for  L  and  H  respectively.  The  eipceasione  for  the  relative  vis  viva  2R,  and  for 
the  angular  raomentmn  N  become  more  complicated  when  oblique  axes  are  nsed. 

44  c.  Ex.  1.  A)  art  example  of  the  use  of  these  equations,  let  iis  eomider  the 
problem  already  solved  in  Art,  43. 

To  finft  K  and  N  we  notice  that  Os  separates  from  Ox  in  a  fixed  plane  with 
aagular  velocity  x'.  the  relative  motion  may  therefore  be  constrncted  by  the  angular 
velocities  Sli  =  x't  ^2=0,  fij=^'  where  ^  is  the  angle  a  plane  through  Oz  fixed  in 
the  body  makes  with  the  plane  x"'-    We  therefore  have 

2Ii^Ax''  +  Cf',  N^Ax'coia  +  Cip'aiiia  eoa  x, 

+  i2)'{J(oos2a  +  sinSasin=x)+Csin'aOos^xi. 

where  the  notation  of  Art.  43  has  been  followed.    Using  this  value  of  'J'  as  the 

Lagrangian  function  and  taking  g  to  be  ^  and  x  i"  turn,  we  have 

*'+J'sinaE0Sx=7i, 

Ax"-hpC.p'Binaamx--p^si'>^<^(^-C)smxeoax  =  f> 

Eliminating  ^'  from  the  second  equation  we  obtain  the  same  results  as  in  Art.  43. 

Ex.  2.  If  gravity  at  each  point  of  a  body  is  regarded  as  the  resultant  of  the 
terrestrial  attraction  and  the  centrifugal  force  at  that  point,  prove  that  the  force 
function  U  due  to  terrestrial  attraction  difiers  from  that  due  to  gravity  by 
-  Jfe=-iMJ|5^,  where  6  is  the  distance  of  the  centre  of  gravity  from  the  axis  of 
the  earth.  On  this  supposition  gravity  would  not  he  strictly  constant  for  all  the 
particles  of  the  same  body.  In  Art.  33,  gravity  is  defined  to  be  the  resultant  of  the 
terrestrial  attraction  at  some  fixed  point  0  near  the  body  and  the  centtifagal  force 
at  0.  [Gilbert's  Theorem. 

Ex.  3.  A  riug  zZ,  pivoted  about  a  fixed  vertical  diameter  through  a,  is  made 
to  revolve  with  constant  angular  velocity  ft,  and  carries  another  light  ring  ZG, 
pivoted  about  the  diameter  through  Z.  The  second  ring  canies  a  fly-wheel  pivoted 
about  the  diameter  through  G,  spinning  with  angular  momentum  H,  The  equa- 
torial moment  of  inertia  of  the  wheel  is  A,  its  mass  is  M,  and  its  centre  of  gi'avity 
is  on  its  axis  at  a  distance  h  from  the  common  centre  of  the  rings.  Denoting  the 
angle  ZG  by  7,  iG  by  8,  and  the  angle  between  the  planes  i;Z  and  ZG  by  4- 


that 


■Y  f^y  +  AiJ.^cos^S  -2(H,<.-  Mgh)  tose^aoaet.      [Math.  T.  1902. 

This  result  follows  from  the  equation  (8)  otArt.  44  by  using 
B.OIx'+eo.  ■,«'+, 00.11) 
where  x'  is  the  angular  velocity  with  which  the  plane  COA,  tixed  in  the  body,  is 
separating  from  the  plane  ZOC.     We  find 

ii  =  i^sin^70"=  +  iC(x'  +  eos7^'|^  JTe^  =  4^=  (J  Bin=e+ Ccos^S], 

also  U—  -  Mgh  cos  fl,  K=0  and  NO  is  not  requited. 

Let  the  angle  zZ  =  i,  then  by  using  the  spherical  triangle  zZG,  we  can  express 
cos  B  in  terms  of  cos  0  and  the  constant  angles  i  and  7.  We  thus  find  (dipjdtf 
expressed  as  a  quadrttio  function  of  cos  0.  Put  tan  J^  =  !  and  this  takes  the  form 
{dzjdt)'^  =  a^  +  2b2^  +  c,  where  a,  6,  e 
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ART.  4-5.]  THE   GYKOSCOPE.  41 

ia.  Ex.  A  very  g:;»ccfll  fiirm  ol  the  gycoscope  ia  that  in  whioh  the  axis  of  the 
gyrating  body  la  free  to  move  in  all  direstions  about  the  centre  of  gravity,  which 
is  fixed  relatively  to  the  earth.  One  construction  by  which  this  freedom  may  be 
obtained  ia  as  foUowa, 

A  aniaxal  body  can  turn  freely  about  its  asia  of  figure  V'OC,  which  is  piroted 
on  the  inside  of  a  metal  ring  CYiC'Y,'  so  that  C'OC  is  a  diameter,  the  point  0 
being  the  centre  of  gravity  of  the  body  and  the  centre  of  the  ring.  The  external 
extremities  of  that  diameter  Yi'OY-^  of  this  ring  whioh  is  perpendicular  to  COG  are 
pivoted  at  two  pointe  1',,  Y,'  on  the  inside  of  a  second  ring  external  to  the  former, 
hiiving  I'j'Or^  for  a  diameter,  anci  0  for  its  eentre.     This  externnl  ring  is  free  to 


move  about  a  diameter  ilj'OZj  perpendicular  to  Y^'OY^.  The  diameter  OZ^  is  fixed 
relatively  to  the  earth  and  will  be  taken  as  an  axis  of  2,  the  plane  of  xz  is  also 
fixed  relatively  to  the  earth  and  will  he  talien  to  contain  the  straight  line  OP,  drawn 
parallel  to  the  northern  direction  of  the  axis  of  rotation  of  the  earth. 

In  the  first  diagram  the  internal  and  external  rings  are  shown  folded  into  the 
plane  of  Y^Z^.     In  tl  d  d'  g    m    11  that  p    f        f  th   figi 


1  th 


\  1 


Th 


th    pi 


\  I    1 


has  been 
0       hioh  is  fixed 

1,  tched. 
th        Iflrnal  ring  be 
g  b    0;  and  let  the 
al  body  with  X^Zs 


whioh  lies  iu  the  pos  t 
turned  rouud  its  axi  1 
relatively  to  the  earth 

Let  the  angle  xOX      h   h  1  fi        tl     p 
•I/;  let  the  angle  Z^O     d  &      g   h   p     t 
angle  made  by  a  plane  p      mg  thr     gh  > 
be  *    These  angles  aje  the  coordmates  of  the  gyiosoope,  which  has  therefore  three 
d  g  f  fr  ed  m      With  two  rings  only  we  notice  that  the  angles  e,  f,  -p  are  the 

E  1  nan    ug  la         cdinatee  of  the  uniaxal  body. 

By        ea  mg  th    number  of  rings  we  could  increase  the  degrees  of  freedom,  and 

g         1        th      u  t  ument.     On  the  other  hand  we  can  reduce  the  number  of 

d  I  nd    t         d  nat«8  by  introducing  any  restrictions  we  please.      Thus  in  the 

mpi    d         sed  n  Art.  43  where  the  axis  00  is  restricted  to  lie  in  one  plane,  we 
have  1^  eyual  to  a  cunatant. 

Let  {A.  A,  Cj,  (Al,  A,,  C,j,  {A,^,  A^,  C^  be  the  principal  momenta  of  inertia  at 
0  of  the  uniaxal  body,  the  internal  and  external  rings.     We  then  have 
2B  =  J(e'2  +  sin'ef')  +  C(*'  +  f'cosa)5  +  ^,(e"  +  c09^Si/^')  +  Ciil''=sin«e  +  ^i5fr'-2 

The  first  two  terms  represent  the  vis  viva  of  the  uniaxal  body,  the  thhd  and  fourtli 
terms  represent  that  of  the  internal  ring.  These  are  obtained  from  the  first  two  by 
putting  ^'  =  0,  interchanging  A  and  C  in  the  coefficients  of  f"^,  and  adding  the 
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42  MOTIOJT    RELATIVE   TO    TUB   EARTH.  [cHAP.  I. 

Let  \,  /i,  V  be  tlie  direetion  cosines  of  OF  refened  to  OG  ae  axis  of  Z,,  OFi  1'^  as 
axis  of  Ti  and  an  axis  OX-^  perpendicular  to  both  ;  let  i  be  the  an^le  zOP.  The 
angular  momentum  about  OP  is  then  N  = 

-Ae\a9}l/'\  +  A6'ii,-¥C[>p'  +  ^eos9)i'-CjS\nO<j/\-\-Ate'ii  +  A^f<ic>%9B-\-A^\ji'  coni. 
We  also  have  the  geometrical  velations 


Bepresenting  the  angular  relooity  of  tte  earth  by  p  measured  positively  in  the 
direotion  JICjFs,  and  putting 

P  =  Ji  +  4j  +  (4-d,  +  (7i)sinSfl, 
the  Lagrangian  function  becomes,  when  the  square  of  p  is  rejected, 

+p  cos  i  [Pf  +  €{<!>'  +  f  COB  e)  cos  0] 

+^>sini[{C^'+(C-!-J,-^-Cl)^^'cosfl}8ineoos^-{^  +  Jl)fl'8iG^^], 
The  equation  eonesponding  to  ^ia  viva  becomes 

{A+A^)e'''  +  Pf^  +  G{^'  +  i/co&e)^^a  (1). 

Putting  3  in  equation  (4)  equal  to  ^  and  if/  in  turn  we  have 

0'+(i(''+poos!)oo8e+psini  sine  cos  \i'=;3  (a), 

~[p{i''+P':o^i)-¥C{i,'  +  {f+pcosi)taH0}cosi^+p>,mi[G<f.-!Ane^n^ 

+  (2Ji  +  C-Ci)co6i('e'  +  3(^-^[-C  +  Ci8in''Soo3^«')]  =  0 (■''*' 

h  d^  b  t      T         t 

Wh       th    fi    d  )        1       11  1  t    th  f  th      aith      =0      Ih    1    t 

qtr  th  iftdff        taJ        dw    thus  1  th   d      t        1 

Th  a     q     t  p      se    th     f    t  th  t  th         g  1         loc  ty  f  th 

xal  b  dy    b     t      C  tant 

Th         q     ti  1      b      bt  in  d  by  tal     g        tn  vi  g  *'     I         P  ' 

as        f    aol   b  dy      d  1  g  th      i    t  f  m  m     t    f  li  Art  i3 

Aft       hm      ting  th       act  t        1        d     mtt    g  th      q     t         f      th        t 

ngwhh         tath  t  t  Z  tth         qt  hh 

q        1     t  U  th        g  b 

46      E      1      Sh       th  t       1  t         h  d  with  th    i  I      f    m    f  th 

gy         pd         bed        At    4J    CO  Id        thtyAtrmlb         t 
d  t  tl     1  t  t  d     f  th   place,  th    d       t         f  th       tat         f  th       rtl         d 

the  length  of  the  sidereal  day.     This  remark  la  due  to  M.  Quet. 

Ex.  2.  If  the  body  be  a  rod,  and  its  centre  of  gravity  supported  without  friction, 
prove  that  it  could  rest  in  relative  equilibrium  either  parallel  or  perpendioulai  to 
the  projection  of  the  earth's  axis  on  the  plane  of  constraint.  If  it  be  placed  in  any 
other  position,  its  motion  will  be  very  slow,  depending  on  j)',  bat  it  will  oscillate 
about  a  mean  position  perpendioula^r  to  the  projection  of  the  etti'th's  axis. 

Ex.  3.  The  centre  of  gravity  of  a  solid  of  revolution  is  fixed,  while  the  axis  oi 
figure  is  constrained  to  remain  in  the  surface  of  a  smooth  right  cone  fixed  relatively 
to  the  earth.  Show  that  the  axis  of  figure  will  oscillate  about  the  projection  of  the 
axis  of  rotation  of  the  earth  ou  the  surface  of  the  cone,  e,nd  that  the  time  of  a  com- 
plete small  oscillation  about  the  mean  position  will  be  2?r  ( J  sin  t/C^iji  sin  ^|*, 
where  e  is  the  semi-angle  of  the  cone,  ^  the  mclination  of  its  axis  to  the  axis  of  the 
earth,  and  the  other  letters  have  the  same  meaning  as  before.  This  problem  is 
i  both  by  Qnet  and  Bour. 
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ART.  46.]  GYROSCOPES,    &C.  43 

3  GZj  of  the  external  riog  of  a  two-ciuBed  gyroscope  is 
is  of  revolation  of  the  earth,  prove  that 

[l-i-AJff   '^U^Cjsm^S  +  A  c»s'e  +  A  ~ 
where  n,  E  and  F  itre  arbitrary  ooQatants.  [Lottner's  Problem, 

Ex.  S.  Two  equal  heavy  rods  CA.  CD  are  connected  by  a  tinge  at  C  with 
a  spring  30  that  they  tend  to  make  s.  known  anglo  with  each  other.  The  free  ends 
A  and  B  are  then  tied  together  and  the  whole  is  suspended  by  a  string  OC  attached 
to  the  hinge.  The  system  is  left  to  itself  until  it  is  at  rest  relatively  to  the  earth. 
If  the  string  n'bioh  fastens  A  and  li  be  now  cut,  the  arms  separate  from  each  other. 
Show  that  the  system  will  immediately  have  an  apparent  angular  velocity  roand 
the  vertical  equal  to  a  sin  \  (I'  -  I)jr,  where  1, 1'  are  the  moments  of  inertia  of  the 
system  about  the  vertical  00  respectively  before  and  after  the  string  joining  A  and 
li  was  cut,  01  ie  the  angular  velocity  of  the  earth  about  its  axis,  and  X  ie  the  latitude 
of  the  place.  In  which  direction  will  the  system  turn?  Thie  apparatas  was 
devised  by  M.  Poinsot,  who  considered  that  the  experiment  would  be  so  effective 
that  the  latitude  of  the  place  could  be  dedueed  from  the  observed  angular  velocity. 
See  Comptes  Readvs,  1851,  Tome  xxsn.  page  306, 

Take  the  system  of  ases  described  in  Art.  33.  Since  95  =  0,  the  equation  of 
moments  round  the  vertical  is  h^'  +  Ji^i)-j  —  0  (Art.  10),  where  accents  denote  diiie- 
rentiation  with  regard  to  t.    Now 

-2m(xy'--yx')-'ejXiiixi  +  e^ai{x^  +  y^}  (Art.  o] 

-=  C  (lOj  -  ^s)  -  e^Smxs  +  e^c 
eili.^  =  e,2m  (!«  -  xic)  =  Bi^M  {iaf  -  iz']- 
Substituting  in  the  equation  we  find 

<i{Ccoa)/iil^2P,2iH3;3'  =  0. 

When  the  sliing  is  cut,  the  two  rods  turn  round  the  vertical  at  C  and  rise  up 
gradually;  the  j'  of  corresponding  particles  being  the  same,  their  3:'s  equal  and 
opposite,  hence  Smi'j'  =  0.  It  follows  that  Cuj  is  constant  during  the  motion. 
Initially  uij  =  flj  and  when  the  rods  have  fully  risen  uj^Xj  +  i!  where !i  is  the  appment 
angular  velocity  round  the  vertical.    Hence  7^,=/'  (^3  + SI). 

Ex.  6.  If  a  river  is  flowing  due  north,  prove  that  the  pressure  on  the  eastern 
bank  at  a  depth  z  is  increased  by  the  change  of  latitude  of  the  running  water  in 
the  ratio  j;2  +  bpiosm  I  :  gs,  where  6  is  the  breadth  of  the  stream,  n  its  velocity,  I  the 
latitude  and  a  the  angular  velocity  of  the  earth  about  its  axis.     [Math.  Tripos,  1ST5. 

Ex.  7.  A  wave  like  the  Tide-wave  travels  along  a  river  with  its  crest  at  right 
angles  to  the  banks.  Deduce  from  Clairant's  rule  (Art.  26)  that  the  tide  is  higher 
on  one  bank  than  on  the  other,  and  show  that  the  height  of  the  tide  decreases  in 
geometrical  progression  for  equal  increments  of  distance  from  one  bank. 

The  general  line  of  ailment  is  as  follows.  Since  the  motion  of  the  water  is 
very  nearly  in  a  horizontal  plane  wa  may  (by  Art.  iO)  disregard  the  rotation  of  the 
earth  provided  we  apply  to  every  particle  an  acceleration  Suu  sin  \  perpendicular  to 
its  direction  of  motion,  i.e.  perpendicular  to  the  divectioa  of  the  river.  Hence  the 
river  must  be  so  much  higher  on  one  aide  than  on  the  other  that  the  pressure  due 
by  gravity  to  the  difierenee  of  level  is  equal  to  that  due  to  the  applied  acceleration. 
If  f  be  the  altitude  of  the  tide  above  the  mean  level  at  a  distance  y  from  that  side 
of  the  river  at  which  the  tide  is  highest,  we  have  -gdf— 2^1!  sin  \dy.  But  in  the 
theory  of  tides  as  undisturbed  by  the  rotation  it  is  proved  tlint  v^^s'gjh.  By 
integmtion  we  find  f  ^  c,  "  W  si'i  Wi»4 
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CHAPTER   II. 

OSCILLATIONS  ABOUT  EQUILIBRIUM. 

Lagrange's  Method  with  indeterminate  multipliers. 

il.  In  the  first  volume  of  this  treatise  Lagrange's  method 
of  finding  the  small  oscillations  of  a  system  about  a  position  of 
equilibrium  has  been  explained.  It  is  our  object,  not  to  repeat 
tbose  explanations,  but  rather  to  examine  how  that  theory  is 
modified  by  the  use  of  indeterminate  multipliers.  In  a  dynamical 
problem  it  generally  happens  that  we  want  to  know  how  some 
particular  quantities  change  with  the  time.  Now  it  is  one  of  the 
chief  advantages  of  Lagi'ange's  method  that  it  gives  a  large  choice 
of  quantities  which  raky  be  taken  as  coordinates.  The  quantities 
we  most  wish  to  find  are  therefore  usually  chosen  for  the  inde- 
pendent coordinates  and  their  variations  can  then  be  found  from 
Lagrange'.^  equations.  But  sometimes  we  find  that  this  introduces 
a  great  complication  of  symbols.  Perhaps  we  lose  thereby  some 
principle  of  symmetry  which  would  have  abbreviated  and  simplified 
the  whole  process.  We  now  propose  to  consider  what  modifications 
must  be  introduced  into  the  equations  when  those  particular 
quantities  whose  values  we  most  require  cannot  be  conveniently 
introduced  as  independent  cnordinates.  For  this  pui^se  the 
method   of  indeterminate   multipliers   may  be  used  with  great 


48.  Let  the  system  be  refeired  to  any  coordinates  6,  0,  &c. 
which  are  so  small  that  we  may  reject  all  powers  of  them  except 
the  lowest  which  occur.  Let  them  be  so  chosen  that  they  vanish 
in  the  position  of  equilibrium.  Let  n  be  the  number  of  those 
coordinates.  Assuming  that  the  geometrical  equations  do  not 
contain  the  time  explicitly,  the  vis  viva  27"  will  be  a  quadratic 
function  of  the  velocities,  and  may  therefore  be  expanded  in 
a  series  of  the  form 

Here  the  coefficients  A^,  &c,  are  all  functions  of  0,  <p,  &c.  and  we 
may  suppose  them  to  be  expanded  in  a  series  of  some  powers  of 
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ART.  49.]  Lagrange's  method.  45 

these  coordinates.  Since  the  oscillations  are  ao  small  that  we  may 
reject  all  powers  of  the  small  quantities  except  the  lowest  which 
occur,  we  may  reject  all  except  the  constant  terms  of  these  series. 
We  shall  therefore  regard  the  coefficients  An,  &c.  as  constants, 

We  must  now  make  an  expansion  for  the  force  function  U 
in  a  series  of  powers  of  0,  0,  &c.  If  the  coordinates  0,  0,  &c.  were 
all  independent,  the  terms  containing  the  first  powers  would 
vanish,  because  hy  the  principle  of  virtual  velocities  dJJjdd, 
d  Ujd^,  &c.  are  zei'O  in  the  position  of  equilibrium  for  all  variations 
of  0,  0,  &c.  which  are  consistent  with  the  geometrical  conditions. 
Bub  as  this  does  not  necessarily  occur  when  8,  <j>.  Sec.  are  connected 
by  geometrical  relations,  we  take  as  our  expansion 

U-  U,  =  0,0  +  0^0  +  &c.  +  ^0.,^  +-  CJ<^  +  ^0^0=  +  &c., 
where  U^  is  a  constant  which  is  easily  seen  to  be  the  value  of  Um 
the  position  of  equilibrium.     We  may  notice  that  the  coefficients 
G■^,  Ca,  &LC.  are  not  unrestricted.     They  must  be  such  that  the 
equations  of  equilibrium  are  all  satisfied. 

Since  the  coordinates  B,  0,  &c.  are  not  independent  there  will 
be  some  geometrical  relations  which  connect  them.     To  simplify 
matters,  let  us  suppose  that  there  are  but  two  such  relations.    Let 
these  be/(5,0,&c.)  =  O,  ^_(^,0,&c.)  =  O.     We  may  also  expand 
these  in  powers  of  the  coordinates  in  the  following  manner : 
/=  G^e  +  G,4>  +  &c.  +  |G„^  +  (7,,^0  +  i(?2!0'  +  &(■-. 
F  =  H,e  +  H,<p  +  &c.  +  iHn0'  +  fl",3^0  +  ^^2.0'  +  &c. 
ITie  constant  terms  of  these  series  are  omitted  because  the  geo- 
metrical  equations  are   to  be  satisfied   when   the   system   is  in 
equilibrium,  i.e.  when  0=0,  0  =  0,  &c. 

We  have  now  to  substitute  these  series  in  the  Lagrangian 
equations.  Referring  to  Vol.  i.  Chap.  vill.  these  are  represented  bv 
,,     ,  d  dT     dT     dU     ^  df        dF 

*^"'i'P"  dtd&-de  =  de^^T0-^''d0' 

with  similar  equations  for  0,  ■^,  &c.     Here  \,  (i  are  indeterminate 
multipliers  whose  values  have  to  be  found  from  the  equations  thus 
written  down.     The  results  of  these  substitutions  are  obviously 
^„^"  +  &c.  =  C,  +  Cu^-f- &c.  +  \  ((?,  +  &c.)  + /;*  (iT,  +  &c.), 
^j,^"  +  &c.  =  C,  +  C.a^  +  &c.  +  X(G,  +  &c.)  + /i  (ifj  +  &c.), 
&c.  =  &c. 

49.  Since  the  system  has  been  disturbed  from  a  position  of 
equilibrium  these  equations  are  all  satisfied  by  ^  =  0,  0  =  0,  &c. 
We  thus  obtain  the  equilibrium  values  of  X,  /t.  Let  these  be 
Xo,  fin-    Then 

0  =  Ci  +  \„G,  +fj.oH'„        0  =  C,  +  -KG,  +  fioR,,        0  =  &c. 
These  nre  the  equations  of  equilibrium  already  alluded  to.     The 


y  Google 


46  OSCILLATIONS   ABOUT  EQUILIBRIUM.  [CHAP.  II. 

foicc  funotion  U  being  a  known  function  of  the  coordinates,  the 
coefficients  G^,  C^,  &c,  are  all  known;  and  thus  any  two  of  these 
equations  will  determine  Xo,  fiQ.  The  remaining  equations  will 
then  be  identically  satisfied,  because  the  quantities  C/,,  C^,  &c.  are 
not  unrestricted,  but  are  such  that  the  equations  of  equilibrium 
are  all  satisfied. 

Let  the  dynamical  values  of  X and  fi  heX=\„-\-\,  /i  =  ft^  +  fii. 
Then  Xjand  /j.^  are  small  quantities  whose  squares  can  he  rejected. 
The  equations  of  oscillation  then  become 

A„e"  +  A,^"  +...  =  Gne+0,,4,+  ... 

A,,ff'  +  A^<p"+...  =  G,,0+  C^^+  ... 
+  \„(G,,e  +  G,,4>+...)  +  \G,  +  fi,(H,,e  +H.,4  +  ...)  +  i^,H, 
&c.  =  &c. 
We  have  here  as  many  equations  as  there  are  coordinates.    Besides 
these  we  have  as  many  geometncal  equations  as  there  are  indeter- 
minate multipliers.     These  are 

G^d+G^  +  ...  =0,        H^e  +  H,<p+...  =  0. 
Thus  we  have  on  the  whole  sufficient  equations  to  find  all  the  un- 
known quantities  B,  tj)  ...X„  fit. 

50.     To  solve  these  we  proceed  exactly  as  in  the  corresponding 
method  described  in  Vol.  i.,  where  the  coordinates  $,  0,  &c.  are  all 
independent,  except   that  we   now  include   X,,  ^j  amongst   the 
variables  to  be  determined.     We  take  as  our  typical  solution 
^  =  JIf  sin  {pt  +  a),      ^  =  N  sin  {pt  +  a),  &c, 
Xi  =  Z*  sin  {pt  +  a),     fii  =  E  sin  {pt  +  a). 
Substituting  these  in  the  equations  we  see  that  sin  (pt  +  a)  can  be 
divided  out  from  every  equation.     Writing 

^11  =  Cii  +  \.Gn  +  Mo^ii,     0„  =  On+\G„  +  />,H,„     &c.  =  &c. 
we  thus  obtain 

(A^p-^  +  Cn)  M  +  (A,.,p-'  +  C,„}N^  ...  +  G,D  +  H.ti  -  0\ 

{A,,p^  +  G„)  M  +  (A^p'  +  a^)N'+...  +  G,D  +  H,E  =  o\ 

&c.  =  0  ^  ■ 

G,M+G.,N+...  =0 

H,M  +  H^¥+...  =o) 

Ehminating  the  ratios  M,  N.  &e.  D,  E,  we  have  the  determinantal 

equation  AnP''-i-Gn,A!iiP'  +  G,^.---Gj,ff,  |=0, 


AaP^-i-G,„A,^p'  +  G,^, 

...a,.H, 

A^,p^  +  C^s.A^p'  +  Caa, 

...G,.H, 

&c.,             Ac, 

ic,  &c. 

e„           G„ 

0,     0 

H„               H„ 

0,     0 
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If  there  be  n  coordinates,  this  is  an  equation  of  the  nih  degree  to 
find  p\  Taking  any  i-oot  positive  or  negative,  the  preceding  equa- 
tions determine  the  corresponding  ratios  of  M,  N,  &c.  Taking  all 
the  roots  in  turn  and  adding  together  these  partial  solutions  we 
have  a  solution  complete  with  its  2n  constants.  These  constants 
have  to  be  determined  from  the  inital  values  of  the  cooi-dinates 
and  their  velocities. 

51.  This  determinant  differs  from  that  used  when  there  are 
no  indeterminate  multipliers  in  two  respects.  (1)  There  is  a 
change  in  the  quantities  €„,  Cm,  &c.  represented  by  the  insertion 
of  the  bar  over  the  letters,  (2)  the  determinant  is  bordered  by  the 
coefficients  Oi,Hi,  &c.  of  the  first  powers  of  the  coordinates  in  the 
geometrical  equations 

We  notice  that  there  is  a  very  great  simplification  of  the 
process  when  the  force  function  is  such  that  t!te  coefficients  of  the 
first  powers  of  the  coordinates  in  its  expansion  are  all  sera.  In 
this  case  Gj,  C^,  &c.  are_zero,  hence  from  the  equations  of  equilibrium 
X„  =  0,  ^^  =  0.  Thus  C„  =  Gn,  5j2  =  f?i2,  &C.  =  &c.  It  immediately 
follows  that  it  is  tmnecessarif  to  calculate  the  terms  of  the  second 
order  in  the  geometrical  equations,  for  these  disappear  froni  the 
equations  of  motion.  This  of  course  is  an  important  simplification. 
Further,  the  final  determinant  only  differs  from  that  used  when 
there  are  no  indeterminate  multipliers  by  being  bordered  by  the 
coefficients  G^,  &c.  H-i,  &c. 

This  simplification  occurs  when  the  position  about  which  the 
system  oscillates  is  a  position  of  equilibrium  for  all  variations  of 
the  coordinates,  although  the  constraints  compel  the  system  to  oscil- 
late in  a  given  limited  manner.    See  also  Ait.  78. 

If  the  terms  of  the  first  order  in  the  geometrical  equations  were 
absent,  ^ve  should  have  G^^O.  G.,=  0,H^  =  0,H^=0.  The  deter- 
minantai  equation  then  reduces  to  an  identity,  and  the  periods  are 
not  determined. 

52.  Brief  Summary.  In  order  to  indicate  the  method  of 
proceeding  in  any  partici.ilar  case  we  shall  now  sum  up  the  general 
line  of  argument. 

Expand  the  semi  vis  viva  T  and  the  force  function  U  in  powers 
of  the  coordinates  8,  ^,  &c,  and  their  differential  coefficients 
$',  ^',  &c,,  all  powers  above  the  second  being  rejected.  Multiply 
the  geometrical  relations /=0,  ^"  =  0  by  \  =  X„  +  Xi  and  ^  =  ^0  +  1"! 
where  V  and  fi,  are  small  quantities  of  the  same  order  as  the  co- 
ordinates 0,  <f>,  &c.  and  expand  these  products,  all  powers  of  the 
small  quantities  above  the  second  being  rejected.  First,  taking 
the  expression  lf+Xf+  fj.F,  equate  to  zero  the  coefficient  of  the 
first  power  of  each  coordinate,  we  thus  have  equations  to  find 
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X„,  fio-  Seco'iidly,  omitting  the  accents  in  the  expression  for  2' and 
also  the  constant  tentis  in  U,  form  the  discriminant  of 

with  regard  to  the  coordinates  and  the  subsidiary  variables  Xi,/ii. 
Equating  this  determinant  to  zero,  we  have  an  equation  to  find  the 
values  of  J). 

58.  On  Principal  Oscillations.  The  equations  which  deter- 
mine the  constants  M,  N,  &o.  B,  E  are  shown  above.  Solving 
these  we  see  that  their  ratios  are  equal  to  the  ratios  of  the  minors 
of  the  constituents  of  any  row  we  please  in  the  determinantal 
equation.  If  we  represent  these  minors  by  Ia{p%Iii{lf),  &c.  the 
oscillations  of  the  system  are  represented  by 

e  =  L,  In  (p,^)  ^i»  (p,t  +  y,)  +  L,  A,  (p,^)  sin  (p,t  +  a,)  +  &c., 
0  =  i,  7^,2 (pi') sin  tp,t  +  a,)  +  L„I,^ (p.J') sm(p^t  +  a,)  +  &c., 

&c.  =  &c.. 
where  ii,  L^,  &c.  are  constants  which  depend  on  the  initial  con- 
ditions. 

When  the  initial  coordinates  are  such  that  all  the  constants 
Lj,  £3,  &c.  vanish  except  one,  the  expressions  for  $,  tp  ...  X,  /j.  are 
reduced  to  the  trigonometrical  expressions  in  some  one  column. 
The  coordinates  d,  <}>,  &c.  then  beai'  to  each  other  ratios  whick  are 
constant  throughout  the  motion.  It  follows  also  that  the  values  of 
tlie  coordinates  9,  <j),  (fcc.  repeat  at  a  constant  interval,  viz.  the 
period  of  the  trigonometrical  expression  in  the  one  column  pre- 
served. Referring  to  Vol.  ly^we  see  that  the  characteristics  of  a 
principal  oscillation  are  satisfied. 

.54.  The  system  being  refen'ed  to  any  coordinates  $,  <l>,  &c.  it 
may  be  required  to  find  how  it  should  be  disturbed  from  its  position 
of  equilibrium  that  it  may  describe  any  proposed  principal  oscilla- 
tio^i.  We  see  that  the  system  must  he  so  displaced  that  its  co- 
oi-dinates  6,  <ft,  &c,  have  the  ratios  of  the  minors  of  any  row  of  the 
determinantal  equation.  It  is  also  necessary  that  the  initial 
velocities  6',  0',  &c.  have  the  same  ratio.  These  conditions  are 
necessary  and  sufficient. 


So. 

Putting  tbie  ii 
;  a  principal  osi 

J, 

fito  algebraical  language,  \ 
dilation  of  the  type  ein(ji, 

ve  aay  that  when  a  sys 
t  +  a,),  then 

tem  is  per- 

Wc 
4."=  -J 

■ll^^,  &c. 

r=-i>,^e. 

tion  by  which  ice  may  change  any  cooi'dinates  9,  0,  iCe.  fjito  principal  . 
According  to  !he  deflnitionB  laid  down  iu  Vol.  i,a,  ejstem  is  referi'ed  1 

tramfor,„a- 
coordinates. 
to  principal 
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coordinates  |.  ij,  &c.  when  the  vis  viva  2T  and  the  force  function  Uare  expressed 
in  the  forms  2r^r +  '?"  +  ?'=+  ■■■  I 

Lagrange's  equations  then  talie  the  form  5"-e|iJ  =  0,  i/'  -c^-^^O,  &c.,  so  that 
the  wliole  motion  is  given  hy|  =  E  sin (p,i  +  ai),  )7  =  Fam{yjt +  02),  &o.,w]iere  £,  P, 
&o.  are.  the  constaata  of  integration  anil  p,'  =  -  Cn ,  Pj'  =  -  "aj ,  *c- 

When  the  initial  conditions  are  auch  that  all  the  oonBtanta  E,  F,  &o.  are  aero 
except  one  the  sjatem  is  aaid  to  be  perfovming  a  principal  oscillation.  If  then  we 
write  ii!=8in(pit  +  aj|, ;/ =  aic  (pgt  +  a,) ,  x  will  be  a  multiple  of  f,  y  a  mnltiple  of  ij, 
and  so  on.  The  eipreasions  for  0,  •//,  &o,  given  in  Art.  53,  now  reduce  to 
e=I.irii(pi')!r  +  L/,i(p3«)i/  +  .,.  *=Iqri3(p,i')a:  +  I^ris(pj^i/  +  .,.  &c.  =  &o. 
These  formulae  will  enable  us  to  change  any  ooorclinates  e,  f.  Ac.  into  others 
X.  ij,  &c.  which  make  T  and  V  assume  the  forms 

3T=ai,/^  +  aj2yH...         2  (U- i;()  =  Cii3!=  +  %y=+ ...- 
Then  constantsij,  ig,  Ac,  ace  arbitrary  multipliersof  a:,  i/,  &o.,  and  may,  if  we- 
please,  be  so  chosen  as  to  mate  a^,  a^t  &C-  each  equal  to  unity. 

On  Lagrange's  Determinant. 
51.  On  examining  Lagrange's  method  of  finding  the  oscillations 
of  a  system  we  see  that  the  whole  process  depends  on  the  solution 
of  a  certain  determinantal  equation.  Even  the  stability  or  in- 
stability of  the  equilibrium  depends  on  the  nature  of  its  roots.  If 
this  equation  can  be  solved,  the  character  of  the  motion  and  the 
periods  of  oscillation  (if  the  motion  be  oscillatory)  are  immediately 
apparent.  If  the  equation  cannot  be  solved,  we  may  expand  the 
determinant  and  discuss  its  roots  by  the  methods  given  in  the 
theory  of  equations.  But  without  expanding  the  determinant  we 
may  sometimes  accomplish  the  same  purpose  by  the  following 
theorem.  We  shall  begin  with  the  determinant  in  its  simplest 
form  as  it  is  obtained  in  Vol.  I.  Chap,  ix^;  we  shall  then  consider 
the  modifications  introduced  by  bordering  it  with  any  quantities. 

oS.     Separation  of  Roots.     Let  the  determinantal  equation 
be  written  in  the  form* 


Ai,p^+Cj,, 

A,,p'+0,„&sc. 

A  I   +t 

A~,}   +i     &. 

&c 

Ic 

'  The  proi  0  t  on  that  ti  e  roots  of  La„r  u  e  s  determ  ant  vh  n  tte  u 
this  general  form  are  all  real  a  dne  to  Ii  d  Kelv  n  It  tl  e  eiten  on  of  a 
corresponding  tl  eo  e  n  1  r  that  j  art  &  lai  form  ot  the  equat  on  vh  ch  o  curs  when 
the  vis  viva  s  exp  esEd  as  the  sum  of  the  squares  ol  the  veloc  t  es  of  the  oo 
ordinates.  Several  p  oofs  of  th  s  latter  theoreu  viU  be  found  Lesson  VI  of 
Salmon's  H  gl  t  Alqebr  The  molest  t  tl  ese  «  the  one  given  by  Salmon 
himself.  He  also  p  ovea  that  ti-e  oota  are  eeparated  by  iho  e  of  the  Uad  g 
minors.  The  pr  ot  n  tl  e  text  s  an  extens  on  of  h  s  1  ne  of  at^  ment  to  Lagrange  b 
determinant  in  its  general  form.  A  dlfiereBt  proof  of  the  reality  of  the  roots 
is  given  by  Prof.  Elliott  in  the  Quarterly  Journal  of  Mathematici,  1899.  The 
a^ebraio  identity  A\  =  InI^-  Ij^  is  proved  in  Salmon's  Higlier  Algebra,  Art.  33. 
K.  D.    II.  4 
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Let  lis  ibrin  from  this  determinant  a  minor  by  erasing  the  first  row 
and  the  first  column.  We  may  then  form  from  this  minor  a  second 
minor,  and  so  on.  Thus  we  have  a  series  of  functions  of  p'  whose 
degrees  regularly  diminish  from  the  nth  to  the  first.  Let  ua  call 
the  successive  determinants  thus  formed  A,  Ai,  A3,  &c.  The  de- 
terminant A  is  not  altered  if  we  border  it  with  a  column  of  zeros 
on  the  right-hand  side  and  a  row  of  zeros  at  the  bottom,  provided 
we  put  unity  in  the  vacant  corner.  We  may  therefore  consider 
that  A„=l. 

By  a  theorem  in  determinants,  if  /n,  /i^,  &c.  are  the  minors 
of  the  several  constituents  of  A,  we  have  AAj^/h/^—  I-^^,  and 
we  notice  that  /„  =  Aj.  Let  us  suppose  p'  to  increase  gradually 
from  ^  =  —  X  top^  =  -|-oD,  then  when  p^  passes  through  a  value 
which  makes  Ai  =  0  we  see  that  A  and  A^  must  have  opposite 
signs.  The  same  argument  applies  to  every  one  of  the  series 
A,  Ai,  Aj,  &c.,  whenever  any  one  of  them  vanishes  the  deter- 
minants on  each  side  have  opposite  signs*. 

Using  these  determinants  like  Sturm's  fnnctions  we  see  that 
a  variation  of  sign  can  be  lost  or  gained  only  at  one  end  of  the 
series.  It  can  be  lost  at  the  end  A  only  when  p^  passes  througli 
a  root  of  the  equation  A  =  0,  and  it  will  be  regained  again  as  p^ 
passes  through  the  next  root  in  order  of  magnitude,  unless  a  root 
of  the  equation  Ai=  0  lies  between  these  two. 

If  then  we  can  prove  that  n  variations  of  sign  are  lost  as  p^ 
passes  from  p^  =  ~cc  to  p''  =  +<x>  it  is  clear  that  the  equation 
A  =  0  must  have  n  real  roots  and  these  roots  will  be  separated  by 
the  roots  of  the  equation  Ai  =  0, 

Now  the  coefficient  of  the  highest  power  of  p'  in  the  deter- 
minant A  is  the  discriminant  of  T,  and  is  therefore  positive.  The 
coefficient  of  the  highest  power  o(  p'  in  Ai  is  the  discriminant  of 

'  In  this  reaeoninR  we  have  for  the  sake  of  brevity  omitted  the  ease  in  wliioh 
two  or  more  suaoessive  detecminaots  in  the  series  A,  A^,  A^,  &c.  vanish  for  the 
same  value  of  p".  But  this  omiseion  is  of  no  real  importance,  for  we  may  change 
ihese  determinajite  into  others  whose  constituents  are  slightly  different  from  those 
of  the  given  determinanta  but  are  euoh  that  no  suoeessive  two  of  the  series  have  a 
common  root.  In  the  limit,  therefore,  when  these  arbitrary  changes  of  the  consti- 
tuents are  indefiaiteiy  small,  the  roots  of  the  series  of  determinanta  will  still  be  real 
and  the  roots  of  each  will  separate,  or  coincide  mith,  the  roots  of  the  next  before  it 
in  the  series. 

To  show  that  these  changes  are  possible,  let  A.  A^,  Aj  be  any  three  consecutive 
members  of  the  series.  Let  us  suppose  that  A3  does  not  vanish  while  the  two  mem- 
bers (and  perhaps  others)  just  before  it  are  zero.  Then  from  the  equation  in  the 
text,  we  have  I„  =  0.  Let  us  add  to  each  of  the  constituents  of  which  Jjj  is  the 
minor  the  small  quantity  a.  The  determinant  A^  Is  unaltered  and  remains  equal 
to  zero.  The  determinant  A  undergoes  a  slight  alteration,  so  that  in  its  new  form 
the  equation  just  quoted  becomes  AAj=  -a^Aj=.  Thus  A  is  no  longer  zero.  lu 
this  way  whenever  any  two  consecutive  memberG  of  the  series  of  determinants 
vanish,  one  may  be  rendered  finite. 
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T  after  9'  has  been  put  zero,  and  this  also  is  positive.  Thus  the 
■coefficients  of  the  highest  powers  of  p"  in  every  one  of  the  de- 
termioants  A,  Ai,  A3,  &c.  are  positive.  If  then  we  substitute  —  qo 
for  p',  these  determinants  are  alternately  positive  and  negative,  if 
we  substitute  +  00  for  p"  the  determinants  are  all  positive.  It 
follows  that  )i  variations  of  sign  are  lost  as  p^  passes  from  p^  =  —  00 
to^  =  +  co. 

Summing  up  we  see  that  the  roots  of  each  determinant  of  the 
series  A,  Ai,  Aj,  &c.  are  nil  real  and  the  roots  of  each  separate  or 
lie  between  the  roots  of  the  determinant  next  before  it  in  the  series. 

59.  Resuming  our  line  of  argument  we  see  that  as  p"  inci'eases 
from  j>^  =  —  QO  to  p°  =  +  CO  a  variation  of  sign  in  the  series  A,  Aj ,  &c, 
is  lost  when  p'  passes  through  a  root  of  A  =  0,  and  once  iost  this 
variation  cannot  be  regained.  It  immediately  follows  that  as  jf 
passes  from  p^  =  a  to  p^  =  ^  if  ic  variations  of  sign  are  lost  there 
ure  exactly  k  roots  of  the  equation  A  =  0  between  these  limits. 

60.  It  will  be  noticed  that  in  this  line  of  argument  no 
sssumption  has  been  made  about  the  functions 

T  =  lA„e''  +  A„e'<}>'  +  ^A^<f,''-h...} 

U-V',  =  hO,^0'  +  C,,04>  +  ^O^<l>^+ )  ' 

«xcept  that  the  successive  discriminants  of  the  former  are  all 
positive.  This  may  be  expressed  by  saying  that  T  is  a  one-signed 
positive  function,  i.e.  a  function  which  keeps  the  positive  sign  for 
all  values  of  the  variables  and  never  vanishes  except  when  ail  the 
"variables  are  zero.  That  the  vis  viva  is  a  one-signed  positive 
function  is  of  course  evident.  The  necessary  and  sufficient  con- 
ditions that  a  quadric  function  should  be  a  one-signed  positive 
function  are  given  in  Williamson's  Differential  Calculus.  They 
may  be  briefly  summed  up  by  saj'ing  that  the  successive  discrimi- 
nants are  all  positive,  A  short  proof  is  given  in  a  note  at  the  end 
■of  the  volume. 

61.  Equal  Roots.  Since  the  roots  of  any  one  of  the  leading 
minors  /u,  I^,  &c.  separate  the  roots  of  Lagrange's  determinant, 
it  follows  that  when  the  latter  has  r  roots  each  equal  to  »,,  each 
of  the  former  must  have  r  —  1  roots  each  equal  to  p^.  For  the 
same  reason  any  leading  second  minor  such  as  A,  mnst  have  j-  —  2 
roots  each  equal  to  p^. 

Consider  next  any  other  minor  of  the  determinant.  By  proper 
changes  of  rows  and  columns  we  may  represent  this  by  1,2-  Since 
AAj  = /ii 7j3  — /u^  it  follows  that  7,3  must  also  have  r—l  roots 
«qual  to  pi- 

On  the  whole  we  conclude  that  if  Lagrange's  determinant  have 
r  equal  roots,  then  every  first  -minor  has  r  —  l  roots  equal  to  each  of 
these.  In  the  same  way  it  follows  from  this,  that  every  second 
minor  has  r—2  roots  equal  to  each  of  these,  and  so  on. 
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63.  This  theorem  will  often  enable  U8  to  tieteot  tha  preaenoe  of  equal  roots  in 
Lagrange's  determinant.  We  equate  any  minor  to  zero  and  thus  obtain  an  equation 
to  find  p',  which  is  sometimes  of  a  very  simple  form. 

Suppose  for  example  the  system  had  two  coordinates,  so  that  (Art.  CO) 

2(l7-Uc)  =  C,iflH2CjjS^  +  Ojj^     i  ■ 
If  we  focm  Lagrange's  determinant,  we  see  that  the  minors  cannot  be  7pro  unlphs 
'^iil-^ii  —  (^iil-^ii  =  (^iil'^iii'  ^*^  "f  these  ratios  beiog  eijnal  to  -p^.     Unless  theic 
fore  these  oocditiona  are  satisfied  there  oannot  be  two  equal  roots. 

63.  The  equation  used  in  solid  geometry  to  determine  the  lengths  of  tite  axis 
of  a  coTiicoid  is  on  egita'ion  of  Lagrange's  form.  As  a  oonsequenoe  of  this  theorem, 
the  usual  conditions  for  a  surface  of  reTOlution  follow  at  once  by  equating  each  of 

64.  Ttae  Bordered  determinant.  Let  us  now  border  Lagrange's  determinant 
with  any  arbitrary  quantities  /,  g,  h,  &n.,  so  that  we  obtain  the  detarminantal 
equation  A'  =  |  ^uPH  Cu,     ^uJ>-  +  C,3../  1  =  0. 


Regarding  this  as  a  function  of  ji',  we  see  that  its  deg 
We  shall  now  consider  how  tlie  roots  of  this  equatioi 
L^range's. 

If  we  remove  the  aero  ia  tha  corner  of  d'  and  write  ap^  +  e  in  its  plaoe,  where  a. 
and  c  are  any  quantities  however  small,  we  obtain  another  equation  which  is  of 
Lagrange's  form  but  one  degree  higher  than  A.  The  eipreasion  for  2T  from  whielt 
this  new  equation  is  derived  is  the  same  as  the  former  with  the  addition  of  the 
term  nsr''  where  x'  is  some  new  variable.  If  then  a  be  positive,  wa  may  apply  tha 
theorem  proved  in  Art.  S8  to  this  new  determinant.  Call  this  new  determinant  D', 
then  tha  roots  of  D'  are  all  real  and  are  separated  by  those  of  the  first  minor  of  any 
constituent  in  the  leading  diagonal.  But  the  determinant  A  is  the  minor  of  the 
last  constituent  in  that  diagonal.     The        t      f  Z  th      f         11        I  and 

separated  by  those  of  A.    If  we  put  a      d      b  tl       fi    t  I      mall    tw  t      f 

the  equation  D'  =  0  are  each  infinite,       d  tl       tl  y  b    mad    to    p 

proximate  as  closely  as  we  please  to  tho       fA=0      H         wmf      thtftter 
the  quantities  f,  g,  d^.  may  be,  the  jvo      f   h    de  ei  I    q  A  =0 

real  and  separate  or  lie  between  those   f  A  =  0 

65.  The  original  determinant  A  has         1  m      and         w       Th    d  te  t 
A'  has  been  derived  from  A  by  bordering   tth          bt          q       tt       fmg 
new  oolnmn  and  a  new  row  with  zero        th                    Ith        mwjwmy 
border  the  determinant  A'  with  a  new  stfarlt         q         t      f    s     ^     Alh  g 
up  the  vacant  spaces  near  the  comer  w   h                Th              bt                    d 

"      iorner,  wl     h  y      11  A       Tl  is  1  t    m        t 

,B  roots  11       lap  th  se    f  A 

66.  Lastly  let  us  form  the  series  of        Idtem         tAAA  tm 
eating  with  a  constant.     Each  determ         I        d 
bordering  it  with  n  arbitrary  quantitie    w  tl 
determinants  are  all  symmetrical.    Pr      edi 
set  of  determinants  as  the  limiting  ca         f    tl 
Xiagrauge's  form,  but  of  degrees  succe         1    h    1; 
being  in  the  limit  a  constant,  will  have    II    t         1 
this  second  set  of  determinants  the  set  f    m  d  (as 


f 
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th      th 

04 

y    eg    dth 

t      h   h         all    f 

A 

Th    1    t    f  th  se 
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ART.  70.] 

off  rows  and  oolumna,  wa  have  a  complete  aevies  of  determinants  aeparated  into 
two  sets  liy  the  determinant  A.  They  begin  mth  unity  and  terminate  with  a 
determinant  whose  roots  (in  the  limit)  are  all  infinitely  lai^e.  It  follows  by  the 
theorem  in  Art.  58  that  in  passing  from  p==o  to  p^=^ao  variation  of  sign  can  be 
lost  in  the  complete  series  beoanse  no  root  of  the  last  determinant  can  lie  between 
the  finite  qnantities  o  and  (?.  But  if  k  roots  of  the  determinant  A  lie  between  these 
limits,  If  variations  of  sign  mnst  be  lost  in  the  first  set  of  determinants.  Hence  as 
many  variations  of  sign  are  gained  in  the  second  set  of  determinants  as  are  lost  in 
the  first  set.  Summing  up  we  infer  that  as  ^  jjassee /com  p"  =  a  to  p^ = §,  if  k  varia- 
(ions  of  sign  are  gained  in  the  series  A,  A',  A",  i£c.  there  are  exactly  k  roots  of  the 
equation  4=0  between  these  limits. 

67.  Ex.  1.  In  the  theorem  of  Art.  64  show  without  puttinj;  a  =  0  that  the 
roots  of  A'  separate  or  lie  between  those  of  A. 

Ex.  2.  In  the  theorem  of  Art.  66  show  that  if  variations  of  sign  are  lost  asy^ 
passes  fromj)^  =  o  to  j)^  =  |3,  then  a  is  greater  than  (i, 

Ek,  3.    If  the  system  be  referred  to  principal  eoordiiiE 
minantal  equations  d'  =  0,  A"  =  0  may  be  written  in  the  for 

AiP^  +  C,,'^  A^^  +  C^^'^-^'^' 

{fif-fll?  .  [Hh'-g'hf 

68.  InvEtrlantn  of  Uie  System.  In  order  to  determine  the  values  of  p'  it  will 
often  be  neoesaary  to  expand  the  determinant.  When  there  are  only  a  few  oo- 
otdiuates  this  can  be  done  without  difficulty.  In  other  cases  we  may  ase  Taylor's 
theorem.    Let  A  be  the  discriminant  of  T  and  let  n  represent  the  operation 


i,  show  that  the  deter- 


n  =  Cj, 


'-  +c, 


Then  Lagrange's  deti 


If  A  I    th     I 


when  expanded 


fj 

th    d  t 
t  an  f  n 


A       [  (A')p'  +  n'*(A')j^+,„  =  0. 

Ij  th         oordinates  we  may  adopt  the  notation  used  in  the 
t         S  Imon's  Conies. 
t  m  enlent  to  change  the  coordinates  from  6,  i^.  &e.  to 

I         on    ted  by  linear  relations.    Let  these  be 
-t  y  +  l  4i  =  miX  +  m^y  +  mgZ+ ...  &o.  =  ifte. 

n  th     IS  done  it  is  clear  that  the  equation  giving  the  times  of 

t  b    th       m       The  ratios  of  the  ooeGicienta  of  the  several  powers 
f  1 1       Let  IX  be  the  determinant  of  transformation,  i.e. 

t  wh  se  are  the  coefiicients  of  x,  y,  n,  Sat.  in  the  equations  of 

]     t  v/i  tten  down.     Then  by  a  known  theorem  in  determinants  the 
A       cl      t  ^     ''')  Z'^'^'    Henoe  all  the  other  coefficients  are  altered  in 
Tl        Jic    Us  A,  n  (A),  <0c.  are  tSterefore  called  the  invariants  of 
'h      g     f  a/i)    f  these,  a)id  the  ratio  of  any  tii>o,  are  unaltered  by  any 
f        d 

a  wiU  be 
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"We  notice  (1)  that  A  is  necessaril 
equation  ate  9.11  real,  these  are  the  coi 
Toots  BlioHld  be  all  positive. 

71.  Ex.  The  Bame  dynamicJil  sjatem  can  oscillate  about  the  same  position  of 
equilibrium  under  two  different  sets  of  forces.  If  p,,  pj,  Ac,  iTi,  ctj,  rfeo.  be  the 
periods  of  oscillation  nhen  the  Cwo  sets  act  Beparately,  iij,  R^,  &o,  the  periods  when 
they  aot  together,  prove  that  S  l/fi=  +  21/0^  =  2  IjE^. 

This  follows  from  the  fact  that  11  (4)  contains  Cn ,  *c.  only  in  their  first  powera. 

Energy  of  an  Oscillating  System. 

72.  A  system  is  referred  to  its  principal  coordinoies,  it  is 
required  to  find  its  kinetic  and  potential  energies. 

Let  the  coordinates  be  f,  ij,  &c.  so  that  the  vis  viva  22"  and 
force  function  U  are  given  by 

22'=p  +  V'  +  -"  2(U~U,)  =  -p,'l'-p./v'---- 

Then  by  Lagrange's  equations.  Art,  56,  we  have 

I  =  £■  sin  (Pit  +  Oj),     7)  =  FBm  (p^t  +  a,),  &e. 
Substituting  these  in  the  expressions  for  T  and  U  just  written 
down,  we  find 

2T=p^^E^  cos'' (pit +  a{)+pJ'F^cos^{p^t  +  a^)  +  &Q., 
2(U,-U)=pi'E^sm^(Pit  +  a,)  +  p^F'sm'(p,t  +  a,)  +  &G. 
Here   T  is   the   kinetic   enei^y   of  the   system,  and   when   the 
position  of  equiiibrium  is  the  position  of  reference,  Ua—  F is  the 
potential  energy. 

From  these  expressions  we  infer  that  the  whole  energy  of  a 
system  osdllaiing  abovt  a  position  of  equilibrium  is  the  sum  of  the 
energies  of  its  principal  oscillations. 

73.  Mean  kinetic  and  potential  energieB.  The  mean 
value  of  E'  eos^  (pt  +  a)  with  regard  to  time  from  i  =  0  to  t  —  t  is 

—  I   cos^  (pt  +  a)  dt,  which  after  integration  reduces  to  ^E^  when  t 

is  very  great.  The  mean  value  of  E^  sin'  (pt  +  a)  is  of  course  the 
same.  We  therefore  infer  that  the  mean  kinetic  energy  of  a  system 
oscillating  about  a  position  of  equilibrium  is  equal  to  the  mean 
potential  energy,  the  mean  being  taken  for  a  long  period  and  the 
position  of  equilibrium  being  the  position  of  reference.  Thus  the 
energy  of  the  system  is  on  the  whole  equally  distributed  into 
kinetic  and  potential  energies.  Sometimes  one  has  an  excess  a.nd 
sometimes  the  other,  but  in  any  long  time  their  shares  are  equal. 

74.  Energy  of  any  system.  To  fi,nd  the  energy  of  a  system 
oscillating  about  a  position  of  equilibrium  referred  to  any  co- 
ordinates. 
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Let  the  general  coordinates  be  B,  tf>,  &c.  so  that  the  kinetic 
energy   T  and  the  potential  energy    JJ^—  U  are  given  by 
22'  =  ^„^'=+2^,a^'f +  ...  1 

We  have  just  proved  that  the  whole  energy  is  the  Bum  of  the 
energies  of  the  principal  oscillatiniis.  Let  us  therefore  find  the 
whole  energy  of  that  principal  oscillation  whose  type  (Art,  55)  is 

_  =  |-  =  &c.  =  sin(^,^  +  aO, 
where  M,  =  i,/„  (pi^),     N,  =  A/,,  (p,^),  &c. 

Substituting  in  the  expression  for  T  we  find 

2T  =  [A„Mj'  +  2^1  AiVi  +  . . .]  ^i'  co8=  (pj  +  a,). 
Let  us  indicate  by  the  symbol  T^  the  result  of  substituting  for 
0',  tj>',  &c.  in  2"  the  coefficients  M„  N,,  &c.  of  the  column  in  Art.  53 
which  represents  the  principal  oscillation  whose  type  is  sin  (p,(  +  a,). 
Then  T^  will  indicate  the  result  of  substituting  M,,  N^,  &c.  and  so 
on.    We  see  therefore  that  the  whole  ki-netio  enei^gy  of  the  system  is 

Tip^^  cos"  (^1  (  +  «,)  +  T'iP^  cos=  (Pj  (  +  02)  +  &c. 
If  Uj,   U„  &c.  indicate  the  results  of  the  same  substitutions  in 
U  —  Uo.  we  find  that  the  potential  energy  of  the  system  is 

=  -  ^isin'{pi«  +  aj)-  [/■2sin=(p.j*  +  aa)-&c. 
If  we   compare  the   expressions   for   the   kinetic   and   potential 
energies  of  a   principal  oscillation  obtained  in  Art.  72,  we  see 
that  the  coefficients  of  the  trigonometrical  terms  are  equal.     We 
therefore  infer  that 

r^p/  +  E/,  =  0,     T^pi  +  P.  =  0,     &c.  =  0. 
Adding    together    the    two    expressions    for    the    kinetic    and 
potential  energies  we  find  that  the  whole  energy  is  represented  by 

T,p,'+T,pi+ 

75.  We  may  also  deduce  the  equation  2',pi'+  Ui^O  from  the 
equations  given  in  Art.  50  to  find  M,  JV,  &c.  If  we  multiply  these 
by  M,  N',  &c.  respectively  (omitting  the  two  last)  and  aidd  the 
results,  we  obviously  have,  since  X  and  /j.  are  here  absent, 

which  is  the  result  to  be  proved  when  written  at  length. 

Summing  up,  we  see  that  the  period  of  any  principal  oscillation 
is  given  by  Tp^  +[7  =  0  when  we  write  for  0,  <f ,  yjr  their  constant 
ratios  in  that  oscillation.    A  Iso  these  ratios  are  given  by  the  equations 

p'dTlde  +  dUld0=O,    p-'dT/d<f>  +  dUld<p==0.  &c. 
A  geometrical  interpi-etation  is  given  in  Arts.  130,  131. 
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S6  OSCILLATIONS    ABOUT    EQUILIBRIUM.  [CHAP.  II. 

Effects  of  changes  in  the  system. 

76.  BflMt  of  an  Increase  of  Inertia.  Supposing  the  system  to  be  oscQlatiiig 
about  its  position  of  equilibxiom  under  a  given  set  of  foreea,  it  ie  required  to  find 
the  effeot  of  increasing  the  inertia  of  any  pact  of  the  ajstem  without  altering  the 
fotees.     Let  2T= Ji,ff2  +  3Jijfl>'  + ...1 

3(!7-i7„)  =  Ciie=  +  2C,ae^  +  ...    f  

whora  the  A's  and  C'b  are  all  given  Iiy  the  conditions  of  the  question.  Suppose  we 
add  on  to  2r  the  quantity  ^(S'  +  6^'  +  Ao.)^,  it  is  required  to  find  the  change  in  tlie 
periods  of  oscillation. 

Let  US  change  the  eooxdinate  6  by  writing  9i-0  +  b<f,  +  &a.,  then  elimiualing  8 
we  find  that  T  and  U  take  the  forms 

2(u-tr„)=  Ci,ej2+2C'uei0+,..|'  ^ '' 

where  A\2  Ha.,  C',3  &c.  are  the  ooeffioieiits  as  altered  by  the  change  of  variables. 
The  periods  are  now  given  liy  the  determinaut 

I   (J,i  +  ^)p'+Cii,    ^'laP'+C'ij,  (fee.  1  =  0. 

If  we  put  p=0,  this  equation  gives  the  periods  before  the  increase  of  inertia. 
We  write  this  in  the  form  f[^)  —  0.  Let  I  be  the  minor  of  the  leading  constituent 
in  the  determinant.     Then  the  equation  to  find  the  altered  periods  is 

We  notice  that  I  is  independent  of  }j.  so  that  ix  enters  into  the  equation  only  in  the 
first  power.  The  ooeffioiente  of  the  highest  powers  oip^  in/(ji^|  and  7  aie  the  first 
and  second  diaoriminants  of  T  and  are  therefore  both  positive,  Art.  60. 

Let  the  roots  of/(j'^)  =  0  be  p^,}!^,  &e.,  and  the  roots  of  1=0  be  3,^  g/,  *c., 
hoth  series  being  arranged  in  descending  order  of  magnitude.  The  roots  of  1=0 
separate  those  of /(j)^  =  0  by  Art.  58,  hence  the  terms  of  theseriesji^,  9,^^5^,35^,160. 
are  arranged  in  descending  order.  The  case  in  which  some  of  these  qnantities  are 
equal  may  be  regarded  as  the  limit  of  the  case  in  which  they  are  all  different, 
however  small  those  difterenoes  may  be.  Since  all  the  oscillations  of  the  system 
are  real  the  values  of  p^,  p^,  &o.  are  positive. 

In  order  to  discover  how  the  roots  of  the  equation  !i  =  0  have  been  altered  by  the 
introduction  of  ft,  we  put  ^  in  succession  equal  to  p^^.  p^,  &c.  We  see  that  u  takes 
the  sign  of  Z  and  is  therefore  alternately  positive  and  negative,  beginning  with 
a  positive  value.  Thus  u  now  vanishes  for  values  of  p',  the  greatest  of  which  lies 
between  Pi'  and  Jlj',  the  nest  greatest  between  p^^  and  p/  and  bo  on,  Tkiis  ail  the 
roots  have  been  decreased*. 

But  putting  p^  in  succession  equal  to  q,',  qj',  &e.,  we  see  that  u  takes  the  s^a  of 
f{p^  which  is  independent  of  fi.  These  signs  are  therefore  the  same  as  before  the 
introduction  of  ;i.  It  appears  therefore  that  no  value  of  /x  can  so  decrease  the  root 
fj^  that  it  becomes  less  than  g,^,  or  so  decrease  the  root  ji^^  that  it  becomes  less  than 
92^  and  so  on.     Thu)  the  roots  continue  to  be  eeparated  by  the  roots  of  1=0. 

Now  I  is  the  minor  of  the  leading  constituent  in  Lagrange's  determinant,  that 
is  Z=0  is  the  equation  which  gives  the  periods  when  we  introduce  into  the  system 
the  constraint  0j  =  O.  Hence  we  infer  that  though  all  the  uuliifs  o/p'^  are  decreased 
by  an  increoge  /x  to  the  inertia  of  any  part  of  the  system,  yet  no  incrtate  however  great 
cam  so  redsiee  them  that  any  one  passes  the  corresponding  value  obtained  by  absolutely 
fixing  the  part  jnhose  inertia  was  increased. 

*  Lord  Kayle^h  disouKses  this  proposition  in  his  Theory  nf  Sound,  see  the  second 
edition,  1894.  Vol.  1.  p.  122. 
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It  immodiateiy  follows  that  if  any  of  the  periods  of  the  system  are  common  to 
the  system  before  and  after  fising  the  part  under  consideration,  those  periods  ivill 
not  be  altered  by  the  addition  to  the  inertia. 

77.  Ex.  1.    If  the  force  funotion  be  increased  by  a  positive  quantity 

prove  that  all  the  roots  of  Lagrange's  determinant  are  decreased  but  oontinue  to  he 
separated  by  the  roots  of  the  minor  I.  The  periodic  times  of  sueli  of  the  oscillations 
as  are  real  are  therefore  all  inoreaaed. 

Ex.  2.  Suppose  all  the  periods  of  oBoUlation  of  a  system  to  be  known  and 
let  them  be  indicated  as  usual  by  the  values  of  j).  Let  these  bej);.  jig,  &c.  Suppose 
all  the  periods  to  be  also  known  when  some  particular  mode  of  motion  is 
prevented  and  let  the  corresponding  values  of  ji  be  q^,  q^,Sie.  When  the  constraint 
is  partly  loosened,  i.e.  when  the  syetem  is  allowed  to  move  in  the  particular  manner 
formerly  restricted  but  with  more  inertia  than  when  free,  show  that  the  periods  are 
given  by  the  equation  (p'-pi')(p'-j)j')cSo.+Mp'fji5-g,')(y^-gj')&c.  =  0,  where 
Jf  is  a  quantity  proportional  to  the  mass  added  on  to  increase  the  inertia. 

Ex.  3.  Let  the  system  be  referred  to  any  coordinates  $,  ip,  &c.,  ajid  let  the  inertia 
be  inereaeed  by  the  addition  of  n{ae' +  b<!>'+  ...)".  Let  A  be  the  discriminant  of 
2'  before  the  addition  to  the  inertia,  and  A'  the  same  discriminant  when  bordered 
in  the  usual  symmetrical  manner  by  a,  b,  &e.  with  zero  in  the  comer.  Prove  that 
the  quantity  H  in  Ex.  2  is  given  by  SI  =  -/iA'/A. 

78.  Ettect  of  Introdndns  a  eonatraint.  Supposing  a  system  to  be  oscillating 
about  a  position  of  equilibrium  with  any  number  of  independent  coordinates  fl,  ^,  &e., 
it  is  required  to  find  the  effect  on  the  periods  of  introducing  a  geometrical  relation 
between  the  coordinates.    - 

Let  this  geometrical  relation  be  f{d,  (^,..)=0.  then  since  the  system  is  in 
«quihbrium  for  displacements  represented  by  any  values  of  $,  <p,  &o.,  the  coefficients 
of  the  first  powers  of  8,  <p,  &c.  iu  the  expansion  of  f  will  be  zero.  We  may  there- 
fore'(Art.  61)  write  this  equation  in  the  form/(S,  ^...)  =  aS  +  6^4-,..=0. 

We  now  use  the  method  of  indeterminate  mnltipliers  as  already  explained  in 
Art.  48.  We  ^rite  down  the  equations  of  oscillation  as  if  there  were  no  geometrical 
■oocstraint  ajid  then  add  to  their  right-hand  sides  \dfjd8  and  Xdfjd^,  *c.  In  our 
case  these  additions  are  simply  \a  and  Xf>,  &c.  The  new  determinant  found  by 
eliminating  e,  ip.  &o.  and  the  additional  uhknmvn  quantity  \  will  be  the  same  aa 
Lagrango's  determinant  bordered  by  a,  b,  &e.     We  thus  have 

|.i,ip'+C,i,     ^i3p'+C,s a]  =  0. 

&a.  Ac.  6 

I  a  6  o| 

This  equation  will  give  the  periods  after  introducing  the  geometrical  relation 
between  the  formerly  independent  coordinates  of  the  system. 

The  properties  of  this  determinant  have  been  discussed  in  Art.  64.  We  see  that 
the  system  toiU  have  one  principal  oscillalion  fewer  than  U  had  before,  and  the 
periods  of  iheie  principal  oseillaHoni  will  lie  between,  or  separate  the  periods  of  its 
former  oscillations. 

79.  Ex.  1.  Two  independent  systems  whose  principal  coordinates  (Art.  66) 
are  respectively  {B,  ^)  and  (^,  d)  vibrate  in  different  periods.  If  they  are  connected 
by  introducing  a  geometrical  relation  which  may  be  represented  by 

ae  +  b^  +  ai  +  p'o^O, 
show  that  the  periods  of  the  connected  system  are  given  by 

p^-p^     j,2_p^2      pa-jTj^      P^-Ta^       ' 
where  {p,,  p,J),  (itj,  ttj)  are  the  values  olp  for  the  two  disconnected  sjBtems. 
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Ex.  2.  Two  independent  systema  referred  to  any  coordinates  (6,  0),  (f,  ijj  ate 
connected  together  so  tbat  the  coordiaates  ^  and  f  are  made  equal.  It  the  letters 
hfiTe  the  mea.itiug  given  in  A);t.  48  nnaccented  letters  referring  to  the  first  and 
aooented  letters  to  the  second,  show  that  the  periods  are  given  by 

Composition  and  Analysis  of  Osoillations. 

80.  The  position  of  a  system  being  defined  by  several  co- 
ordinates X,  y,  &c.  the  oscillations  of  that  system  will  be  generally 
given  by  equations  of  the  form 

with  similar  expressions  for  y,  z,  &c. 

In  order  to  obtain  a  clear  insight  into  the  changes  of  the  motion 
indicated  by  these  series  it  will  sometimes  be  necessary  to  combine 
these  separate  oscillations  or  to  find  some  simple  geometrical 
methods  of  representing  these  terms  which  may  enable  us  to  realise 
the  nature  of  the  motion. 

To  obtain  a  geometrical  representation  we  use  a  representative 
point  whose  coordinates  whether  Cartesian  or  polar  are  made  to 
depend  in  some  convenient  manner  on  the  coordinates  m,  y,  e,  &c. 
The  motion  of  this  representative  point  will  then  exhibit  to  the 
eye  the  motion  of  the  system. 

81.  Commensurable  Periods.  Suppose  for  example  we 
wish  to  trace  a  motion  represented  by  a:  =  iVsinj?(  +  JVsin  2p(, 
the  coefficients  being  equal  in  magnitude.  Choosing  Cartesian 
coordinates  we  may  let  the  abscissa  of  a  point  P  represent  on  any 
scale  the  time  elapsed  since  some  epoch,  and  let  the  ordinate 
represent  the  value  of  x.  There  will  be  no  difficulty  in  tracing  the 
two  curves  ir,  =  iVsinj)(  and  fl^a  =  JV sin  2p(.     Let  these  be  the  two 
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dotted  lines.  We  obtain  the  required  curve  by  adding  the 
ordinates  corresponding  to  each  abscissa.  Let  this  be  the 
continuous  line. 

In  the  figure  the  axis  of  the  abscissae  is  not  drawn.  It  clearly 
joins  the  two  extreme  points  on  the  right  and  left-hand  sides. 

We  see  from  a  simple  inspection  of  the  figure  that  the  motion 
consists  of  a  violent  oscillation  to  each  side  of  the  mean  position 
followed  by  a  very  slight  one  and  so  on  alternately.  This  figure 
resembles  that  used  in  Astronomy  to  trace  the  changes  in  the 
magnitude  of  the  equation  of  time  throughout  the  year. 

83.  Ex.1.  Showthatthemotionrepreseatedbji^Ksinyi  +  J^sinSpicoiisisU 
of  two  large  oscDlatiooB  to  one  side  of  the  mean  position  followed  by  two  equally 
large  ones  to  the  other  eide,  and  bo  on  contioually. 

Es.  2.  Trace  the  motion  represented  by  x^N  aia  2pt  +  N  sin  3pt,  and  point  out 
the  difference  between  the  two  paits  of  the  large  oscillation. 

83.  When  we  combine  together  an  infinite  number  of  commeRsurabie  oicillations 
we  obtain  some  interesting  reaalts  by  the  use  of  Fourier's  theorem.  Thus,  if  we 
examine  the  motion  indicated  by  the  series  i/=WHiny(-iW sin  2pt  +  JJV sin  3p(-<So. 
we  shall  prove  that  the  representatiye  point  has  an  oscillatory  motion  whose  period 
is  the  same  as  that  of  the  first  terra.  This  series  is  shown  in  treatises  on  the  Int^ral 
Calenlus  to  be  the  espanaion  according  to  Fourier's  theorem  of  ^Npt  between  the 
limits  pl=  -jT  to  pi^TT.  Eetuming  to  the  motion  indicated  by  the  series,  we  see 
that  y  increases  uniformly  from  -  JirW  to  ^irN  during  the  time  2wjp,  and  then 
suddenly  or  rapidly  ehangea  to  —  JirW,  to  repeat  again  its  gradual  increase  during 
the  next  oscillation. 

As  the  series  is  oonvei^ent  it  will  usually  be  sufficient  to  consider  the  motion  as 
represented  by  ft  limited  number  of  terms.  The  expression  for  y  is  thus  rendered 
perfectly  continuous. 

84.  Ex.    Examine  the  motion  represented  by  the  aeries 

!/  =  Wsinp(  +  ^.WsinS2K  +  4Wsin5^t  +  rfec., 
show  that  the  repreaentative  point  rapidly  changes  from  one  side  of  its  meau  position 
to  the  other,  remaining  atationary  for  half  the  period  of  the  first  term  in  each  of 
these  extierae  positions. 

85.  AnalyslB  of  OscillationB.  When  the  position  of  a 
system  is  indicated  by  the  sum  of  a  number  of  oscillatory  terms 
whose  periods  are  commensurable  it  is  clear  that  the  motion  con- 
tinually repeats  itself  at  a  constant  interval.  This  interval  is  the 
least  common  multiple  of  the  periods  of  the  several  oscillatory 
terms.  Thus  this  compound  oscillation  resembles  a  principal 
oscillation  at  least  in  one  important  feature.  See  Art.  53.  Such 
a  compound  oscillation  might  even  be  used  as  a  new  kind  of 
simple  or  principal  oscillation  by  the  help  of  which  more 
complicated  oscillations  of  the  system  might  be  analysed. 

86.  We  are  thus  led  to  perceive  that  the  single  trigono- 
metrical oscillation  is  not  the  only  one  by  which  we  may  analyse 
a  complicated  motion.  We  may  sometimes  find  it  advantageous 
to  combine  many  of  these  oscillations  into  larger  units  to  obtain 
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a  clear  idea  of  tbe  motion.  This  may  even  prove  to  be  a  necessity 
when  the  number  of  coexistent  oscillations  is  infinite. 

87.  Analysis  by  Waves.  When  the  surface  of  still  water 
is  disturbed  by  throwing  a  stone  into  it,  or  when  a  piano  string 
or  a  drum  bead  is  struck  at  some  one  point,  the  parts  of  the  system 
remote  from  the  impact  do  not  begin  to  move  at  once,  but  appear 
to  wait  until  the  efiFect  of  the  impulse  has  reached  them.  In 
other  words,  the  motion  appears  to  diverge  from  the  centre  of 
disturbance  in  the  form  of  waves.  These  waves  may  be  taken  as 
new  simple  oscillations.  The  convenience  of  this  new  elementary 
motion  is  evident,  lor  if  several  disturbances  are  given  to  different 
parts  of  the  medium  each  will  produce  a  wave  and  the  actual 
motion  at  any  point  is  the  resultant  of  all  these  waves. 

SS.  Composition  of  Oscillations  of  nearly  equal  periods. 
Trace  the  motion  represented  byie  =  Nj  sin  (pt  +  vj)  +  iV"s  sin  (qt  +  v,) 
■where  N^  and  N^^  are  both  positive  and  p  and  q  are  neurit/  equal. 

In  the  first  place,  consider  any  time  at  which  pt  +  vj  and  qt  +  V3 
differ  from  each  other  by  an  even  multiple  of  tt.  At  this  instant 
the  two  trigonometrical  terms  have  the  same  sign,  and,  since  p  and  q 
are  nearly  equal,  they  will  increase  and  decrease  together  for  several 
oscillations,  how  many  will  depend  on  the  nearness  of  p  and  q  to 
each  other.  The  value  of  x  will  therefore  vary  between  the  limits 
±  {Ni  +  ^j).  Next  consider  any  time  at  which  pt  +  vi  and  qt  +  Ka 
differ  by  an  odd  multiple  of  tt.  The  two  trigonometrical  terms 
have  opposite  signs  and  will  continue  to  have  opposite  signs  for 
several  oscillations.  The  value  of  x  will  therefore  vary  between 
the  limits  ±  {Mi  —  N^.  We  see  that  the  motion  of  that  part  of 
the  dynamictd  system  which  depends  on  the  coordinate  x  under- 
goes a  periodic  change  of  character.  At  one  time,  this  part  of  the 
system  is  oscillating  with  an  arc  Jfi  +  N^,  after  an  interval  equal 
to  71  lip  —  q),  the  arc  of  oscillation  is  W,  —  N^.  If  iV"i  and  jVg  a^s 
nearly  equal,  this  last  may  be  so  small,  that  the  motion  is  invisible 
to  the  eye.  Thtts  there  ivill  he  alternate  periods  of  comparative 
activity  and  rest.  These  alternations  are  sometimes  caUed  beats.  It 
should  be  noticed  that  when  p  and  q  are  nearly  equal  the  interval 
between  the  alternations,  viz.  ttKp  —  2),  is  very  long.  These  results 
may  also  be  obtained  by  compounding  the  two  oscillations  into 
a  single  one  by  the  method  of  Art.  92. 

89.  Transference  of  Oscillations.  When  a  system  has 
two  degrees  of  freedom,  two  coordinates  x  and  y  will  be  necessary 
t-o  determine  its  position  in  space.  Let  the  oscillation  of  w  be 
repres.ented  by  the  same  expression  as  before,  while  that  of  ^  is 
the  same  with  the  opposite  sign  given  to  N^.  Let  us  suppose  that 
the  two  follomng  conditions  hold  (1)  that  the  periods  'i.irjp  and  Itrlq 
of  the  oscillations  are  nearly  equal,  (2)  that  their  magnitudes 
Ml  and  M^  are  either  equal  or  nearly  equal.     Each  of  the  coor- 
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dinates  ai,  y  will  have  alternate  periods  of  comparative  rest  and 
comparative  activity.  But  the  period  of  rest  in  one  will 
synchronise  with  the  period  of  activity  in  the  other  coordinate. 
If  now  the  visible  motion  of  one  part  of  the  system  depend  on 
a>  and  the  visible  motion  of  another  on  y,  these  parts  will  be  in 
alternate  rest  and  oscillation.  Thus  there  will  appear  to  he 
a  transference  of  energy/  from  one  part  of  the  system  to  another 
and  back  again. 

90.  This  peouliarity  of  the  resnltant  of  two  oscillations  of  nearly  equal  periods 
renders  it  important  to  determine  when  two  roots  of  Lagrange's  determinant  are 
nearly  eq^uttl.  This  point  however  lias  been  praotieally  diecassed  in  Art.  62.  It  is 
there  shown  that  when  two  roots  are  equal  every  first  minor  must  be  zero.  If  two 
roots  are  nearly  equal,  it  follows  from  the  priuoiple  of  continuity  that  every  minor 
is  nearly  equal  to  zero.  By  equating  to  zero  some  minor  whose  roots  may  be  found 
as  in  Art.  62,  •xe  obtain  some  quantities  which  must  lie  nearly  equal  to  the  roots 
sought,  if  any  such  exist.  To  settle  this  last  point  we  substitute  these  quantities 
in  turn  in  Lagrange's  determinant  and  in  the  other  minors.  If  all  these  nearly 
vanish  for  any  one  of  these  substitutions,  there  will  be  nearly  equal  roots  in 
Lagrange's  determinant  and  these  will  be  nearly  equal  to  the  quantity  substituted. 

91.     Composition  of  Oscillationa  of  very  unequal  periods. 

Trace  the  tnotion  represented  by  x  =  iVi  sin  (pt  +  vt)  +  JV"s  sin  {qt  +  v^ 
■where  N-i  and  iVg  are  both  positive  and  p  is  small  compared  with  q. 
In  this  case  qt  +  v^  increases  by  27r,  while  pt  +  v,  altere  only  by 
^■wpjq,  so  that  the  second  trigonometrical  term  goes  through  all 
its  changes  while  the  first  is  only  very  slightly  altered.  The 
system  will  therefore  appear  to  oscillate  about  a  mean  position 
determined  by  the  instantaneous  value  of  the  first  trigonometrical 
term.  Thus  the  oscillations  tvill  appear  to  be  simply  harmonic 
with  a  period  2Trjq  and  an  extent  of  oscillation  equal  to  N^.  At 
the  same  time  the  apparent  mean  position  will  travel  slowly,  first  to 
one  side  and  then  to  the  other  of  the  real  mea/n,  in  the  comparatively 
long  period  ^Trjp. 

93.  Resultant  Oscillation.  We  may  oompound  any  number  of  oncillations 
represented  by  the  terms  of  the  series 

jr^N,3in(pii  +  r,)+A'jsii.(p5(  +  Va)+dte (1), 

in  the  following  manner. 

Let  nbea  quantity  to  be  chosen  at  our  oonvenience,  and  letpi  =  «  +  9|,  p^  —  n  +  q^, 
&o.    Suppose  the  resultant  oscillation  to  be  represented  by  ic  — fl  sin(iii  +  p)  ...(2). 

thenwehaTe        Boo8/i=SWoos(3i  +  f),  Remp  =  SNsiii{qi  +  e) (3), 

whence  B,  and  p  may  be  found  without  difficulty. 

This  metliod  of  compounding  oBcillations  is  of  great  advantage  when  tlieir 
periods  are  equal.  In  this  case  all  the  p's  are  eiinal,  and  by  choosing  n=p  we  have 
all  the  q'a  equal  to  zero.  We  chus  replace  the  series  (1)  by  the  simple,  harmonic 
form  (2)  in  which  R  and  p  are  absolute  constants. 

If  the  peiiodi  are  itearly  equal,  we  can  choose  w  so  that  all  the  g's  are  small. 
The  values  of  the  elements  E  and  p  will  now  vary,  but  only  slowly.  The  resultant 
oscillatiort  is  therefore  very  nearly  harmonie.     The  eUments  of  the  resultant  oseiUa- 
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(iom,  being  fomid  at  any  one  moment,  will  be  nearly  coiislavt  f<n-  a  iomiderahU  time, 
and  their  small  changes  follow  kmiwn  lawi.  These  laws  are  determined  by  eqita- 
tions  (3).  We  may  tins  still  obtain  a  clearer  insiglit  into  the  ohaagea  of  the  values 
of  a;  by  examining  the  single  terra  (2)  than  tlie  series  (1). 

93.  Ctaometrlcal  Constroctlon.  We  may  represent  any  oscillation  such  as 
a;  =  iVsin  (pt  +  r)  by  a,  simple  geometrical  conatruetion  which  is  sometimes  asefnl. 
From  any  origin  O  draw  a  straight  line  OA  whose  lengtli  shall  represent  N  on  any 
acale  we  please,  and  let  r  be  the  inclination  of  OA  to  s,  straight  line  OL  fixed  in 
space.  We  may  call  OL  the  axis  of  leferenoe.  With  centre  0  and  radius  equal  to 
OA  describe  a  circle.  Let  a  particle  P,  starting  from  A.  denctibe  this  circle  with  a 
uniform  angular  velocity  equal  to  p,  it  is  dear  that  the  distance  of  P  irom  the  axis 
of  reference  is  equal  io  Nsin(pH-i').  Thus,  by  the  help  ot  this  circle,  when  the 
straight  line  OA  is  given,  the  whole  oscillation  is  determined.  We  may  therefore 
by  a  ilraight  line  OA  represent  any  harinunic  oscillation. 

In  this  manner  we  may  replace  the  oscillations  to  be  compounded  by  a  series 
of  straight  lines  OAj.  OJj,  &o.  The  oircles  on  OAj,  OA.^,  Ab.  are  to  be  described  by 
points  Pj,  Pj,  iSc,  and  the  sum  of  their  distances  from  the  axis  of  reference  is  the 
quantity  to  be  represented  by  the  resultant  oscillation.  Let  us  also  for  the  sake 
of  simpHcity,  suppose  that  the  periods  are  all  equal,  so  that  the  g'a  ia  equations  (3) 
are  all  zero. 

Let  OB  represent  the  resultant  of  OAj,  OA2,  &a-  fonnd  by  the  " parallelograra 
law."  i.e.  found  as  if  OA,,  OA^,  &e.  were  forces  to  be  oompoonded  as  in  statics. 
Then  by  interpretation'  of  equations  (3)  we  see  that  OB  will  represent  the  resultant 
oscillation. 

We  may  therefore  find  the  reauilayit  of  any  number  of  osaillationa  ijl  th'  same 
coordinate,  if  of  equal  periods,  by  a  genraetHcal  construction.  Bepresenting  eaeh 
Oicillation  by  a  straight  line,  the  resultant  is  found  by  compounding  these  straight 
lines  according  to  the  "parallelogram  law." 

94.  Examples  on  Tranafecvncv  of  Oscillations.  Ex.  1.  A  uniform  rod 
AB  is  suspended  from  e.  fixed  point  O  by  a  short  rod  OC  which  is  attached  to  it  at 
right  angles  at  its  middle  point.  Equal  weights  are  suspended  from  A  and  B  by 
strings  of  equal  lengths,  the  whole  system  forming  a  somewhat  sluggish  balance. 
If  one  weight  be  dravin  slightly  aside  from  the  vertical  and  allowed  to  oscillate,  the 
system  starting  from  rest,  find  the  subsequent  motion*. 


*  D.  Bernoulli  in  the  Nova  Commen.  Petrop.  Vol.   xix.  p. 

experiment  which  he  made  on  the  motion  of  pendulums.     Happening  to  pull  aside 

cal      f        th      1  g^   h  L  I     oe  h        t     d  tl    t   t  immediately  began  to  swing 

t         dtrbtthth      pptsci  t  dast  rbed.     Shortly  however  the 

latte         I    b  g       to  d  t         k  bly  g      ter  and  greater  oscillations 

wh  I     th     h    t        )     gr  d     Ily  I    t  UI  t        motion.     At  length  the  two 

ppe      d  t    h        int      h     g  d  th      m  t  th     cal   first  disturbed  being  almost 

t        t     I        tl        tl         tt        I    t     g      t    t      t     t  of  oscillation.    The  same 

m      mt>w        th  [.td        th      ipot        dr  nntil  the  first  scale  had 

mdt         gilmt  Ithse      d  ^nat  rest. 

Eul  tbtet      ipeth       m        1  ftheSt  Petersburg  memours 

with  th      hject    f      pi         g  th       t     11      h  se  of  the  motions  observed  hy 

Bmlhll      h       PI      h  mthtth   pomt  of  support  of  the  balance 

1  th      t     gh    h      J         g  th    p      t      f    tt    hment  of  the  strings  and  finds 

th  t  ti     m  t  hseri  d  by  B  11    d         t  oe  He  thus  faUs  to  find  the 

pi  Inlnee       l^ih       jtthil  nut  tion  and  has  better  saccess. 

laHa    C     b    ig   M    I  IJ  i  V  1        p   120  there  is  a  paper  signed 
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Let  CA  =  CB  =  a,  let  I  be  the  length  of  either  oC  the  strings  AP,  BQ.  Let  G  be 
the  centre  of  gravity  of  the  beam,  00  =  c.  Let  Iffc' be  the  moment  of  inertia  of  the 
beamabont  O,  m  the  mass  of  either  soale  treated  as  a  particle.    Let  OC-b. 

Let  ^,  ij,  e  be  the  inolinfttionB  to  the  vertical  of  OG  and  the  stringB  AP,  BQ 
respectively;  mP  and  mQ  the  tensions  of  the  strings.  Let  Oi,  Oij  be  horizontal 
and  vertioal  ases,  {x,  y),  («,,  y^)  the  coordinates  of  P  and  Q.  The  equations  of 
motion  are  then 

y  =  b-a'^  +  l\   *  ''  ^,  =  6  +  a^  +  ;  f  ■       '" 

h4/'  +  W=-g8]  ■■■*"'•  a^"=-g  +  9r 

where  accents  as  usnal  denote  differential  coefficients  with  regard  to  the  ti 
Eliminate  P,  Q,  and  the  last  equation  becomes 

(iKP  +  2mo=)*"  +  {MK  +  3m6)if*  =  iB6g(7i  +  fl) 

To  shorten  the  solution,  we  write 


...(4), 


! 


JtftH 


lZfc5  +  2m( 


The  equations  (3)  and  (5)  then  become 

By  eliminating  i;  and  fl  we  ob- 
tain an  equation  to  determine  0. 
To  solve  this  we  pat  0  =  Ccoa«( 
and  thence  find  that  n  must  satisfy 
the  quadratic 


If  ,i, 


1  the  P 


.8  of  this  quadratic,  the  values  of  0,  tj, 
^=  Ci  COS  fi]i  +  Ca  cos /i^f 


)E*Hi  + 


>aP2*- 


To  find  the  values  of  the  constants  C,  Ci,  C,  we  have  the  initial  conditions 

^  =  0,     e=0,     ij=c;     ^'  =  0,     fl'  =  0,     i('  =  0. 
"We  therefore  have 


^-97, 


''(f^^-^'a^) 


l{co 

isMit-('i°-Mf/''' 


JSftO 


D.  G.  S.  on  the  sympathy  of  pendulums  with  special  reference  to  Bernoulli's 
problem.  Owing  to  numerical  errors  in  all  these  investigations,  the  results 
obtained  do  not  properly  illustrate  Bernoulli's  problem.  For  instance  Euler 
sabatitutes  for  the  tensions  of  the  strings,  in  the  large  as  well  as  in  the  small 
terms,  the  weights  of  the  scales  and  this  substitution  is  also  made  by  the  writers  in 
the  GambriAge  Joitmal. 
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In  a  pair  of  ordinary  aealea,  mjM  and  therefore  j  will  soraetimes  lie  amal!  and 
h  =  bjl  will  generally  be  small.  Without  aRsnmiiig  either  of  these  to  be  small,  wa 
shall  suppose  that  the  prodnot  hq  is  small.     Vie  then  find  from  (7) 

-.■-'-ff..        '■'-•''-§$. m- 

Substitute  and  keep  only  the  principal  terms;  the  values  of  <p,  d,  t]  then  become 


S7,=  ECOS;^(4-ECOBB1 

provided  ifi  and  p'  are  not  so  nearly  equal  that  their  difference  is  of  the  order  hq. 

Looking  at  the  expressions  for  8  and  y,  we  see  by  the  reasoning  in  Arts.  88  and  89 
tt  t  th  t  an  fe  ence  of  osoillatijns  from  one  s-ale  to  the  other  wiU  talte  place  in 
th   m  d        b  d  by  B  U 

W      1  ticp  th  t  th    bi^  m      11      m         t  t         y  f  g  /  /  be    m  11 

wh  te       ft         bjl  be     O    th      th     1      dth   b         w  U        11  t     t  ft  U 

b  t     /J*r      t         11 

B  f       I  th    di  f   h      q     t       (71  w  m    k  th  t       gi 

t!     CO   1 1  f    t  bil  t      f  di  b  1  Wh         b  1  i   t    bei  t 

h  nld      t  ir        ad  ly  t      t    1  tal  i      t  Th    b  U  te      1)     t    ts 

psi  fqlb  Ihqkth         Ult        thm  dly  th 

d  te  ma     1  b     th  wh  th      tl      m         p     t  t  th     i     m   la  t 

h  t  1      Th    bal  h     Id  th      f        b  t      t  d  th  t  tl     tw    t  m 

I        lU  t  as    I    rt        po     bl       Th       t  m       f         11  t        ai      b        sly 

3  //i       d  2  /,u„      d  h  d  t  be        1    g         p       hi       Thi       q 

th  t  both  d  r      h   lid  b     1    g  {!)  th    t  m      f         11  t  f      th 

paitole       p     dedl  fi     dp      tlj    t     t      g   1      Idb     h    t,  (  Jth    t  t 

oscillation  about  the  fulcrum  O  of  tlie  rigid  body  formed  by  attaching  the  particles 
to  the  extremities  of  the  beam  and  removing  the  strings  should  be  short. 

Ex.  3.  Supposing  one  scale  of  the  balance  described  in  the  last  example  to  be 
acted  on  by  a  small  periodic  force  equal  to  fl  cos  \t  in  a  direction  parallel  to  the 
arm  ABy  prove  (1)  that  if  X  ia  nearly  equal  to  n,  a  large  oscillation  will  be  produced 
in  the  scales  while  the  arm  will  not  be  maoli  disturbed,  (2)  that  it  \  ie  nearly  equal 
to  Hi  or  /(„  there  wUl  be  large  oscillations  in  all  the  parts  of  the  system. 

Es  i  A  rod  AB,  lengtii  2o,  can  turn  freely  round  a  vertical  asis  through  its 
centie  of  gravity  C  which  bisects  AB.  At  A  and  B  are  suspended  two  equal 
particles  each  of  maaa  m,  by  unequal  strings  of  lengths  I  and  (',  One  of  these 
strings  IS  now  slightly  displaced  througli  an  angle  e  in  a  plane  perpendicular  to  tlie 
vertical  plane  through  the  rod.    Find  the  motion. 

If  z  +  J!,  s  + )/  be  the  horiEontal  displacements  at  the  time  t  of  the  end  A  and  of 
the  two  particles  respectively,  and  if  gjl'^n^  gjl'  =  n'',  ma?IMk^=p%  prove  that 

a;  =  ^^cosX(  +  ^^^cosVt  ?=    '"'-     e  s\(        ^"<^' 

where  X^,  X'^  are  the  roots  of  the  quadratic 

The  conditions  that  there  may  be  a  complete  transference  of  oscillation  from  one 
string  to  the  other  are  (1)  X  and  \'  mat 
cos  M  and  cos  Wt  in  the  expression  for  x  a 
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89.  Show  that  these  conditions  require  that  n  and  »'  should  be  nearly  equal  and  p 
small.    If  the  lengths  of  the  strings  are  equal,  prove  that 

2i  =  E(cc.sn(  +  eoa\'(),  2y=  ~e(cos!i(-coe\'(),  2z{l  +  2p^=  -'3p^(cos\'t-l), 
where  \'^— n^(l  +  2p').  Thence  show  that  the  conditions  for  complete  transference 
are  satisfied  if  p  is  small. 

B  i  The  middle  points  of  two  equal  rods  ^B  A'B'  a,  fixed  at  ""  C  about 
wh  eh  1  are  capable  of  turning  freelj  in  one  plan  he  ds  be  ng  ho  mass 
and  the  ength  of  either  rod  small  compared  will  CC  F  u  p  es  o  equal 
c  a  a  e  placed  at  A,  B,  A',  B';  and  A  and  B',  .  a  1  S  m  ually  a  a  aoh 
othe  A  and  A',  B  and  S'  mutually  repel  each  otl  a  d  ng  o  the  aw  f  the 
n  eree  sq  lare.  Prove  that  the  rods  will  be  in  stab  e  equilibrinm  wh  n  hey  lie  in 
the  same  straight  line,  two  mutuaUy  attracting  pa  b   ng  betw    n      anl  G', 

and  that  if  they  be  slightly  disturbed  the  system  will  have  a  double  oscillation  Hhoee 
periods  are  3t  (4c'/>i)*  and  2ir  (4e^/3,u)'  respectively;  fi  being  the  absolute  force  ot 
any  particle  and  GC'=2c.  [Coll.  Esam. 

There  will  be  no  complete  transference  of  motion  from  one  rod  to  the  othei 
1  th    p        d      re       t  1      q     1   At       9 

E       f       I    t    m         th  11   m  t  (       tl       m  gn  t       m      dia  J      f    t 

p  tlmgnttqlm  h         pilbyt  thy 

1       11  1    t      g       11  f  r  eq     1  1      tl     fi  m  p      t  h  t  1  h        th 

m  t  al  t  E  h  m  t  be  g  1  ght  mj  i  w  tl  th  th  f  ce  Th 
m  (m  t   b      g   t   est  nly         t  in       t  h      th  t   t   wh  1  gy  will  u 

tim    1        m         oat  d  to  h      th  [M  th  T   p    ,  1875 

Another  experiment  is  described  by  Rowland  iu  the  Franklin  Imtitute  Journal, 
1875.    A  modification  duo  to  W.  Holts  is  mentioned  in  the  Phil.  Mag.  1888. 
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CHAPTER  III. 

OSCILLATIONS  ABOUT  A  STATE   OF  MOTION. 

The  Energy  Test  of  StaUUty. 

95.  It  has  been  proved  in  Vol.  i„that,  when  we  know  one 
first  integi'al  of  the  equations  of  motion  of  a  system  disturbed 
from  a  position  of  equilibrium,  such  as  the  equation  of  energy, 
we  may  sometimes  from  that  one  integral  determine  whether  the 
position  of  equilibrium  is  stable  or  not.  Thus,  when  the  potential 
energy  is  a  minimum  in  the  position  of  equilibrium,  it  immediately 
follows  from  the  equation  of  vis  viva  that  the  position  of  equili- 
brium is  stable.  But  when  the  potential  energy  is  not  a  minimum, 
the  equation  of  vis  viva  alone  is  not  sufficient  to  determine 
whether  the  equilibrium  is  stable  or  unstable.  But  by  taking 
into  consideration  the  other  equations  of  motion  this  position  of 
equilibrium  is  proved  to  be  unstable. 

We  may  apply  an  "  energy  test "  of  stability  to  a  given  state 
of  motion  as  well  as  to  a  given  position  of  equilibrium,  but  with  a 
similar  limitation.  When  a  certain  function  derived  from  such  of 
the  first  integrals  as  we  may  happen  to  know  is  an  absolute  mini- 
mum or  maximum  we  may  be  able  to  prove  that  the  system 
cannot  depart  far  from  the  given  state  of  motion.  But  when  that 
function  is  neither  a  maximum  nor  a  minimum  we  only  infer  that 
there  is  apparently  nothing  in  these  equations  to  restrict  the 
deviations  of  the  system.  To  determine  this  point  we  must 
examine  more  minutely  the  equations  we  already  have  or  we  must 
discover  the  remaining  equations  of  motion.  This  latter  part  of 
the  question  will  therefore  be  postponed  until  we  discuss  the 
oscillations  about  a  state  of  motion.  Meantime  we  shall  consider 
the  "energy  test"  with  a  view  to  determine  how  far  it  can  be 
made  to  decide  the  question  of  stability. 

96.  Stability  of  a  State  of  Motion.     Let  i 

system  be  in  motion  in  any  manner  under  a  conservative  i^ 

of  forces,  and  let  E  he  its  energy.     Then  E  is  a  known  function 

of  the  coordinates  8,  (f>,  &c.  and  their  first  differential  coefficients 
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ff,  <^',  &C. :  this  is  constant  and  equal  to  h  for  the  gwen  motion. 
Suppose  that  either  some  or  all  of  the  other  first  integrals  of  the 
equations  of  motion  are  also  known,  let  these  be 

F^(d,0',<i!o.)='C\,  F^{d,e',^c.)  =  0„  &G.  =  &c. 
For  the  purposes  of  this  proposition,  let  us  regard  $  and  &,  ^  and 
<j>',  (&c.  as  independent  variables,  except  so  far  as  they  are  connected 
by  the  equations  just  written  doum.  Then,  if  E  be  an  absolute  mawi- 
w-um.,  or  an  absolute  minimum,  for  all  variations  of  6,  $',  &c.  (those 
corresponding  to  the  given  motion  making  E  constant),  the  motion 
is  stable  for  all  disturbances  which  do  not  alter  the  constants 
C„  C,  dtc. 

Let  as  many  of  the  letters  as  is  possible  be  found  from  the  first 
integrals  in  terms  of  the  rest,  and  substituted  in  the  expression 
for  -O.     Let  ^Jr,  i^',  &c.  be  these  remaining  letters,  then  we  have 

E=f{-^,  ^',  Slc,  Cu  C^,  &c.)  =  A. 
Lob  the  system  be  started  in  some  manner  slightly  different  from 
that  given,  then  the  constant  h  is  altered  into  h  +  hh.  First  let  E 
be  a  minimum  along  the  given  motion,  then  any  change  whatever 
of  the  letters  i^,  ■<^',  &c.  increases  E,  and  it  follows  that  the  dis- 
turbed motion  cannot  deviate  so  far  from  the  given  motion  that 
the  change  in  E  becomes  greater  than  hh.  Similarlj',  if  E  be  an 
absolute  maximum,  the  same  result  follows. 

The  same  argument  will  apply  to  any  first  integral  of  the 
equations  of  motion,  besides  the  energy  integral.  If  any  one  of 
the  functions  F-i,  F^,  &c.,  which  contains  all  the  letters,  be  an 
absolute  maximum  or  minimum,  then  the  motion  is  stable  for 
all  displacements  which  do  not  alter  the  constants  of  tho  other 
integrals  used. 

97.  When  the  system  is  disturbed  from  a  position  of  equi- 
Jibrium  which  is  defined,  as  in  Vol.  i.,  by  the  vanishing  of  the 
■coordinates  0,  4><  i^c.,  we  have 

£  =  i^ne'=  +  -4,2^'f +  &C.-  f7, 
where  A^,  -^la,  &c.  are  al!  constants,  and  JJ  is  independent  of 
&',  <p',  &c.  Here  the  terms  whicb  constitute  the  kinetic  energy, 
being  necessarily  positive  and  vanishing  with  0',  t^',  &c,  are  evi- 
dently a  minimum  for  all  variations  of  ^',0'.  &c.  We  see,  without 
the  use  of  any  other  integrals,  that  if  -  U  be  a  minimum  for  all 
variations  of  S,  0,  &c.,  E  is  an  absolute  minimum,  and  that 
therefore  the  equilibrium  is  stable. 

In  what  follows  a  similar  result  will  be  obtained  when  the 
system  is  disturbed  from  a  state  of  steady  motion.  It  will  be 
shown  that,  when  a  function  represented  by  F-  P"  is  a  minimum 
under  certain  conditions,  this  state  of  steady  motion  is  stable 
under  the  same  conditions.  The  function  F  of  course  reduces  to 
zero  when  the  state  of  motion  reduces  to  a  state  of  rest. 

5—2 
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98.  To  find  a  steady  motioo.  It  oFten  happeus  that  the  motion  whose 
Btability  is  in  question  is  a  state  of  steady  motion.  This  generally  ooours  when 
some  of  the  coordimites  ace  Sibeent  trom  the  Lagraugian  function,  though  present 
in  the  form  of  velocities.  Let  na  represent  by  i,  y,  &c.  the  coordinates  which  are 
absent  from,  the  L^raugian  function,  and  let  f,  ij,  &o.  be  the  remaiuing  coordinates. 
Thus  the  Lagraugiaa  function  L  will  be  a  function  of  f,  f,  -i),  if,  to.,  a^,  y',  &o.,  hut 
not  of  X,  y,  &e.     The  Lagrangiao  equations  will  therefore  take  the  forms 

^di'~  d^  ""  dx'~'"'  dy'~'^'  °' 
where  u,  v,  &e.  are  constants  introduoeil  by  Int^ratiou.  These  equations  will 
contain  f,  |',  |",  ij,  ij',  k",  &e.,  x',  ic",  y',  y",  &c.,  and  do  not  contain  t  eiplicitly. 
They  riuiy  therefore  be  satisfied  by  putting  x'  =  a,  y'=b,  &c,,  J  =  o,  jj=(3,  &o.,  where 
a,  h,  (fee.,  (t,  ^,  &o.  are  constants  to  be  determined  by  subatituting  in  the  equations. 
If  8  stand  for  any  one  of  the  coordinates,  it  is  evident  that  dTfdl)  and  dTjdB'  will 
both  be  constants  after  the  substitution  is  made.  Omitting  the  equations  which 
contain  u,  v,  &o.,  as  they  do  not  assist  in  finding  the  constaiits  a,  h,  i&c,  a,  ^,  &<- 
we  have  the  equations  ^  =  0,   ^-0,  &c.  =  0 (1). 

where  i  =  r  +  IT.  Thus  we  have  as  many  equations  as  there  are  coordinates  f ,  ij, 
(fee.  directly  present  (i.e.  not  merely  present  as  yelocities)  in  the  espressions  for  T 
and  U.  The  quantities  a,  b,  tuo,  are  therefore  undetermined  except  by  tke  initial 
conditions,  while  a,  (3,  &o.  may  be  found  in  terms  of  a,  b,  &a,  by  these  equations. 
When  therefore  the  equatiom  of  motion  can  he  satisfied  by  tonatant  values  of  x',  y',  r^c. 
{,  1),  (6c.  the  relaUma  Ei^Cicsen  these  constants  can  be  found  by  mhttitiiting  in  the 
Lagrangian  function  L  the  aesumed  valves  j:'  =  o,  y'  =  Ji,  t&c,  |'=0,  ri'  —  Q,  <&e. 
Tfiot  fimction  is  wm  a  functioit  of  the  coordinates  J,  ij,  cfie.  only.  The  equations. 
(1)  then  deterraiTte  the  required  reUtliom. 

99.  Stability  of  a  steady  motioii.  To  determine  it  this  motion  is  stable  we 
use  the  method  indicated  in  Art.  96.  The  equation  of  energy  may  be  written  in  the 
form  E  =  T-V=h. 

Since  T  is  not  a  function  of  the  coordinates  j  t/  fte  the  Lagiangian  equations 
for  these  coordinates  lead  as  before  to  the  integrals  dTjdx  =u  dTjdii  —i  Ac 
where  u,  v,  &c.  are  constants.  By  the  help  of  these  integiala  «e  shall  eliminate 
of,  y\  &e.  and  thus  obtain  B  as  a  function  of  the  other  coordinates  If  E  be  an 
absolute  maximum  or  minimum,  this  motion  is  stable  for  all  disturbances  which  do- 
not  alter  the  constants  u,  v,  &c.  There  can  be  no  difficulty  in  effecting  the  elimi 
nation  in  any  particular  case,  but  we  may  perform  the  i.rocess  oaoe  for  all  The 
process  is  a  repetition  of  that  called  Modification  in  Vol  i 

To  effect  the  elimination,  let 

where  the  coefficients  of  the  accented  letters,  \iz  the  quantities  in  I  ra  ket  lie 
all  fenown  functions  of  |,  ij,  4c.,  hut  not  of  x,  y  &.•.  The  integ  als  i  x\  Vacn  be 
written  in  the  form 

(3r3;)^'  +  (3^)V'  +  ...=«-(x£)r-MV-&o.) 

(^)^  +  (yy)y'+...^v-{yeii'-(yq)r,'-&e.\  (3). 

Por  the  BB^e  of  brevity,  let  us  call  the  right-hand  sides  of  these  equations  n-X, 
v-Y,  &e.  Since  T  is  a  quadratic  function  of  the  accented  letters,  we  may  write  it, 
in  the  form 
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s  after  the  first  Ac.  the  values  of  x',  y'  given  by  (3), 


re  obtaio  the  result 

j    0,  u+x,  K  +  r,  &C.  I 

i  V.-X,  M,  M,  &o. 

\v-¥,  M,  {yy),  &c.  I 


T=J(|f)J's  +  (f,)JV 


■where  A  is  the  discriminaat  of  T,  when  i',  vj',  Ao.  have  been  put  aero.  If  we  change 
the  signs  of  X,  Y,  &e.,  this  cietecminant  is  unalterecl,  hence  when  expanded,  such 
terms  as  uX,  vX,  &c.  cannot  occur.    K,  therefore,  wo  put 

, 1 10    »    1.  _.]  m, 

2A   .     („)   {x,)...\ 

and  expaJid  the  first  detei'minant,  we  have  as  the  result  of  the  elimination 

r-F  +  4Bi,£'2  +  B,j|V  + (5). 

where  the  terms  after  F  express  some  homogeneous  q.uadratio  function  of  |',  ij',  &c. 
Now  r  is  essentially  positive  for  all  values  of  x",  y',  &o.  and  therefore  for  suoh 
as  makea,  w,  &o.  all  aero.  Hence  the  quadratic  expression  B^  1"^  +  4c.  is  a  minimum 
when|',  ii',  iSe.  are  zero.  If  then  the  fvnation  F  -  U  ii  a  vdniatma.  for  all  vaTiations 
"/  i<  1i  <^'^-<  tl>^  steady  motion  given  by  (1)  is  stable  for  all  disturbances  which  do  not 


oJfei-  tfte  momenta  u,  v,  i&c. 

100.  When  J',  rf,  &e.  are  put  aero,  the  process  indicated  by  the  s 
equations  (S),  (3),  (4),  (6)  is  exactly  that  described  in  YoL  I.  as  the  Hamiltoniail 
method  of  forming  the  reoiprooal  function  of  T  for  the  coordinates  x,  y,  &c.  Wa 
may  therefore  enunciate  th«  rule  in  the  following  manner: 

Suppose  a  steady  motion  to  be  given  by  C  =  0,  )j'  =  0,  <&c.,  x'  =  a,y'  =  b,i:6c.,  so  that 
the  momenta  «,  v,  i6c.  vrith  regard  to  a,  y,  t&e.  are  conitants.  Form  the  reciprocal 
fmclion  of  T  with  regard  to  af,  y",  <&c.,  putting  zero  for  each  of  the  lettert  ^,  u'l  (Se. 
Let  F  be  thU  reciprocal  function,  amd  -U  or  V  be  the  potential  energy.  Then  if 
F-  U  orF+  Vis  a  minimum  for  aU  variations  o/l,  ij,  &c.  this  steady  motion  is  stable 
for  aU  disturbaltcet  which  do  not  alter  the  momenta  u,  v,  /^c. 

When  the  reciprocal  function  F  has  been  found,  we  may  put  the  equations  (1) 
whioh  determine  the  steady  motion  into  another  form.  The  functiou  F  is  the 
reciprocal  of  T  with  regard  to  x',  y',  &e.,  and  f,  ij,  &c.  are  merely  other  letters 
present  during  the  process  of  transformation,  hence,  as  explained  in  Yol.  i..  we  have' 

--j-=  -  -J-  with  similar  equations  for  ]j,  &c.    The  epilations  of  steady  motion  (1) 
therefore  become 


ichere  F  ^  JJ  or  F -^-V  is  the  energy  expressed  as  a  function  of  the  momenta  u,  v,  iSc. 
instead  of  x',  y',  dc,  the  otJier  accented  letters  i' ,  if ,  i^c.  being  put  equal  to  lero  either 
before  or  after  the  differentiation, 

101.  SiMcial  cnae  of  Motion.  If  the  energy  be  a  function  of  one  only  of  the 
coordinates,  though  it  is  a  function  of  the  differential  co^cients  of  alt  of  them,  we 
may  shorn  conversely  that  the  steady  motion  will  not  be  stable  unless  F-  V  is  a 
minimum. 

Let  f  be  this  single  coordinate,  then,  following  the  pame  notation  us  before,  we 
have  by  vis  viva  h^i,^'^  +  F-  ('=  ''■ 


y  Google 


70  OSCILLATIONS  ABOUT   A  STATE  OF  MOTION.      [CHAP.  Ill* 

DitFereutiatiug  with  regard  to  1,  and  treating  B,^  as  constant  because  we  shall 
neglect  the  square  of  f ,  we  obtain  Bi^^'  +  j-{F-  U)  =  0. 

To  find  the  oseillation,  let|  =  o  +  p,  then  by  (6|  we  have 

■where  a  is  to  be  written  lor  |  after  differentiation  in  tbe  quantity  in  square 
brackets.  The  motion  is  clearly  stable  or  nnstable  according  as  the  coefficient  of  j> 
is  positive  or  negative,  i.e.  according  as  f  -  U  is  a  niinlmnm  or  roasiimuni. 

Further  information  on  this  subject  will  be  found  in  the  author's  Essay  on  the 
Stability  of  Steady  Motum,  1877. 

102.  Eicajnplea  of  stability  of  motion.  'Ex.  1.  Let  us  consider  the  simple- 
case  of  a  particle  describing  a  circular  orbit  about  a  centre  of  attraction  whose  ac- 
celeration at  a  distance  r  is  ftr".  If  8  be  the  angle  the  radius  vector  r  makes  with 
the  axis  of  x,  we  have  here  a  steady  motion  in  which  r'  =  0  and  0'  is  constant.    Also 

We  notice  that  S  is  absent  from  this  expression,  hence  by  the  rule  we  eliminate 
e'  also  by  the  integral  r^e'  =  h,  where  h  is  the  constant  called  u  in  Art.  99.  "We 
have  then  Ji  =  ^r'^  +  i  -j  +    — t  • 

Patting  the  remaining  accented  letters  equal  to  Kero  according  to  the  rule,  wo 

have  m  steady  motion  'ai^~~  rj +  /"   =0' 

— -—         r"-i-  31  "-■ 

this  steady  motion  is  stable  ox  unstable  for  all  dislurbaQces  which  do  not  alter  the 
angular  momentum  of  the  particle  according  aa  n  +  3  is  positive  or  negative. 

Es.  2.  A  top,  two  of  whose  piincipal  moments  at  the  vertex  O  are  equal,  turns 
about  its  vertex  under  the  action  of  gravity.  If  OC  be  the  axis  of  unequal  moment, 
and  0,  <t>,  <j/  the  Eulerian  angular  coordinates  of  the  body  referred  to  a  vertical  asiiB 
measured  upwards,  we  have  (as  in  the  chapter  on  vis  viva.  Vol.  I.) 

2T-A(e-'  +  si:a-'  8'li'^)  +  C  {<p'  +  -4/  aosey,  17= -M^/i  cos  e  + constant, 

where  h  is  the  distance  of  the  centre  of  gravity  from  0,  and  M  is  the  mass  of  the  top. 
We  have  therefore  the  two  integrals  *'  +  ^'  cos  $  =  n  and  Cn  cos  8  + A  sin'e^'=m, 
where  n  and  m  are  two  constants,  the  former  representing  the  angular  velocity  o( 
the  top  about  its  asis  and  the  latter  the  angular  momentum  about  the  vertical. 
By  eUminating  ip'  and  ^and  making  the  energy  E  a  minimum,  show  (1)  that  a 
state  of  steady  motion,  with  real  values  of  the  constants  m  and  n,  is  given  by  8—  n 
provided  C^n^-iMghAooaa  is  positive.  Show  (2),  by  examining  the  sign  of 
ipEjd8^;  that  this  motion  is  stable.  Thus  the  axis  of  the  top  will  describe  a  right 
cone  of  aemi-angle  a  round  the  vertical  through  the  point  of  support  with  an 
angular  velocity  given  by  the  value  of  f '. 

Ex,  3.    A  solid  of  revolution  moves  in  steady  motion  on  a  smooth  horizontal 
plane,  so  that  the  inclination  6  of  its  axis  to  the  vertical  is  constant.    Prove  that 
the  angular  velocity  /i  of  the  axis  about  the  vertical  is  given  by 
3         Cn  Mg  di  _ 

"  ~^  ooE*''"^  sine  cos  S  dS" 
wheio  the  altituJe  i  of  the  centre  of  gravity  above  the  horizontal  plane  is  a  given 
function  of  (J,  ii  tne  angulal  velocity  of  the  body  about  the  axis,  O,  A  and  A  the 
principal  momenta  of  inertia  at  the  centre  of  gravity,  and  M  the  mass.  Find  the 
least  lalue  of  n  which  makes  /i.  real,  and  determine  ii  the  steady  motion  is  stable. 


;==«. 
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Examples  of  Oseillati(ms  about  Steady  Motion. 

lOS.  The  oscillations  of  a  syatem  about  a  state  of  steady 
motion  may  be  found  by  methods  analogous  to  those  used  in  the 
oscillations  about  a  position  of  equilibrium.  Let  the  general  equa- 
tions of  motion  of  the  bodies  be  formed  by  any  of  the  methods 
already  described.  If  any  reactions  enter  into  these  equations  it 
win  be  generally  found  advantageous  to  eliminate  them.  Let 
the  coordinates  used  in  these  equations  to  fix  the  positions  of 
the  bodies  be  called  $,  <l>,  &c.  Suppose  the  motion,  about 
which  the  oscillation  is  required,  to  be  determined  by  0=/{i), 
f  =  F (I).  &e.  We  then  substitute  0  =/(()  +  x.  <!>  =  Fit) +  y,  &c., 
in  the  equations  of  motion.  The  squares  of  x,  y,  &c.  being  neg- 
lected, we  have  certain  linear  equations  to  find  x,  y,  &c.  These 
equations  can,  however,  seldom  be  solved  unless  we  can  make  t 
disappear  explicitly  from  them.  When  this  can  be  done  the 
linear  equations  can  be  solved  by  the  usual  known  methods,  and 
the  required  oscillations  are  then  found. 

In  what  follows  we  shall  first  illustrate  the  method  just  de- 
scribed by  forming  the  equations  in  a  few  interesting  cases  from 
the  beginning.  We  shall  then  generalise  the  process  and  obtain 
a  determinantal  equation  analogous  to  that  given  by  Lagrange  for 
oscillations  about  a  position  of  equilibrium.  This  equation  will  be 
adapted  to  all  cases  which  lead  to  differential  equations  with 
constant  coeffi 


104.  Theory  of  Watt's  sovemor.  To  find  the  motion  of  the  baUe  in  Watt's 
governor  of  the  steam  engine. 

The  mode  ia  which  this  works  to  moderate  the  flnotuatione  of  the  engine  is  well 
liDown.  A  somewhat  similar  apparatus  has  been  used  to  regulate  the  motion  of 
clocks,  and  in  other  cases  where  nnitorraity  of  motion  is  required.  If  there  be  any 
increase  in  the  driving  poner  of  the  engine,  or  tcnj  diminution  of  the  load,  so  that 
the  engine  begins  to  move  too  fast,  the  balls,  hj  their  increased  centrifugal  toroe, 
open  outwards,  and  by  mecinfi  of  a  lever  either  cut  off  the  driving  power  or  inoreRse 
the  load  by  a  quantity  proportional  to  the  angle  opened  oat.  If  on  the  other  hand 
the  engine  goes  too  slowly,  the  balls  foil  inward,  and  more  driving  power  is  called 
into  notion.  In  the  case  of  the  steam  engine  the  lever  is  attached  to  the  throttle- 
valve,  and  thus  regulates  the  supply  of  steam.  It  is  clear  that  a  complete  adapta- 
tion of  the  driving  power  to  the  load  cannot  take  place  instantaneously,  but  the 
machine  will  make  a  series  of  small  oscillations  about  a,  mean  state  of  steady 
motion.     The  problem  to  be  considered  may  therefore  be  stated  thus; — ■ 

Two  equal  rods  OA,  OA',  each  of  length  I,  are  connected  with  a  vertical  spindle 
hy  means  of  a  hinge  at  0  which  permits  free  motion  in  the  vertical  plane  AOA'.  At 
A  and  A'  are  attached  two  balls,  each  of  mass  m.  To  represent  the  inertia  of  the 
other  parts  of  the  engine  we  shall  suppose  a  horizontal  fly-wheel  attached  to  the 
spindle,  whoEO  moment  of  inertia  about  the  spindle  is  I,  When  the  machine  is  in 
uniform  motion,  the  rods  are  inclined  at  some  angle  a  to  the  vertical,  and  turn 
round  it  with  uniform  angular  velocity  n.  It,  owing  to  any  disturbance  of  the 
motion,  the  rods  have  opened  out  to  an  angle  S  with  the  vertical,  a  force  is  called 
into  play  whose  moment  ahout  the  spindle  is  gome  function  of  {9- a).     We  may 
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eip  md  this  luiictioii  :n  powris  of  {6  -  a)  and,  as  it  will  be  aufiieient  to  retain  only 
tlid  hrst  poi^ei,  we  shall  lepieaent  it  by  -jS{fl-o).  It  is  required  to  find  the 
O3o:llation8  about  the  state  of  steady  motion. 

Let  ^  bo  the  angle  which  the  plane  AOA'  ina,ke3  with  some  veitioal  plana  fised 
in  hpace      The  equation  ot  angular  momentum  about  the  spindle  is 

|{(z+2.i.,i„.»ig.-M«-.) (1), 

where  iiifc^  is  the  moment  of  inertia  of  a  rod  aud  ball  about  a  perpendicular  to  the 
rod  through  O,  the  balls  being  reKaided  as  indefinitely  small  heavy  particles.  The 
semi  ris  vita  of  the  aystem  is 

-»'(ST-"](S""'-»(*)]' 

and  the  moment  of  the  impressed  forces  on  either  rod  and  ball  about  ft  hoiizontaJ 

through  0  perpendicular  to  the  ^l&ne  AOA'  is  ^dVjdd=  -mghAad,  where  h  is  the 

distance  of  the  centre  ol  gravity  of  a  cod  and  ball  from  O.    Hence,  by  Lagcange's 

d  dT     dT     dU 

S— <fj-|^'- m, 

n  might  also  have  been  obtained  by 
,s  a  particle,  in  a  direction  perpen- 

0  the  lod  in  the  plane  in  which  8  is  measured. 

nd  the  steady  motion  we  put  S  =  a,  d'f<jAt  =  n,  the  second  eq.tiation  then 

eosa=gla.     To  find  the  oscillations,  we  put  B  =  a  +  x,  dipjdt  —  n-^-y.     The 

iHons  then  become 

/r4-9mJ:=  BinS nS-^-l- ^mlifn sin  Sn  —  = 


<•" 


To  solve  these  equations,  we  write  them  in  the  form 


(5=  +  B=sin=a);c-«sin2B;,  =  oJ 


where  the  symbol  3  stands  for  the  operation  djdt.     Eliminating  y  by  cross  mvilti- 

[(5a.+»"")'+""'"'-('+»"'"+23i)'+2a-."»" ''■]'=»■ 

The  real  root  of  this  cubic  equation  is  necessajiiy  negative,  because  the  last 
term  is  positive.  The  other  two  roots  are  imaginary  because  the  term  ^  has  dis- 
appeared between  two  terms  of  like  signs.  Also,  the  sum  of  the  three  roots  being 
zero,  the  real  parts  of  the  two  imaginary  roots  must  be  positive.  Let  these  roots 
therefore  be  -3ji  andp±g^-l.     Then 

i  =  ffs-sp'  +  ffei"3in(gi  +  I,), 
where  H.  K,  L  are  three  undetermined  constants  depending  on  the  nature  of  the 
initial  disturbance.    Thus  it  appeal's  that  the  osolllation  Is  unstable.    The  balls 
will   alternately  approach  and  recede  from  the  vertical  spindle  with  increasing 
violence. 

105.  The  defect  of  a  governor  is  therefore  that  it  acts  too  quickly,  and  thus 
produces  considerable  oscillation  of  speed  in  the  ermine.  If  the  engine  is  working 
loo  violently,  the  governor  cuts  off  tlie  steam,  but  owing  to  the  inertia  of  the  parts 
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If  the  roots  of  this  cabic  are  rea.!,  tliey  are  all  u^^tive,  aud  the  value  of  x  tak8B  the 
form  x  =  Ae-''-*  +  Be->'*  +  Ce-'^, 

where  -\.  - /i,  -n  are  the  roots,  and  A,  B,  C  are  three  uadetennined  oonstants. 
If  one  root  only  is  real,  that  root  is  negative,  and  if  the  other  two  be  p  ±  5  ^/  - 1  the 
Tftloe  of  X  takes  the  form 

ivbere  H.  K,  L  as  before  are  undetermined  constants. 

In  order  that  the  motion  may  be  stable  it  is  neoeseacy  that  p  should  be  negative. 
The  analytical  condition"  tor  this  is 


v(l  +  8ao.'.  +  Jp) 


If  y  be  sufficiently  great  this  condition  may  be  satisfied.  The  unifocraity  of 
motion  of  the  roda  round  the  vertical  will  then  be  disturbed  by  aa  oscillation  whose 
magnitude  is  continually  decreasing  and  whose  perioa  is  Sir/g.  By  properly  choosing 
the  magnitude  of  I  when  oonstiuoting  the  Instrument,  the  period  ma^  sometimes 
be  60  arranged  as  to  produce  the  least  possible  ill  effect.  If  the  period  be  made 
very  long  the  instrument  will  work  smoothly.  If  it  can  be  made  very  short  there 
will  be  less  deviation  from  circular  motion. 

*  If  the  roots  of  the  oubio  a»s  +  6:i^  +  cK  +  d=0  be  x  =  a^^^{-l)  and  7,  we 
have  -6/a  =  2a  +  7,  o/a  =  27a  +  a' +  |S^,  - d/a -=  (a=  +  jS^) 7,  whence  we  easEy  deduce 
(iic-iid)/«'=  _3a{(o  +  7)^  +  /i^f  ;  hence  be -ad  and  a  have  always  opposite  signs. 
See  also  Art.  300. 
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In  till"  mvt&tiaaticjQ  no  nolitn  has  been  taken  of  Ihe  fcietione  at  the  liinge  and 
at  the  mechanical  appliances  of  the  governor,  which  maj  not  be  iueonsiderable. 
These  m  many  cases  tend  to  reduce  the  oscillation  and  keep  it  within  bounds. 

106  In  the  cago  of  Watt  •>  governor  if  any  pevmBiient  change  be  made  in  the 
relation  lietween  the  liriving  power  and  the  load,  the  state  of  uniform  motion  which 
the  engine  will  finally  assume  is  different  from  that  TChich  it  had  before  the  change. 
Tbas,  when  the  engine  is  driving  a  given  number  of  looms,  let  the  rods  OA,  OA'  of 
the  governor  be  inclined  fo  each  other  at  an  angle  2a  and  be  revolving  about  the 
vertical  with  an  angular  velocity  n.  It  some  large  number  of  the  looms  is  suddenly 
djaconneoted  from  the  engine,  the  balls  will  separate  from  ea«h  other,  and  the 
rode  will  become  inclined  at  some  other  angle  2a'.  lu  this  case,  if  ii'  he  the  angolar 
velocilrf  about  the  vertical,  ii.'^oo8a'  =  n'ooBa.  The  rate  of  the  engine  is  therefore 
altered,  it  works  quicker  with  a  leaa  load  than  with  the  greater.  This  is  a  great 
defect  of  Watt's  governor.  For  this  reason  it  has  been  suggested  that  the  term 
gooeynar  is  inappropriate,  the  instrument  being  in  fact  only  a  moderator  of  the 
fluctuations  of  the  engine. 

Thia  defect  may  be  considerably  decreased  by  the  use  of  Huygliens'  parabolic 
pendulum.  In  this  instrument  the  centres  of  gravity  A,  A'  of  the  balls  are  made  to 
move  along  the  arc  of  a  parabola  wboae  axis  is  the  axis  of  revolution.  Let  AN  be 
an  ordinate  of  the  parabola,  AG  the  normal,  then  NG  is  constant  and  equal  to  L, 
where  2L  is  the  latns  rectum.  Regarding  the  balls  as  particles,  and  neglecting  the 
inertia  of  the  rods  which  connect  them  with  the  throttle- valve,  we  see  hy  the 
triangle  of  forces  that  the  balls  will  rest  in  any  positions  on  the  parabola,  if 
7t'L=g,  where  n  is  the  angular  velocity  of  the  balls  about  the  vertical  through  0. 
It  is  also  clear  that  when  the  angolar  velocity  is  not  that  given  by  this  formula,  the 
balls  (unless  placed  at  the  vertes)  must  slide  along  the  arc.  Let  us  now  consider 
how  this  modification  of  the  governor  afieots  the  working  of  the  engine.  When  the 
load  is  diminished  the  engine  begins  to  quicken ;  the  balls  separate  and  the  steam 
is  cut  off.  It  is  clear  that  equilibrium  will  not  be  established  until  the  quantity  of 
Eteaon  admitted  is  just  suoh  as  tc 
ash  f    e 

B  Sh  w  that  wh  n  th  u 
th  t        f  g  a    ty    t      th 

pa-ab  la  wh  se  lat  t  n 

g        n  t    ei    se  th      ngm 

It  h  Id  b  n  nt  i  that 
bnnntdbed  th|aabl 
would  be  here  out  of  place. 

107.  A  speed  governor,  similar  to  that  invented  by  Sir  O.  B.  Airy,  but  with  a. 
spring  instead  of  a  pendulum,  was  described  by  Prof.  J.  A.  Bwing  in  Nahtee, 
Vol.  ssni.  1881,  He  applied  it  to  a  clock  driving  a  recording  seismograph  whose 
motion  was  required  to  be  continuous  and  fairly  uniform. 

Another  governor  was  invented  by  the  brothers  Siemens  which  is  remarkable 
because  it  does  not  require  the  use  of  Watt's  governor.  A  short  description  of  it  is 
given  in  the  Life  ufSir  ITiiiium  Siemens,  by  William  Pole,  1888;  see  also  a  paper  by- 
Mr  Wood,  Proceedings  of  the  Imtitution  of  Civil  Engineer/,  March  10,  1846. 

The  reader  who  is  interesled  in  the  subject  of  governors  may  refer  to  an 
article  by  Sir  G.  B.  Airy,  Vol.  xi.  of  the  Memoirs  of  tlie  Astronomical  Society, 
1840,  where  four  different  constructions  ace  considered.  He  may  also  consult  an 
article  by  Mr  Siemens  in  the  Phil.  Tram,  for  1866,  and  a  brief  sketch  ot  several 
kinds  of  governors  by  Prof.  Maxwell  in  the  Phil.  Mag.  for  1863.    An  account  of 
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ART.  109.]  LAGRANGE'S  THREE   PARTICLES. 


106  tsKrange'B  T&ree  FarUdeaL  It  has  been  shaien  in  Vol.  I.  Chap.  VI., 
that  if  Ihree  particles  be  placed  at  the  coiner'  of  an  equilateral  triangle  and  pio- 
perly  projected,  thiy  v>ill  move  taidti  their  tmilaal  attTactiO'n$  eo  os  aiways  lo 
reaiam  at  the  an^iilai  pointa  of  an  eq^iilateral  tno,ngle.  It  is  oiir  pi'esent  object 
to  determtne  if  thts  motion  ti  stable  or  unstable 

We  ahall  begin  by  asBummg  that  the  thiee  particles  remain  always  very  nearly 
at  the  corners  of  an  equilaterail  triangle.  We  sliall  then  have  to  ctetevniiae  whether 
fheir  OBoillatiouB  aboat  these  corners  are  real  or  iumgiiiiii'y.  To  efiect  this  we  might 
choose  their  common  centre  of  gravity  as  a  fixecl  origin  of  coordinates.  Bat  the 
triangles  formed  by  joining  the  particles  to  their  common  centre  of  gravity  are  not 
marked  by  a  'mpl'  'ty  f  f  m  In  lead  f  f  '  g  Ch  motion  to  the  centre  of 
gravity  it  wil        m  re     n  to     d  h    pai      ea  to  rest,  and  to  con- 

sider the  rela        m  h  W  h      only  one  triangle  to 

Let  the  niiw   Jlf        h      lu  aken  ae  anity,  and  let 

m,  iJi'  be  the  m    se  h  L  Ji  be   h    difitancea  between  the 

particles  Mm      m  A       ifi    <p   'ji  g  ite  to  these  distances. 

If  8, 0'  be  the  angles  which  r,  r'  make  with  a  straight  line  fixed  in  space,  and  if  the  law 
le  inverse  itth  power  of  the  distance,  the  equations  of  motion  are 


^'  -     /'£?V     ^-i^     m'  cob  f     in' COB 


with  two  similar  equations  for  the  motion  of  m'. 

Let  us  now  pat  r  =  a  +  x,  i'=a+  x  +  X,  and  let  the  angle  between  these  radii 
veotores  he  Jjt+F,  also  let  S  =  iit  +  y,  where  ai,  y,  Xand  Y,  are  all  email  quantities 
whose  squares  are  to  be  neglected.  It  should  be  noticed  that  a  variation  of  x.  y 
alone  ?  a  d  1'  being  zero  will  represent  a  variation  of  ateadv  motion  in  which  the 
pa  la  alwaj  kpatth  -a  inqlataltanlwhla  variation  of 
i   I  w  11    ep       nt  a    hang    t    m  th      q    late    1  f    m      Th    t  of  these  by 

1  yp  the       1    a  po     ble    n  ti  n    h  n      th      q  at    n      an  b        t   fied  by  some 
al    s  of       yj    ned  to  T-0   1=0      B    tl        !  f  11  mayhopoto 

d  8  0        Bom  t      fthlnlmtaldtn         tp         uto      pansion,  and 

thus  sa  e  a  g  eat  am     n      fnmoallbo         If       taif      djd      nd  (j  =  a""'"^, 
the  four  equations  will  now  become 

{bS''{x+mi  +  m  +  m')}x-2abn3y~^7n-{K  +  l)X-y3m'{K-tl)aY^0, 
2bmx  +  abff's-iJBm'{K  +  l)X  +  ^m'{s  +  l)aY=0, 
{b^-{K  +  l){l  +  m  +  m-)]x~2almSy+\b!P-{K+l]{l+im  +  m')}X-\2ab«i+iJSm{K  +  l)a}Y=0, 
2bnSi:  +  abSk,  +  {2bi,S-i^S{K  +  l)m]X+{abS'-^{K  +  l)a}Y=0. 

109.  To  solve  these  we  put  x=Ae''*,  y  =  Be''',  X=Ge*',  r=He**.  Substituting 
and  eliminating  the  vatios  of  A,  B,  Q  and  if  we  obtain  a  detenuinantal  equation 
whose  oonstituentB  are  the  coefiicients  of  ar,  y,  X  and  Y  with  \  written  for  3.  This 
eqaation  will  give  eight  values  of  \.  We  see  at  once  that  one  factor  is  X.  This  might 
have  been  expected,  because  we  know  that  a  variation  of  y,  (with  x,  X  and  Y  all  zero,) 
is  a  possible  motion.  Again,  some  variation  of  x  and  y,  (with  X  and  Y  both  aero.l  is 
also  a  possible  motion,  hence  some  factor  of  the  determinant  can  be  found  by  ex- 
amining the  first  two  columns.  By  subtracting  from  the  first  3n  times  the  second 
column  we  find  that  this  factor  is  6X=  -  (k  -  3)  (1  +  nt  +  m')  =  0. 
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To  find  the  other  factor  we  clicide  the  determinant  by  the  factors  already 

fomiil.    Then,  subtracCiug  tbe  first  row  from  the  third  and  the  second  from  the 

fourth,  we  have  three  zeros  in  the  first  column  and  two  in  the  second.    The 

expansion  is  tJien  easy.     We  then  see  that  there  is  another  factor  \,  and  also  that 

6=?,'  +  6>.M3-s)(l  +  m  +  m')  +  a(I  +  K)S(m  +  m'  +  mm')=0. 

The  two  zero  roots  give  x  =  Aj  +  A2t  with  similar  eiprassions  for  j/,  Xand  Y.  But- 
bj  substitution  in  the  equations  of  motion  we  see  that  ii!=-^,,  y  =  Bj~i{K  +  l)Aintla, 
X  —  0  and  ¥—0.  These  roots  therefore  indicate  merely  a  permanent  change  in  the 
siae  of  the  triangle.  On  esamining  the  other  values  of  \',  we  find  (1)  The  motion 
cannot  be  stable  unless  s  is  less  than  3.  (2)  The  motion  is  stable  whatever  the 
masses  may  be,  if  the  law  of  force  be  eipresaed  by  any  positive  power  of  the  dis- 
tance or  any  negative  power  less  than  unity.  For  other  powers  the  stability 
depends  on  the  relation  between  the  masses.     (3)  The  motion  is  stable  to  a  firet 

.      ,,      ,,                       {M+m  +  m'f        „/l  +  'fV 
approximation  if  =t t^—. —  — i^ol  „  ■     |  i 

where  M,  m,  m'  are  the  masses".  To  express  the  coordinates  in  terms  of  the  time, 
we  must  retam  to  the  differential  equations  of  the  second  order.  The  results  are 
rather  lor^,  and  it  may  be  sufficient  to  state  that  when,  as  in  the  solar  system,  two 
of  the  masses  are  muoh  smaller  than  the  third,  the  inequalities  in  their  angular 
distances,  as  seen  from  the  large  body,  have  muoh  greater  coefficients  than  the 
inequalities  ia  their  linear  distances  irom  the  same  body. 

The  reader  will  find  a  more  complete  discussion  of  this  problem  in.  a  paper  by 
the  author  published  in  the  sixth  volume  of  the  Proceedings  of  the  London  Mathemti- 
tieal  Society,  1875.  The  coordinates  x,  y.  X.  Y  are  expressed  in  terms  of  the  time 
and  the  possibility  of  any  small  term  riaing  iuto  importance  is  shortly  treated.  See 
also  a  note  at  the  end  of  this  volume. 

Theory  of  Oscillations  about  Steady  Motion. 

110.  Having  illustrated  by  two  important  examples  the 
methods  of  practically  finding  the  oscillations  about  a  state  of 
motion,  we  pass  on  to  the  general  theory  of  the  subject, 

111,  The  Determinantal  Equation  of  steady  motion. 

To  form  the  general  equations  of  oscillation  of  a  dynamical  system 
about  a  state  of  steady  motion. 

Let  the  system  be  referred  to  any  coordinates  $,  0,  i/r,  &c. 
If  the  geometrical  equations  do  not  contain  the  time  explicitly 
the  vis  viva  2T  may  be  represented  by  the  expression 

ar^  P„i9'^  +  2Pi,tl'f  +  P^,j>"  +  &c. 
■where  P„,  P^,  &c.  are  known  functions  of  the  coordinates  6, 
<j>,  &c.     Let  the  force  function  be   U.     Let  the  state  of  motion 
about  which  the  system  is  oscillating  be  determined  by  d  =/(*)> 

"  In  a  brief  note  in  Jullien's  Problem,  Vol.  ii.  p.  29  it  is  mentioned  that  this 
question  has  been  discussed  by  M.  Gascheau  in  a  Tfteee  de  Mgcaniiiue,  the  particles 
being  supposed  to  attract  each  other  according  to  the  law  of  nature.  The  result 
arrived  at  is  that  the  motion  is  stable  when  the  square  of  the  sum  of  the  masses  is 
greater  than  37  times  the  sum  of  the  products  of  the  masses  taken  two  and  two. 
No  reference  is  given  to  where  M,  Gascheau's  work  can  be  found,  and  the  author  is 
therefore  unable  to  give  a  description  of  the  process  employed. 
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if}  =  F (t),  &ic.  To  determine  these  oscillations  we  put  0  =f(t)  +  x, 
tf)  =  F(t)  +  T/,  &c.  Let  the  Lagrangian  function  L  —  T+U  he 
expanded  in  powers  of  x,  y,  &c.  as  follows : 

+  i  {A^-.x"'  4-  24„icy  +  &;c.)  +  i(C.,a;=  +  'iO^-.xy  +  &c.) 

+  Gix^'  +  OiiXy'  +  Gi^yx  +  &c. 

It  will  be  found  convenient  to  write  £^12=  Qi,  —  Qs\,  Fl,,  =  0i3—  (?„, 
and  so  on.     All  the  functions  are  to  be  one-valued. 

We  shall  now  define  a  steady  motion  to  be  one  in  which  all  the 
coefficients  in  this  expansion  are  independent  of  the  time.  This 
is  the  analytical  definition  of  the  term  as  here  used.  The  physical 
characteristic  of  such  a  motion  is  that  when  referred  to  proper 
coordinates  x,  y,  &e.  the  same  oscillations  follow  from  the  same 
disturbance  of  the  same  coordinate  at  whatever  instant  the 
disturbance  may  be  applied  to  the  motion. 

If  the  coefficients  are  not  constant  for  the  coordinates  chosen 
it  may  be  possible  to  make  them  constant  by  a  change  of  co- 
ordinates. There  are  obviously  many  systems  of  coordinates 
which  may  be  chosen,  and  a  set  may  generally  be  found  by  a 
simple  examination  of  the  steady  motion.  If  there  are  any 
quantities  which  are  constant  during  the  steady  motion,  such  as 
those  called  f,  11,  &c.  in  Art.  98,  these  may  serve  for  some  of  the 
coordinates,  others  may  be  found  by  considering  what  quantities 
appear  only  as  differential  coefficients  or  velocities,  for  example 
those  called  x,  y,  &c.  in  the  same  article.  If  none  of  these  are 
obvious,  we  may  sometimes  obtain  them  by  combining  the  exist- 
ing coordinates.  Practically  these  witt  be  the  most  convenient 
methods  of  discovering  the  proper  coordinates. 

To  obtain  the  equations  of  motion  we  must  now  substitute 
the  value  of  L  in  the  Lagi-angian  equations 

d  dL     dL  . 

ji  j->  -  J-  =  0,    &c.  =  0, 

dtda/     ax 

and  reject  the  squares  of  small  quantities.  Since  in  the  undis- 
turbed motion  te,  y,  i&c.  are  all  zero,  each  of  these  equations  must 
be  satisfied  when  we  omit  the  terms  containing  x,  y,  &c.  We  thus 
obtain  the  equations  of  steady  motion,  viz. 

C,  =  0,     (7,  =  0,     &c.  =  0, 

which  bj  Taylor's  theorem  are  the  same  as  the  equations  (1)  of 
steady  motion  given  in  Art.  98. 

Omitting  these  terms  and  retaining  the  first  powers  of  all  the 
small  quantities  we  obtain  the  equations  of  small  oscillations. 
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Representing  differentiations  with  regard  to  (  by  the  letter  S,  we 


(^1,8- 

~  C„)a 

+  {A 

,S'-E„S- 

-0„)y  +  {A,Ji- 

-E„S- 

-o„ 

)2H-&0. 

=  0 

W„J' 

+  E,^ 

-c„) 

•:  +  (A^S' 

-a,)s  +  (A,S- 

-E.S- 

-0,, 

2  +  &C. 

-0, 

&c.  +  &c.  +  &c.  =  0. 

112.  To  solve  these  we  write  x  =  ie*',  y  =  Me^,&c.  Substi- 
tuting and  eliminating  the  ratios  L,  M,  &c.  we  obtain  the  following 
determinantal  equation 

^„V  -  Gn,  ^isX^  -  E.^f^  -  6',2,  A,,\'  -  E„\  -  0,^,  &c.  I  =  0. 

AnX'  +  £,A -  C,„  A.^X'-  C^,  A^X" - E^X -  C,„  &c.  j 

A„X^  +  E,^X-C,„A^X'  +  E^\-  0,„  A^\'-C^,  &c.  | 

&c.  &c.  &c.  &c.  j 

If  in  this  equation  we  write  —  \  for  X  the  rows  of  the  new 
determinant  are  the  same  as  the  columns  of  the  old,  so  that 
the  determinant  is  unaltered.  We  therefore  infer  that  the  deter- 
minantal equation  when  expanded  contains  only  even  powers  of  X. 

"We  notice  that  if  we  remove  from  this  determinant  the  terms 
which  contain  the  letter  E,  the  remaining  determinant  is  the  same 
as  that  which  gives  the  oscillation  about  a  position  of  equilibrium, 
Art.  58.  We  may  therefore  say  that  the  terms  which  depend  on 
E  are  due  to  the  centrifugal  forces  of  the  steady  motion. 

113.  Condition  of  Stability.  Regarding  this  as  an  equa- 
tion to  find  V,  we  notice  that  if  the  roots  are  all  real  and  negative, 
each  of  the  coordinates  as,  y,  &c.  can  be  expressed  in  a  series  of 
trigonometrical  terms  having  different  periods;  the  motion  will 
therefore  be  stable.  If  any  one  of  the  roots  is  imaginary  or  if 
any  one  is  real  and  positive,  there  will  be  both  positive  and 
negative  real  exponentials  entering  into  the  expressions  for  x,  y,  &c. 
and  therefore  the  motion  will  be  unstable.  The  condition  of  dyna- 
mical stability  is  there/ore  that  the  roots  of  this  equation  must  all 
be  of  the  form  X=±ii,  V—  1,  where  /i  is  some  real  quantity. 

114.  Number  of  Oscillations.  It  follows  also  that  when 
a  system,  under  the  action  of  forces  which  have  a  potential,  oscil- 
lates about  a  stable  state  of  steady  motion,  the  oscillations  of  the 
coordinates  are  represented  by  trigonometrical  terms  of  the  form 
jisin(Xi-l-M)  which  are  not  accompanied  by  any  real  exponential 
factors  such  as  those  which  occurred  in  the  problem  of  the  Governor. 

We  see  further  that  there  will  in  general  be  as  many  finite 
values  of  X^  and  therefore  as  many  trigonometrical  terms  of 
different  periods  as  there  are  coordinates.  It  often  happens,  as 
explained  in  Art.  Ill,  that  some  of  the  coordinates  are  absent  from 
the  expression  for  L,  appearing  only  as  differentia!  coefficients. 
Suppose  for  example  0  to  be  absent;  then  Cu,  G-^,  &c.  are  all 
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zero,  and  we  may  divide  X  both  out  of  the  first  Hue  and  the  first 
column  of  the  fundamental  determinant.  We  therefore  have  two 
zero  values  of  X,  while  at  the  same  time  the  number  of  finite 
values  of  X^  is  diminished  by  unity.  Hence  the  number  of  trigo- 
nometrical terms  of  different  periods  cannot  exceed  the  number  of 
coordinates  which  explicitly  enter  into  the  Lagrangian  function. 
Thu3,  in  Ex.  2  of  Art.  102,  the  function  T+U  has  only  the  co- 
ordinate 6  explicitly  expressed,  the  others  0'  and  ■^'  appearing 
only  as  differential  coefficients.  It  follows  that  if  a  top  is  disturbed 
from  a  state  of  steady  motion,  there  will  be  but  one  period  in  the 
oscillation. 

115.  The  relations  between  the  coefficients  i,  M,  &c.  in  the 
exponential  values  of  x,  y,  &c.  may  be  obtained  without  difficulty 
if  we  remember  that  the  several  lines  of  the  fundamental  deter- 
minant are  really  the  equations  of  motion.  Taking  any  one  line ; 
multiply  the  first  constituent  by  L.  the  second  by  M,  &c,  and 
equate  the  sum  to  zero.  If  n  be  the  number  of  coordinates,  we 
thus  obtain  k  - 1  independent  equations  to  find  the  ra.tios  of 
L,  M,  &c. ;  so  that  we  have  one  undetermined  constant  for  each 
value  of  X.  On  the  whole  therefore  we  have,  exactly  as  in 
Lagrange's  equations,  Chap,  ii.,  twice  as  many  arbitrary  constants 
as  there  are  coordinates,  all  the  other  constants  being  determined 
by  the  equations  just  found.  The  arbitrary  constants  are  deter- 
mined by  the  initial  values  of  the  coordinates  and  their  differential 
coefficients. 

But,  unlike  Lagrange's  equations,  the  quantity  X  occurs  in 
the  first  power  iu  each  of  these  equations,  so  that  the  ratios  of 
L,  M,  &c.  thus  found  may  be  imaginary.  If  —pt^,  —pa\  &c.  be  the 
values  of  X',  the  expressions  for  the  coordinates  when  rationalised 
may  therefore  take  the  form 

x  =  A-i  sin  (pit  +  cti)  +  As  sin  (p^t  +  a^)  +  ... 

i/  =  B,s\n(p,t  +  0,)-t-B,sm(p,t  +  ^,)  +  ... 

where  a,  is  not  necessarily  equal  to  /3i,  nor  Oj  to  /Sa,  &c.,  though 
they  are  connected  together. 

116.  Principal  Oscillations.  When  the  initial  conditions 
are  such  that  every  coordinate  is  expressed  by  a  trigonometrical 
term  of  one  and  the  same  period,  the  system  is  said  to  be  perform- 
ing a  principal  or  harmonic  oscillation.  Thus  each  trigonometrical 
term  corresponds  to  a  principal  oscillation,  and  any  oscillation  of 
the  system  is  therefore  said  to  be  compounded  of  its  principal 
oscillations.  The  physical  characteristic  of  a  principal  oscillation 
is  that  the  motion  of  every  part  of  the  system  is  repeated  at  a  con- 
stant interval.  If  the  type  of  the  principal  oscillation  be  X'  =  —pi\ 
we  see  that  throughout  the  motion  we  shall  have  «"=— jpi^ic, 
y"  =  -p,%  &c. 
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117.  Ek.  a  Iiomogeneous  sphere  of  ami  mass  and  radius  a  is  suspended  from, 
a  fixed  point  by  a  string  of  length  6  and  is  set  in  rotation  about  the  vertical 
diameter.  When  the  sphere  is  sUghtly  disturbed  from  this  state  of  steady  motion, 
let  hx.  by  and  6  be  the  coordinates  of  the  point  on  the  surface  to  which  the  string 
is  attached;  bx  +  a^,  by  +  a^  and  b  +  a  the  coordinates  of  the  centre,  ibe  fixed  point 
being  the  origin  and  the  axis  of  !  vertical  and  downwards.  Also  ist  x  =  •}•  +  ^  where 
^  und  ^  have  the  meanings  usually  given  to  them  in  Euler's  geometrical  equations, 
see  Vol.  I.  Chap.  v.  Thus  before  disturbance  x'  =  "-  Prove  than  the  Lagrangian 
function  is 


!y  +  fii  +  ^'>|  +  jtaf  +  *i=?  +  iW  +  l'/)'-ff|f'- 


If  the  motion  of  the  centre  of  gravity  be  represented  by  a 
form  M  cos  {pt  +  o),  prove  that  the  values  of  p  are  given  by 


'l){'' 


Show  that,  whatever  sign  n  may  have,  this  eqaation  has  two  positive  and  two 
negative  roots  which  are  separated  by  the  roots  of  either  of  the  factors  on  the  left- 
hand  side. 

118.  ImpulBive  Forces.  If  we  regard  an  impulse  &s  the  limit  of  a  force  acting 
for  a  very  short  time,  we  may  deduce  from  Art,  111  the  equations  of  motion  of 
a  system  moving  in  steady  motion  and  suddenly  disturbed  by  an  impulse.  By 
integrating  the  equations  of  motion  given  in  Art.  Ill  with  regard  to  the  time  daring 
the  limits  of  the  impulse,  the  integrals  of  all  the  terms  except  those  of  the  form 
AS^x  will  be  Kero.  This  follows  from  the  definition  of  an  impulse  given  in 
Chapter  ii.  of  Vol.  i.  or  from  the  argument  given  in  a^ijusting  Lagrange's  equations 
to  impulses  in  Chapter  vin,  of  Vol.  i. 

The  equations  of  motion  for  impulses  are  therefor  s 

Aj^iSx^-  Sx^)  +  Aj2{S!li-  Sy^)  + =  X, 

A,^{5x,-Sx^]  +  A^{^,-Sy,)  + =  r, 

&c.  =  *e. 
Here  Sxj  -  Sx^,  &o.  are  the  changes  in  the  velocities  of  the  coordinates  producei)  by 
the  jerks.     The  quantities  X,  Y,  &b.  are  the  integrals  of  the  disturbing  forces  and 
therefore  measure  the  jerks.    If  U  be  the  force  function  of  the  impnlses  as  explained 
in  Vol.  I.  Chap.  vm.  we  have  X  =  dUjdx.  Y=dUjdy,  &e. 

119.  Analysis  of  the  roots  of  tlie  detemiinantal  eiinatlon.  If  the  determi- 
nantal  equation  of  Art".  112  ia  not  very  complicated  we  may  eipand  it  in  powers  of 
X.  We  thus  have  an  equation  of  only  even  powers  of  X.  The  important  point  to 
settle  is  the  number  of  real  negative  vabtei  of  \^  which  satisfy  the  equation.  To 
determine  this,  we  may  use  Sturm's  theorem.  When  the  determinant  is  expanded 
we  can  apply  the  complete  and  simple  test  given  in  the  chapter  on  the  Conditions  of 
StabiUly.    We  may  also  use  some  of  the  following  theorems. 

120.  We  shall  first  show  that  the  quadratic  expression 

2A  =  AjiX'^  +  2Aj2a^y'  +  A^y'^  +  &c. 
is  a  on£-signedpoHtivefimctio'ii.  To  prove  this  we  notice  that  the  coefficients  .in,  &c. 
are  what  the  coefficients  P„,  *o.  of  the  vis  viva  become  when  we  write  for  the 
independent  coordinates  6,  ip,  &b.  their  valnea  in  the  steady  motion.  If  2A  could 
bo  zero  or  negative  for  any  values  of  x',  y',  &c.  put  the  system  into  the  position 
defined  by  e=/(t),  *=-F(i],  &a.  and  give  the  velocities  6',  <ji',  &c.  these  values  of 
!c',  y',  ifec.  Then  2r  would  be  negative.  But,  since  the  vis  viva  is  essentially  positive, 
this  is  impossible. 
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Hon,  it  is  known 

mined  ately  that  every 

&a.  equal  to  zero 


DA  D  S3  e  C^-2A,iC^. 

tb  m  q     fa      wh         panded     d  ce        D  9    E,^^)  \^  +  IX  =  0. 

Th  d  W  D       po  E  ,''-9  18  positive 

aud  greater  than  ijD^.     See  Art.  113. 

122.  Theoremll,  Whatever  be  the  number  of  coortHnates  the  steady  motion 
cannot  be  stable  nulesa  all  Qie  values  of  h'  given  by  tlie  determinaotal  equation  are 
real  and  negative.  The  ooeffioient  of  the  highest  power  of  V  (Art.  120]  is  positive, 
henoe  the  term  independent  of  X"  must  also  be  positive.  We  therefore  iufer  that  the 
»teady  motion  cwiaiot  be  iiibU  unless  the  discTiminant  of  the  quadratic  expresswn 
iC=  -C\,x''-2C-,^a^-C^yH.'..... 

123  Themeia  III  Let  there  be  n  coordinates  and  let  A  be  the  determinant 
given  m  Act  112  Beginnuig  with  this  determinant  we  may  form  a  seriee  o£  deter- 
minants eaoh  bemg  obtained  from  the  preceding  by  erasing  the  first  line  and  the 
first  column.  Let  us  represent  these  by  A,,  A,,  cftc.  The  determinant  A  is  not 
altered  if  me  border  it  with  a  cokimn  of  zeros  on  the  right-hand  side  and  a  row  of 
zeros  at  the  bottom,  provided  we  put  unity  in  the  corner.  We  may  therefore  cott- 
Eider  i„=  1.  Thus  we  have  a  series  of  detecminantal  functions  of  \^  analogous  to 
those  used  in  oounection  with  Lagrange's  determinant.     See  Art.  58. 

Let  us  snbstitute  in  this  series  of  determinants  any  negative  value  of  Ji'  and 
count  the  number  of  variations  of  sign.  It  as  X^  passes  from  X*=  -a  to  A''=  -/3, 
K  variations  of  sign  are  lost,  then  the  number  of  real  roots  between  ~  a  and  -  j3  is 
either  exactly  equal  to  k  or  exceeds  k  h^  an  even  Bumfter. 

To  prove  this,  we  let  I^^,  I,;,  iSo.  be  the  minors  of  the  several  constituents  of  the 
determinant  A.  We  notice  that  Zj,  is  changed  into  I^,  by  changing  the  sign  of  X. 
Henceit  I„  =  *(X=)  +  Xi('(X'|, 

then  72,  =  ^(X2|_XV'(X3|. 

Thus  the  product  Ji^hi  '^  necessarily  positive  for  all  negative  values  of  X^.  It  also 
follows  that  if  lu  vanishes  tor  any  negative  value  of  X',  then  I^  vanishes  for  the 
same  value  of  X'. 

Starting  with  the  equation  AA^^  Iji^^  -  ^lAi  ^^^  '^^^^  of  the  proof  is  so  nearly 
the  same  as  that  for  the  corresponding  theorem  in  Lagrange's  determinant  (Art.  58) 
that  it  seems  unnecessary  to  reproduce  it  here.  Passing  over  this  proof  we  notice 
the  following  applications. 

124.  Theorem  IV.  The  coefSoients  of  the  highest  powers  of  X^  in  the  series  of 
determinants  A,  A,,  &b.  are  the  discriminants  of  the  quadric  A  (Art.  120),  and 
are  therefore  neeeBsarily  positive.  The  s^fns  of  the  series  of  determinants  when 
X^=  -  ro  are  therefore  alternatively  positive  and  negative.  If  the  disoriminants  of 
thequadrio  2G  -  -  CjjSp  -  2C,  xy  -  C^y^    &c. 

be  also  all  positive,  the  signs  of  the  series  of  deteiminants  when  X^=0  are  all 
positive.  Thus  the  full  number,  viz  n  of  variations  of  signs  have  been  lost  in 
the  passage  from  X^= -CD  to  \'  =  Q.  It  immediafceh  follows  from  the  theorem  just 
stated  that  -when  Ifec  qimdric  G  is  a  one  signed  josidie  function  all  the  roots  of  the 
determinantal  equation  are  real  and  iitgadt .; 

R.  D.    II.  6 
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We  may  also  eipresa  this  bj  saying  that  when  the  quadrio  function  (7  ie  a 
for  all  displaeements  from  the  steady  viotion,  that  Heady  motion  is  stable. 


Uo  When  this  oooura  the  t- 
ij,  etc  are  all  teal  and  nt.gattie 
roots  of  the  deteimmant  next  abote  it 

Tliia  fullow3  fiom  the  mode  of  proof  adopted  in  discoasing  Lagiange's  deter- 
minant 

12b  Theorem  V  Equal  roots.  The  existoncL  uf  equal  roots  usually  Indicates 
that  there  aje  terma  in  the  solution  with  t  as  i  faotoi,  but  it  will  be  shown  in 
another  ohaptei  th,i,t  this  1=  not  the  case  when  the  minors  of  the  determinant  A 

buppoRe  as  in  the  last  prjpjiition  that  the  full  number  of  variations  of  sign 
have  been  lost  in  the  passage  from  \"=  -  0=  to  V—O.  Then  it  may  be  shown,  as 
in  the  corresponding  proposition  in  Lagrange's  determinant,  that  if  the  funda- 
mental determinant  have  r  equal  roots,  then  every  JiTst  minor  hai  r  - 1  roofs  equal  to 
each  of  theee,  and  every  second  minor  has  )■  -  2  roots  eqtml  to  each  of  these,  and  so  on. 

We  therefore  inter  that  the  existence  of  equal  roots  merely  indicates  a  oor- 
lesponding  tndetermiuatenesa  in  the  coefficients  of  the  principal  oscillation  which 
ia  derived  from  these  equal  roots. 

Thus  in  Art.  116  ne  have  n  - 1  independent  equations  to  find  the  ratios  of  the 
coefficients  L.  M,  &b.  of  any  exponential.  But  when  there  are  r  equal  roots  we 
have  only  n-r  independent  equations  leaving  r  of  the  coefficients  independent. 

127.  Theorem  VI.  If  we  remove  the  terms  which  contain  the  centrifugal  forces 
the  remaining  determinant  has  the  same  form  as  Lagrange's  determinant.  Thus  we 
have  two  detenninauta!  equations  each  of  which,  for  its  own  use,  may  be  regarded 
as  an  equation  to  find  \'.  From  each  of  these  we  may  derive  a  series  of  deter- 
minants formed  by  the  rule  given  in  Art.  58.  If  we  count  the  number  of  variations 
of  sign  when  }fi=  -«.  and  when  \^=0,  it  is  evident  that  each  of  the  two  series 
eshibitfi  the  same  loss.  It  therefore  follows  that  the  equation  with  the  centrifugal 
forces  has  at  least  as  many  negative  roots  as  the  corresponding  Lagrange's  equation, 
and  if  it  have  more,  the  excess  is  an  even  number.  If  therefore  all  the  roots  of  the 
corresponding  Lagrai^;e's  determinants  are  negative,  then  all  the  roots  of  the 
equation  with  the  centriftigal  forces  are  also  real  and  negative.  Thus  the  general 
efFect  of  these  centrifugal  forces  is  to  increase  the  stability. 

The  substance  of  this  section  may  be  found  partly  in  a  paper  by  the  author 
in  the  Proceedings  of  the  London  Mailiematical  Society,  187S,  and  partly  in  the 
author's  Essay  on  the  Stability  of  Motion,  1877. 

128.  The  Representative  Point.  When  a  dynamical 
system  has  not  more  than  three  cotyi-dinates,  we  may  obtain  a 
geometrical  representation  of  the  oscillation.  Let  these  independent 
coordinates  be  x,  y,  z.  If  we  regard  these  as  the  Cartesian  co- 
ordinates of  some  point  P,  it  is  clear  that  the  positions  ot  P  as  it 
moves  about  will  exhibit  to  the  eye  the  motion  of  the  system. 
We  may  call  this  point  the  representative  point  The  impoitaoce 
of  this  point  has  been  already  shown  by  the  itse  made  of  it  in 
Art.  80. 

129.  Oscillation  about  equilibrium.  Let  us  first  suppose 
the  sy.stem  to  be  oscillating  about  a  po.sition  of  equilibrium,  and 
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let  it  be  performing  any  priocipal  oscillation.  Then  throughout 
the  motion  the  coordinates  x,  y,  z  bear  a  constant  ratio  to  ea«h 
other  (Art.  53).  We  therefore  infer  that  the  path  of  the  repre- 
sentative particle  is  a  straight  line  passing  through  the  origin. 
If  the  oscillation  be  defined  by  the  type  ein(j3i  +  a_)  we  have  also 
(by  Art.  55)  a/'  =  —'fx,  y"  =  - p'y,  &c.  Hence  the  representative 
point  oscillates  in  a  straight  line  with  an  acceleration  tending  to  the 
origin  and  varying  as  the  distance  therefrom. 

130.  To  find  the  position  of  this  straight  line  let  the  vis  viva 
22"  and  the  force  function  U  be  represented  by 

2{U^U,)=Cuai'  +  20,,x7/  +  &c.    I  ^^^■ 

Then  by  Lagrange's  equations,  since  a/'  =  —p^ie,  &c.,  we  have 
~t  (^iiiK  +  ^1.3/  +  &e.)  =  G^^x  +  G,^y  +  fee] 
-p^{A,^x^A^y^hz:)  =  G,.,x  +  G^^y\^G\    ^'' 

Omitting  the  accents  in  T  and  the  constant  term  Ug,  let 
us  put 

2A  =  A,yaf  +  2A,^xy  +  &c.l 

-20=  (7„a^'+ 2(7,2^1/ +  &c.f  ^  '' 

We  also  construct  the  two  quadrics  A  =  a,  G—y,  where  a  and 
7  are  any  constants.  These  quadrics  have  their  centre  at  the 
origin  and  have  a  common  set  of  conjugate  diameters  which  may 
be  found  by  the  following  process.  Let  x,  y,  si  be  the  Cartesian 
coordinates  of  any  point  R  on  one  of  the  three  conjugates.  Then, 
since  the  diametral  planes  of  OR  in  the  two  quadrics  are  parallel, 
we  have 

dA^dC       dA^dG       dA^dXJ 

^  (ic ""  d^'       dy      dy'       dz      dz  

Comparing  these  with  the  equations  (2)  we  see  that  when  the 
system  is  performing  a  principal  oscillation  the  representative 
point  P  osdllates  in  one  of  the  common  conjugate  diameters  of  the 
quadrics. 

131.  By  EuSer's  theorem  on  homogeneous  functions  we  have 
^A  =  G.  Applying  the  same  reasoning  to  equations  (2)  we  have 
p^A=C.  Hence  fi^jf-  Let  the  diameter  described  by  the 
representative  point  cut  the  quadrics  A=a  and  0  =  7  in  the 
points  D  and  D'  and  let  0  be  the  origin.  Then  putting  P  at  i) 
we  have  A  =  a,  and  since  (7  is  a  homogeneous  function  we  have 
G^iODIOS'Yy.  Rsacs  p^=-(ODlOlfyy!a.  The  value  of  27r/p 
gives  the  period  of  oscillation  corresponding  to  any  common  con- 
jugate diameter  ODD'.  If  the  quadrics  are  briefly  written  as 
2T=a,  tU  =  -  y,  the  period  of  oscillation  in  any  common  conjugate 
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diameter  is  given  by  Tp^  +11=0  when  we  svhstitute  for  x,  y,  z  the 
direction  cosines  of  that  diameter.  Also  these  direction  cosiiies  are 
given  by  the  equations  p^dT/dx  +  d  Ujdx  =  0,  p^dT/dy  -t-  d  Ujdy  =  0, 
<&c.  =  0.     These  results  also  follow  from  Art.  75. 

132.  The  quadric  C=  7  possesses  the  property  that  if  x,  y,  z 
be  the  coordinates  referred  to  any  axes  of  a  point  P  on  its  surface 
the  work  done  by  such  a  displacement  from  the  position  of  equi- 
librium is  constant  and  equal  to  —  7. 

133.  As  an  example  of  ihiB  geometrioal  analogy  let  ub  oonsider  the  following 
problem.  A  rigid  body,  free  to  move  about  a  fixed  point  0,  is  undsr  the  astion  of 
any  forces  and  makes  small  otcillations  about  a  position  of  eqnilibriumj  find  the 
principal  oscillationa. 

Let  OA,  OB,  OC  he  the  positiooa  of  the  principal  ases  in  the  position  of 
eqwaibrinm,  OA',  OB',  OC  their  positions  at  tlie  time  1.  The  position  of  tlie  body 
may  be  defined  by  the  angles  between  (1)  the  planes  AOC,  AOC,  (2)  the  planes 
BOC,  BOC,  (3)  the  planes  COA,  COA'.  Let  these  be  oalled  8,  *,  f  reapeetively. 
Then  6,  tp,  f  are  angular  displaeemente  of  the  body  about  OA,  OB,  OC.  Taking 
these  aa  the  asea  of  coordinates  in  the  geometrioal  analogy  ;  a  small  displacement 
of  P  from  the  origin  to  a  point  x  —  e,y  —  'p,  3  =  1/'  repreeents  a  rotation  of  the  body 
about  the  straight  line  deaoribetl  by  P  and  whose  magnitude  is  measured  by  the 
distance  traversed  by  P. 

If  I,,  Jj,  Zj  be  the  principal  moments  of  inertia  at  O,  the  vis  viva  of  the  body  is 
clearly  iT^Iie'^  +  I^^p'^  +  Isf'^. 

Writing  X,  y,  z  for  8',  <p',  f  as  before,  the  quadric  r=ii  or  A  =  i!,  is  evidently  the 
momental  ellipsoid  at  the  fixed  point. 

Let  the  work  of  the  forces  as  the  coordinates  change  from  zero  to  6,  ip,  f,  or 
X,  y,  z,  be  given  by  2U—C,jX^  +  2C,^xy  +  &(i. 

Then,  following  the  analogy,  aa  P  moves  along  a  radius  vector  OD'  of  the  quadric 
17= -7  or  0=7,  the  work  is  -  {OPjOD')''y.  Hence  this  quadric  possesses  the 
property  that  the  work  done  by  the  forces  when  the  body  is  twisted  thiough  a  given 
angle  round  any  radius  vector  varies  inversely  as  the  square  of  that  radius  vector. 
If  the  equilibrium  is  stable,  the  work  due  to  a  rotation  about  every  diameter  must 
be  negative,  the  qnadric  must  therefore  be  an  ellipsoid. 

I        w     11        from  the  general  theorem  that  the  body  vnll  petfoi-m  a  priiudpul 

U  ton  f  I  $et  in  rotation  about  any  one  of  the  three  eoigugate  diameten  of 
h       on  ptoid  a/nd  the  ellipsoid  XI— -y,  and  will  tlterefore  eontinue  to 

Ua  f   hat  diameter  icwe  fixed  in  space. 

Th    q     d       U  has  been  called  the  quadric  of  the  potential.     This  name  was 
g     n  to      b    Su'  B.  8.  Ball,  who  arrived  at  the  theorem  just  proved  by  a  different 
se  ng,     8ee  his  Thf.ory  of  Screws,  new  ed.,  19O0,  Art.  197. 

134.  Oscillation  about  steady  motion.  To  determine  the 
motion  of  the  representative  point  we  must  have  recourse  to  the 
equations  of  motion  written  down  in  Art.  111.  Since  we  must 
follow  the  same  line  of  argument  as  in  Art.  131,  it  is  unnecessary 
to  give  the  algebraic  steps  in  full.  Substitute  s/'  =—^m,  &c.  in 
the  equations  of  Art.  Ill,  differentiate  and  Bubstitute  again. 
Multiply  by  x,  y,  z,  add  and  integrate,  we  obtain 

{A,^a?  +  2A,^xy  +  &c.)  p-"  +  {C,,3?  +  20,-,xy  +  &c.)  =  /3, 
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which  as  before  may  be  written  in  the  form 

where  ^  is  a  constant.  After  substituting  for  x",  y",  z"  in  the 
equations  as  before,  we  multiply  by  .^25,  — -ffu,  E^^.  and  add  the 
results;  we  then  obtain 

[(^,,£23  -  -iiiS,,  +  ^^A'lO  X  +  &c.]  f 

+  [(Cii£=>  -  C„£,s  +  Cis^i,)  X  +  &c.]  =  0. 
The  path  of  the  representative  point  is  therefore  a  plane  section 
of  a  quadric.  We  infer  that  when  a  system  is  performing  a 
principal  oscillation  about  a  state  of  steady  motion  the  repre- 
sentative point  describes  an  ellipse.  The  ellipse  is  described  with  an 
acceleration  tending  to  the  centre  and  varying  as  the  distance  tkere- 
Jrom.  The  periodic  time  in  the  ellipse  is  by  definition  the  same  as 
that  in  which  the  system  performs  its  principal  oscillation. 

The  three  planes  of  these  harmonic  ellipses  are  diametral 
planes  of  the  same  straight  line  with  regard  to  the  three  quadrics 
represented  by  Ap'  —  C=0.  where  p^  has  any  one  of  the  three 
values  given  by  the  determinant  of  motion.  The  direction  cosines 
of  this  straight  line  are  proportional  to  E,,,  —  E,3,  Mi^  and  it  may 
be  called  the  axis  of  the  centrifugal  forces. 

135.  The  introduction  of  the  representative  point  to  exhibit 
the  motion  of  the  system  may  appear  somewhat  artificial.  But 
there  is  a  closer  connection  than  has  yet  been  mentioned.  Sup- 
pose for  example  that  a  system  is  oscillating  about  a  position  of 
equilibrium.  Let  us  transform  the  coordinates  ^,  y,  z  into  others 
^,  9j,  f  SO  that 

.d„ir'=  +  2^i,a;')/'  +  &c.  =  ^''  +  •»;'=  +  ^\ 
The  equations  of  motion  take  a  simplified  form  and  become  those 
of  a  single  particle  of  unit  mass  acted  on  by  forces  with  a  known 
force  function  17.  Thus  when  the  coordinates  are  properly  chosen 
some  kinds  of  motion  may  be  completely  found  by  replacing  the 
system  by  its  representative  particle.  In  other  kinds  of  motion 
constraints  have  to  be  placed  on  the  particle  that  it  may  represent 
the  motion.  The  single  particle  used  by  Fresnel  in  his  theory  of 
double  refraction  is  practically  the  representative  particle,  and  it 
is  necessary  to  impose  imaginary  constraints  that  its  motion  may 
represent  that  of  the  medium. 

A  more  complete  account  of  the  theory  of  the  representative 
point  is  given  in  the  Essay  on  the  Stability  of  Motion  (1877) 
'  referred  to. 


136.  Ex.  If,  as  in  Art.  115,  an  oaeiUation  about  a.  state  of  steady  motion  is 
represented  by  x=Asmipt  +  a),  y  —  Bein  (p(-h^),  z—Csin{pt  +  y),  prove  by  direct 
elimination  of  (  tliat  the  path  of  the  point  whose  coordinates  are  a;,  y,  i  is  a  plane 
section  of  a  quadrio. 
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CHAPTEB   IV. 

MOTION  OF  A  EOBY  UNDER  THE  ACTION  01'  NO  FORCES. 

Solution  of  Euler's  Equations. 

1S7.     To  determine  the  motion  of  a  hody  about  a  fixedpoint,  in 
the  case  in  which  there  are  no  impressed  forces. 
Euler's  equations  of  motion  are 
Ad(o,ldt  -  (B  -  (?)  M,wa=  0,        Bdo,,ldt -(O-A)  n,,<o,  =  0, 

ada,,ldt-{A-B)a,,a,,^0; 
multiplying  these  respectively  by  (o,,  (o^,  m^;  adding  and  inte- 
grating, we  get  Aw^'  +  Ba>^^  +  Gmi  =  T     (1), 

where  T  ia  an  arbitrary  constant. 

Again,  multiplying  the  equations  respectively  by  j1(Dj,Bwb,  Gwa, 

we  get,  similarly,       ^^w,^  +  £=w./  +  GW  =  G' (2), 

where  0  is  an  arbitrary  constant. 
To  find  a  third  integral,  let 

(D,^  +  mi  +  03^  =  m"    (3); 

diDi  dfDi  da,  _     d(o  _ 

'  '     '  dt         '^  dt         "  dt  dt  ' 

then  multiplying  the  origiual  equations  respectively  by  (oJA,  m^fB, 
iDijO,  and  adding,  we  get 

{B-C)(G-A)(A-B) 

ABC  "'^''^'* 

But  solving  the  equations  (1),  (2),  (-3),  we  get 

'^■^ "  (A-G){A^BJ  ■i7  ^'  '^  "'-* 

'''^^{B-A)(B-G):^r^''^'''l   ^^^' 

^_       _  AB 
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ART.  139.]  SOLUTION    OF    EULER'S    EQUATIONS. 

,        ^       T{B+G)-G'      ,,,      .    ., 
■where  Xi  =  ^ ^=^    ■  -- ,  with  similai 

Substituting  in  equation  (4),  we  have 


,        ^       T{B+G)-G'      .,,      .    .,  ■        .     .        J  . 

■where  Xi  =  ^ ^=^    ■  -- ,  with  similar  expression.^  tor  X^  and  Xj. 


dt  " 


.=). 


The  integration  of  equation  (6)*  can  be  rednoed  to  depend  on 
an  elliptic  integral.  The  integration  ean  be  effected  in  finite 
terms  in  two  cases ;  when  A=  B,  and  when  Q'  =  TB,  where  B  is 
neither  the  greatest  nor  the  least  of  the  three  quantities  A,  B,  0. 
Both  these  cases  will  be  discussed  further  on. 

188.  It  will  generaJiy  be  supposed  that  A,  B,  C  are  in  order  of  magnitude,  so 
that  A  is  greater  than  B,  and  B  than  C.  The  axis  of  B  will  be  called  the  asis  of 
mean  moment.    If  we  eliminate  a,  fi"om  the  equations  (1)  and  (2),  we  hare 

AT-G''  =  B{A~B]'ji'  +  C{A-C),^', 
which  18  essentially  positive.    In   the  same  way  we  oan  show  that  CT  -  G=  is 
negative.     Thns  tke  quantity  G^jT  may  have  any  value  lying  betineen  the  greatest 
aud  least  Taomeiits  of  inerlia.     See  Art.  143. 

The  three  quantities  \,  Xj,  Xjln  Art.  137  are  all  positive  quantities ;  (or  since 
B  +  C-  A  is  positive,  and  G^jT<A,  it  follows  that  \  is  positive.  The  numerators 
of  Xj  and  X^  are  each  greater  than  that  of  X,,  and  are  therefore  positive,  the 
denooiinators  aie  also  positive;  henoe  \  and  X,  are  both  positive.  Also  we  have 
ABC{\-\^-(TG-0^)(A-B),  with  similar  expressions  ior  X^-Xj  aad  Xj-Xj. 
It  easily  follows  that  \  is  tke  greatest  of  the  three,  and  X^  or  Xj  is  the  least  according 
as  O^IT  is  greater  or  leis  than  B. 

It  follows  from  equations  (5)  that  throughout  the  motion  u'  must  lie  lietween  \ 
and  the  greater  o£  the  quantities  \  and  Xj. 

139.  KiTchhoS's  aolatlon.  The  solution  in  terms  of  elliptic  integrals  has 
been  effected  in  the  following  manner  by  Kirehhoff.    If  we  put 


J  0  ^1-k^sa 


then  Jj  is  called  the  modulus  of  F,  and  mnst  be  less  than  unity  if  F  is  to  be  real  for 
all  values  of  ^.  The  npper  limit  rp  was  oalleil  by  Jaoobi  the  amplitude  of  the 
elliptic  integral  F,  and  was  written  by  him  amF.  In  the  same  way  sin^,  oos^ 
and  A^  became  sin  amF,  cos  amF  and  A  amF.  These  were  shortened  into  snF, 
en  F  and  dn  F  by  Gudermann  and  this  notation  is  now  generally  adopted. 
■We  have  by  differentiation 

i=i=„,g.„.,M«  ™- 


*  Enler'sBolution  of  these  equations  is  given  in  the  ninth  volume  of  the  Quarterly 
Journal,  p.  361,  by  Prof.  Cayley.  Kirohhofi's  and  Jaoobi's  integrations  by  elliptic 
functions  are  given  in  an  improved  form  by  Prof.  Greenhill  in  the  fourteenth 
volume,  pages  162  and  265.     IfiTG. 
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These  equations  may  be  made  identical  with  Etiler's  equations  if  we  put 

«,  =  cooB*  =  eonX|t     r)  (3), 

B,  =  6ein^=6sn\(t     rj  (4), 

U]  =  aA0  =  itdn\(f     r)  (5), 

We  have  introduced  here  six  new  constants,  yia.  a,  b,  c,  X,  S;  and  t.  With  these 
we  may  satisfy  the  tlree  last  equations  and  also  any  initial  values  of  m,,  oi^:  "j' 
The  solution  if  real  will  also  be  complete. 

When  (  =  r  wehave^=0,  w,  =  o,  &ij=0,  and  uj  =  e.     Hence  by  Art.  137 
Aa?  +  Cc''  =  T,        A^a'+(7'd'  =  G^;- 
,      0^-CT  ,     AT-  G"         _  AT-O''  ,„ 

-'-   "  ~A{,A-C)'      ''~C[A-C)'      ■'■       "BiA-B) '  '" 

The  value  of  h^  was  obtained  by  dividing  tbe  second  of  equations  (G|  by  the  first. 
If  we  multiply'  tiie  same  two  we  find 

{A-B)(G^-GTi 

^  ~  ABC  '   '' 

The  ratios  of  the  right-hand  sides  of  (6)  are  as  c^:P  :  k^d\  and  these  have  just 
been  found.  Hence  if  the  signs  of  a,  b,  c,  \  be  chosen  to  satisfy  any  one  of  the 
three  equailities,  the  signa  of  all  will  iie  satisfied. 

Dividing  the  last  of  equations  (G)  by  either  of  the  other  two,  we  find 
B-CAT-G\        .  A-CG'-BT 

"'A-BG^'^^cf      ■■  ■^"''^ITb  G2-cr '^'' 

If  A,  B,  C  are  in  descending  order  of  magnitnde  the  values  of  a^,  6^,  c*,  X^  and  ft' 
are  all  positive.  Also  1-S=  is  positive,  and  therefore  fc*  is  less  than  unity,  i( 
G^S'BT.  If  A,  B,  C  are  in  asoending  order  of  magnitude  the  values  are  still 
positive,  also  P  is  less  than  onity  if  (?*<Br.  It  we  may  anticipate  a  phrase  which 
will  be  esplained  a  little  further  on  we  may  say  that  the  eJ>preasioii  far  to^  in  this 
aolution  is  to  be  taken  for  the  angniar  velocity  abotit  that  principal  axis  which  is 
encl^ted  by  the  polhode.  See  Arts.  149,  150  a. 
If  fis=Brwehave*3  =  iaDd 


'■j'^r*""'i^' 


After  substituting  in  equations  (3),  (4),  (5)  the  elliptic  fnnotions  become  expocentla). 

If  Ji  =  C  we  have  F  =  0  and  in  this  case  F=-p,  so  tljat  nmF^F.  If  we  again 
substitute  in  equations  (3),  (4|,  (5)  the  elliptic  functions  become  trigonometrical. 

The  geometrical  meaning  of  this  solution  will  be  given  a  litt!e  further  on. 

Poinsot's  <md  MacCuUagh's  constructions  for  the  motion. 

140.     The  fundamental  equations  of  motion  of  a  body  about  a 

fixed  point  are  A^to^' +  B'to^' +  C'm^' =  G" (1), 

A(oi'  +  Bw,'  +  Ca},'  =  T (2). 

These  have  been  already  obtained  by  integrating  Euler's 
equations,  but  they  also  follow  very  easily  from  the  principles  of 
Angular  Momentum,  and  Vis  Viva. 
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Let  the  body  be  set  in  motion  by  an  impulsive  couple  whose 
moment  is  G.  Then  we  know  by  Vol.  1.  Chap,  vi.,  that  throughout 
the  whole  of  the  subsequent  motion,  the  angular  momentum 
about  every  straight  line  which  is  iixed  in  space,  and  passes 
through  the  iixed  point  0,  is  constant,  and  is  equal  to  the  moment 
of  the  couple  Q  about  that  line.  Now  by  Art.  10,  the  angular 
momenta  about  the  principal  axes  at  any  instant  are  Ato^,  Bto^, 
C&ij.  Let  a,  ^,  7  be  the  direction  angles  of  the  normal  to  the 
plane  of  the  couple  Q  referred  to  these  principal  axes  as  co- 
ordinate axes.     Then  we  have 

Am,  =  Ocosa,  Bm,=  Gcos0,  Cm  =  Gcosy    (3). 

By  adding  the  squares  of  these  we  get  equation  (1), 

Throughout  the  subsequent  motion  the  resultant  angular  momen- 
tum of  the  body  is  equivalent  to  the  couple  G.  It  is  therefore  clear 
that  if  at  any  instant  the  body  were  acted  on  by  an  impulsive 
couple  eqTial  and  opposite  to  the  couple  G,  the  body  would  be 
reduced  to  rest. 

141,  It.  follows  from  the  definition  given  in  Vol.  i.  Chap.  vt. 
that  the  plane  of  this  couple  is  the  Invariable  plane  and  the 
normal  to  it  the  Invariable  line.  This  line  is  absolutely  fixed  in 
space,  and  the  equations  (3)  give  the  direction  cosines  of  this  line 
referred  to  axes  moving  in  the  body. 

It  appears  from  these  equations,  that  if  the  body  be  sot  in 
rotation  about  an  axis  whose  direction  cosines  are  (/,  m,  n)  when 
referred  to  the  principal  axes  at  the  fixed  point,  then  the  direction 
cosines  of  the  invariable  line  are  proportional  to  Al,  Sm,  Gn.  If 
the  axes  of  reference  are  not  the  principal  axes  of  the  body  at  the 
fixed  point,  the  direction  cosines  of  tne  iovariable  line  will,  by 
Art.  10,  be  proportional  to  Al-Fm~En,  Bm-Bn-Fl,  and 
Cn  —  El  —  Dm,  where  A,  F,  &c.  are  the  moments  and  products  of 
inertia*. 

142.  Since  the  body  moves  under  the  action  of  no  impressed 
forces,  we  know  that  the  Vis  Viva  will  be  constant  throughout  the 
motion.     We  have  therefore  Am,^  +  Bm^  +  Coii' =  T, 
where  Tf  is  a  constant  to  be  determined  from  the  initial  values 

*  That  the  straight  line  whose  equations  referred  to  the  moving  principal  ases 
are  ai/^iu,=a/Bwg  =  i/Cw3  is  absolutely  filed  in  space  may  be  also  proved  thus,  if  we 
assume  the  truth,  of  equatioa  (1|  in  Uie  text.  Let  x,  y,  i  be  tha  eoordinatea  of  any 
point  P  in  the  straight  line  at  a  given  distance  r  from  the  origin,  tlien  each  of  JJie 
equalities  in  the  equation  to  the  straight  line  is  equal  to  rjG  and  is  therefore  con- 
stant. The  actual  velocity  of  P  in  space  resolved  parallel  to  the  instantaneous 
position  of  the  asie  of  xi^——  -ya^  +  za^^-p;  iA—j^-(B~C)ui^ii!s> .  But  this  is 
zero,  by  Euler^e  equation.    Similarly  tbe  velocities  parallel  to  the  other  axes  are  zero. 

+  It  should  be  observed  that  in  this  chapter  T  represents  the  whole  vis  viva  of 
the  body.    In  treating  of  Lagrange's  equations  in  Chapter  ii,  it 
let  1'  represent  half  the  vis  viva  of  the  system. 
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of  (j>j,  Wa,  Ms.     When  the  direction  cosines  of  the  invariable  Hne 

and  the  angular  momentum  0  are  known,  the  vis  viva  T  is  given  hy 

T      cob'  a     cos^  0     cos"  7 

The  equations  (1),  (2),  (3)  will  suffice  to  determine  the  path  in 
space  described  by  every  particle  of  the  body,  but  not  the  position 
at  any  given  time, 

143.  Poinsot's  construction.  To  explain  Poinsot's  repre- 
sentation of  the  motion  by  means  of  the  momental  ellipsoid. 

Let  the  momental  ellipsoid  at  the  fixed  point  be  constructed, 
and  let  its  equation  be  Ax'  +  Bf  +  Ge'  =  K. 

Let  r  be  the  radius  vector  of  this  ellipsoid  coinciding  with  the 
instantaneous  axis,  and  p  the  perpendicular  from  the  centre  on 
the  tangent  plane  at  the  extremity  of  r.  Also  let  a  be  the  an- 
gular velocity  about  the  instantaneous  axis. 

The  equations  of  the  instantaneous  axis  are  —  =  —  =  — ,  and 
Ml       Ola      W3 
if  (a;,  y,  z)  be  the  coordinates  of  the  extremity  of  the  length  r, 
each  of  these  fractions  is  equal  to  r/oi.     Substituting  in  the  equa- 
tion of  the  ellipsoid,  we  have 

The  equation  of  the  tangent  plane  at  the  point  {x,  y,  z)  is 

Ax^->rByn->rCz^^K; 

substituting  again  for  {x,  y,  z)  we  see  that  the  equations  of  the 

^         V  K 

perpendicular  from  the  origin  are  -j —  =  ■„—  =  7^—  ; 

^Ao^i        J>fi>2         t-''Wj[ 

but  these  are  the  equations  of  the  invariable  line.     Hence  this 

perpendicular  is  fixed  iu  space. 

The  expression  for  the  length  of  the  perpendicular  on  the 

.1           w           .  ■    1             ^     K     1      A'^+Jiy  +  CV 
tangent  plane  at  {x,  y,  z)  is  known  to  be  -,  = jFi j 

substituting  as  before,  we  get 

From  these  equations  we  infer : 

(1)  The  angular  velocity  about  the  radius  vector  round  which 
the  body  is  turning  varies  as  that  radius  vector. 

(2)  The  resolved  part  of  the  angular  velocity  abovi  the  per- 
pendicular on  the  tangent  plane  at  the  extremity  of  the  instan- 
taneous axis  is  constant.     This  theorem  is  due  to  Lagrange. 
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For  the  cosine  of  the  angle  between  the  perpendicular  and 
the  radius  vector  =pjr.  Hence  the  resolved  angular  velocity 
is  =(opjr  =  TjG,  which  is  constant. 

(3)  The  perpmdic-ular  on  the  tangent  plane  at  the  extremity 
of  the  instantaneous  axis  is  fixed  in  direction,  viz.  normal  to  the 
invariable  plane,  and  constant  in  length. 

The  motion  of  the  momental  ellipsoid  is  therefore  such  that, 
its  centre  being  fixed,  it  always  touches  a  fiiied  plane,  and  the 
point  of  contact,  being  in  the  instantaneous  axis,  has  no  velocity. 
Hence  the  motion  mat/  be  represented  by  supposing  the  momental 
ellipsoid  to  roll  on  the  fixed  plane  with  its  centre  fijced. 

Sue  p  ronst  li   bat   aen  the  greate  t      d  lea^t  A'        I        t  the  utal 

11  p     d    t  f  II  w    th  t  (^/r         tlbteetlfett      dlt       mtsf 
t       f  tl     b  dy  4      1 

144      E      1      Vih      th    body  tbrn    odf       tot  bott.         t        f 

gra    ty  O  fi     i  p      t 

Alt       )      If  th      od  b        t 
bseii       t   m  t         f    m   P 
i        ba      pi  poa 

Th      yl     I      t      h      tl 
e         t  tb     p     t  J 

mg         t  b     t  th    ) 


thi     gh     t  th   m  t  Th  It      1      to  P         t 

145  P  t  tl  m  h  bee  p  d  th  pp  t  tl  t  tl  q  1 1 
T  and  G  are  constant,  but  when  the  body  is  acted  on  by  forces  and  both  T  and  (J 
vary,  the  theorems  do  not  altogetlier  lose  their  sigaificance.  It  is  still  trae  that  at 
each  instant  (Innng  the  motion  the  axis  of  the  resultant  couple  of  angular 
momentaiu  (i.e.  the  instantaneous  invariable  line),  is  ooinoident  in  direction 
with  the  perpendicular  on  the  tangent  plana  to  the  momental  ellipsoid  at  its  point 
of  iatarsection  with  the  instantaneous  axis;  also  the  angular  velocity  about  the 
invariable  line  is  always  equal  to  TjG  though  this  ratio  may  not  be  constant.  At 
any  instant  the  values  of  the  vis  viva  T  and  the  couple  G  are  given  by  the  equfttiona 


bo  t 
t      t 

ll          1 
th         g  1 

d                  Ua      yl    d      (V  I 
y    t     ght  1        Of  d  d  oe  th 
d     1         th  t  th        d      ill 

E          t         1  t  01      t  th 
It       b     t    JI      to   tw 

{   h    b  d 

n 

B          to 

es       t  m        th    g          t    )       d 
ll          Th    p     tJ        lealy 
Id           th                11    pi 

t,k{^)\ 


-^^K.^,  G=K- 


Converaely,  we  may  enquire  what  conditions  must  bold  amongst  the  impressed 
Drees  that  any  one  of  Poinsot's  theorems  may  hold  throughout  the  motion.  Let 
s  suppose  the  body  to  be  acted  on  by  a  couple  Q  whose  oomponents  about  the 
xes  are  L,  M,  N. 

(1)    If  we  examine  the  proof  in  Art.  137  by  which  T  is  proved  constant  when 
o  forces  act  on  the  body,  we  see  that 
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where  QOI  ie  the  angle  between  the  axis  OQ  of  the  Bouple  Q  and  the  h 
aids  01.  This  also  follows  at  once  from  the  principle  of  vis  viya,  since  Qu  cos  QOIdt 
ia  the  work  done  by  the  couple  Q  in  the  time  dt.  It  immediately  follows  that  T  is 
constant  when  tlie  moment  of  the  impressed  forces  aboat  the  instantaneous  axis  is 
always  aero.  When  this  is  the  case  u  is  proportional  to  r  throughout  the  motion. 
(2)  Beferring  again  to  Art.  137  we  eee  in  the  same  way  that 
^  =  ^(LA<o^  +  MB^^  +  NC^.,)^QcosQOL, 

where  QOL  is  the  angle  between  the  asis  OQ  of  the  couple  and  the  invariable  line 
OL.  It  follows  that  G  is  constant  when  the  impressed  forces  have  no  moment 
abont  the  invariable  line.    When  tliis  happens,  u  varies  as  the  product  pi'  through- 


it  then: 


the  iuvariable  line  OL  and   the   instantaneous 
of  the  eentrifugal  forces  for  the  reasons  given  in 


(3)  The  plane  contain 
axis  01  may  be  called  the  pk 
Vol.  1.  Chap.  T.  Art.  260. 

We  seo  that  both  T  and  0  aie  constant  when  the  plane  of  the  impressed  eoupli 
coincides  with  the  plane  of  the  centrifugal  forces.  When  this  is  the  case,  vi  varie! 
as  r,  and  p  is  constant  throughout  the  motion. 


E..1.     Slowth.,        jl-j.J 

sin  J 

'OL. sin  QOL. ix 

.sILQ. 

here  ILQ  is  the  angle  between  th   p 
lat  p  and  therefore  G=/r  is  oon 
ipressed  couple  on  the  plane  of    h 

L      iQOL 
n    h    p 
8           P 

immediately  follows 
of  the  asia  of  the 
he  invariable  lino. 

To  prove  this  we  take  the  logar   h 

A 

ff     n 
1         V    find 

r/G^,  and  substitute 

r  dTjdt  and  dGjdt  the  vaiues  giv 

pd       A      V 

QOI 

-Scos^'-l) 

By     m  mbe      g  h  tp    =       lOL 

\ 

g     will. 

f    m  1         pi          I 

Ur      Iiiaiul;^             pi       Le    th     b   1       hi 

m  t        be  actel         b 

mp  1               pi       h  se        m     t        I       a      /w 

ji             1    1     d      1             h 

Ita      aj!       f          I                    m      T    fi  d  th 

h     g         th    m  t 

Thbdybg           7  P     t              fited 

tto   est  by    pily    g           pi 

eq     1  t        6-       il  th           t  th    1     ly    g              m  t 

hy    pply    g  tl           pi    Q    I 

th        m    pi         (Ait   140)     It         lea    tl    t 

th     t       m  t               pe<.ti    ly 

g       ratel  f                  b    th          p  1                 pi      0- 

1  0     7   th         pecti          g  1 

Its              )    b     tth                    mth 

t       f  th         [1         Th    km  to 

g              th      f             tl         t       t  tl       q 

1  th          pi      (A  t    140       It 

mm  di  t  1     t  11         f         P                       t 

1    t  tl     t       m  t         h        tl  e 

m                bl    1        th       m         t     t                XI 

d   h    sam    pe  p     d      1      J) 

th    t     g     tpl 

Th    fi    d  pi                 h   h  th      II  p     d      lis 

t      t  d  by  1          Bile 

p    p    d    ul      t    th               W    1               d   t 

p  (        th    fi    d  p        and  th  B 

h        ne    Up      {      tL              1                  1 

pi           Th    p  th           lae        e 
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times  taken  in  the  tv,n  oi^pi  to  liavel  (rom  one  tivm  petition  U 
inversely  in  this  ratio 

146  a  If,  instead  ot  a  ainulo  impulse,  the  boily  is  acted  on  bj  a 
ooupie  y  uhose  atf  is  aliiay^  the  >ei.uUaat  axis  of  angular  laomentuai  t.e  treat 
Q  as  a  BUceBsion  of  small  impulBee  by  writing  1=  Qdt  and  integratiiiR  the  result 
The  effect  of  such  a  couple  is  not  to  altei  tlie  motion  of  the  bodj  in  space  but  to 
iuorease  the  resultant  anRulai  momentum  by  jQdt.  If  G  is  the  resultant  angular 
momentum  at  the  time  t  then  Q  —  dGldt.  It  dl  and  dt,  are  the  times  of  transit 
&om  any  one  given  position  to  the  next  wheu  the  angu'ar  momenta  are  respectively 
the  variable  G  and  any  em<itant  G     then  Odt     G^dtj. 

147.    Resistance        tli    air     W     h  loee  that  the  resistance  of  the  air 

may  be  rep         to  h     mp      sed  ui,,  jcBioa,  kCus  acting  round  the 

principal  a  h  B  we  make  some  allowance  for  the 

shape  of  the    ody  ooity,  see  Vol.  i.  Art.  27. 

Since  th    m  m  p     is    G  and  its  aiis  coincides  with  that 

of  the  coup  g         m  m        ra  f[  the  motion  may  be  deduced  from 

Art    146o   by   putting   Q=-*G     We  then  have  dGjdt  -  -  ^G  anl  therefire 
G  —  0,i~"  where  Gj  is  the  mitial  angular  momentum 

The  bod  J  eontm-u'j  to  vtoie  it  spice  is  if  m  a  va,cvum  but  with  a  ontinually 
decreasing  angular  velocity  If  (  and  t,  aie  the  times  of  arriving  at  any  gnen 
position  in  thn  miidinm  tul  ii  a  v  icnum  respeotnclv  we  hive  Olt  —  G  It^  and 
theretore  iiti  — 1     t  ■■' 

14S  A  fixed  couple  Ex  A  bodi  at  rest  tree  to  move  al  out  a  fixed 
pomt  O  IS  actpi  rn  bj  a  couple  Q  uhme  axis  is  fixed  m  space  Find  the  motion 
H  we  take  the  ails  of  the  couple  as  the  axis  of  *,  the  equations  ot  motion 
refeired  to  fixed  axes  are  ihjlt=0  dhildt=0  ihJdt-Q  (Art  10)  With  the 
given  initial  conditions  these  show  that  h^  —  0  hg  =  0  h^-jQU  It  follows  that 
the  r'siiUant  ojii  of  angular  iiomentuia  throughout  the  iioiion  n  tie  fix  I  ana 
of  the  eoipie  Q  and  if  G  be  the  angular  momentum  at  the  time  f  Q  —  dGjdt 
By  the  prmciple  of  vis  viva  (Art   14o|    we  have 

1 dT_ 

dt  O' 


^•^  =  «„oosLOI=^^, 


where  £  is  a  constant  which  depends  on  the  initial  position  of  the  body  relatively 
to  the  asia  of  the  couple  Q  (Art.  142).  Since  p^^KTjG''  (Art.  143),  the  ellipsoid 
rolls  on  a  fised  plane. 

149.  The  Folhode.  To  assist  our  conception  of  the  motion 
of  the  body,  let  us  suppose  it  so  placed,  that  the  plane  of  the 
couple  G,  which  would  set  it  in  motion,  is  horizontal.  Let  a 
tangent  plane  to  the  momental  ellipsoid  be  drawn  pai-allel  to  the 
plane  of  the  couple  G,  and  let  this  plaoe  be  fixed  in  space.  Let 
the  ellipsoid  roll  on  this  fixed  plane,  its  centre  remaining  fixed, 
with  an  angular  velocity  which  varies  as  the  radius  vector  to 
the  point  of  contact,  and  let  it  carry  the  given  body  with  it.  We 
shall  then  have  constructed  the  motion  which  the  body  would  have 
assumed  if  it  had  been  left  to  itself  after  the  initial  action  of  the 
impulsive  couple  G*.     See  Fig.  (1). 

■  Sylvester  has  pointed  out  a  dynamical  relation  between  the  free  rotating  body 
and  the  ellipsoidal  top,  as  he  calls  Poinsot's  central  ellipsoid.  If  a  material  ellip- 
soidal top  he  oonstructed  of  uniform  density,  similar  to  Poinsot's  central  ellipsoid, 
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The  point  of  contact  of  the  ellipsoid  with  the  plane  on  wliich 
it  rolls  traces  out  two  curves,  one  on  the  surface  of  the  ellipsoid, 
and  one  on  the  plane.  The  first  of  these  is  fixed  in  the  body  and 
is  called  the  polhode,  the  second  is  fixed  in  space  and  is  called  the 
herpolhode.  The  equations  of  any  polhode  referred  to  the  prin- 
cipal axes  of  the  body  may  be  found  from  the  consideration  that 
the  length  of  the  perpendicular  on  the  tangent  plane  to  the  ellip- 
soid at  any  point  of  the  poihode  is  constant.  Taking  the  expres- 
sions for  this  perpendicular  given  in  Art.  143  we  see  that  the 
equations  of  the  polhode  are 

o  p^  I 

After  eliminating  y,  wc  have 

A{A  - B)x'  +  C(C ~ B)z'  =  (^ - B\  K. 

Hence  if  B  be  the  axis  of  greatest  or  least  moment  of  inertia, 
the  signs  of  the  coeflicients  of  w'  and  z^  will  be  the  same,  and  the 
projection  of  the  polhode  will  be  an  ellipse.  But  if  B  be  the 
axis  of  mean  moment  of  inertia,  the  projection  is  a  hyperbola, 

A  polhode  is  therefore  a  closed  curve  drawn  round  the  axis  of 
greatest  or  least  moment,  and  the  concavity  is  turned  towards  the 
axis  of  greatest  or  least  moment  according  as  G'/T  is  greater  or 
less  than  the  mean  moment  of  inertia.  The  boundary  line  which 
separates  the  two  sets  of  polhodes  is  that  polhode  whose  projection 
on  the  plane  perpendicular  to  the  axis  of  mean  moment  is  a 
hyperbola  whose  concavity  is  turned  neither  to  the  axis  of  greatest, 
nor  to  the  axis  of  least  moment.  In  this  case  G^  =  BT,  and  the 
projection  consists  of  two  straight  lines  whose  equation  is 
A(A-B)af'-C{B-G)2:'  =  0. 

This  polhode  consists  of  two  ellipses  passing  through  the  axis 
of  mean  moment,  and  corresponds  to  the  case  in  which  the  per- 
pendicular on  the  tangent  plane  is  equal  fco  the  mean  axis  of 
the  ellipsoid.     This  polhode  is  called  the  separating  polhode. 

Since  the  projection  of  the  poihode  on  one  of  the  principal 
planes  is  always  an  ellipse,  the  polhode  must  be  a  re-entering 
curve. 

Supposing  the  principal  moments  A,  B,  G  bo  be  in  descending 
order  and  the  axis  of  0  placed  in  a  vertical  position,  figure  (2)  is  a 

and  if  willi  ita  centre  fiaed  it  be  set  rolling  on  a  perfectly  rongh  horizontal  piane,  it 
will  repteaent  tbe  laotion  of  tha  free  rotating  body,  not  in  space  only,  but  also  in 
time ;  the  body  and  the  top  may  be  conceived  as  eontinually  moving  round  the  same 
axis,  and  at  the  same  rate,  at  eseh  moment  of  time.  The  reader  is  referred  to  the 
memoir  in  the  PML  Trans,  for  1866.  There  is  also  a  note  by  Perrera  on  this  subject 
in  liie  Pkil.  TTans.  1869. 
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rough  sketch  of  that  half  of  the  polhodeE  which  is  viewed  by  an 
eye  placed  in  the  positive  octant  not  far  from  the  axis  of  B.  The 
arcs  ABA',  GBG',  AOA'  represent  the  principal  sections,  B  being 
the  positive  end  of  the  mean  axis.  The  remaining  arcs  represent 
the  two  sets  of  polhodea  separated  from  each  other  by  the  separa- 
ting polhodes  8S',  TT. 


The  termB  polhode  and  herpolliode  are  due  to  Poinsot,  TMorie  nauvelle  de  la 
rotation  des  corps,  1834  and  1852. 

150.  Let  a  length  OP  be  meaaured  bo  that  tte  coordinates  {x,  y,  z)  of  F  represent 
in  the  nsual  manner  the  magnitudes  and  signs  of  (ui,  uj,  idj).  The  point  P  will 
then  trace  ont  a  curve  in  the  body  and  another  in  space.  These  curves  flike  the 
hodograph  in  "particle  dynamiea")  exhibit  geometrical!;  the  changes  of  the  inetaii- 
taneous  axis  and  the  variations  of  the  angular  velocity.  When  no  forces  act  on  the 
body,  these  curves  are  similar  to  Poineot's  polhode  and  herjiolhode.    We  have 


X       y       ^       r      Sj  K 
i  been  chosen  to  adapt  the 


...(1) 


wheie  th"  fin; 
ellip'ioid 

Tj  hi  a  the  motion  of  the  point  P  along  the  polhodi 
substitute  from  (1)  in  any  of  the  equations  of  Art.  137. 


3  the  m  imental 


dx         B-C     IT 


BC 


(A-C){A- 
it  vanish  simultaneously  It  it 


Since  drjit,  dyjdt,  dsjdt  a 
equations  thit  the  instantaneous  axis  moves  continuously  along  its  polhode  without 
any  halting  or  change  in  the  direction  of  its  motion.  This  ia,  of  course,  also 
obviouB  fiim  Fig.  (1)  for  as  the  angular  veloeily  about  the  instantaneous  axis  01 
cannot  change  sign  without  yaniahing  and  therefore  contradicting  the  equation  of 
via  viva  (Art.  137  (1)),  the  point  J  must  continuously  describe  both  its  polhode  and 
herpolhode. 

Again  since  the  sign  of  dsjdt  for  every  polhode  is  positive  or  negative  according 
as  the  product  x^  is  positive  or  negative,  we  see  that  for  that  portion  of  the  polhodes 
represented  in  the  figure  the  eitremitj  of  the  instantaneous  axis  moves  up\yards  or 
downwards  according  as  it  is  on  the  right  or  the  left-hand  side  of  the  are  CC. 
These  direotiona  are  indicated  by  the  arrows. 
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Ex.    Let  the  plane  containing  the 
an  aJigle  i/-  with  the  plane  COA ;  prove  that 

'  dt 


■-'iii  = 


We  deduce  from  either  of  these  values  of  dtfildi  the  follotcing  rule.  Let  the 
extremitiee  of  the  instautaneoas  axis  be  describing  pnlhodea  which  enclose  the  axis 
C'OC,  where  C  ia  either  the  greatest  or  leaet  moment  of  iaertia,  and  let  B  be  one  of 
the  other  momeate.  The  inetantaneotts  aiiis  then  moves  rotind  C'OC  in  the  positive 
or  negative  direction  according  as  Wj  {C  -  B]  is  positive  or  negative. 


150a.     The  time  occupied  by  the  instantaneous  a 
any  arc  of  the  polhode  has  already  been  found  in  Art,  139.     It  is 

there  proved  that  X (( —  t)  =  i  -j:- ,„.„,.  where  the  limits  are 

J  V(l  -  K^sin'^) 
0  to  <f>.  We  see  by  equation  (4)  of  that  article  that  when  <^  =  0, 
and  therefore  t  =  T,  we  must  have  wj  =  0  also.  The  instantaneous 
axis  is  then  at  that  point  of  the  polhode  which  intersects  the  plane 
AOG,  that  is,  the  plane  containing  the  greatest  and  least  axes  of 
inertia. 

When  the  instantaneous  axis  arrives  at  the  plane  AOS,  the 
component  Wj  of  angular  velocity  is  zero  and  therefore  by  (4)  of 
Art.  139  (j>  —  ^Tr.  The  time  occupied  iy  the  instantaneous  axis  in 
passing  from  any  principal  plane  to  the  necet  (which  is  one-fourth 

of  the  whole  time  of  revolution)  is  therefore  -\    ,,-■■-,!-„., 
\j  V(l  -  *  sm'^  ^) 
where  the  limits  are  0  and  \-rr. 

160  h.    Es.   1.     A  reetangli 
velocity  Si,  prove  that  it  will  I 
d-jj 


^.h 


where  tl:o  limits  are  0  to  Jir,  and  tann  is  the 


of  the  smfjler  to  the  longer  side.  ICoU.  Bsam.  1903. 

Ex  2  A  body  is  set  rotating  with  an  initial  angular  velocity  n  about  an  axis 
whioh  leiy  nearly  eoineidfs  with  a  jirincipal  axis  OC  at  a  fixed  point  O.  The 
motion,  of  the  inatantaneons  axis  in  the  body  may  be  found  by  the  following 
formalae  Let  a  sphere  he  described  whose  centre  is  O.  and  let  I  he  the  extremity 
of  the  radius  vector  which  is  the  instantaneous  axis  at  the  time  t.  If  (x.  y)  be  the 
euurdmites  of  the  projection  of  I  on  the  plane  AOB  referred  to  the  principal  axes 
04   OB  then  x=  JB(B- C)  L&ia {put  +  M), 

y^^A{A-C)Lcos{pnt-l-  M}, 
where  p^-(B-  C){A-C)IAB,  and  L,  M  are  two  arbitrary  constants  depending  on 
the  initial  values  of  x,  y. 

To  obtain  these  results  we  recur  to  Euler's  eq.uatlonH,  Art.  137,  and  put  wj=n, 
bii=nx,  a^—ny.     The  equations  aie  then  linear. 

It  appears  from  this  result  that  the  instantaneous  axis  makes  a  complete 
revolution  in  the  body  in  the  time  Sir/pn  while  the  body  turns  round  the  asis  OG 
in  the  time  27r/M.  The  ratio  of  these  times  is  l/p  and  is  therefore  independent  of 
the  initial  conditions,  and  depends  only  on  tlic  momenta  of  inertia. 

Es.  3.    If  m  the  last  question  L  be  the  point  in  which  the  sphere  cuts  the 
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invariable  line,  if  (p,  S)  be  the  splierical  polar  cc 
L  as  origin,  E.nd  a  the  radius  oE  the  sphere,  thei 

150  c.    En.  1.    When  the  insta       eo       xi    < 
angular  Telocity  u  varies  between  mi 

the  ratio  of  the  maximum  to  the  m     mm 
unity  to  (^  +  C  -  B)  BjA  G  as  the  polhod         h         c 
of  either  of  the  ases  ot  ^  or  C  to  o  te       h 

also  that  this  maximum  Talue  of  /^ 


T  GT~ff'  faMt 
7'+  CO  j^- 
given  polhocie,  the 


1  h        h  t  p'  i 

h         d  p    nt  at  the  esfcemity 

te  h  h  p  ng  polhode.  Show 
tbau2. 
[Koenigs,  Balietin  de  la  Soci4t6  Mathematique  de  France,  1890. 
By  using  Poinsot's  theorem  we  may  deduee  the^e  results  from  oonios.  Let 
0?,  b',  «5  be  proportional  to  the  reoiprooais  of  A,  B,  C.  Let  the  polhode  be  ooneave 
to  the  a^  of  C ;  we  noti<!e  that  the  greatest  and  least  radii  veclores  lie  in  the 
planes  of  symmetry  AC,  BC.  The  length  r  of  the  radius  vector  in  the  plane  AC  is 
given  by  a^c^jp'—a'  +  c^-r^,  the  value  ot  p  being  known  when  the  polhode  is  given. 
The  length  r'  in  the  plana  BC  is  given  by  a  similar  formula  with  6  writtea  for  a. 


r2/i^,wefindp=  =  |i^ 


-i  and  the  reaulta  follow  wi'ihoiit  difficulty. 


u  of  the  two  quadriea 

Determine  if  it  can  be  a  polhode. 

By  differentiating  li,  a'  we  see  that  irfie/iit  ifto.  must  be  proportional  to  l  =  bc'  -  b'c, 
m=&e.,  n=&o.  But  if  the  curve  ia  a  polhode,  a&e/dt  &c.  muat  also  be  pcoporlional 
to  {B  -  CJIA  *o.  (4rt.  150).  We  therefore  have  the  three  linear  equations ff^i^B  -  C, 
KBja=C'-A,KCn-A-B;  whence -^'=(I  +  m+n)/(«m.  The  values  ot  if  are  real 
if  the  right-hand  side  ot  this  eciuation  is  negative.  Supposing  this  to  be  the  case, 
two  sets  of  ratios  of  A,  B,  C  can  be  deduced  from  the  linear  equations  showing  that 
there  are  two  bodies  which  -can  have  the  given  curve  for  a  polhode.  That  either 
body  should  be  veal  it  is  also  oecesaary  thit  A,  B,  G  should  be  positive  and  that  the 
sum  ot  any  two  should  be  greater  than  the  third.  A  purely  analytical  prool  is  given 
by  Darboux,  Coiifplei  Rendus,  1883,  Vol.  c. 

The  relation  of  these  two  ellipsoids  to  each  other  is  considered  in  Art.  174,  &e. 

150  d.  Ex.  1.  A  point  P  moves  along  a  polhode  traced  on  an  ellipsoid,  show 
that  the  length  of  the  normal  between  P  and  any  one  of  the  principal  planes  at  the 
centre  is  constant.  Show  also  that  the  normal  traces  out  on  a  principal  plane  a 
conic  similar  to  the  focal  oonio  in  that  plane.  Also  the  measare  of  curvature  of  au 
ellipsoid  along  any  polhode  is  constant. 

Ex.  2.  Show  that  the  straight  tine  OJ  whose  (lirection  cosines  are  proportional 
to  dbijdt,  du^ldt,  duijjdt,  lies  in  the  diametral  plane  of  the  invariable  line  and  is  at 
right  angles  to  the  invariable  line.  Show  also  that  the  sura  of  the  squares  of  these 
quantities  is 

where  p-,,  p^,  p,  are  the  sums  of  the  products  of  the  quantities  A,  B,  O  taken 
respectively  one,  two  and  three  together, 

Ex.  3.  Show  that  the  resolved  pressures  P,  Q,  R  on  the  fixed  point  0  in  the 
directions  of  the  principal  axes  at  0  are  given  by 

p= -.,.,» (j-Ei;<i+«,.,.(c-Ji;ii+.,i.,»+".i)-i»,"+",")« 

with  similar  expressions  for  Q  and  E,  where  x,  y,  z  are  the  coordinates  of  the  centre 
ot  gravity  Q,  and  A,  B,  G  are  the  principal  n 
K.  D.     II. 
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Theuoe  show  that  the  pressm-e  6n  0  is  equivalent  to  two  forces  (1)  a  foree 
W^.  GK  which  aots  perpendionlar  to  the  plane  OGK,  where  OK  is  the  porpendieular 
drawn  from  6  on  tbe  straight  line  OJ  described  in  the  last  example,  (2j  a,  force 
u''.  GH  acting  parallel  to  GH  where  OH  is  a  perpendicular  from  G  on  the  instan- 
taneous axis. 

151.  The  Herpolhode.  Since  tlie  iierpolhode  is  traced  out 
by  the  points  of  contact  of  an 

ellipsoid  rolling  about  its  centre 
on  a  fixed  plane,  it  is  clear  that 
the  herpolnode  must  always  He 
between  two  circles  which  it 
alternately  touches.  The  com- 
mon centre  of  these  circles  will 
be  the  foot  of  the  perpendicular 
from  the  fixed  centre  0  on  the 
fixed  plane.  To  find  the  radii 
let  OL  be  this  perpendicular, 
and  /  be  the  point  of  contact. 
Let  LI  =  p.  Then  we  have  by 
Art.  143. 

The  radii  will  therefore  be  found  by  substituting  for  w^  its 
greatest  and  least  values.  But  by  Art.  138,  these  limits  are  X^, 
and  the  greater  of  the  two  quantities  Xi,  \.. 

The  herpolhode  is  not  in  general  a  re-entering  curve;  but  if 
the  angular  distance  of  the  two  points  in  which  it  successively 
touches  the  same  circle  be  commensurable  with  277,  it  will  be 
)-e-entering,  i.e.  the  same  path  will  be  traced  out  repeatedly  on  the 
fixed  plane  by  the  point  of  contact.  Some  ffeometrical  properties 
of  the  herpolhode  will  be  found  among  the  notes  at  the  end  of 
tlie  volume. 

152.  MacCuUagh's  ConBtructlon,  To  explain  MacGul- 
lagh's  representation  of  the  motion  hy  means  of  the  ellipsoid  of 
gyration. 

This  ellipsoid  is  the  reciprocal  of  the  momental  ellipsoid  with 
regard  to  a  sphere  of  radius  (K/M)^,  and  the  motion  of  the  one 
ellipsoid  may  be  deduced  from  that  of  the  other  by  reciprocating 
the  properties  proved  in  the  preceding  Articles.     We  find, 

(1)  The  equation  of  the  ellipsoid  referred  to  its  principal 
axes  is  J+i+S-M- 

(2)  This  ellipsoid  moves  so  that  its  superficies  always  passes 
through  a  point  fixed  in  space.  The  point  lies  in  the  invariable 
line  at  a  distance  G-j\/MT  from  the  fixed  point.     By  Art.  138  we 
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know  that  this  distance  is  less  than  the  greatest,  and  greater  than 
the  least  semi-diameter  of  the  ellipsoid. 

(3)  The  perpendicular  on  the  tangent  plane  at  the  fitted  point 
is  the  indantaneous  a-vis  of  rotation,  and  the  angular  velocity  of 
the  body  varies  inversely  as  the  length  of  this  perpendicidar.     If  p 

1      /T 
be  the  length  of  this  perpendicular,  then  <*•  =  "*/"«■ 

(4)  The  angular  velocity  about  the  invariable  line  is  coiistant 
and  =  TIG. 

The  corresponding  curve  to  a  polhode  is  the  path  described  on 
the  moving  surface  of  the  ellipsoid  by  the  point  fixed  in  space. 
This  curve  is  clearly  a  sphero-conic.  The  equations  of  the  sphero- 
conic  described  under  any  given  initial  conditions  are  easily  seen 

Qi  ^  yS  ji!  \ 

tob.  «.  +  y  +  ..-_^,  3  +  |  +  B  =  j. 

These  sphero-conics  may  be  shown  to  be  closed  curves  round 
the  axes  of  greatest  and  least  moment.  But  in  one  case,  viz. 
when  G^IT=  B,  where  B  is  neither  the  greatest  nor  the  least 
moment  of  inertia,  the  sphero-conic  becomes  the  two  central 
circular  sections  of  the  ellipsoid  of  gyration. 

The  motion  of  the  body  may  thus  be  constructed  by  means  of 
either  of  these  ellipsoids.  The  momental  ellipsoid  resembles  the 
general  shape  of  the  body  more  nearly  than  the  ellipsoid  of 
gyration.  It  is  protuberant  where  the  body  is  protuberant,  and 
compressed  where  the  body  is  compressed.  The  exact  reverse  of 
this  is  the  case  in  the  ellipsoid  of  gyration.     See  Vol.  I.  Art.  27. 

152a,  CteonutTlcol  TraiuBinnatloiis.  There  are  other  methoila  of  trans- 
lating Poinsot'a  conBtruotion  into  geomehicai  representations  of  the  motion  besides 
that  of  reoiprooation. 

Si.ippoBe  that  the  two  surfaces  whose  equations  are 

,^-/(«'*).  ,^=-f(*.*) w. 

touch  each  other  at  the  extreialtj- 1  of  a  radius  vector  01,  defined  by  9-S-,,  ifi^ip,. 
Then  r,  drjdS,  drjdiji  when  deduced  from  the  two  equations  are  eiiual  each  to  each. 
If  M-e  change  the  equfitions  (1]  by  writing  x(»'')  f™'  M'"'  "i^  '"o  surfaces  tlins 
obtained  will  intersect  at  a  point  I'  situated  on  01  and  at  this  point  the  values 
of  dr'jde  and  dr'/rf^  will  still  lie  equal  each  to  eaoh.  The  two  transformed  surfaces 
will  therefore  touch  each  other  at  I'. 

Since  the  momental  ellipsoid  always  touches  a  fixed  plane  wo  may  use  thi:^ 
transformation.  Let  (I,  m,  n)  be  the  direction-eosinee  of  07,  then  if  we  write 
K'lr'--H  for  ff/)'^,  the  ellipsoid  becomes 

or  {A  +  H)x-^-^[B  +  H)y''  +  {C  +  H)z'=K'   (2) 

which  is  any  ooncyclic  qnadrie. 

The  polar  equation  of  the  fixed  plane  when  vefeiTed  to  the  invariable  line  or 
as  axis  of  z,  is  i-coa  S=}i  wliove  ))  is  the  perpendicular  on  the  plane.  After  the 
change,  this  becomes 

5o„....j:-,, ,»,, 
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which  is  a  spheroid  having  the  invariable  line  as  the  asia  of  tevolulion.  Let  ^ 
be  the  semi-ssis  of  revolution,  a  the  perpendicular  eemi-axia,  then  bj  putting 
e  =  0  and  Iff  in  succession  we  find 

E'i^^Kjp^  +  H,  K'lo^^B (4). 

lor  axis  whan  II  is  positive.    If  we  write  Hp^=  -K 

[neR  a  right  ciroalar  cylinder 

th  J  li      11  p     d  t      h      th      pi        d    t  ih        t    mity  I      f  ih 

th  07     f    h     b   1/        J  b      o)  i  bj    nai  he 

llpmd      II         I    fi    d   }l       d      &  g  1         1      ty  1  tl    t 

i/OI      IT     F     ea  h  p  Ih  d    th  dff       t    ih      d   j    t 
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The  ellipsoid  ot  gyration  moves  so  as  always  to  tonch  a  point  L  fixed  in  spac 
Let  ns  now  project  the  point  L  on  a  plane  passing  through  the  as  a  of  mean 
moment  and  making  an  e,ngle  a  with  the  axis  of  greatest  moment.  Th  $  p  ojeot  a 
may  be  effected  by  drawing  a  Gtraight  line  pai'allel  to  either  the  axi  of  greatest 
moment  or  least  moment.  We  thus  obtain  two  projeotions  which  e  w  11  11 
P  and  Q.  These  points  will  be  iu  a  plane  PQL  which  is  always  perpend  oula  to 
the  asis  of  mean  moment.  As  the  body  moves  about  0  the  point  L  deso  be 
the  surface  of  the  ellipsoid 
of  gyration  a  sphero-conic 
KK',  and  the  points  P.  Q 
describe  two  curves  pp', 
qq'  on  the  plane  of  projec- 
tion OBD.  If  the  aphcro- 
conic,  as  in  the  figure, 
enclose  the  extremity  A 
of  the  axis  of  greatest 
moment,  the  curve  inside 
the  ellipsoid  is  formed  by 
the  projection  parallel  to 
the  Biis  of  greatest  mo- 
ment, but  if  the  sphero- 
conic  enclose  the  axis  of 
least  moment,  the  inner 
curve  is  formed  by  the 
projection  parallel  to  that 
axis.  The  point  P  which 
describes  the  inner  curve 
willobviously  travel  round  '' 
its  projection,  while  the  point  Q  whicli  desei 
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be 

tweec  two  limits  ohtained  hy  di-a.' 
lints  where  it  cuts  the  axis  of  me 
Sitioe  the  direction -oosiDes  of  OL 

.ving  tangents  ti 
an  moment, 
are  proportional 

0  the  inner  projection  at  t> 
to  Aa^,  Suj,  Cu,  it  is  eaa;  1 

e  that,  if  3;,  ij, 

,  5  are  the  coordinates 

•'"■■    2%' 

,..(1 

Let  OP^p, 
oontftining  the 
direction  BD  i 

OQ  =  p',  and  let  the  angles  these  radii 
axes  of  greatest  and  least  moment  1 
:0  that  DOP=-^,  DOQ^-,p':    we 

vectorea  make  with  tlif 
then  have 

plai 
in  tl 

-psin 

4>  =  y  =  B^,(3IT)-K 

pcos^s 
-p'sin*' 

rino,=s  =  C<^(MT)-S„ 

■(3), 
.(3). 

It  is  proved  in  treatises  on  solid  geometry  that,  if  the  plane  on  whieh  the 
projection  is  made  is  one  of  the  circular  aeotions  of  tlie  ellipsoid,  the  projections 
will  be  circles.  This  result  may  be  veliGed  hy  finding  p  or  p'  from  these  equations. 
Bemembering  that  p  and  p'  are  constants,  let  us  substitate  in  Ealer's  equation 

Bdajdt -  {C -  A)  a,u,=0 
from  (2]  and  the  firat  of  equations  (3).     We  have 

Since  p' COS  ^'  is  tlie  ordinate  of  Q,  we  see  that  the  velocitij  of  F  varies  as  the 
ordinate  of  Q,  and  in  the  same  icay  the  velocity  of  Q  varies  as  the  ordinate  of  P. 
To  find  the  constants  p,  p'  we  notice  that  p  is  the  value  of  y  obtained  from  (he 
equations  to  the  sphero-conic  when  2  =  0.     W«  thus  have 

^_{AT-G^)B  „_(G'^-CT)B 

^~m.T{A~B)'        ''   ~  MT{B-C)' 

the  latter  being  obtained  from  the  former  by  interchanging  the  letters  A  and  C. 

/velocityN      sJa-B    f.--    ,-,7!,  /ordinateX 

U<«  J- V3S^         V  ■>"  7-     

154.  Since  p'  sin  ^'  =  p  sin  iji,  we  have  by  substitution  ;^=  ^  \/  ^~  -i  ^'^  ^' 
where  >?  has  the  same  value  as  in  Art.  139.  Let  us  suppose  iji  espresaed  in  terms 
of  t  by  the  elliptic  integral  A 


Vi-,4-i«-* 


so  that  ^  =  amX(i-r).     Substituting  this  value  of  ^  in  equations  (2)  or  (it),  we 
obtain  the  values  of  w,,  w.j,  wg  expressed  in  terms  of  the  time. 

155.  Stability  of  Rotation.  If  a  body  be  set  in  rotation 
about  any  principal  axis  at  a  fixed  point,  it  will  continue  to  rotate 
about  that  axis  as  a  permanent  axis.  But  (Ae  three  principal 
axes  at  the  fixed  point  do  not  possess  equal  degrees  of  stability. 
If  any  small  disturbing  cause  act  on  the  body,  the  axis  of  rotation 
will  be  moved  into  a  neighbouring  polhode.  If  this  polhode  be 
a  small  nearly  circular  curve  enclosing  the  principal  axis,  the 
instantaneous  axis  will  never  deviate  far  in  the  body  from  that 
principal  axis.  The  herpolhode  also  will  be  a  curve  of  small 
dimensions,  so  that  the  principal  axis  will  never  deviate  far  from 
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;i  straight  line  fixed  in  space.  In  this  case  the  rotation  is  .said  to 
be  stable.  But  if  the  neiglibourjag  polhode  be  not  nearly  circular, 
the  instantaneous  axis  will  deviate  far  from  its  original  position  ia 
the  body.  In  this  case  a  very  small  disturbance  may  produce  a 
very  great  change  in  the  subsequent  motion,  and  the  rotation  is 
said  to  be  unstable. 

If  the  initial  axis  of  i-otation  be  the  axis  OB  of  mean  moment, 
all  the  neighbouring  polhodes  have  their  convexities  turned 
towards  S.  Unless,  therefore,  the  cause  of  disturbance  be  such 
that  the  axis  of  rotation  is  displaced  along  the  separating  polhode, 
the  rotation  must  be  unstable.  If  the  displacement  be  along  the 
separating  polhode,  the  axis  may  have  a  tendency  to  return  to  its 
original  position.  This  case  will  be  considered  a  little  furthei'  on, 
and  for  this  particular  displacement  the  rotation  may  be  said  to 
be  stable. 

155  (I,  If  the  axis  of  rotation  be  the  axis  of  greatest  or  least 
moment,  the  neighbouring  polhodes  are  ellipses  of  more  or  less 
eccentricity.  If  they  are  very  elliptical  the  instantaneous  axis,  if 
disturbed  nearly  in  the  direction  of  the  minor  axis,  will  travel  far 
from  the  principal  axis,  that  is,  far  in  comparison  with  the  original 
displacement.  In  this  case  the  motion  may  be  called  unstable. 
If  OG  be  the  principal  axis,  the  ratio  of  the  squares  of  the  axes  of 

the  neighbouring  polhode  is   0-7-5 — -pz  and  it  is  then  necessary 

for  stability  that  this  ratio  should  not  differ  much  from  unity. 

It  may  be  observed  that  in  another  sense  of  the  word  cither  of 
these  principal  axes  may  be  called  stable,  because  however  far  the 
instantaneous  axis  may  recede  from  the  principal  axis  it  will 
continually  return  to  its  immediate  neighbourhood  after  a  fixed 
interval.  But  in  these  distant  deviations  other  forces  (which  are 
evanescent  while  the  instantaneous  axis  is  close  to  the  principal 
axis)  may  come  into  play  and  be  of  sufficient  magnitude  to  alter 
the  character  of  the  motion.  Practically  therefore  the  conditions 
of  steadiness  require  that  the  neighbouring  polhodes  should  be 
nearly  cii'cular. 

156.  It  is  well  known  that  the  steadiness  or  stability  of  a  moving 
body  is  miich  increased  by  a  rapid  rotation  about  a  principal  axis. 

The  reason  of  this  is  evident  from  what  precedes.  If  the  body 
be  set  rotating  about  an  axis  very  near  the  principal  axis  of 
greatest  or  least  moment,  both  the  polhode  and  herpoihode  will 
generally  be  very  small  curves,  and  the  direction  of  that  principal 
axis  of  the  body  will  be  very  neai'ly  fixed  in  space.  If  now  a 
small  impulse  /act  on  the  body,  the  effect  will  be  to  alter  slightly 
the  position  of  the  instantaneous  axis.  It  will  be  moved  from  one 
polhode  to  another  very  near  the  former,  and  thus  the  angular 
position  of  the  axis  in  space  will  not  be  much  affected.     Let  li 
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be  the  angular  velocity  of  the  body,  a  that  generated  by  the  im- 
pulse, then,  by  the  parallelogram  of  angular  velocities,  the  change 
in  the  position  of  the  instantaneous  axis  cannot  be  greater  than 
sin~^  (o»/ii).  If  therefore  li  be  great,  m  must  also  be  great,  to 
produce  any  considerable  change  m  the  axis  of  rotation.  But  if 
the  body  have  no  initial  rotation  fl,  the  impulse  may  generate  an 
angular  velocity  &>  about  an  axis  not  nearly  coincident  with  a 
principal  axis.  Both  the  polhode  and  the  herpolhode  may  then 
be  large  curves,  and  the  instantaneous  axis  of  rotation  will  move 
about  both  in  the  body  and  in  space.  The  motion  will  then  appear 
very  unsteady.  In  this  manner,  for  example,  we  may  explain  why 
in  the  game  of  cup  and  ball,  spinning  the  -ball  about  a  vertical 
axis  makes  it  more  easy  to  catch  on  the  spike.  Any  motion 
caused  by  a  wrong  pull  of  the  string  or  by  gravity  will  not  produce 
so  great  a  change  of  motion  as  it  would  have  done  if  the  ball  had 
been  initially  at  rest.  The  fixed  direction  of  the  earth's  axis  in 
space  is  also  due  to  its  rotation  about  its  axis  of  figure.  In  rifles, 
a  rapid  rotation  is  communicated  to  the  bullet  about  an  axis  in 
the  direction  in  which  the  buUet  is  moving.  It  follows,  from 
what  precedes,  that  the  axis  of  rotation  will  be  nearly  unchanged 
throughout  the  motion.  One  consequence  is  that  the  resistance 
of  the  air  acts  in  a  known  manner  on  the  bullet,  the  amount  of 
which  may  therefore  be  calculated  and  allowed  for.  The  steadi- 
ness of  a  body  rotating  about  a  principal  axis  is  well  shown  by  an 
experiment  on  some  of  the  common  forms  of  gyroscopes.  When 
the  wheel  has  considerable  mass  and  is  rotating  with  great  velocity 
a  blow  of  considerable  magnitude  will  hardly  produce  a  visible 
disturbance. 


On  the  (Jones  described  hy  the  Invariable  and  Instantaneous  Axes 
treated  by  Spherical  Trigonometry. 

157.  There  are  various  ways  in  which  we  may  study  the 
motion  of  a  body  about  a  fixed  point.  We  may  have  recourse  to 
the  properties  of  an  ellipsoid  as  Poinsot  and  MacCullagh  have 
done.  But  we  may  also  use  a  sphere  whose  centre  is  at  the  fixed 
point  and  which  is  either  fixed  in  the  body  or  fixed  in  space  at  our 
pleasure.  This  method  is  particularly  iiseful  when  we  wish  to  find 
the  angular  motion  of  any  line  in  space  or  in  the  body.  By 
referring  these  angles  to  arcs  dmwn  on  the  surface  of  the  sphere 
we  are  enabled  to  shorten  our  processes  by  using  such  formulae  of 
spherical  trigonometry  as  may  suit  our  purpose. 

The  cones  described  by  the  invariable  line  and  the  instanta- 
neous axis  intersect  this  sphere  in  sphere -conies.  The  properties 
of  such  cones  are  not  usually  given  with  sufficient  fulness  in  our 
treatises  on  solid  geometry.  I'or  this  leason  we  have  added  a  list 
of  several  properties  likely  to  be  useful.     In  order  not  to  interrupt 
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the  general  line  of  the  argument  this  list  has  been  placed  at  the 
end  of  the  chapter. 

158.  It  is  clear  from  what  precedes  that  there  are  two  im- 
portant straight  lines  whose  motions  we  should  (insider.  These 
are  the  invariable  line  and  the  instantaneous  axis.  The  first  of 
these  is  fixed  in  space,  but  as  the  body  moves  the  invariable  line 
describes  a  cone  in  the  body,  which  by  Art.  152  intersects  the 
ellipsoid  of  gyration  in  a  sphero-conic.  This  cone  is  usually  called 
the  Invariable  Gone.  The  instantaneous  axis  describes  both  a 
■cone  in  the  body  and  a  cone  in  space.  By  Art.  143,  the  cone  de- 
scribed in  the  body  intersects  the  momenta!  ellipsoid  in  a  polhode, 
and  the  cone  described  in  space  intersects  the  iixed  plane  on 
which  the  momental  ellipsoid  roils  in  a  herpolhode.  These  two 
cones  may  be  called  respectively  the  instantaneotis  cone  or  the  cone 
of  the  polhode  and  the  cone  of  the  herpolhode. 

159.  The  Cones.  Let  the  principal  axes  at  the  fixed  point 
be  taken  as  the  axes  of  coordinates.  The  axes  of  leference  are 
therefore  fixed  in  the  body  but  moving  in  space.  By  Art.  140, 
the  direction- cosines  of  the  invariable  line  are  AwijO,  Bat^jG, 
OtDa/G;  and  the  direction -cosines  of  the  instantaneous  axis  are 
o),/fti,  (Oj/o),  (Oj/w.  From  the  equations  (1)  and  (2)  of  Art.  140,  we 
easily  find 

(Am,'  +  Bo>,'  +  Cwi)  G'  =  {A^W  +  B'ioi  +  0=0./)  T. 
If  we  take  the  cooi'dinates  cc,  y,  z  to  be  propoi-tional  to  the 
direction-cosines  of  either  of  these  straight  lines  and  eHminate  wj, 
fUa,  (Ua  by  the  help  of  this  equation,  we  obtain  the  equation  to  the 
corresponding  cone  described  by  that  straight  line.  In  this  way 
we  find  that  the  cones  described  in  the  body  by  the  invariable 
line  and  the  instantaneous  axis  are  respectively 

AT-G*  ^     BT-G'   ,     OT-G'   ,     „ 

-^r-''^-~'B-^-^—^'  =  ''' 

A(AT-G')s'^  +  B(BT-G')f  +  GiGT-G"-)^  =  Q. 
These  cones  become  two  planes  when  the  initial  conditions  are 
such  that  &>  =  BT. 

Ex.  1.  Show  that  the  circular  sectiona  of  the  invariable  cone  are  parallel  to 
those  of  the  ellipsoid  of  gyration  and  perpendiealar  to  the  aeyniptotee  of  a  focal 
conic  of  the  n 


160.  There  Is  a  third  straight  line  whi^^e  moEiou  it  is  sometimes  couveutent  to 
consider,  though  it  is  not  nearly  so  important  as  either  the  invai'iable  line  or  the 
instantaueoiis  axis.  If  x,  y,  n  be  the  coordinates  of  the  extremity  of  a.  radias  vector 
of  an  eiiipeoid  referred  to  itn  principal  diameters  as  axes  and  if  a,  Ji,  c  be  the  semi- 
axes,  the  straight  line  whose  direetion-cosines  ate  xja,  yjb,  xjc  is  called  the  eccentric 
line  of  that  radius  vector.  Taking  this  definition,  it  is  easy  to  see  that  the  direc- 
tion-cosines of  the  eccentric  line  of  the  instantaneous  aiis  with  regard  to  the 
momental  ellipsoid  are  lUi^/Z/T,  uj^II/I',  uj^C/r.     Thees  are  also  the  direction- 
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cosines  of  the  eiittentrie  line  of  the  invariable  line  with  icgavii  to  the  tllLpsoid  of 
gyration.  This  straight  line  may  therefore  be  called  aimply  the  eccentric  tine  and 
the  cone  described  by  it  in  the  body  may  be  called  the  fecentric  cone. 

Ex.  1.    The  equation  of  the  eccentric  cone  referred  to  the  principal  axes  at  the 
fixed  point  Ib  {AT-G^)x^+{I)T-G^)y'  +  (CT-Gh'^^0. 

This  ooae  has  the  same  circular  eections  as  the  inomentai  ellipsoid  and  cuts  that 

The  polar  plane  of  the  inatantaneous  axis  with  regard  to  the  i 
le  tenches  the  invariable  cone  along  the  corresponding  position  of  the  ii 


Thus  the  inyariable  and  instantaneous  cones  are  reciprocals  of  efioh  other 
with  regard  to  the  eccentric  cone. 

161.  The  Sphero-conics.  Let  a  sphere  of  radius  unity  be 
described  with  its  centre  at  the  fixed  point  0  about  which  the 
body  is  free  to  turn.  Let  this  sphere  be  fixed  in  the  body,  and 
therefore  move  with  it  in  space.  Let  the  invariable  line,  the 
instantaneous  axis,  and  the  eccentric  line  cut  this  sphere  iu  the 
points  L,  I,  and  E  respectively.  Also  let  the  principal  axes  cut 
the  sphere  in  A,  B,  G.  It  is  clear  that  the  intersections  of  the 
invariable,  instantaneous,  and  eccentric  cones  with  this  sphere  will 
be  three  sphero-conics  which  are  representeil  in  the  figure  by  the 


lines  KK\  JJ',  DD',  respectively.  The  eye  is  supposed  to  be 
situated  on  the  axis  OA,  viewing  the  sphere  from  a  considerable 
distani,e  All  great  cii'cles  on  the  sphere  are  represented  by 
straight  lines.  Since  the  cones  are  coaxial  with  the  momental 
ellipsoid,  these  sphero-conics  are  symmetrical  about  the  principal 
planes  of  the  body.  The  interaections  of  these  principal  planes 
with  the  sphere  will  be  three  arcs  of  great  circles,  and  the  portions 
of  these  arcs  cut  off  by  any  sphero-conic  are  called  axes  of  that 
sphero-conic.  If  we  put  ^  =  0  in  the  equations  of  any  one  of  the 
three  cones,  the  value  of  p/ie  is  the  tangent  of  that  semi-axis  of 
the  sphero-conic  which  lies  iu  the  plane  of  xi/.  Similarly,  putting 
i/  =  0,  we  find  the  axis  in  the  plane  of  xz.     If  (a,  b),  (a,  b'),  (a,  fi) 
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be  the  semi-axes  of  the  invariable,  instantaneous,  and  eccentric 
sphero-conics  respectively,  we  thus  find 

tan  a  _  tan  a'  _  tan  a  _  ^A  T—G^     1 

~fi~ ""  ~A~  "  Tab  ~  ^JW^Tl'  VZl ' 

tan  h  _  tan  b'  _  tan  ^  _  \'A  T  —G^  1 
~G~~  A  "  ^AG~  ■JW^CfTlG' 
The  first  of  these  two  sets  gives  the  axes  in  the  plane  AOB, 
the  second  those  in  the  plane  AOO.  The  former  will  be  imagi- 
nary if  G'<BT.  In  this  ease  the  sphero-conics  do  not  cut  the 
plane  AOB.  The  sphero-conics  will  therefore  have  their  con- 
cavities turned  towards  the  extremities  of  the  axes  OA  or  OC,  i.e. 
towards  the  extremities  of  the  axes  of  greatest  or  least  moment 
according  as  GMs  >  or  <  BT.  Since  tan  6/tan  b'  =  CjA  it  is  clear 
that  the  invariable  cone  and  the  axis  of  greatest  moment  of 
inertia  always  lie  on  the  same  side  of  the  instantaneous  cone. 

162.     Ex.  1.    If  we  put  1  -  e^^aia^Zi/ein^a  wemaj  define  r!  to  betheeocenttieity 
oi  the  ephero- conic  whose  semi-axes  are  a  and  b.    If  e  aM  e'  be  the  eccentricities  of 
the  invariable  aad  eoceDtiie  sphero-oonioB  respectively,  prove  that 
e'^A{B'C)IB(A'C}  and  e'=  =  (B-C)/{^-C) 
so  that  both  these  eccentrieities  are  independent  of  the  initial  conditions. 

Es.  3.  If  the  radius  of  the  sphere  had  been  talsen  et[ual  to  (G'/MT)!  instead  of 
unity,  show  that  it  would  have  intereeoted  the  ellipsoid  of  gyration  along  the  invari- 
able cons,  and  if  the  radiue  had  been  (KTIO^]i,  it  would  have  intei'sested  the 
momental  ellipsoiil  along  the  eccentric  cone. 

163.  To  find  the  motion  of  the  invariable  line  and  of  the 
instantaneous  axis  in  the  body. 

Since  the  invariable  line  OL  is  fixed  in  space  and  the  body 
is  turning  about  01  as  instantaneous  axis,  it  is  evident  that  the 
direction  of  motion  of  OL  in  the  body  is  perpendicular  to  the 
plane  lOL.  Hence  on  a  sphere  whose  centre  is  at  0  the  arc  IL 
is  normal  to  the  sphero-conic  described  by  the  invariable  line.  This 
simple  relation  will  serve  to  connect  the  motions  of  the  invariable 
line   and  the  instantaneous  axis  along  their  respective  sphero- 

Supposing  lOj,  Wj,  Uj  to  he  all  positive  the  asia  01  lies  in  the  poeitive  oetant, 
and  the  body  ie  turning  round  01  in  the  direction  ABC  (Fig.  Art.  161),  Since  OL 
is  fixed  in  space,  it  appears  to  move  in  the  body  iu  the  direction  opposite  to  rotation. 

If  then  L  and  A  lie  on  the  same  side  of  the  sphero-conio  JJ'  (as  is  the  case 
when  A,  B,  C  are  iu  descending  order  of  magnitude),  L  moves  in  the  body  along  its 
sphero-conic  in  the  direction  KK'.  On  the  other  hand,  if  L  and  A  lie  on  opposite 
aides  of  the  sphero-conic  JJ",  L  moves  in  the  opposite  direction.    See  also  Art.  150. 

164.  Let  V  be  the  velocity  of  the  invariable  line  along  its 
sphero-conic,  then  since  the  body  is  turning  about  01  with  angular 
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velocity   m,  and    OL    is  unity,   we   have    v  =  o>  aiu  LOI.     But   by 
Art.  14.*},  T/G  =  a  cos  LOI.     Eliminate  a>  and  we  have 
v  =  {TIG)ta.nLOI. 

165,  Produce  the  arc  IL  to  cut  the  axis  AK  in  N,  so  that 
LN  is  a  normal  to  the  sphero-conic  described  by  the  invariable 
line.  Taking  the  principal  axes  at  the  fixed  point  0  as  axes  of 
reference,  the  direction-cosines  of  OL  and  01  are  respectively 
proportional  to  Aa,,  Bto^,  Cra^,  and  oii,  m.i,  w,.  The  equation  of 
the  plane  LOI  is 

(B-  0)  WiOHa:  +  {a-A)  m-,to,y  ^{A~B)  a,,a,,z  =  0. 
This  plane  intersects  the  plane  of  ay  in  the  straight  line  ON, 
hence  putting  3  =  0,  we  find  the  direction-cosines  of  ON  to  be 
proportional  to  (^— C)w,,  (B  —  G)fi>,,  and  0.     Hence 
cos  LON  =  ^(^-G)^^'  +  BiB-C)a>,^ 
G'JiA-Cfio.^  +  iB-Cfmf 
The  numerator  of  this  expression  is  seen  by  using  (1)  and  (2) 
of  Art.  137  to  be  G^  —  GT.     Expanding  the  quantity  under  the 
root  we  have 

A^o,,^  +  B'a^  -  2GiAcoi'  +  B<o-^)  +  G^  {w{'  +  o,,'), 
which  is  clearly  the  same  as 

G-^  -  (?W  -2G(r-  CV)  +  G'  ((0=  -  (-),=)■ 
Substitute  and  we  find 

cos  LON  =  ^_t=EL_-_-_- ; 


.t.nLON     ^'^^' 


G'  -  CT 


But  T/G^cocosLOI,  .-.  7'taniO/=VGW-n     Hence  the 

.     tan  LOI      G'-GT         ,    ■      ,       .  .     .   .j.        t     , 

ratio    FTTiiT  =  — TTTT^ —  ,  «"«   ^s  therefore  constant   tkrouanout 

tan  LON         GT  ■'  ' 

the  motion. 

By  combining  this  result  with  that  given  in  the  last  Aiticle, 
we  see  that  the 

velocity   of  L]      G'-GT 
along  its  conicj  C'tr 

where  n  is  the  angle  LON.  If  we  adopt  the  conventions  of 
spherical  trigonometry,  n  is  aiso  the  length  of  the  arc  normal  to 
the  sphero-conic  intercepted  between  the  curve  and  the  principal 
plane  AB  of  the  body. 

166.  Ei.  1.  IE  the  focal  lines  of  the  invariable  cone  out  the  Bphere  in  S  and  S', 
these  points  are  called  the  foci  of  the  sphero-oonio.  Prove  that  the  velocity  of  L 
resolved  perpeitdiciilar  to  the  arc  SI.  is  constant  ihroiiglunit  the  motion  and  equal  to 
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{(G'-«r)(.4'/'-G^/^«G=(i.     If  LM  be  a»  are  of  a  great  civele  perpemliouliir  to 
the  axis  containing  the  foci,  and  p  be  the  arc  SL,  prove  also  thftt 

dt>_       G    \(A-C)iB-C)\i 

di'^C] AB"   '  \    """'■ 

Ex.  2.  Prove  that  the  velocity  of  L  resolveil  peipenJiinlarly  to  the  egntral 
radiua  vector  AL  is  —  „  '  cot  AL. 

Ex.  3.  If  r,  r',  r"  be  the  lengths  of  the  arcs  joining  the  estieniity  ^  of  a  prin- 
cipal nxis  to  the  extremitlen  L,  I,  E  of  the  invariable  Hue,  lustantaneons  aiLis,  and 
eccentric  line  respectively;  B,  8',  S"  the  angles  these  arcs  make  with  any  principal 
plane  JOB,  prove  that 

coBr_   0OSJ-'    _  eoar"  tan9  _  tan  e' _  tan  fl" 

AT~Qi.       i~  gJaT  ~(7  ~     S     '"  ^BC  ' 

where  f=aroLr.     This  the      m      11    nabl  t    discover  in  what  manner  the 

motions  of  the  three  po    t    L   I  .E  a  e      lated  t    each  other. 

Es.  i.  Show  that  th  1  tj  f  the  n  tantan  ous  axis  along  ita  sphero-conio 
is  =7  — — = —  tan  li'  COS  f     h  tl     1  n  th    f  the  normal  to  the  inBtantaueoua 

sphero-conio  intercepted  between  the  curve  and  the  arc  AB,  and  f  =  arc  LI. 

Comparing  this  result  with  the  corresponding  formula  for  the  motion  of  L  given 
in  Alt.  165,  we  see  that  for  every  theorem  relating  to  the  motion  of  L  in  its  sphero- 
conic  there  is  a  corresponding  theorem  for  the  motion  of  I.  For  example,  if  S"  be 
a  fooas  of  the  instantaneous  spheco-oonio,  we  see  hy  Ex.  1  that  the  velocity  of  I 
resolved  perpendicular  to  the  focal  radius  vector  S'l  bears  a,  constant  ratio  to  cos  LI, 
This  constant  ratio  is  equal  to  that  given  in  Ex.  1  multiplied  by  (PCjTAB. 

Ex.  5.  Show  that  the  velocity  of  the  eccentric  line  along  its  sphero-conio  is 
{{a^-CT)ljABCT}  tann",  where  Ji"  is  the  length  of  the  arc  normal  to  the 
sphero-oonio  intercepted  between  the  curve  and  the  principal  are  AB. 

Ex.  6,  Prove  that  (velocity  of  £)'- (velocity  of  J:,)=  =  constant.  Show  also 
that  this  eonstant  =  {AT~<P){BT-G''j{C'T-G^)jAllCGn: 

Ex,  7.  The  motion  of  L  along  its  sphero-eonie  is  the  same  as  that  of  a  particle 
acted  on  by  two  forces  whose  directions  are  the  tangents  at  L  to  the  arcs  iS,  LS' 
joining  L  to  the  foci  of  the  sphero-conic  and  whose  magnitudes  are  respectively 
proportional  to  sin  iScosiS'  aud  sin  JLS' cos  Z,S. 

Solutions  of  these  examples  and  proofs  of  other  theorems  in  this  section  may 
be  found  in  a  paper  contributed  by  the  anthor  to  the  Peoeeedingn  of  the  lioyal 
Society,  1873. 

167.  The  instantaneous  asis  describes  a  cone  hi  space,  which 
has  been  called  the  cone  of  the  herpolhode.  The  equation  of 
this  cone  cannot  generally  be  found,  but  when  it  can  be  determined 
we  have  another  geometrical  representation  of  the  motion.  For 
suppose  the  two  cones  described  by  the  instantaneous  axis  in 
space  and  in  the  body  to  be  constructed.  Since  each  of  these 
cones  will  contain  two  consecutive  positions  of  their  common 
generator,  they  will  touch  each  other  along  the  instantaneous 
axis.  Then,  the  points  of  contact  having  no  velocity,  the  motion 
will  be  represented  by  making  the  cone  fixed  in  the  body  roll  on 
the  cfftie  fixed  in  space. 
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168.  Foinsot's  theorem.  To  find  the  inotion  of  the  instan- 
taneous axis  in  space. 

Since  the  invaiiable  Hue  OL  is  fixed  in  space,  it  ivili  be  con- 
venient to  refer  the  motion  to  OL  as  one  axis  of  coordinates. 
Let  the  angle  the  instantaneous  axis  01  makes  with  OL  be  called 
^,  and  let  0  be  the  angle  the  plane  lOL  makes  with  any  plane 
pacing  through  OL  and  fixed  in  space.     See  figure  of  Art.  149. 

During  the  motion  the  cone  described  by  01  in  the  body  rolls 
on  the  cone  described  by  OT  in  space.  It  is  therefore  clear  that 
the  angular  velocity  of  the  instantaneous  axis  in  space  is  the 
same  as  its  angular  velocity  in  the  body.  Describe  a  sphere 
whose  centre  is  at  0  and  radius  unity,  and  let  this  sphere  be 
fixed  in  the  body.  Let  L,  I  be  the  intersections  of  the  invariable 
line  and  instantaneous  axis  with  the  sphere  at  the  time  t,  L',  I' 
their  intersections  at  the  time  t  +  dt.  Then  IL,  I'L'  are  con- 
secutive normals  to  the  sphero-conic  KK'  traced  out  by  the 
invariable  line  and  therefore  intersect  each  other  in  some  point  P 


which  may  be  regarded  as  a  centre  of  curvature  of  the  sphero- 
conic.     Let  p  =  PL.     Then  clearly 

velocity  of  /  resolved)  _  /velocityX    sin_(p  +  0 
perpendicularly  to  IL]      \    of  i    /  '      sin  p 
Therefore  by  Art.  164-  we  have,  since  ^=IL,  Il'^n'm  ^dip, 

sin  f-^^  =  -=f  tan  f  (cos  ^+cotpe,m  ^); 


.    #  ^  r  A  ^  tan  n 
'  '   dt      G\        tan  p) ' 


But  in  any  sphero-conic  ta.n  p  =  tnu^  iij ta,n"  I,  where  n  is  the 
length  of  the  norma!  intercepted  between  the  curve  and  that  axis 
which   contains   the  foci,  and  21  is  the  length  of  the  ordinate 


y  Google 


110  MOTION   UNDER   NO   FORCES.  [CHAP.  IV. 

t.liioiigh   either   focus,  and   is   usually  called   the   latus   rectum. 
Substituting  for  tanp,  and  remembering  that  by  Art.  165, 

tan  f     S'-  OT 

tanii     '   CT     ' 
di,      T      T  lO'-CT\'   naxfly     , , , 

If  we  substitute  for  tan  a  and  tan  b  their  values,  we  have 
d^_T     (AT  -  G')  (Br  -  ffi)  {CT  -  GQ 


dt      G  ABGQT' 


cot^  J^. 


169.  A  simple  geometrical  construction  for  this  result  has 
been  given  by  Dr  Ferrers,  late  Master  of  Caius .  College,  in  a 
Smith's  Prize  paper  (1882).  If  OH  be  the  projection  of  the 
instantaneous  axis  01  on  the  invariable  plane  drawn  through  the 
fixed  point  0,  and  if  OH  intersect  the  momental  ellipsoid  in  H, 

dt~TABCOW 

170.  Since  the  resolved  angular  velocity  about  the  invariable 
line  is  constant,  we  easily  find  a>  =  sec  ^T/G.  Substituting  this 
value  of  fo  in  equation  (6)  of  Art.  137,  we  find  a  relation  between 
^  and  d^/dt,  which  however  ia  too  complicated  to  be  of  much  use. 

The  values  of  d<}>fdt  and  d^jdt  in  terms  of  f  have  now  both 
been  found  ;  from  these  the  motion  of  the  instantaneous  axis  in 
space  can  be  deduced. 

171.    Es.  1.     Show  tliat  the  angular  veloeity  v'  of  the  instantaneoas  asia  iu 

space  or  in  the  body  i  a  given  by  u^?-"'— -,-=-=,{  A  +  B  +  C  -2-^  J  — *— 5— '>  where  a  is 

Alii.  \  I  /  1^ 

the  i-eauUant  angular  velocity  of  the  body  and  Aj,  Ag,  X,  have  the  meanings  given 
to  them  in  Art.  137.    This  raanlt  is  due  to  PoiuBot. 

Ex,  9.  The  length  of  the  spiral  between  two  of  ita  successive  apsides,  tiescribed 
in  absolute  space,  on  the  surface  of  a  fixed  conceniric  sphere,  by  the  instantaneous 
asis  of  rotation,  ia  equal  to  a  quadrant  of  the  spherical  ellipse  described  by  the  Same 
axis  on  an  equal  sphere  moving  with  the  body.     This  is  Booth's  Theorem. 

Es.  3.    If  the  eeeentrio  line  intersect  iu  the  point  K  the  unit  spliere  which  is 
fixed  in  the  body  and  has  its  centre  at  the  fixed  point,  prove  that 
/veIocityY_Trf^ 

ivkere  the  letters  have  the  meanings  given  to  them  in  Art.  168. 

172.  The  Rolling  and  Sliding  Cone.  Let  0  bo  the  fixed 
point,  01  the  instantaneous  axis.  Let  the  angular  velocity  &) 
about  01  be  resolved  into  two,  viz.  a  uniform  angular  velocity  TjO 
about  the  invariable  line  OL,  and  an  angular  velocity  to  sin  lOL 
about  a  line  OH  lying  in  a  plane  fixed  in  space  perpendicular  to 
the  invariable  line,  and  passing  through  the  fixed  point  0.  Let 
this  fixed  plane  be  called  the  invariable  plane  at  0.     As  the  body 
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moves,  OH  will  describe  a  cone  in  the  body  which  will  always  touch 
this  fixed  plane.  The  velocity  of  any  point  of  the  body  lying  for  a 
moment  in  OH  is  unaffected  by  the  rotation  about  OH,  and  the 
point  has  therefore  only  the  motion  due  to  the  uniform  angular 
velocity  about  OL.  We  have  thus  a  new  representation  of  the 
motion  of  the  body.  Let  the  cone  described  by  OH  in  the  body 
be  constructed,  and  let  it  roll  on  the  invariable  plane  at  0  with  the 
proper  angular  velocity,  while  at  the  same  time  this  plane  turns 
round  the  invariable  line  with  a  uniform  angular  velocity  TjG. 
The  cone  described  by  OH  in  the  body  has  been  called  by  Poinsot 
the  Rolling  and  Sliding  Cone. 

To  find  a  construction  fm-  the  sliding  cone.  Its  generator 
OH  is  at  right  angles  to  OL,  and  lies  in  the  plane  lOL.  Now 
OL  is  fixed  in  space ;  let  OL'  be  the  line  in  the  body  which,  after 
an  interval  of  time  dt,  will  come  into  the  position  OL.  Since  the 
body  is  turning  about  01,  the  plane  LOL  is  perpendicular  to  the 
plane  LOT,  and  hence  OH  is  perpendicular  to  both  OL  and  OL'. 
That  is,  OH  is  perpendicular  to  the  tangent  plane  to  the  cone 
described  by  OL  in  the  body.  The  cone  described  by  OH  in  the 
body  is  therefore  the  reciprocal  cone  of  that  described  by  OL. 
The  equation  to  the  cone  described  by  OL  has  been  found  in 
Art.  159.  Turning  therefore  its  coefficients  upside  down,  we  see 
that  the  equation  of  the  cone  described  by  OH  is 

A         ,  B        ,  G        .,  _ 

The  focal  lines  of  the  cone  described  by  OH  are  perpendicular 
to  the  circular  sections  of  the  reciprocal  cone,  that  is  the  cone 
described  by  OL.  And  these  circular  sections  are  the  same  as 
the  circular  sections  of  the  ellipsoid  of  gyration.  Hence  the  focal 
lines  lie  in  the  plant*  containing  the  axes  of  greatest  and  least 
moment,  and  are  independent  of  the  initial  conditions. 

This  cone  becomes  a  straight  line  in  the  case  in  which  the 
cone  described  by  OL  becomes  a  plane,  viz.  when  the  initial 
conditions  are  such  that  G'  =  BT. 

173.     To  find  the  motion  of  OH  in  space  arid  in  the  hody. 

Since  OL,  OH  and  01  are  always  in  the  same  plane  the 
motion  of  OH  in  space  round  the  fixed  sti-aight  line  OL  is  the 
same  as  that  of  01,  and  is  given  by  the  expression  for  d<f)/dt  in 
Art.  168. 

To  find  the  motion  of  OH  in  the  body  it  will  be  convenient 
to  refer  to  the  figure  of  Art.  168.  Produce  the  arcs  PL,  PL' 
to  H  and  H'  so  that  LH  and  L'H'  are  each  quadrants.  Then 
.ff  and  H'  are  the  points  in  which  the  axis  OH  intersects  the 
unit  sphere  at  the  times  t  and  t  +  dt.  We  have  therefore 
/,elociW  __  ,™locit,1  .in(p  +  M  ^  T  ^^^ 
\  o(H   J      \   oiL    J         smp  G        '        "^ 
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Substituting  fov  tanp  as  before  we  may  express  the  result  in. 
terms  of  £;■  or  &»  at  our  pleasure. 

Since  the  cone  described  by  OH  in  the  body  rolls  on  a  plane 
which  also  turns  round  a  normal  to  itself  at  0,  it  is  clear  that  the 
angular  velocity  of  Off  in   the  body  is  less  than  the   angular 
velocity  of  OH  in  space  by  the  angular  velocity  of  the  plane,  i.e. 
/velocityN  _dtf>  _T 
[  o(H   )~'~di      G' 
Es.    If  I,  M.  u  bK  the  direction-oosiaeB  of  OH  retecrea  to  the  principal  axes  of 
„     ^   ^  I  m  n  1 

tne  body,  prove = —  = — —  =  - — ■■■      ■    — — . 

{AT-  G^  wi     (BT-  G")  (ua     {Cr~  G^)  oi,      gJg^i^-T^ 

The  Conjugate  Ellipsoid  and  the  Oonjitgate  Line. 
174.     Let  the  moracntal  ellipsoid  at  the  fixed  point  be 

Aa?  +  By^  +  Gz'' =  K (1). 

We  also  have  Aw,^  +  B  m{-  -{-C  (o^=T\ 

A  '«i^  +  R-w.,^  +  0^0, j'  =G']  

These  give 

(XA-A^)m^'  +  (\B-B')a)^^  +  (XG-C")a,''  =  \T-G^] 

{IJ.A  -  A")  6),=  +  l/xB  -  B")  mi  +  (jj.C~  C)  w/  =  /j.T-  (?=J 

If  we  now  choose  three  quantities  A',  B\  G',  such  that 

A'  =  {XA-  A")  i,  A'^  =  (fiA  -  A')j,] 

B'  =  {\B~B^}i,  B''  =  if,B-B')j,\ (4), 

G'  =  (XG  -  C=)  i.  C'  =  (fiG  -  0-')j,  J 

we  may  construct  in  the  body  another  conicoid,  viz. 

A'x'  +  By  +  C'z'  =  K'  (5). 

which  will  afterwards  be  shown  to  be  an  ellipsoid.     We  shall 
,     ,                   A'm,'  +  Fwi+G'm/  =  T']  .„, 

also  have  .„    „  ,   n-,    .,  .  /^/~    =     /i/.r (o). 

where  T  and  G'  are  two  new  constants. 

This  second  ellipsoid  will  possess  some  properties  analogous  to 
those  of  the  momental  ellipsoid.     Thus  i 

(1)  The   .angular   velocity   about   the   radius   vector    round 
which  the  body  is  turning  varies  as  that  radius  vector. 

(2)  The  length  of  the  perpendicular  on  the  tangent  plane  at 
the  extremity  of  the  instantaneous  axis  is  constant. 

(3)  The   resolved  angular  velocity  of  the  body  about  this 
perpendicular  on  the  tangent  plane  is  constant,  and  =T'/G'. 

It  is   not  generally  true   that   the   position  in  space  of   this 
perpendicular  is  fixed. 
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To  determine  if  this  transformation  is  possible  we  must 
examine  the  constants  X  and  /t.     Solving  (4)  we  find 

iABCIiM^'2AB  +  2BG+20A-A^-B'-O'  =  ijlt\ 
.-.  l-A//j.=:{B  +  0-Ay/iBC. 
We  have  therefore  the  following  results: 
A'=iiA{B+C-A),      B'=^iB(C+A-B),      C'=^iG(A+B-G), 

T'  =  i{\T-G%      0'^  =  i?^^{^T~G^). 

...  A'+B'-C'^^i(G  +  A-B){C  +  B-A). 
Since  A,  B,  G  are  moments  of  inertia,  they  are  all  positive,  and 
the  sum  of  any  two  is  greater  than  the  third.  We  infer  (1)  that 
A',  B',  G'  are  also  ail  positive,  and  that  the  sum  of  any  two  is 
greater  than  the  third,  (2)  that  X  and  /x  are  positive  and  greater 
than  the  greatest  of  the  three  A,  B,  C,  (3)  that  1"  and  Q'^  are  real 
and  positive. 

174  a.  Since  this  analysis  gives  only  one  value  each  to  X  and 
/J.,  it  follows  that  if  we  perform  the  same  operations  on  the  second 
ellipsoid  we  shall  obtain  the  first  ellipsoid  and  no  other.  Hence 
iJie  two  ellipsoids  are  conjugate  to  each  other.     Thus  we  have 

A  =  i^'A'  {B'  +  G'-  A'),  &e.,  &c., 
and  by  substitution  i'ji  =  ABCIA'B'C'. 

Either  of  the  two  bodies  whose  moments  of  inertia  are  A,  iJ,  C 

and  A',  B,  G'  may  be  called  the  conjugate  of  the  other.    When  we 

consider  only  the  motion  of  one  body,  we  suppose  that  body  to 

carry  with  it  the  two  ellipsoids  as  if  rigidly  connected  to  it.     The 

perpendicular  OL  on  the  tangent  plane  to  the  momental  ellipsoid 

of  the  body  at  its  intellection  with  the  instantaneous  axis  is  the 

invariable  line,  while  the  corresponding  perpendicular  OL'  on  the 

tangent  plane  to  the  conjugate  ellipsoid  at  its  intersection  with 

the  instantaneous  axis  is  called  the  conjugate  line.    The  direction 

cosines  of  the  conjugate  line  are  therefore  A'atijO',  B'tD^jG',  G'eos/G'. 

..,=     -^     ,      ou       .u  1     B'-(^'  B-C         A' (A']" -  a-"]  A'B'C 

175.    EX.L     Sho^that     -^^=-_^,       _>^j^^  =  _  —  - 

ivith  similar  equations  ior  the  other  letters. 

It  followe  from  the  first  o!  these  ireanltE  that  ii  A,  B,  C  are  in  deeeending  order 
of  magnitude.  A',  B',  C  are  in  ascending  order. 

Ex,  2.  Show  that  the  motion  in  space  of  any  point  P  situated  in  tha  conjugate 
line  is  in  the  same  direotion  as  if  that  point  were  liied  (tor  the  moment)  in  the 
body,  but  its  velocity  is  twice  as  great. 

The  i-velooity  of  P  is  «  =  da!/(2i-(w5^-%!),  wbeie  the  farit  teiui  lepieBenta 
tbe  velocity  of  P  relative  to  the  ases  and  the  second  the  velocity  of  P  supposed 
filed  for  the  moment  to  the  asea  and  carried  round  by  them  Place  J*  at  a  unit 
distance  from  0,  and  we  have  x=A'oiJO',  &a.  By  substituting  for  A  ,  B  ,  C ,  their 
values  in  terras  of  A,  B,  C  we  find  that  these  two  terms  are  egttal  so  that  the  values 
R.  D.    II.  8 
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of  M,  V,  w  are  found,  by  omitting  the  relative  motion  and  doubling  the  motion  dne 
to  the  axes.     See  also  Art.  141,  note. 

Ex.  3.  Many  of  the  theorems  which  govern  the  motion  of  the  conjugate  line 
OL'  are  similar  to  those  whioli  govern  the  motion  of  the  invariable  line  OL. 

The  following  are  examples  : — 

(1)  The  straight  lines  OL,  01,  OL'  describe  quadrio  oonea  in  the  body  in  the 
Bame  direction,  the  cone  described  by  the  inatantaneons  axis  01  being  between  the 
oones  described  by  the  invariable  line  OL  and  the  oonjugale  line  OL'. 

(2j  The  normal  planes  to  the  eonea  described  by  OL,  OL'  intersect  each  other 
along  the  instantaoeous  axis  01. 

(3)  The  velocity  of  OL'  along  its  cone  varies  as  the  tangent  of  the  inclination 
to  01,  and  the  ratio  is  eqnal  to  T/G'.  It  also  varies  as  the  langent  of  the  angle 
OL'  makes  with  the  intersection  of  the  plane  L'OI  with  any  principal  section  of 
the  conjugate  ellipaoid.     See  Art.  165. 

(4)  The  cosines  of  the  angles  lOL,  lOL'  are  always  in  a  constant  ratio. 

Bs.  4.  If  9,  ^  be  the  angular  coordinates  of  the  conjugate  line  OL'  referred  to 
the  invariable  line  OL  as  the  aais  of  is,  show  that 

"'"^dF=nO~G^  J    '  *' 

"'"  "Uij  +U;        \G-)  -jbc^-'"'^ *^'' 

where  iABGH^T  {BG  +  GA  +AB)  -  iG'(A  +  B+  G), 


where  aGG'li  =  TBC'  +  G^(A -'K),  &a.    It  should  be  noticed  that  a,  §,  y  are  real, 

Ex.  5.  Two  bodies  each  turning  about  a  fixed  point  have  angular  velocities 
W|,  Ws,  uij  and  a^,  u/,  uj'  about  tbeir  principal  axes  and  their  principal  moments 
are  A,  B,  0  and  A',  B',  C.  If  these  bodies  move  so  that  •jj^^ia,',  u^-u^',  Ui=iii' 
prove  from  Eular's  equations  that  A'IA  =  B'jB  =  C'IC.  If  they  move  so  that 
iij=  -wj',  6)5=  -wj',  Ci'j=  -Wa'i  prove  that  the  bodies  are  conjugate. 

BjEuler's  equations  (A^B)jG  &a.  iwd{A' -B'yc  &0.  must  have  the  same  or 
opposite  signs  according  as  la, ,  <•>,',  &a.  have  the  same  or  opposite  signs.  Thence 
we  find  the  two  possible  sets  of  ratios  of  A',  B',  C. 

The  solutions  of  these  examples  may  be  found  in  a  paper  by  the  author 
contributed  to  The  Quarterly  Journal  of  Matheniatiae,  18S8. 

175  a.  Let  us  suppose  that  the  two  ellipsoids,  when  placed 
with  their  centres  coincident  and  their  axes  in  the  same  direction, 
intersect  along  the  polhode  described  by  the  instantaneous  axis 
01.  ,  We  must  then  make  co^ji^  the  same  for  each  and  therefore 
choose  K'  so  that  K'jT'  =  KjT.  In  this  way  we  have  constructed 
two  momental  ellipsoids  having  a  common  polhode. 

As  01  travels  along  that  polhode  the  value  of  a^  and  also  those 
of  i»i^,  Mj',  a^  are  the  same  at  any  point  of  the  polhode  for  each 
ellipsoid.  Sioce  the  bodies  ai-e  conjugate  it  follows  that  the 
corresponding  angular  velocities  for  the  two  motions  are  equal  and 
opposite.     (See  Ex.  5,  above.) 

To  understand  this  we  first  notice  that  if  A,  B,  G  are  in 
descending  order  A',  B',  C  are  in  ascending  order.  The  ellipsoids 
being  placed  with  their  axes  coincident,  the  two  tangent  planes 
at  any  point  /  of  the  polhode  are  then  so  situated  that  the 
perpendiculars  OL,  OL'  on  them  are  on  opposite  sides  of  01  or 
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(to  be  more  exact)  the  common  cone  (say  the  cone  P)  described 
by  0/  in  the  elbpsoids  lies  between  the  cones  (G  and  0')  described 
by  01  m  space  round  OL  and  OL' ;  compare  the  two  figures  of 
Art.  ISO.  Hence  if  /  travel  along  the  polhode  in  a  given  direction 
the  cone  P  fixed  in  the  body  must  roll  on  the  cones  G,  C  fixed  in 
space  in  opposite  directions,  that  is  the  two  ellipsoids  must  turn 
round  01  with  angular  velocities  of  opposite  signs.  This  also 
follows  at  once  from  the  rule  given  in  Art.  150,  Ex. 

Let  us  now  connect  the  two  ellipsoids  rigidly  together  and  let 
the  system  move  in  Poinsot's  manner  (Art.  148)  with  OL  for  the 
invariable  line.  Then  OL'  becomes  the  conjugate  line  and  moves 
in  space  as  described  above.  The  cone  G  described  by  01  round 
OL  remains  fixed  in  space  while  the  cone  C  so  moves  that  it  rolls 
on  the  cone  C  and  touches  it  along  the  instantaneous  axis  01. 

When  the  conjugate  ellipsoid  rolls  on  a  fixed  plane,  the  motion 
of  any  point  P  in  OL'  relatively  to  the  ellipsoid  is  equal  and 
opposite  to  that  due  to  the  angular  velocity  of  the  ellipsoid  about 
its  instantaneous  axis.  When  this  angular  velocity  is  reversed  by 
the  rigid  connection,  the  motion  of  P  is  in  the  same  direction  as 
if  it  were  fixed  in  the  body,  but  its  velocity  becomes  twice  as 
great.     See  Art.  175,  Ex.  2. 

Motion  of  the  Principal  Axes. 

176,     To  find  the  angular  motiwis  in  space  of  the  principal  axes. 

Since  the  invariable  line  OL  is  fixed  in  space  it  will  be  con- 
venient to  refer  the  motion  to  this  straight  line  as  axis  of  Z.  Let 
OA,  OB,  00  be  the  principal  axes  at  the  fixed  point  0,  and  let,  as 
before,  a,  0,  y  be  their  inclinations  to  the  axis  OL  or  OZ.  Let 
X,  fi,  V  be  the  angles  the  pknes  LOA,  LOB,  LOG  make  with 
some  fixed  plane  LOX  passing  through  OL.  Our  object  is  to 
find  d%jdt  and  dXjdt  with  similar  expressions  for  the  other  axes. 
We  might  here  refer  to  Euler's  geometrical  equations  given  in 
Vol.  I,  Chap.  V,  and  by  writing  a,  X  for  0,  yjr  respectively  obtain 
the  required  expressions,  but  it  will  be  found  advantageous  to 
make  a  slight  variation  in  the  argument. 

Describe      a      sphere  „ 

whose  centre  is  at  the 
fixed  point,  and  whose 
radius  is  unity.  Let  the 
invariable  line,  the  instan- 
taneous axis  and  the  prin- 
cipal axes  cut  this  sphere 
in  the  points  L,I,A,  B,  G 
respectively.  The  velocity 
of  A  resolved  perpendicu- 
lar to  LA  will  then  be 
einadXldt.    But  since  the 
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body  is  turning  round  01  as  instantaneous  axis,  the  point  A  is 
moving  perpendicularly  to  the  arc  lA,  and  its  velocity  is  w  sin  I  A. 
Resolving  this  perpendicularly  to  the  arc  LA,  wc  have 

dX  ■     .  T        TAT        cos  X/  -  cos  LA  cos  I  A 

sin  a  ■^-  =  wsm  jli  cos  LAI  =  a  ^-~ni '  > 

at  sm  LA 

by  a  fundamental  formula  in  spherical  trigonometry.   But  w  cos  LI 

is  the  resolved  part  of  the  angular  velocity  about  OL,  which  is 

equal  to  TjG,  and  wcosi^  is  the  resolved  part  of  the  angular 

velocity  about  OA,  which  is  Wi.     We  have  therefore 

.   ,    d\     T 
sin^  a.  ^r- —  -T=  —  a-i  cos  a, 
at       Or 

a  result  which  follows  immediately  from  Art.  19.  Since  Gcosa=Aaii, 

.  ,    dX     T      ffcos'a  ,,, 

weU.o  ™'»a-e A- «■ 


.ult  may  also  be  written  in  the  form 
dX^T     AT -a- 
dt      G  "•"      AG 


cot^a (2). 


If  the  initial  conditions  are  such  that  G^  =  BT  (Art.  138),  we 
have  d/j^ldt  =  0,  and  then  the  mean  axis  of  inertia  revolves  round 
the  invariable  line  with  a  uniform  angular  veloiyity  equal  to  TjG. 

177.     To   find   -jt  we  may  proceed  in  the  following  manner. 

By  Art.  140,  we  have  CQsa  =  AMijQ,  co^/3  =  Bw^jG,  cos  7  =  Owg/G. 
Substituting  in  Etrler's  equation 

we  have  sina  -r-  =  (-71  -  ^1  (?cos/3cos7 (3). 

But  by  Art.  137  cos  a,  cos/3,  C0S7  are  connected  by  the  equations 

C08=«_^C0S^^_^COS^7_2'] 

^^"^^g~  +  ~C~~GJ (4). 

cos"  o  +  cos'  /3  +  cos^  7  =  1  J 
If  we   solve   these   equations  so  as  to  express  cos/?,  cos 7  in 
terms  of  co^a    v,f  easily  find 

fda\  __  0_  (0^-CT     A-C       ,    X/ffl-Br     A-B       ,    \ 

^'^  "Wtj  ~      BC\     G^  A     ''°''  "jy     o3  A     «08«^-l^)- 

17fi      Since  the  left  hand  side  of  equation  (5)  is  neoessanly  rpal  we  see  that  tha 

values  of  C03  a  aie  leetncted  tn  he  between  uertain  limits     If  the  axia  nlioHH 

motion  we  aie  oonsiderint  is  the  asis  of  gieatett  01  least  moment  let  B  be  the 

axiB  of  mean   moment      In  this  case  oob"  o   muat  lie  between  the  two  limits 

^ — 91  ^_^  and  5!r^  T^T,  '^  ^°^^  ^^  pisitiie     Bj   ^t  133  the  f  rincr  of 
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the^t  trto  la  puiitHH  and  less  than  imty  thn  js  easily  shown  by  dividing  tlie 
t  and  the  denominator  by  ACCi  If  the  latter  is  positive  the  spiral 
i  by  the  prmcipul  ixis  on  the  Btirfaoe  of  a  sphere  whoae  centre  is  at  the 
hxed  point  lies  between  two  concentrio  circles  which  it  alternately  touches.  If  the 
latter  limit  is  negative  cob  a  haa  no  inferior  limit  In  this  case  the  spiml  always 
Ilea  between  two  small  raiclch  r n  the  opheic   cne  ut  which  is  esaotly  opposite  the 

It  the  axis  ponsadeifd  is  the  axis  ot  meun  moment,  eos^n  must  lie  outside  the 
Slime  twi  limiia  as  befoie  Beth  theie  Bie  positive,  bnt  one  is  greater  and  the 
other  1p38  than  unitj  The  spiral  therefori,  lies  between  two  small  circles  opposite 
each  othei 

In  ordei  that  iX/rft  mai  vanish  we  mast  hive  G^eos=a=JT,  but  this  by 
substitution  in  (i)  makes  the  sum  ot  two  positive  quantities  equal  to  aero.  Thus 
dXjdt  ahuays  keeps  one  sign.  It  is  easy  to  see  that  if  the  initial  oouditions  are  such 
that  Gf'/r  is  leas  than  the  moment  of  inertia  about  the  axis  which  desoribes  the 
spiral  we  are  considering,  tlie  angular  velocity  will  be  greatest  when  the  axis  ia 
nearest  the  invariable  line  and  least  when  the  axis  ia  furthest.  The  reverse  is  the 
CMS  if  G^r  is  greater  than  the  moment  of  inertia. 

179,  Ex.  1.  Let  OM  be  any  straight  Une  fixed  in  the  body  and  passing 
through  O  and  let  it  cut  the  ellipsoid  of  gyration  at  O  in  the  point  M,  Let  OM' 
be  the  pcrpendicula]:  from  0  on  the  tangent  plane  at  M.  It  OM=r,  OM'^p,  and 
if  !,  i'  be  the  angles  OM,  OM'  make  with  the  invariable  line  OL,  prove  that 

sin^i^*  =  --  — oosicosi' 
dt     G     mpr  ' 

where  j  is  the  angle  the  plane  LOM  makes  with  some  plane  fixed  in  space  passing 
through  OL  and  m  is  the  mass  ot  the  body.     This  follows  from  Art.  19. 

Ex.  2.  If  KLK'  be  the  conic  traced  out  by  the  invariable  hne  in  tiie  manner 
described  in  Art.  161,  show  that  ?.  =  (T/G)i  + (angle  L.ajf] -(vectorial  area  L^ff), 
where  X  is  the  angle  described  by  the  plane  containing  the  invariable  line  and  the 
principal  axis  OA. 

Ex.  3.  If  we  draw  three  straight  lines  OA,  OB,  OC  along  the  principal  axes  at 
the  fixed  point  O  ot  equal  lengths,  the  sum  of  the  areas  conserved  by  these  lines 
on  the  invariable  plane  is  proportional  to  the  time.  [Poinsot. 

Ex.  4.  If  the  lengths  OA,  OB,  OC  be  proportional  to  the  radii  of  gyration 
about  the  axes  respeotively,  the  sum  of  the  areas  conserved  by  these  lines  on  the 
invariable  plane  will  also  be  proportional  to  the  time.  [Poinsot. 

Ex.  6.  A  solid  ellipsoid,  the  squares  of  whose  semi-ases  are  c",  3c\  5c',  is  set 
rotating  about  a  diameter  lying  in  the  plane  of  the  greatest  and  least  axes  and 
making  an  angle  whose  cotangent  is  ^2  with  the  former.  Find  the  initial 
direction  cosines  of  the  invariable  line  refeiied  to  the  axes  of  the  ellipsoid  and 
show  that  the  angular  velocity  of  the  mean  axis  about  the  invariable  line  is 
constant  during  the  subsequent  motion. 

Motion  of  the  hod-y  when  two  prindpai  aaxs  are  equal. 
180.  Let  the  body  be  rotating  with  an  angular  velocity  to 
about  an  instantaneous  axis  01.  Let  OL  be  the  perpendicular 
on  the  invariable  plane.  The  momental  ellipsoid  is  in  this  case  a 
spheroid,  the  axis  of  which  is  the  axis  of  unequal  moment  in  the 
body.  Let  the  equal  momenta  of  inertia  be  A  and  B.  From  the 
symmetry  of  tbe  figure  it  is  evident  that  as  the  spheroid  rolls  on 
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the  invariable  plane,  the  angles  LOG,  LOT  are  constant,  and  the 
three  axes  01,  OL,  00  ai-e  always  in  one  plane.  Let  the  angles 
LOG^y,  100  =  1 


Following  the  same  notation  as  in  Art.  137,  we  have 
(Dj  =  fo  cos  i,     ta'  +  tiJj'  =  to"  sin^  i, 
G"={A"BmH+0^cos'i)t^\ 
T  =  {A  sio?  i  +  C  cosH)  m\ 
We  therefore  have 

^Gm,_  Ccosi 

G       7A'^  aiuH  +  G"  cos'  i ' 

This  result  may  also  be  obtained  as  follows.     In  any  conic  if  * 

and  7  be  the  angles  a  central  radius  vector  and  the  perpendicular 

on  the  tangent  at  its  extremity  make  with  the  minor  axis,  and  if 

a,  b  be  the  semi-axes,  then  tau  y  —  tan  i .  b^ja'.     Applying  this  to 

the  momental  spheroid,  we  have  tan  j  —  -p  tan  i. 

The  angle  i  being  known  from  the  initial  conditions,  the  angle  y 
can  be  found  from  either  of  these  expressions.  The  peculiarities 
of  the  motion  will  then  be  as  follows : 

The  invariable  line  describes  a  right  cone  in  the  body  whose 
axis  is  the  axis  of  unequal  moment,  and  whose  semi-angle  is  ry. 

The  instantaneous  axis  describes  a  right  cone  in  the  body 
whose  axis  is  the  axis  of  unequal  moment,  and  whose  semi-angle 
is  i. 

The  instantaneous  axis  <lescribes  a  right  cone  in  space,  whose 
axis  is  the  invariable  line,  and  whose  semi-angle  is  i-y. 

The  axis  of  unequal  moment  describes  a  right  cone  in  spaj^e 
whose  axis  is  the  invariable  line,  and  whose  semi-angle  is  7. 

The  angular  velocity  of  the  bodv  about  the  instantaneous 
axis  varies  is  the  radius  ^ectoi  of  the  spheioid  and  is  therefore 
constant. 

181.  To  Jiiid  the  common  angului  lelocity  m  f,pa<.e  of  the 
instantaneoub  avib  and  the  ayi&  of  imenual  vioment  lound  the 
invariable  hne 
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Let  G  be  the  extremity  of  the  axis  of  figure  of  the  momental 
ellipsoid,  and  let  ii  be  the  rate  at  which  the  plane  LOG  is  turning 
round  OL.  Let  GM,  GN  be  perpendiculars  on  OL  and  01.  Then 
since  the  body  is  turning  round  01,  the  velocity  of  G  is  GN .  at. 
But  this  is  a!so  CM .  ft.  Since  GM  =  OG  sin  7,  GN  =  00  sin  i,  we 
have  at  once  ft  sin  7  =  to  sin  i,  whence  il  can  be  found. 

182.  To  find  the  cowman  angular  velocity  in  the  body  of  the 
invariable  line  and  the  instantaneous  axis  round  the  awis  ofwnequal 
moment. 

Let  fl'  be  the  rate  at  which  the  plane  LOG  is  turning  round 
OG  in  the  body.  Let  LM,  LN  be  perpendiculars  from  any  point 
L  in  the  invariable  line  on  OG  and  01.  Since  OL  is  fixed  in 
space  and  the  body  is  turning  round  01  in  the  positive  direction 
(i.e.  in  the  direction  ABG),  the  point  L  appears  to  move  relatively 
to  the  body  in  the  opposite  direction  with  a  velocity  LN.to.  But 
the  velocity  of  L  in  the  positive  direction  in  the  body  is  also 
LM.H'.  In  the  standard  case,  the  momental  ellipsoid  is  prolate, 
A  being  greater  than  G,  hence  7>*i  LN  =0L  sin  (y~i).  and 
LM=  OL .  sin  7.    We  have  therefore  at  once  Ii'  sin  7  =  w  sin  {i  —  7). 

If  the  body  considered  be  the  earth,  the  momental  spheroid  is 
oblate  and  'y<i.  In  this  case  fl'  is  positive  and  the  instantaneous 
axis  moves  round  the  axis  of  iigure  in  the  same  direction  as  the 
diurnal  rotation. 

The  direction  of  motion  of  01  round  OG  also  follows  at  once 
from  the  theorem  that  the  cone  described  by  01  in  the  body  rolls 
on  the  cone  described  by  01  in  space.  Looking  at  the  figures  we 
see  that  the  motion  of  01  is  opposite  to  or  in  the  same  direction 
as  the  rotation  a*  according  as  the  spheroid  is  prolate  or  oblate. 

If  we  sahstitute  oot^  —  oot  1    CIA,  we  easily  find  fi'  =  (iioost  — ^ — .     The  ratio 

of  the  angular  velocity  of  the  plane  LOG  about  OG  {via.  iJ'|  to  the  angular 
velocity  of  the  body  about  tht  same  axil  (via.  a  00s  i)  U  independent  of  the  initial 
coTiditiom  and  is  aguaf  to  {C~A)IA. 

There  is  a  correspon  ling  theorem  when  all  three  principal  moments  of  inertia 
are  unequal,  but  lie  inetaataiuoui  axis  GI  is  supposed  to  be  always  nearly  co- 
incident with  GC  The  ratio  mat  given  then  becomes  {{G -A)[G -B)!AB}i,  see 
Act.  150  6,  Ei.  2 

183.  Ex.  1.  It  a  light  oirouiar  oone,  whose  altitude  a  is  double  the  radins  of 
its  base,  turn  abo  it  its  centie  of  gravity  as  a  fixed  point,  and  be  origiaall;  set  io 
motion  abont  an  aii'<  molined  at  an  angle  a  to  the  axis  of  figure,  the  vertex  of  the 
oone  will  deeoribe  a  circle  whose  radius  is  fit  ain  a.  [Coll.  Biam, 

Ex.  3.  A  circular  plate  revolves  about  its  centre  of  gravity  as  a  fixed  point.  If 
an  angular  velocity  as  wore  oiiginallj  impressed  on  it  about  an  axis  making  an  angle 
a  with  its  plane,  a  normal  to  the  plane  of  the  disc  will  make  a  revolution  in  space 
in  a  time  t  given  by  2ir;T  =  uVn-3  sin' a.  [Coll.  Eiam. 

Ex.  3.  A  body  which  can  turn  freely  about  a  fixed  point  at  which  two  of  the 
principal  moments  are  eqiiBil  and  less  than  the  third,  is  set  in  rotation  about  any 
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axis.  Owing  to  the  resistanoe  of  the  aic  and  other  caasea,  it  is  continually  aoted 
on  by  a  retarding  couple  wlioae  asia  is  the  inatantaneons  axis  of  rotation  and  wlioae 
magoltude  is  proportional  to  the  angnlar  velocity.  Show  that  the  axis  of  rotation 
will  continually  tend  to  become  eoinoident  with  the  axis  oi  unequal  moment.  In 
the  oaae  of  the  earth,  therefore,  a  near  coincidence  of  the  axis  of  rotation  and  axis 
of  figure  is  not  a  proof  that  such  coincidence  has  always  held. 

[Prof.   Stone,  Monthly  Notices  of  Ike  Aatronamical  Society,  March,  1867. 

Es.  i.    When  A  =  B,  show  that  the  conjugate  ellipsoid  is  a  spheroid  Ute  axis  of 
which  ia  the  axis  OC  of  unequal  moment  in  the  body. 

Show  also  that  the  oonjugate  line  OL'  lies  in  the  plane  wMoh  contains  06',  01 
and  OL  ;  and  if  -,'  he  the  angle  COi',  tan  ■/  ^A  tan  1/(3^  -  C)  so  that 


Motion  when  Q^  =  BT. 

184.     The  peculiarities  of  this  case  have  been  already  alluded 
to  in  Art.  137.     When  the  initial  conditions  are  such  that  this 
relation  holds  between  the  vis  viva  and  the  momentum  of  the 
body  the  whole  discussion  of  the  motion  becomes  more  simple*. 
The  fundamental  equations  of  motion  are 

J.w,=  +  Ba^  +  Cwi  =T   \ 

A'(o,' +  B'm^' +  C(i>/ ^  G' =  BT] 

After  solving  these,  we  have 

^_B~G    G'-^W  ^--^JzP    ^'  -  -^''^ 

"^''A^-'    AB       •         "^''A-V       BG 
do>i  _C  -  A 


..(1). 


,.(2). 


But 


dt  ' 


B 


■    dt 


V 


(A  -B}{B-  G)    G^-B^^^ 
AG        ■"  ■        .^      "■ 
I,  and  Ms  have  like  signs,  (G  - 


When  the  initial  values  of  to,  and  ro^  have  like  signs,  (G  —  A)  a._ 
is  negative  and  therefore  dajdt  must  be  negative,  hence  in  this 
expression  the  upper  or  lower  sign  is  to  be  used  according  as  the 
initial  values  of  a>i,  Wj  have  like  or  unlike  signs.     Here  A  >G. 

__^_  d<o^^  _     /(A~-^B)(B^ 
'  ■  tf^-iJW  rf(  "■^V  AC 

If  we  put  +  n  for  the  right-hand  side  and  integrate  we  have 


z3 


•  E.e 


Bm,     E.e 


E., 


-1 


H 


*  This  ease  appeals  to  ha^e  been  eonsideied  by  nearly  every  writer  on  this 
subject  As  exampks  of  different  methods  of  treatment  the  leader  may  consult 
Legendre,  TraitP  des  FoMtione  EthpUquee,  1825,  Vol  i  rage  3^2,  anil  Poiceot, 
TMone  Nawiielle  de  la  Botatton  des  eorps,  1852,  page  1(M 
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where  E  is  some  uu  deter  mined  consbant.  As  t  increases  indefi- 
nitely, <o^  approaches  T  OjB  as  its  limit  and  therefore  by  (2)  o>i 
aad  Bij  approach  zero. 

The  conclusion  is  that  the  instantaneous  axis  ultimately  ap- 
proaches to  coincidence  with  the  mean  axis  of  principal  moment, 
but  never  actually  coincides  with  it.  It  approaches  the  positive 
or  negative  end  of  the  mean  axis  according  as  the  initial  value  of 
(C—  A)  Qiiois  is  positive  or  negative. 

185.  To  find  what  the  cones  traced  o'uA  in  the  hody  by  the 
invariable  line  and  instantaneous  axis  become  when  G"  =  BT. 

Eliminating  w^  from  the  fundamental  equations  of  the  last 
Article  we  have  A{A-B)  m^  =G{B-C)  m,'. 

Taking  the  principal  axes  at  the  fixed  point  as  axes  of  reference, 
the  equations  of  the  invariable  line  are  mjAa>j  =  yjBo)2  =  ejGo}3. 
Eliminating  to,  and  oij  the  locus  of  the  invariable  line  is  one  of  the 

two  planes  ^  — j—  co  =  ±  ^  —^-  -  z. 

The  equations  of  the  instantaneous  axes  are  ai/w,  =  y/wa  =  ^l^-i- 
Eliminating  Wi  and  Wj  the  locus  of  the  instantaneous  axis  is  one  of 
the  two  planes  "J A  {A  ~ B) x=±  V(B -  0) z. 

In  these  equations  since  zjx  follows  the  sign  of  ius/mi  the  upper 
or  lower  sign  is  to  be  taken  according  as  the  initial  values  of 
to,,  Wa  have  hke  or  unlike  signs.  These  planes  pass  through  the 
mean  axis,  and  are  independent  of  the  initial  conditions  except  so 
far  that  6''  =  BT. 

The  rolling  and  sliding  cone  is  the  reciprocal  of  that  described 
by  the  invariable  plane,  Art.  172,  and  is  therefore  the  straight  line 
"  i  1      to  th  t  pi        wh'  h  ■    t        1    ut  by  the  invariable 

B  la  ble  line  coincide  with  the 

are  perpondicalar  to  the 

m  1  which  lies  io  the  plane 

th    gi 

E  ta  xi8  are  perpendicular  to 

m  llipBoid. 

86     Th  h  several  planes  fixed 

h     b  b         h  b  owing   figure.     Let 

B    C  h  p  hh  pn   pal  axes  of  the  body 

ah  0       d  TM        unity.     Let  BLK', 

BIJ'  be  the  planes  traced  out  by  the  mvariable  line  and  the 

instantaneous  axis  respectively.     Then  by  the  last  Article 


tan  OK' 


/A    B-C     ^      ^j,         IG    B- 
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Hence  we  find 

tan  K'J'  =  tan  LBI 


=v/' 


'{B-C)(A~B) 


-  tan  IL.     If  then  > 


■  put,  as  in 


This  is  the  quantity  which  has  heen  called  n  in  Art.  184. 

Exactly  as  in  Art.  163  the  direction  of  motion  of  L  is  perpen- 
dicular to  IL  and  hence 
the  angle  ILB  is  a  right 
angle.  Thus  the  spheri- 
caltriangle  ILB  has  one 
angle  right,  and  another 
constant  andii)  dependent 
of  all  initial  conditions. 

Exactly  as  in  Art. 
163,  the  velocity  of  L 
along  LB  is  equal  to 
w  sin  IL,  which,  by  Art. 
143,  is  equal  to 

UnlL.T/G. 
But  from  the  spherical 
triangle  ILB  we  have  n  sin  Si: 

Art.  140,  /3  =  BL,  we  have         ~^^^a"- 

If  the  initial  values  of  oii,  oij  have  the  same  sign,  the  body 
is  turning  round  /  from  K'  to  B.  Hence,  since  L  is  fixed  in 
space,  BL  is  increasing  and  therefore  the  upper  sign  w.ust  be  used 
in  this  figure.     See  also  Art.  184. 

We  may  also  find  an  expression  for  /3  in  terms  of  the  time. 

By  integration  we  have         cot^^V-^^-e   ^    ■ 

This  result  also  follows  from  Art.  184  by  writing  cos  ji  =  B<i>.JG. 

Es.  1.  When  the  body  moves  bo  that  G==Br,  prove  that  the  conjugate  body 
(Art.  174)  also  moves  bo  that  G'^  =  B'r',  Thence  ahow  that  the  conjugate  liae  OL' 
desocibeB  a  great  ekole  B^  paseing  through  B  such  that  BQ'  and  BK'  make  eqoal 
angles  on  opposite  sides  with  HI 

Show  also  that  the  spheiiual  tiiaugle  IL'B  has  one  angle  (viz.  IL'B)  right  and 
auothei  (vie  IBL']  constant  and  eq^ual  to  tan-^n,  where  n  has  the  meaning  ahove 

Es  3  Show  that  the  eooentno  hne  describes  a  great  circle  passing  through  B 
aud  cuttias^C  in  some  point  B  wheie  iau' CD' =  tan  CJ '  tan  C/C.  If  E  be  the 
iiitersecti  m  of  the  eccentric  line  with  the  sphere,  show  that  the  arcs  BE  and  BI. 
are  always  equal. 

187      To  find  the  motion  of  the  body  in,  space. 

We  have  already  seen  that  the  motion  is  such  that  a  plane 
fixed  in  the  body,  viz.  the  piano  BK',  contains  a  straight  line 
fixed  in  space,  viz.  the  invariable  line  OL.     Since  the  body  is 
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brought  from  any  position  into  the  next  by  an  angular  velocity 
(ooos IOL  =  T/&  about  OL,  and  an  angular  velocity  (osin lOL 
about  a  perpendicular  to  OL,  viz.  OH,  it  follows  that  the  plane 
fixed  in  the  body  turns  round  the  line  fixed  in  space  ivith  a  uniform 
angular  velocity  TjG  or  GjB.  See  also  Art.  176.  At  the  same 
time  the  plane  moves  so  that  the  line  fixed  in  spa^e  appears  to 
describe  the  plane  with  a  variable  velocity  asm lOL.  If  /9  be 
the  angle  BL,  this  has  been  proved  in  the  last  Article  to  be 
ji9in^.r/(?. 

188.  The  cone  described  by  OH  m  the  body  is  the  reciprocal 
cone  of  that  described  by  OL,  and  from  it  we  may  deduce  re- 
ciprocal theorems.  The  motion  is  therefore  such  that  a  straight 
line  fix^  in  the  body,  vis.  OH,  describes  a  plane  fi^ed  i/ii  space, 
viz.  the  plane  perpendicular  to  OL.  The  straight  line  moves 
along  this  plane  with  a  uniform  angular  velocity  equal  to  TjQ  or 
GjB,  while  the  angular  velocity  of  the  body  about  this  straight 
Hne  is  ±  n  sin  0.  GIB. 

189.  The  motion  of  the  principal  axes  may  be  deduced  from 
the  genera!  results  given  in  Art.  176.  But  we  may  also  proceed 
thus.  Since  the  body  is  turning  about  01,  the  point  B  on  the 
sphere  is  moving  perpendicularly  to  the  arc  IB.  Hence  the 
tangent  to  the  path  of  B  makes  with  LB  an  angle  which  is  the 
complement  of  the  constant  angle  IBL.  The  path  traced  out 
by  the  ims  of  mean  moment  on  a  sphere  whose  centre  is  at  0  is 
a  rhumb  line  which  cats  all  the  great  dreles  through  L  at  an  angle 
whose  cotangent  is  ±n. 

190.  To  find  the  motion  of  the  instantaneous  axis  in  space. 
This  problem  is  the  same  as  that  considered  in  Art.  168.     We 

may  however  deduce  the  result  at  once  from  Art.  187.  The  angle 
ILB  is  always  a  right  angle,  it  therefore  follows  that  the  angular 
velocity  of  I  round  L  is  the  same  as  that  of  the  arc  BL  round  L. 
But  the  angular  velocity  (}f  the  latter  is  constant  and  equal  to  TjO. 
If  then  ^  be  the  angle  the  plane  LOI,  containing  the  instantaneous 
axis  and  the  invariable  line,  makes  with  some  fixed  plane  passing 

through  the  invariable  line,  we  have  7^  =  7^- 

191.  To  find  the  equation  of  the  cone  described  by  the 
instantaneous  axis  in  space,  we  require  a  relation  between  f  and 
4>,  where  ^  is  the  arc  IL  on  the  sphere.     From  the  right-angled 

triangle  ILB  we  have  ti  sin  ^  =  tan  f,  and   cot  —  —  'J Be  "       by 

Art.  1S6,  By  eliminating  ^,  we  deduce  an  expression  for  f  in 
terms  of  (.     We  find 

=  cot  ^  +  tan  '^  =  V£e  ^     +  Tp  ^  ■ 
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By  the  last  Article  if>  =  (T/G)  t  +  F,  where  F  is  some  constant. 
Let  U9  substitute  for  *  in  terms  of  ^,  and  let  us  choose  the  plane 
from  which  (f>  is  measured  so  that  V!^eT"-*'=  1. 

The  equation  of  the  cone  traced  out  in  space  by  the  instan- 
taneous axis  is  2r  cot  f  =  e"*  +  e~"*. 

When  0  =  0,  we  have  tan  f  =  n.  Therefore  the  plane  fixed  in 
space  from  which  <j>  is  measured  is  the  plane  containing  the  axes 
of  greatest  and  least  moment  at  the  instant  when  that  plane 
contains  the  invariable  line. 

On  tracing  this  cone,  we  see  that  it  cut.s  a  sphere  whose  centre 
is  at  the  fixed  point  in  a  spiraJ  curve.  The  branches  determined 
by  positive  and  negative  values  of  <f)  are  perfectly  equal.  As  <^ 
increases  positively  the  radial  arc  ^  continually  decreases,  the 
spiral  therefore  makes  an  infinite  number  of  turns  round  the 
point  L,  the  last  turn  being  infinitely  small. 

Ex.    In  the  herpolliode  —  c™^+e~^',  if  the  loiiua  of  the  eKtremitj  of  the 

polar  Bnbtangent  of  this  curve  be  foand  and  another  curve  be  similarly  generated 
from  this  looue,  the  euive  thus  obtained  will  be  similar  to  the  herpolhode. 

[Math.  Tripos.  1863. 

On  Correlated  and  Contrwrelated  Bodies. 

192.  To  compare  the  motions  of  different  bodies  acted  on  by 
initial  cowples  whose  planes  are  parallel. 

Let  a,  (3,  7  be  the  angles  the  principal  axes  OA,  OB,  00  of 
a  body  at  the  fixed  point  0  make  with  the  invariable  line  OL. 
Then  by  Art.  T40,  Euler's  equations  may  be  put  into  the  form 


dt 


rG(i-^)cos^cos7  =  0 (:), 


with  two  similar  equations.     Let  \,  /J.,  v  be  the  angles  the  ph 
LOA,  LOB,  LOG  make  with  any  plane  fixed  in  space,  and 

thi-ongh  OL.      Ihen  sm^a-jr^p 2'       (^X 

with  similar  equations  for  /i.  and  v. 

If  accented  letters  denote  similar  quantities  for  some  other 
body,  the  corresponding  equations  will  be 
d  cos  «' 


Vb'  -  ^'J  '^os  ^'  <=os  7'  =  0 ('^)> 


VG' 


,d\'     r     G'c 


='"  "  dt-W 

If  then  the  bodies  are  such  that 


..(4). 


«(s-D)-«'(i-,^)  *«-««= W' 
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the  equations  (1)  to  find  a,  l3,  y  are  the  same  as  the  equations  (3) 
to  find  a',  y8',  7'.  Therefore  if  these  two  bodies  be  initially  placed 
with  their  principal  axes  parallel  and  be  set  in  motion  by  impulsive 
couples  whose  magnitudes  are  Q  and  G',  and  whose  planes  are 
parallel,  then  after  the  lapse  of  any  time  t  the  principal  axes  of 
the  two  bodies  will  still  be  equally  inclined  to  the  common  axis  of 
the  couples. 

The  equations  (5)  may  be  put  into  the  form 

A      A'~B     B'~G      6" ^'''■ 

Since  by  Art.  142  the  vis  viva  is  given  by 
T      coB^a     coB^jS     coa^7 
g-.  = -J"  +  -  g- + -^    ■■■ 

we  see  that  each  of  the  expressions  in  (6)  is  equal  to  T/G  —  T'jG'. 
It  immediately  follows  by  subtracting  equations  (2)  and  (4) 
and  dividing  by  sin' a  that 

dX  _(i>J_T_r 

dt       dt      G      G- ^'' 

with  similar  equations  for  /j.  and  v.  Thus  the  two  bodies  being 
started  as  before  with  their  principal  axes  parallel  each  to  each, 
the  parallelism  of  the  principal  axes  may  be  restored  by  turning 
the  body  whose  principal  axes  are  A',  B',  C  about  the  common 
axis  of  the  impulsive  couples  through  an  angle  {TjG  —  T' jG')  t  in 
the  direction  in  which  positive  impulsive  couples  act. 

193,  When  the  couples  0  and  (?'  are  equal  the  condition  (6) 

,                         111111      T-r  ^^^ 

becomes  __  ^  =  --_  =  ---  = -^      (9), 

the  bodies  are  then  said  to  be  correlated.  If  momenta!  ellipsoids 
of  the  two  bodies  be  taken  so  that  the  moment  of  inertia  in  each 
bears  the  same  ratio  to  the  square  of  the  reciprocal  of  the  radius 
vector  these  ellipsoids  are  clearly  confocal. 

When    the    couples    G    and    G'    are   equal   and    opposite,  the 
equation  (6)  becomes 

1     1     1     1     1     1     r+r 

A^A'^B^B'-^G^O'^-G^-     <10), 

and  the  bodies  aro  said  to  be  corttrar elated. 

194.  To  compare  the  angular  velocities  of  the  two  bodies  at 
any  instant. 

Let  (u  be  the  angular  velocity  of  ono  body  at  any  instant,  then 
following  the  usual  notation  we  have 

cos^  0     cos'  7\ 

^-  -^-  +  -^}  ■ 


-H- 
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If  the  same  letters  accentod  denote  similar  quantities  for  the 
,     ,  ,„      ~„  /cos'  a     cos^  B     cos'  7"\ 

other  body  o> '  =  (?  M  -jy  +  —gf-  +  -™-  J  . 

Remembering  the  condition  (6)  we  deduce 

By  referring  to  (7)  the  quantity  in  square  brackets  is  easily 
seen  to  be  T/G+T'/G',     .-.  m^-m^  =  {TjGf-{riQy (11). 

195.  Es.  1.  If  two  bodies  be  so  related  that  their  ellipsoids  of  gyration  are 
oonfoeal,  and  be  initially  so  placed  that  the  angles  |a,  ^,  7)  (a',  j3',  y')  their  prin- 
cipal axes  make  with  the  invariable  line  of  each  ore  eooneoted  by  the  equations 

and  if  these  bodies  be  set  in  motion  by  two  impulsive  oouples  Q,  G'  respectively 
proportional  to  J  ABC  and  ^A'B'C,  then  the  above  relations  will  always  hold 
between  the  angles  (a,  fi,  y)  {a',  ^',  -/).  If  p  and  p'  be  the  reciprocals  of  dKjdt  and 
dA/it  thenGp-Oji  will  he  constant  throughout  the  motion,  where  ^,  X',  &o.,  are 
the  angles  the  pla  les,  LOA,  L'O'A'  make  at  Die  time  (  with  their  positions  at  the 

Ex  3  In  Older  that  the  angles  which  the  principal  axea  make  with  the  axis  of 
the  couple  may  be  the  same  in  each  body,  it  is  necessary  that  the  invariable  cones 
and  therefore  also  their  reciprocals,  i.e.  Poinaot's  rolling  and  sliding  cones,  should 
be  the  same  in  each  body.  Thus  in  the  two  bodies  the  rolling  motions  of  these 
cones  are  equal,  but  the  eliding  motions  may  be  different.  Thence  deduce  equations 
(3)  and  (IX).     This  mode  of  pioof  is  partly  due  to  Caylej. 

196.  Sylvester's  measure  of  the  time.  When  a  body 
turns  about  a  fixed  point  its  motion  in  space  is  represented  by 
making  its  momental  ellipsoid  roll  on  a  fixed  plane.  This  gives 
no  representation  of  the  time  occupied  by  the  body  in  passing  from 
any  position  to  any  other.  The  preceding  Articles  will  enable  us 
to  supply  this  defect. 

To  give  distinctness  to  our  ideas  let  us  suppose  the  momental 
ellipsoid  to  be  rolling  on  a  horizontal  plane  underneath  the  fixed 
point  0,  and  that  the  instantaneous  axis  01  is  describing  a  polhode 
about  the  axis  of  A.  Let  us  now  remove  that  half  of  the  ellipsoid 
which  is  bounded  by  the  plane  of  SC,  a.nd  which  does  not  touch 
the  fixed  plane.  Let  us  replace  this  half  by  the  half  of  another 
smaller  ellipsoid  which  is  confocal  with  the  first.  Let  a  plane 
be  drawn  parallel  to  the  invariable  plane  to  touch  this  ellipsoid 
in  T  and  suppose  this  plane  also  to  be  fixed  in  space.  These  two 
semi-ellipsoids  may  be  considered  as  the  momental  ellipsoids  of 
two  correlated  bodies,  If  they  were  not  attached  to  each  other 
and  were  free  to  move  without  interference,  each  would  roll,  the 
one  on  the  fixed  plane  which  touches  at  /,  and  the  other  on  that 
which  touches  at  /'.  By  Arts.  192  and  193  the  upper  ellipsoid 
{being  the  smallest)   may  be  brought  into  parallelism  with  the 
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lower  by  a  rotation  Gt(ljA  —  IjA')  about  the  invariable  line.  If 
then  the  upper  plane  on  which  the  upper  ellipsoid  rolls  be  made 
to  turn  round  the  invariable  line  as  a  fixed  axis  with  an  angular 
velocity  G(ljA  —  l/A'),  the  two  ellipsoids  will  always  be  in  a  state 
of  parallelism,  and  may  be  supposed  to  be  rigidly  attached  to  each 
other. 

Suppose  then  the  upper  tangent  plane  to  be  perfectly  rough 
and  capable  of  turning  in  a  horizontal  plane  about  a  vertical  axis 
which  passes  through  the  fixed  point.  As  the  nucleus  is  made 
to  roll  with  the  under  part  of  its  surface  on  the  fixed  plane  below, 
the  friction  between  the  upper  surface  and  the  plane  will  cause 
the  latter*  to  rotate  about  its  axis.  Then  the  time  elapsed  will 
be  in  a  constant  ratio  to  this  motion  of  rotation,  which  may  be 
measured  off  on  an  absolutely  fixed  dial  face  immediately  over  the 
rotating  plane. 

197.  The  preceding  theory,  so  far  as  it  relates  to  correlated 
and  contrarelated  bodies,  is  taken  from  a  memoir  by  Prof.  Sylvester 
in  the  Philosophical  Transactions  for  1866,  He  proceeds  to  in- 
vestigate in  what  cases  the  upper  ellipsoid  may  be  reduced  to  a 
disc.  It  appears  that  there  are  always  two  such  discs  and  no 
more,  except  in  the  case  of  two  of  the  principal  momenta  being 
equal,  when  the  solution  becomes  unique.  Of  these  two  disca 
one  is  correlated  and  the  other  contrarelated  to  the  given  body, 
and  they  will  be  respectively  perpendicular  to  the  axes  of  greatest 
and  least  moments  of  inertia. 

198.  FoinsDt's  measure  of  the  time.  Poinsot  has  shown 
that  the  motion  of  the  body  may  be  constructed  by  a  cone  fixed 
in  the  body  rolling  on  a  plane  which  turns  uniformly  round  the 
invariable  line.  If,  as  in  the  preceding  theory,  we  suppose  the 
plane  rough,  and  to  be  turned  by  the  cone  as  it  rolls  on  the  plane, 
the  angle  turned  through  by  the  plane  will  measure  the  time 


The  Sphero-Conio  or  Spherical  Ellipse. 
199.  The  foUowine  properties  of  a  Bphero-oocio  will  lie  found  useful  in  con- 
nection with  the  theorems  of  Art.  157.  They  appear  to  be  new.  The  curve  is 
represeuted  by  the  line  DED'E'.  ks  before,  the  eye  is  suppoaed  to  be  sitnated  in 
the  radiiiG  through  A,  viewing  the  sphere  from  a  oonetderable  dialance.  The  three 
priudpal  planes  of  the  cone  iatersect  the  sphere  in  the  three  quadrants  ^S,  £0,  OA, 

*  As  the  ellipsoid  xolls  on  the  lower  plaine,  a  certain  geometrical  condition  must 
be  satisfied  that  the  nucleus  may  cot  quit  the  upper  plane  or  tend  to  force  it 
up\rarda.  This  condition  Is  that  the  plane  containing  01,  OT,  must  contain 
the  invariable  line,  for  then  aud  then  only  the  rotation  about  01  eau  be  resolved 
into  a  component  about  01'  and  a  component  about  the  invaiiable  line.  That  this 
condition  must  he  satisfied  is  clear  from  the  reasoning  in  the  tent.  But  It  is  also 
dear  from  the  known  properties  of  confocal  ellipsoids. 
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and  any  one  ot  the  three  poicta  A,  B,  C  might  be  called  the  ci 
and  AE  are  represented  by  it  and  6. 


[chap.  IV. 


The  a: 


iAD 


The  lettei  a  are  not  alnays  the  ! 
of  the  ouive,  but  ha^e  been  ohnsi 
employed  in  plane  coi]ii.b  In  tli 
ipheiii-al  ellipse  v,i[\  1>€  raak  luc 


.me  as  those  uetd  m  the  djnamieal  applications 
1  to  agiee  as  far  as  possible  with  those  usually 
t  nay  tha  analopj  hetwpen  the  plane  and  the 
e  ipj-iieut 


1.  Ec[uatioii  of  the  oonie.  Draw  the  arc  PN  pecpendioular  to  AD  and  let 
PN^y,  AN=x.  Let  NP  produced  cut  the  small  oirole  described  on  OC  as 
diameter  in  P',  let  NP'  be  called  the  eooectrie  ordinate  and  be  represented  by  y'. 


2.    The  projeotion  ot  the  normal  PG  i 
constant  and  equal  to  half  the  latus  rectn 

It  3i  be  the  latus  rectum,  then  tan  i  =  - 


n  the  focal  radius  yector  SP,  i. 
„      tan  GL 


e  may  be  called  the  eccentricity  of  the  sphero 
tan  AO  =  e^  tan  AN. 


6.    Also  S  being  a  focus  SE  =  HE—a,  and  tan  8^  = 

tan  (SP- a)  =  etm  AN. 
7-    Polar  equations  of  the  conic: 


)S  PSA. 


8.  IS  phe  the  radius  of  curvature 

9.  Hegarding  AP,  AQ  as  eonjugat< 
sinMP  +  sinMQ^sin^a  +  sicni 

siB^Q.sinJ>P=Bina.ain6    f 


at  P,  then  tan  p  =  ■- — ^- . 
i  semi-diameters,  defined  as  above, 
tan  PAD  .  tan  QAD^  -  ^ 
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10.  If  p  be  the  perpendicular  from  the  centre  A  on  the  tangent  at  P, 

tan^  a  tan'  6,     „       ,     „,,     ,,-, 
— - — J- =t(in2  a  + tau^  6  -  tan*  AP. 

n^~  ~,        e"      .  „  „„  tan=PG  tan*  b 

11.  Also      tau=P(;-ta!.=  i  =  j^^8in=PW.      -j-^^^_j--^  = -j-^ 


CoK.  taii^PG^      "       .^     {aos^AP^cos^aeo&^b). 

If  emAM=»mAM'^^^,  the  planes  of  the  ares  BM  and  BM' ate  parallel  to 

the  circular  seotiona  of  the  cone.  Some  of  the  properties  of  these  ares  resemble 
those  of  Bsyn^ptotes  when  B  is  regarded  as  the  centre  of  the  conic.  The  properties 
which  connect  the  sphero  conic  with  the  arcs  BM  and  BM'  will  be  foand  in 
Salmrns  Solid  &coni^lii/  Many  other  properties  of  spliero-eonies  will  also  be 
fjund  m  Fronts   Solid  Ijnmebnj. 

EXAMPLES  *. 

1  i  right  erne  the  base  of  which  is  an  ellipse  is  supported  at  G  the  centre  of 
giavitj  and  has  a  motion  Lommunicated  to  it  about  an  axis  through  O  perpen- 
diculai  to  the  line  joining  G  and  the  extremity  B  of  the  asis  minor  of  the  base, 
and  in  the  plane  through  B  and  the  axis  of  the  cone.  Determine  the  position  of 
the  mMiriable  plane 

Rebull  The  normal  to  the  invariable  plane  lies  in  the  plane  passing  through 
the  asis  of  the  cone  ami  the  axis  of  instantaneous  rotation,  and  mates  an  angle- 
whoee  tangent  is  ft  (ft«  +  4a=)/16fi  (n=  +  6=). 

2  A  spheroid  h         p    t   1      f  m  fasten  d    t       h      tt  m'ty   f  th 

of  revolution,  and  th         t       f  g       ty  d     If  th   body  I       t     tat    (,    b     t 

an^  axis,  ahoB  that  (h      ph        I      11      11  ti    d  ila      d       g  th         t 

provided  m/¥=i!i5fl        /    |    wh       M       th  f  th      ph       5  i 

the  axes  of  the  gene    tgUp  b         tl  tfi 

3  A  lamina  of  Imttgtl  j,l         It  bt 
through  itB  oentic  of        vity  prpedlatotpl        h                £ui  It 
a(B+ C)^/(B- C'j'  impressed  upon  it  about  its  principal  axis   of  least  moment, 
A,  B,  C  beiag  arranged  in  descending  order  of  magnitude :  show  that  at  any  time  ( 
the  angular  velocities  about  the  principal  axes  are  respectively 

2a  _       /b+C      ^-g-"'  /g+C         2a 

and  that  it  will  ultimately  revolve  about  the  axis  of  mean  moment 

4.  A  rigid  body,  not  acted  on  by  any  forces,  ie  in  motion  about  its  centre  of 
gravity:  prove  that  if  the  instantaneous  asia  be  at  any  moment  situated  m  the 
plane  ot  contact  of  either  of  the  right  circular  cylinders  desoribeJ  about  the  central 
ellipsoid,  It  will  be  so  throughout  the  motion. 

If  K,  6,  c  be  the  semi-axes  of  the  central  ellipsoid,  arranged  in  descending  order 
of  magnitude,  «„  e^,  e^  the  eccentricities  of  its  principal  sections,  0,,  ii,,  (1,  the 
initial  component  angular  velocities  of  the  body  aboot  its  prinoipal  axes,  prove  that 
the  condition  that  the  instantaneous  axis  should  be  situated  in  the  plane  above 
described  is  fi,/e,  =  («6/c=)  {a^e^). 
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5.  A  rigid  lamina  not  acted  on  by  any  foccea  has  ona  point  fised  about  wMob 
it  can  turn  freely.  It  ia  started  about  a  line  in  the  plane  of  the  lamina  the  moment 
■of  inertia  about  wliich  ia  Q.  Show  that  the  ratio  of  the  greatest  to  the  loaet  angular 
velocity  ia  JA+B  :  ^/£  +  Q,  where  A,B  are  the  principal  moments  of  inertia  about 
-axes  in  the  plane  of  the  lamina.     See  Art.  160  c,  Ex.  1. 

G.  If  the  earth  were  a  rigid  body  acted  on  by  no  forces  rotating  about  a  diameter 
which  IS  not  a  principal  axis  "how  that  the         ud  paw  tilci    a  y  and  that 

the  values  would  le  ur  wheie\er  J  A     bJ  ju  d        a  nra    p       f  ^wJbo. 

I!  a  man  weie  to  he  lown  when  his  latitnd        a  a  m  mum    n  se  when  it 

bjcomei  a  max  mum   b1  ow  that  he  would    n      a  a   a  d  so  cause  the 

lole  of  (1  e  eaitl   to  travel  horn  the  axis       gr  al«      m  n  in     ia  towards 

that  of  least  m  ment  of  ineitia 

7  It  d«  be  the  angle  between  two  con      u         po        n     f   h         tantaneons 

,>.  .       /  '^V     f^-^iV     ('^"sV     f^'-'A'     (^•"Y 
axis   p.o.e  that  «  (~j  -  (-']   +  [^^j   +  {^^=j   -  {j-^j  . 

W  e  have  thp  twt  following  eipreaaions  tor  the  elementary  arc  of  a  curve 

When  the  curve  is  a  polhode  j  ,  r,  ^,  z  bear  the  same  constant  latioo  to  ...    Uj   i     i^ 
Art  160      BuVtituting  the  result  follows  at  once 

8  It  «  be  the  angular  velocity  of  the  plane  through  the  in^aiiable  line  ind 
the  inBtantaneou'*  as.ii  about  the  invariable  line  and  \  the  component  iiikuIhi 
velocity  of  the  bod\  about  the  invariable  line,  prove  that 

For  Fenejo  -olutun  aee  Quarterly  Journal,  1864. 

1      If  u  lodv  move  lu  any  manner,  and  all  the  forces  pass  through  the  centre  of 
j-j(logwJ  jj(log"2)^((logws]  =  0,   where  a,,  i^,  Uj 

are  the  angular  velocities  about  the  principal  axes  at  the  centre  of  gravity,  and  ui 
is  the  resultant  angular  velocity. 
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MOTION"  OF  A  BODY    UNDER  ANY  FOECSS. 

Motion  of  a  Top. 

200.  A  body  two  of  whose  principal  moments  at  the  centre 
of  gravity  are  equal  moves  about  some  fixed  point  0  in  the  oasis 
of  unequal  moment  under  the  action  of  gravity.  Determine  the 
moticm.     See  Vol,  I.  Chap.  viii.  for  a  partial  solution. 

To  give  distinctness  to  our  ideas  we  may  consider  the  body 
to  be  a  top  spinning  on  a  perfectly  rough  horizontal  plane. 

Let  the  axis  OZ  be  vertical.  Let  the  axis  of  unequal  moment 
at  the  centre  of  gravity  be  the  axis  OC  and  let  this  be  called 
the  axis  of  the  body.  Let  h  be  the  distance  of  the  centre  of 
gravity  G  of  the  body  from  the  fixed  point  0  and  let  the  mass 
of  the  body  be  taken  as  unity.  Let  OA  be  that  principal  axis 
at  0  which  lies  in  the  plane  ZOO,  OS  the  principal  axis  perpen- 
dicular to  this  plane.  If  we  take  moments  about  the  axis  OG  we 
have  by  Euler's  equations  (Vol.  i.  Chap,  v,), 

Odfo,ldt  ~{A-B)  (0,0.,  =  i\^. 

But  in  our  case  A  =  B,  and  since  the  centre  of  gravity  lies 
in  the  axis  00,  we  have  N  =  0.  Hence  <os  is  constant  and  equal 
to  its  initial  value.     Let  this  be  called  n. 

Let  us  measure  along  the  axis  00  in  the  direction  OG  a 
length  OP  =  Ajh.  Then,  .by  Vol.  i.  Chap,  ni.,  P  is  the  centre* 
of  oscillation  of  the  body.  This  length  we  shall  call  I.  Let  6 
be  the  inclination  of  the  axis  00  to  the  vertical,  i^  the  angle 
the  plane  ZOC  makes  with  some  plane  fixed  in  space  passing 
through  OZ.  Then  by  the  same  reasoning  as  that  used  in  Euler's 
geometrical  equations  (Vol.  i.  Chap,  v.)  we  find  that  the  velocitie.s 
of  P  resolved 

perpendicular  to  plane  Z00  =  —  liOi  —  lsn\  0di^ldt\ 

parallel  to  plane  ZOG^     loy.^ldd/dt  ]'"^  '' 

',  tte  body,  wliioli  ia  represented  by  a,  top, 
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It  is  clear  that  the  moment  of  the  momentum  about  OZ 
will  be  constant  throughout  the  motion.  Since  the  direction- 
cosines  of  OZ  referred  to  OA,  OB,  00  are  —  sin^,  0  and  cos^, 
this  principle  gives  —  Am,  s,m  0  +  On  cos  0  ^  E (2), 


TV 

"■■■■--.„ 

"^ 

x/^' 

2 

"^ 

J 

// 

^•- 

,   \ 

^ 

^ 

where  E  is  some  constant  depending  on    the  initial 
and  whose  value  may  be  found  from  this  equation  by  s 
the  initial  values  of  ti>i,  and  6. 
The  equation  of  vis  viva  gives 

A{ta^-^<i>f)-^Gn^^F-'2.g}iao%e 

where  F  is  some  constant,  whose  value  may  be  found  by  substi- 
tuting in  this  equation  the  initial  values  of  mi,  Mj,  and  B. 

201.  Kcitlon  of  Olo  canlre  of  Oscillation.  Let  ns  measure  along  the  vertical 
OZ  in  the  direction  opposite  to  gravity  two  lengths  OU^EljGn,  OV=HF-  Gn^l2gh. 
These  lengths  we  stall  write  briefly  OU  =  a,  and  OV-b.     We  therefore  have 


3nnditions, 
bstituting 


..(3), 


I 
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(V  +  M- 


Draw  through  V  and  V  two  horizontal  planes,  and  let  the  vertical  through  F 
intersect  these  planes  in  M  and  N.     Then  the  equations  (2)  and  (3)  give  by  (1), 

transverse  velocity  of  P^(Cn/S)  tan  Pt/itf    (4), 

(velocity  of  PP=3j7PiV  (5). 

Tkas  the  remltant  ve,Jo<:ity  of  P  is  that  due  to  the  depth  cf  P  below  the  horizontal 
plane  through  V,  and  the  velocity  of  F  retolved  perpendicvlaT  to  the  pUme  ZOP 
U  proportimial  to  the  tangent  of  the  angle  PU  imikes  with  a  horUontal  plane. 

It  appears  from  this  last  result  that,  when  P  is  below  the  horizontal  plane 
through  U,  the  plane  FOV  turns  rounil  the  vertical  in  the  same  direction  as  the 
body  turns  round  its  axis,  i.e.  according  to  the  nsnal  rule,  OV  and  OP  are  the 
positive  directions  of  the  asea  of  rotation.  When  P  passes  above  the  horizontal 
plane  through  U,  the  plane  POV  turns  round  the  vertical  in  the  opposite  direction 
If  P  be  below  both  the  horizontal  places  thjough  0  and  U  these  results  are  stiU 
trne,  but  i£  a  top  is  viewed  fiom  above,  the  axis  will  appear  to  turn  round  the 
vertical  in  the  direction  opposite  to  the  rotation  of  the  top  In  all  tlie  cases  ui 
whiih  P  u  beloiB  the  plane  USI  tk'  lowist  point  of  the  nut  of  the  top  moves 
lound  tht.  vertual  tn  the  same  direction  as  the  «iis  of  the  top 

It  13  also  clear  from  (5)  that  the  representative  point  P  (Art   12b)  miiil  lemaiit 
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■hdoio  the  horizontal  plane  thtoagh  V  thToughoat  the  motion.  These  planes  may 
be  called  respeotively  theji?onea  or  levels  of  no  velocity  and  of  no  tramverse  velocity. 

When  a  top  is  set  in  motion  by  anwinding  a  striog  from  its  aiia,  the  initial 
velocity  and  trausverse  yelooiij  of  every  point  on  the  axis  OC  ate  zero.  The  point 
P  therefore  lies  initially  on  both  the  director  planes.  .The  plaTiea  of  ii/i  velocitil 
and  no  transverse  velo<:ity  viill  then  coincide. 

If  we  snbatitote  for  w„  Wj ,  E  and  F  in  (2)  and  (3)  their  values,  we  easily  obtain 

These  equatious  give  in  a  convenient  analytical  form  the  whole  motion*. 
201  a.  The  coiijug:ate  line.  If  we  compare  the  equations 
(6)  with  those  giving  the  motion  of  the  conjugate  line  in  Art.  175, 
Ex.  4)  we  see  that  they  are  analogous.  It  follows  that  the  motion 
of  the  axis  of  a  top  can  be  represented  by  the  motion  of  the  conjugate 
line  of  a  body  moving  about  a  fixed  point  under  no  forces  with  the 
prop^  initial  conditions.  It  may  be  proved  that  the  comparison 
leads  to  real  values  of  tine  constants  for  the  body  moving  under  no 
forces. 

There  is  a  disousaion  of  this  ilieorem  by  the  author  in  the  Quarterly  Journal, 
1888,  "On  a  theorem  by  Jaoobi  in  Dyiiaraioe."  Some  additions  to  the  investigation 
have  been  made  by  A.  C,  Dixon  in  Vol.  xxva.  1895  of  the  same  Jomnal.  There 
are  also  two  memoirs  by  A.  G.  Greenhill  in  The  Proceedings  of  the  London  Mathe- 
matical SocUty,  1894,  1896. 

Ex.  1.  If  10  he  the  resultant  angnlar  velocity  of  tbe  body  and  «  the  velocity  of  F 
show  that  u'  =  ii'  +  (ii/i|'. 

Es.  2.  Show  that  the  cosine  of  the  inclination  of  the  instantaneoua  axis  to  the 
vertioal  is  {E  +  (A-  C)  n  oos  e|/^w. 

202.  Rise  and  Fall  of  a  Top.  As  the  axis  of  the  body 
goes  round  the  vertical  its  iuclinatiim  to  the  vertical  is  continually 
changing.  These  changes  may  be  found  by  eliminating  d-^jdt 
between  the  equations  (6).     We  thus  obtain 

(^^J^'-^f-^^'^^^-^^n-TsiirH}' 

#:  ^  2     /9P  °'  -  ^  COB  g  [ 

dt        V    r     Isin'e  j 

where  CV  =  4ighHp  and  the  radical  in  the  second  equation  has  the 
same  sign  as  n.  It  appears  from  the  first  equation  that  0  can 
never  vanish  unless  a  =  l,  for  in  any  other  case  the  right-hand 
side  of  this  equation  would  become  infinite.  This  may  be  proved 
*  Theee  equations  were  first  obtained  by  Lagrange  in  his  Mecaniq^ie  ATialytique 
and  were  given  by  Poisson  in  his  Trait4  de  MScaniqae.  The  reader  may  also 
consnlt  the  great  work  of  F.  Klein  and  A.  Sommeifeld,  Ueber  die  Theorie  des  KreiseU, 
Leipzig,  1897.  Prof.  Greenhill  has  also  written  several  memoirs  on  the  eubject, 
the  last  being  in  the  AnnaXs  of  Mathematics,  January,  190i.  References  to  other 
be  given  in  the  course  of  the  chapter. 
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otherwise,  since  ajl,  that  is  EjCn,  is  equal  to  the  ratio  of  the  angular 
momentuin  about  the  vertical  to  that  about  the  axis  of  the  body,  it  is 
clear  that  the  axis  could  not  become  vertical  unless  the  raMo  is  unity. 

Suppose  the  body  to  be  set  in  motion  io  any  way  with  its 
axis  at  an  inclination  i  to  the  vertical.  The  axis  will  begin  to 
approach  or  to  fall  away  from  the  vertical  according  as  the  initial 
value  of  d6jdt  or  wj  is  negative  or  positive,  or,  if  dOjdt  is  zero, 
according  as  the  sign  of  d^$/df  is  negative  or  positive.  The  axis 
will  then  oscillate  between  two  limiting  angles  given  by  the 
equation  0  =  l(b-l&)sff}(l-  coa'  e)-2p(a-l  cos  dy...(^). 

This  is  a  cubic  equation  to  determine  coa  0.  It  will  be  neces- 
sary to  examine  its  roots.  When  cos  ^  =  -  1  the  right-hand  side 
is  negative ;  when  cos  $  =  cos  i,  since  the  initial  value  of  (dBjdt'f  is 
essentially  positive,  the  right-hand  side  is  either  zero  or  positive; 
hence  the  equation  has  one  real  root  between  cos d  =  ~l  and 
cos  ^  =  cos  i.  Again,  the  right-hand  side  \%  negative  when  cos  ^  =  +1 
and  positive  when  cos  ^  =  oo .  Hence  there  is  another  real  root 
between  cos  ^  =  cos  i,  and  cos^=l,  and  a  third  root  greater  than 
unity.     This  last  root  is  inadmissible. 

These  limite  may  be  oouveuiently  expressed  geometrieally,  Deaeribe  a  parabola 
with  its  vertex  at  JJ,  ita  axis  vertically  downwards  and  its  latue  rectum  equal  to  3pf. 
Let  the  vertical  FMN  out  this  parabola  in  B,  we  then  have  (Sg.  of  Art.  aOO) 

{ldeSdtY-2gMli~  PM'^  PR' 

The  point  P  oscillates  between  the  two  positions  in  which  the  harmonic  mean 
of  FM  and  PR  is  equal  to  -  2 .  MN.  In  the  figure  V  is  drawn  above  U,  and  in 
this  case  one  of  the  limits  of  P  is  above  UM,  and  the  other  below  the  parabola. 

202  a.  Let  a,  ^  be  (he  two  roots  of  the  cubic  (S)  (in  ascending  order)  which  lie 
between  ±  1,  7  the  root=>  1.  When  cosd  =  b/£  the  right-hand  side  is  negative, 
hence  bjl  must  either  lie  between  p  and  y  or  be  less  thtm  a.  In  either  case  7  >  bjl. 
Now  by  taiing  the  coefficient  of  {eosSf  we  have  2})-(o  +  ^)  =  7-6/I,  hence 
2p>a  +  ^.  It  follows  that  the  antkmetie  mean  of  the  limiting  altitudes  of  P 
above  a  hmiiontal plane  drawn  through,  0  U  Uti  Ihanpl. 

When  the  axis  of  the  top  travels  round  the  vertical  making  a,  constant  angle  i 
with  it,  the  motion  is  called  steady  or  preceuional.  The  limiting  angles  are  Uien 
equal,  i.e.  a—^.  A  necessary  condition  for  a  preoessioual  motion  is  therefore 
p^eosi,  or  which  ia  the  same  thing,  &ifi  >  ighA  cos  i.    See  Art.  305. 

202  &.  The  common  top.  In  the  case  of  a  top,  the  initial 
motion  is  generally  given  by  a  rotation  n  about  the  axis.  We 
have  initially  wi  =  0,  Wj  =  0  and  the  axis  OP  is  at  rest  inclined  at 
an  angle  *  to  the  vertical.  The  point  P  therefore  lies  on  the 
plane  of  no  velocity  VN  and  also  on  the  plane  of  no  transverse 
velocity  UM.  These  planes  must  coincide  and  we  have  a=b=lcQsi. 
These  results  may  also  be  obtained  by  substituting  in  the  alge- 
braical values  rf  Oil,  OF  the  values  of  E  and  f  given  by  putting 
zero  for  m^,  w,  in  (2)  and  (3).     See  Art.  201, 

If  we  put  (?n^j2gh^=  2pl,  as  before,  the  roots  of  equation  (8) 
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are  cos^  =  cos«,  and  cosd  =  p  —  'Jl-  2pcosi+p^.  Since  p  is 
positive  the  value  cos0=p-\-^l —  2p(ioai  + p^  ia  always  greater 
than  unity,  for  it  is  clearly  decreased  by  putting  unity  for  cos  t, 
and  its  value  is  then  not  less  than  unity.  The  axis  of  the  body 
will  therefore  oscillate  between  the  values  of  ^  just  found. 

Generally  the  angular  velocity  n  about  the  axis  of  figure  is 
very  great.  In  this  case  p  is  very  great,  and  if  we  reject  the 
squares  of  1/p  we  see  that  cos  8  will  vary  between  the  limits  cos  i 
and  cosi-3in^i./2p.  It  follows  that  the  extent  of  the  oscillation 
is  narrowed  by  making  the  angular  velocity  n  very  great.  If  also 
the  initial  value  of  i  is  zero,  the  two  limits  of  oos  $  are  the  same. 
The  axis  of  the  body  will  therefore  remain  vertical. 

Bs.  1.  In  the  common  top  b,s  juet  described  show  that  the  least  inclination  of 
the  axis  to  the  upward  vertioal  is  defined  by  $  —  i. 

Ex.  2.  The  initial  motion  of  a  top  is  sucli  that  the  asis  is  inclined  to  the 
vertioal  at  a  known  angle  ff  wMeh  is  either  the  highest  or  lowest  limiting  angle. 
Also  the  altitude  i  of  the  level  of  no  Telocitj  is  greater  than  that  a  at  the  level  of  no 
ti-ansversH  velocity  and  I  =•  a.  Prove  that  the  asis  will  begin  to  aaoeiid  or  descend 
according  as  I  cos  $  -sa  oi  I  cos  0  >  a. 

Divide  the  equation  (8)  by  the  positive  quantity  (a-icose)=.  We  notice  that 
the  right-hand  side  is  then  negative  when  cos  e=±l  and  positive  when  IcoBe  =  o. 
The  limiting  valnes  of  cob  e  are  therefore  separated  by  eo8  9=:a/i.  See  also 
Art.  204  a. 

202  c.  Smootb  Oronnd.  Ex.  A  top  is  set  in  motion  on  a  Bmooth  horizontal 
plane  with  an  initial  resultant  angular  velocity  about  its  axis  of  figure.  Show  that 
the  path  traced  ont  by  the  apes  on  the  horizontal  plane  lies  between  two  circles, 
one  of  which  it  touches  and  the  other  it  cuts  at  right  angles.  [M.  Finok,  Noiwelles 
Annales  de  Math^niatiqites,  Tom.  ix.  1850.] 

202  d  KesLstance  of  tHe  Atr  Ex  Let  the  lesiatanee  be  represented  by 
thiee  couples  whoae  aie'i  are  the  principal  axes  of  the  top  at  the  fixed  point  and 
whose  magnitudes  are  reprewnted  by  -xAt^,  -kAio^,  -  <Caig  (Art.  147).  Prove 
that  two  intigrali  ol  the  equations  of  motion  are 

and  that  the  equation  t( 


?3;.(j.:-c,.oo=»). 


'-(f)"-(^7-'-?"-f''/S" 


where  5=cos  S  and  E  is  the  initial  angular  momentum  about  the  vertical  drawn 
through  the  fised  apex.  These  equations  may  be  obtained  hy  tailing  moments 
about  the  axis  of  the  top,  the  vertical  just  mentioned,  and  by  using  the  principle  of 
energy  (  see  Art.  200. 

Prove  that  the  asis  of  the  top  cannot  become  vertical  unless  the  initial  angular 
momenta  about  the  vertical  and  the  asia  of  figure  are  equal,  thai  is  E  =  Cji. 

To  find  the  limits  of  osoUlation  we  must  find  df/dt  in  terms  of  |  from  the  third 
equation  and  then  put  d^fdi^O.  We  notice  however  that  the  right-hand  aide  of 
the  third  equation  is  negative  when  J==i=l  and  is  positive  when  f  has  any  inter- 
mediate value  which  permits  the  axis  to  move.  There  are  therefore  two  values  of 
cos  e,  both  numerically  less  than  unily,  which  make  that  side  equal  to  zero. 
These  values  of  S  are  the  luniting  inclinationB  of  the  axis  to  the  vertical. 
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202  e.  Tops  which  can  become  vertical.  The  vertex  of 
the  top  being  fixed,  the  angular  momenta  about  the  upward 
vertical  and  the  axis  of  the  top  are  constant  throughout  the 
motion,  and  their  values  have  been  represented  by  £!  and  On.  A 
necessary  condition  that  the  axis  can  coincide  with  the  upward 
or  downward  vertical  is  therefore  Gn  =  E  or  Gn  =  -  E.  By  the 
definition  of  the  constant  a  (Art.  201),  these  conditions  become 
a  =  I  and  a  =  —  l  respectively.  We  shall  consider  the  first  of 
these  cases. 

The  equations  of  motion  (Art.  202)  take  the  foims 

\   dtl        ■^  \  -^    1  +  coa^J  dt      y    I   l  +  cttsd 

The  limiting  values  of  cos  6  are  determined  by  the  quadratic 

0  =  (6  -  i  cos  (9)  (1  +  cos  9)  -  2pl  (1  -  cos  0). 
while  the  third  root  of  the  cubic  is  cosfi  =  l.  By  giving  cob  ^ 
successively  the  values  —1,  cos*,  +1,  +5o  we  find  as  in  ilj't.  202 
that  one  value  of  cos  $  given  by  the  quadratic  lies  between  —  1 
and  cosi,  the  other  root  is  >  1  or  <  1  according  as  &  >  m  or  6  <  «, 
that  is  according  as  the  level  of  no  velocity  is  above  or  below  that 
of  no  transverse  velocity. 

If  b  >  a  the  axis  of  the  top  as  it  revolves  round  the  vertical 
(always  in  the  same  dii'ection.  Art.  201)  will  become  vertical. 
Since  dOjdt  is  not  zero  when  cos  0  =  1  (mdess  b  =  a),  the  axis  will 
descend  on  the  other  side  and  the  limiting  value  of  cos  0  on  each 
side  is  given  by  the  single  available  root  of  the  quadratic. 

If  i  <  a  the  axis  of  the  top  oscillates  between  the  two  limiting 
a:oots  given  by  the  quadratic. 

The  roots  of  the  quadratic  are 

».9=p  +  |±y|(j,-l).  +  ^(p  +  l)  +  j^,| 

where  c  —  b  —  u.  If  i  is  greater  than  a,  cos  ^  >  1  when  the 
positive  sign  i'!  given  to  the  ladical,  to  prove  this  we  notice 
that  cosfl  IS  least  when  c  =  0  and  is  then  evidently  2p  —  l  or  1, 
according  asj)>loij)<l  In  either  case  cos  ^  is  >  1,  The 
negative  sign  must  therefore  be  given  to  the  radical  when  b  >a. 


a=-l,  the  le^el  ot  no  tcantverse  velocity  is  below  the  point  O  of 
Ptoie  that  one  linuting  value  of  costf  lien  between  Gosfl  =  l  and 
ooaS=coBt,  and  the  othi  i  is  gi eater  thaa  unity  What  would,  be  the  motion  if  5 
were  negative  ? 

202/.     If  «  =  6  =  /,  th-"  diffpientidl  equation  becomes 
,(d0\'_      (l-cos6')(oosg+l-2j)) 

''{dt)  '  ^        r+cos^ 

If  j)  =  l   or  >  1,  (dS/dty  is  negative  unless  the  axis  is  initially 
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vertical.  It  therefore  remains  vertical  throughout  the  motion. 
li  p<l  the  axis  can  move  between  the  vertical  and  a  position 
deSneil  by  cos  ^  =  2p  -  1.  When  the  axis  is  near  the  vertical  the 
differential  equation  becomes  (d0jdtf  =  m^O^vfheTe  m'  =  {l  —p)gll. 
It  is  easy  to  see  by  integration  that  the  axis  in  its  upward  motion 
will  not  become  vertical  until  after  an  infinite  time  ha^  elapsed, 
however  near  to  the  vertical  it  may  be  initially  placed.  See  also 
Art  207  a 

i02  J  stability  of  a  top  A  top  rotatinji  about  its  axis  nhioh  is  vertical 
«ith  an  anKulai  veluLity  n  ih  nhehtly  liatuiled  so  that  the  angalar  velocity  loj 
iboat  tha  axis  OB  is  changed  from  zero  in  a  \eiT  small  quantity  p  nhila  Ui 
lemaiDb  aeio      To  hiid  the  snbgequent  motitn 

In  this  rase  e-l  a^pH'jiii  {\it  201)  and  is  lositive  Taking  oniy  the 
plinoipal  teim  the  ratio  of  the  ext  eme  dpviation  of  tl  e  axis  fiom  the  vertical  to 
the  distuibaiice  (3  ih  given  by 


U°J        IP     I  \li)       W    1  U" 


according  asp>l,p  =  l,  jxl  (escept  when  p  is  very  nearly  equal  to  anitj  in  the 
first  and  third  eases),  see  Art.  202  e. 

In  the  limit  when  j3  ia  very  amall,  the  first  of  these  ratios  is  infinitely  smaller 
tlian  the  Eecond,  and  the  second  is  infimtely  smaJler  than  the  third.  At  the  same 
time  the  actual  deviations  are  nltimatelj  evanescent  ia  the  first  two  cases  and 
finite  in  the  third.  The  vertical  position  of  the  top  is  usuftUy  called  stable  when 
j)>l  and  unstable  when  p-:l.  The  intermediate  case  when  ji  =  l  may  he  called 
either  stable  or  unstable  according  to  the  meaning  attached  to  those  words.  Even  in 
the  unstable  ease  the  axis  may  in  some  oases  deviate  but  slightly  fi:ora  the  vertical ; 
the  chief  distinction  between  the  motions  is  the  comparatiye  magnitude  of  the 
divergence. 

20a  h.  When  the  axis  of  the  top  deviates  bat  sUghtly  from  the  vertical  we  may 
pat  the  equation  giving  dBfdt  (Art.  202  e)  into  the  foi-m 

If  J)>1  we  deduce  from  this  and  the  corresponding  equation  for  d'f'jdt  that  the 
path  traced  by  the  asis  on  a  unit  sphere  (centre  at  the  apes)  is  approximately 
the  spiral  S^Sjsinm^  where  m^  =  {p-l)jp  as  represented  in  the  third  figure  of 
Art.  204n.  We  may  also  deduce  that  ^  =  t,J{gpll)  and  that  the  angle  between  the 
successive  tangents  at  U  is  very  nearly  jrjm. 

Bi.    When  p=  1  we  may  prove  by  retaining  only  the  lowest  powers  of  $  that  the 
e  occupied  by  the  axis  of  the  top  in  passing  from  the  lowest  position  S^P,,  to 
For  the  intermediate  motion  we  have 


1        /  I  [I-jf 

1  i2l    j-„  dv 


where  fl  =  ai,Binn  .  (2  -  sin-u)~'. 

203.  Time  of  passage.  The  motion  of  the  axis  OC  as  it 
travels  from  one  limitiog  position  to  the  other  may  be  found  in 
terms  of  an  elliptic  integral. 

Let  a  =  cos  ^q,  ,9  =  cos  ^i,  and  7  be  the  three  roots  of  the  cubic 
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(8)  of  Art.  202  in  ascending  order.  Then  8  =  ffo  determines  the 
lowest  position  and  0  =  S^  the  highest  position  of  the  axis.  If  we 
write  cos  ^=  I  the  equation  (7)  of  the  same  article  becomes 

Put  ^  =  a  +  t]^  and  the  integral  takes  a  standard  form  which  is 
reduced  to  an  elliptic  integral  by  writing  ij  =  sin  0  VC/^  —  «)■  This 
makes  ^  =  a  cos^  0  +  ^  sin=  ^, 


■"■  V  f-'"v(7-«)/ 


d(f> 


,  „       /3  — «       cos  A  -  cos  ^0  ,    ■        ,        1  .  »        iV 

where  k^  =  '- = r^—^  and  is  clearly  not  greater  than 

J -a  ry  —  CoaSt,  '' 

unity.     If  the  time  of  passage  from  one  limit  to  the  other  is 
required,  the  limits  are  ^  =  0  and  <f)=^'7r. 
We  also  Lave  hy  (7)  of  Art.  202 

df  /gp    a-loo^e   _1       /gp   |    a-l  a  +  l    ] 

dt        V    I   lil-aos'e)     f  V    <■    (l-coafl'^l  +  oosfl!  ■ 
Mnltipiy  this  by  dljd<li,  and  we  have 

^  _  „  j  (a-0/(l-a)  ,  («  +  ))/(! +  a) 1 

where  M=J{2p)!l^{y~a),  X'  =  (^-a)/(l -a),  V  =  (/3 - o)/(l  +  o).  In  tbis  way  f 
haa  been  expreasetl  by  two  "third  elliptio  integrals."  See  Greenhill's  Elliptic 
Functions  for  a  further  diaeussion. 

If  the  two  hmitiug  circles  are  ao  close  together  that  k  is  email,  we  find  by 
expanding  in  powers  of  k  and  effecting  the  integratioiia  that  the  time  from  ono 
boundary  to  the  other  ia 

-v'«,f--.,i-G)'-(^:)'--j- 

Ex.  If  the  bounding  inclinations  fl,,  0,  of  the  a>ia  to  the  vertical  are  both 
small  and  the  body  start  from  the  position  ia  which  S  — ?„,  prove  (1)  that  the 
initial  value  of  Mj  ia  given  by  - '■'i  \/l/a  =  Vi'^u='^\/(i*- 1)  *i  *'°''  P)  that  the  time  T 
of  passing  from  one  boundary  to  the  other  is 

To  obtain  this  result,  find  7  aa  in  Art.  206  and  expand  the  integral  in  powers  of  a". 
It  is  supposed  that  p  is  not  nearly  equal  to  unity. 

203  a.  Path  in  space.  To  find  the  differential  equation  of 
the  path  in  space  of  the  representative  point  P  we  eliminate  t 
between  the  two  equations  marked  (7)  in  Art.  202.  We  thus  find 
in  spherical  coordinates 

/  J_   ddy  _  J_  {b  -  I  cos  6)  sin°  0  _ 

\sin  e  d-f  J  ~  2p      {a -I  cos  0f 

303  b.  Spherical  coordinates.  Let  the  vertical  OZ  intersect  the  sphere 
whose  centre  is  0  and  radius  I  in  the  point  Z,  and  let  ZQ  be  the  great  cirela 
drawn  from  Z  perpendicular  to  the  great  circle  which  ia  a  tangent  at  P  to  the 
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path.     Let  3r  =  J?S  ;  then,  air 

ee  ia,-aZVq^i\^M-^\dB 

angled  trJanglG  ZPQ 

1             1      /dfl  \ 

^ 

-^-ffi«  +  iSl-Asf) 

L  t  p  1     til    rad-        f  th 

mall  oirole  whose  geode 

th  t    f  th   p  th       d  1  t  S  be 

ts  centre.     We  have 

Z 

=  COsecosp  +  aineBinp 

wh       ^       th        fel    ZP§ 

hioh  the  tangent  great 

ph         I    -ad             t      ZP 

Put  Bin0  8iG0  =  3iQir 

d  d  fi        t              th        I 

sitioa  that  ZS  and  p 

sirele  PQ  makes  with  the 


tanp.=  -- 


neriS 


e  the  woi'd  jjf  j 


form 


For  the  sake  of  hcevity  we  may  ubi 

to  reproBGnt  the  earvatvire  of  this  circle. 

We  shall  now  prove  that  the  ratio  of  an  elemen- 
tary arc  FP'  of  the  path  to  the  HevieiUary  angle 
formed  by  the  tangent  great  circles  at  P,  P"  is  tanp. 
The  angle  dx  formed  by  the  two  great  oiroles  is 
equal  to  the  arc  joining  their  poles.  Produce  PS,  P'S  to  B,  R'  so  that  Pll,  P'Bf 
are  quadrants,  then  dx=^li'-  The  ratio  of  FP'  to  Jifi'  is  the  same  as  that  ot 
sin  SF  to  ein  SR  and  is  therefore  equal  to  tan  p. 

203  c.     Geometrical  form  of  the  equation  of  the  path. 

We  deduce  from  Arts.  203  a  and  203  h  that  the  diiferential  equation 
of  the  path  of  the  representative  point  P  may  be  written  in  the 

in'TT     {a-Uo&8Y_  PM^ 

~2^  ~  l{b- 1  cos  $)~  I .  PN 
where  PM,  PJV  are  the  depths  of  P  below  the  levels  of  no  trans- 
verse velocity  and   no  velocity   respectively,  see  Art.   201.     We 

/2     PJV* 

thence  find  tan  o—.     — .-tttt — 

^     \j  'j)lPE-\-c 

where  c  =  b  —  a  and  is  represented  by  UV  or  MN  in  the  figures 
of  Arts.  200  and  204.  Since  PN  is  necessarily  positive  (Art.  201) 
it  follows  that  when  c  is  positive  there  can  be  no  change  of  sign 
in  the  flexure.  When  c  is  negative,  the  flexure  changes  sign  at  a 
depth  PN—  —  C  below  the  level  of  no  velocity,  provided  a  plane 
at  this  depth  does  cut  the  path  at  P.  The  radius  vector  ZP  is  a 
tangent  at  P  to  the  path  when  sin  tt  =  0,  that  is  when  P  ci'osses 
the  level  of  no  transverse  velocity, 

H  we  write  PW=f ,  we  see  by  diHerentiation  that  d  tan  pjd^  is  positive  when  c  is 
positive;  it  follows  that  tanp  increases  ai  P  descends  If  i:  is  negative  tanp 
decreases  as  F  descend  p  h  u 

203  d.     The  path  d     h      n        Z  g         h 

projection  of  /j  on  th  ec        m  d  PZ       p 

negative.    If  ^  be  th  g  d         eoto    ZP  g 

projection  p,  is  given  n    si    0  <p  j 
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The  path  therefore  changes  from  concave  to  convex  (1)  wlien  the  point  P,  moving 
TipwartJs,  crosses  the  level  of  no  transverse  velooity;  (9)  win 
below  that  level  passes  through  the  value  -  2c. 

In  the  special  case  in  which  c=0,  the  levels  of  no  velocity  anil 
velocity  coincide.    We  then  have  PN^PM  and 


.-^^VMI.  t.n^.j§-^.PM. 


There  is  then  no  point  at  which  the  flexure  changes  sign  aucl  the  concavity  is 
upwards  throughout  the  path. 

204.  The  Cubic  Surface.  The  vaiious  forms  of  motion 
which  the  top  can  assume  may  be  simply  exhibited  by  the  use  of 
a  certain  cubic  surface.  Taking  UO,  IIM  (Art.  200)  as  axes  of 
X,  y,  so  that  U  is  the  origin  and  x  is  measured  vei^ticailj  down- 
wards, let  X,  y  be  the  coordinates  of  P,  then 

PM^x^a-lGosS,  UM^y^lsmd (1). 

We  therefore  have  hy  (6)  Art.  201 

f  =  T*P'      01)"-^  ("«--'?) <^>- 

where  c  =  b-a=  UV  &Tid  C''ii'l^glv'=1pl.  The  aads  of  the  body 
therefore  oscillates  between  the  two  positions  in  which  P  lies  on  the 
cubic  surf aoe  formed  by  the  revolution  of  the  cubic  cnrve 

f{a:^G)-2plx'=0 (.3), 

abotit  the  ci-xis  of  x.  This  surface  has  the  plane  of  no  velocity 
(defined  by  ic  =  -  c)  as  an  asymptotic  plane  and  the  paraboloid 

f  =  2pl{x-o) (4), 

as  an  asymptotic  paraboloid.  When  c  =  0,  that  is,  when  the 
planes  of  no  velocity  and  no  transverse  velocity  coincide,  the  cubic 
surface  becomes  the  plane  of  no  velocity  and  the  paraboloid 
y^^Hplx.  The  constant  c  which  enters  into  the  equation  of  the 
cubic  surface  is  given  in  terms  of  the  initial  conditions  by  the 

equation  ^  =  2^"  |'^('"i'+ fo^^)  +  2.?^-^' sinfk 

the  mass  of  the  body  being  unity.  Art.  201. 

The  cubic  curve  takes  one  of  three  forms  according  as  c  =  b  -a 
is  positive,  nega.tive  or  zero.  These  are  represented  by  the  dotted 
line  in  the  following  figures,  see  also  Art.  200.  The  point  0  at 
which  the  body  is  fixed  is  pliwed  below  both  U  and  V,  because 
this  is  the  position  which  0  usually  holds  in  tops,  but  it  may  also 
be  between  U  and  V,  or  above  both. 

It  will  be  found  useful  to  distinguish  between  the  parts  of 
space  separated  by  the  cubic  curve  or  surface.  The  point  P  is 
said  to  be  on  the  positive  or  negative  side  according  as  its  co- 
ordinates when  substituted  in  equation  (2)  make  (dd/dty  positive 
or  negative.    Since  pig  or  CV/^h^  is  necessarily  positive,  it  follows 
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bive  when  y  =  0,  hence  the  positive  side  of  ti 
the  one  remote  from,  the  vertical  OUV. 


--.„ 

v,--"m 

/ 

V 

N 

P 

;    ■!- 

''^X 

Fig,  1.  Fig.  3.  Fig.  b, 

Tlie  initial  conditions  of  the  motion  are  u.suallj  dGtetmined  by  tlie  values  of 
9, 11,  uii,  Wj.  We  maj  however  replax:e  them  h\j  Ifte  /our  eo»n(o.7its  9,  p,  a,  h  pro- 
viiled  the  values  of  v,,  Ug  found  from  these  are  real  Since  uj^  -  sin  d  a^f'/dt,  ilie 
valne  of  u,  ia  given  by  (2)  and  is  real ;  since  •ii^=Ae\&l,  we  see  by  (2)  that  u^  is  also 
real  if  the  point  P  is  initially  on  the  positive  side  of  the  oubic  surface  (3),  and  this 
Burfafie  is  known  when  the  values  of  c  and  p  have  been  assumed. 

The  point  P,  heing  initially  on  the  positive  side  of  the  surface, 
will  move  until  it  arrives  afc  the  surface,  for  this  surface  is  the 
locus  of  the  positions  in  which  sin  BdBjdt  is  zero.  It  cannot 
remain  oit  the  surface,  unless  d'O/df  is  also  zero,  and  it  cannot 
cross  the  surface,  except  at  the  point  where  two  sheets  intersect, 
for  if  it  did  {d6jd(f  would  become  negative. 

A  sphere,  centre  0,  radius  I,  intersects  the  cubic  surface  in 
two  real  horizontal  circles.  As  the  point  P  continually  oscillates 
from  one  to  the  othei',  these  may  he  called  the  Umitinff  circles. 
Since  only  two  of  the  roots  of  the  cubic  in  Art.  202  are  available, 
the  limiting  circles  are  the  only  real  intersections. 

If  this  sphere  touches  the  onbio  surface  then  rffl/iif  ia  zero  at  two  consecutive 
points  and  therefore  d?8jdfi=0.  Briefly,  (Pefdfi  vanielies  when  the  axis  OP  of  the 
top  is  iiornial  to  the  surface  at  P, 

If  the  asis  OP  of  the  top  is  initially  normal  to  the  snrfaoe,  the  two  limiting 
oirolea  coincide,  and  OP  will  revolve  ronnd  the  vertical  making  a  constant  angle 
with  it.     This  kind  of  motion  is  usually  called  jyrecesaion.    See  Art.  202  a. 

204  (t.  Case  I.  Let  c  be  positive,  so  that  the  plane  of  no  velocity  is  above  that 
of  no  transverae  velocity.  The  cnbio  curve  is  indicated  by  the  dotted  line  in  Fig,  1, 
Art  304,  the  tangents  at  U  cut  each  other  at  a  finite  angle,  and  the  tangent  of  the 
angle  either  makes  with  the  vertical  is  (3pl/c)*. 

Let  I  be  greater  than  the  nnraerioal  value  of  a  ;  since  the  sphei'e  described  with 
centre  0  and  radius  I  can.  cut  the  surface  only  in  the  two  limiting  circles,  it  follows 
that  one  of  these  lies  on  the  sheet  above  U  and  the  other  on  the  sheet  below  TI. 
Bnt  if  i  is  less  than  a,  this  sphere  cannot  cut  the  plane  TIM  and  therefore  both 
limiting  circles  lie  on  that  side  of  the  plane  TJM  which  is  nearest  to  0. 

In  the  former  case  (1  =•  a),  when  the  point  P,  moving  upwards,  crosses  the 
plane  VM,  its  transverse  velocity  is  reversed  and  the  path  changes  from  concave 
upwards  to  convex.  In  the  iattev  case  (I  <;  a)  the  point  P  does  not  oross  the  plane 
UAf  and  therefore  these  changes  do  cot  oocnr.     (Arts,  208  c,  d.) 
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When  JP  has  arrived  at  either  limiting  circle  its  velocity  in  the  plane  ZOP  ia 
aero  while  tlie  transverse  velocity  (being  by  Art.  301  equal  to  (Cn/ft)  tanPUM)  is 
finite.  The  tangent  to  the  path  of  F  U  tMrefoye  horizontal  and  is  also  a  tangent  to 
the  limiting  circle,  except  when  the  planes  of  no  velocity  and  no  transverse  velocity 
coincide. 


■a  h»  p  been  r  igli'^  liann  merely  to  show  thegeometriealmeaningof 
list  mad  The  patli  tf  P  is  supposed  to  be  viewed  hy  an  eye 
placed  above  the  top  in  the  veitiLal  0V1  Z.  The  apper  boundary  of  the  path  is 
represanted  1  y  the  inner  circle  in  the  ^tiie.  It  is  obvious  that  the  actual  appear- 
ance Bill  vary  from  that  drawn  wl  en  the  arcs  from  apse  to  a^e  and  the  radii  of 
the  lounding  circle'!  are  much  altered  oi  when  the  carve  is  re-entering.  The 
value  of  the  flesure  tansent  (that  is  tan  />),  is  greater  at  the  lower  boundary  than 
at  the  upper  (Art  203  f)  thoueh  this  to  avoid  complicating  the  perspective,  has 
not  bean  always  shown  m  the  drawing 

^lien  l  =  a,  one  limiting  circle  ib  reduced  to  the  point  (T  and  the  other  lies  on 
the  sheet  nearest  to  0.  The  path  of  P  touches  the  limitii^  circle  and,  after  leaving 
it,  P  arrives  at  the  point  U.  In  thia  position  the  asis  is  vertic^,  but  it  cannot 
remain  vertical  because  P  is  not  on  the  plane  of  no  velocity.  The  point  P  therefore 
continues  to  move  onward  until  t  ag  n  t  I  the  limiting  circle.  The  axis 
throughout  the  motion  moves  in  th  m  lir  on  round,  the  vertical  0171'. 
Viewed  from  above,  the  point  P  ppe  t  d  nb  a  aeries  of  loops  which  may 
cross  each  other  and  thus  contuse  th  d  t  m  When  the  asis  OP  does  not  deviate 
far  from  the  vertical  the  equation  f  th  p  th  S—et^iinm<l/  where  ™°  =  (p-l)/j', 
(see  Art.  303  h) .  The  third  figure  1  h  k  t  1  d  for  the  ease  in  which  p  is  large 
in  order  to  separate  the  loops, 

3046.  Case  II.  l.et  c  Do  nsEaUve,  so  that  the  plane  of  no  velocity  VS  is 
below  that  of  no  transverse  velocity  VM..  The  form  of  the  cubic  curve  is  repre- 
sented by  the  dotted  line  in  Fig.  2,  Art,  304;  the  coordinates  of  the  point  Q  at 
which  the  tangent  is  vertical  are  given  by  a;=  -2i;  and  )/'  =  8jii(-c),  the  depth  of 
^  below  the  level  of  no  transverse  velocity  is  therefore  twice  T3V.  There  is  a  point 
of  inflexion  on  (?w  cvhic  eiirce  at  a  depth  x=  -ic  below  the  same  level.  There  is 
also  a  conjugate  or  isolated  point  at  U.  Referring  to  the  expression  for  c  (Art.  20i) 
we  notice  that  c  cannot  be  negative  unless  u,  and  n  have  initially  (and  therefore 
throughout  the  motion)  opposite  signs. 

We  see  at  once,  by  describing  the  same  sphere  as  in  Case  I.,  that  both  the 
limiting  circles  lie  below  the  plane  of  no  transverse  velocity  and  that  the  axis  of  the 
top  cannot  become  vertical. 

The  point  on  the  path  of  P  at  which  the  flesure  changes  sign  is  at  a  depth  -  2c 
below  the  plane  of  no  tiansverse  -velocity  (Art.  203  c).  There  will  therefore  be  a 
point  of  contrary  flexure  or  none  according  as  the  path  of  P  does  or  does  not  cut 
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the  horizontal  plane  LQ  drawn  through  Q,  that  ia  according  as  V  is  >  or  <  than 
OL^  +  LQ',  that  is  s-  or  -=  (a  +  2c)^-3p!c.  Seen  from  above  the  path  resembles  in  a 
general  viay  one  or  other  of  the  adjoining  figines. 


i^og 


■=og 


204c.  Case  III.  Lot  c~0.  The  planea  of  no  velocity  and  no  transverse 
velocity  now  coincide,  and  the  cnbio  surface  becomes  cither  of  these  planes  and  the 
paraboloid  y'=2plx.  The  point  P  initially  and  always  lies  on  the  positive  side  of 
tlie  cubic  surface,  that  is  between  the  plane  and  the  paraboloid. 

It  I  is  greater  than  (he  nnmetioai  value  of  a,  we  see  by  describing  the  same 
spbere  as  in  the  previous  cases  that  one  of  the  limiting  circles  lies  on  the  plane  and 
n  the  paraboloid.  Their  positions  have  been  already  found  in  Art.  302  B. 
ir  the  plane  both  the  resultant  velocity  and  the  component  transverse 
B  very  small,  the  firat  bring  measured  by  ^JPM  and  the  second  by 
!.  PMjVM.  Since  the  transverse  velocity  is  therefore  ioHnitely  smaller 
than  the  resultant  velocity,  the  tangent  to  the  path  of  P,  whenever  P  arrives  at  this 
plane  must  lie  in  the  plane  EOF  It  follows  that  the  taiment  to  the  path  of  P 
cuts  that  himtingencU  iihich  Ite^  in  (fee  plane  of  no  iflcctty  at  nght  angles  On 
Uie  otbei  hand  we  infer  as  in  Case  I  that  the  pat7i  loiches  the  limiting  ctTcle 
which  hes  on  the  pariboloid  We  may  notice  that  the  radiua  of  flesnre  of  the 
path  IS  aero  when  P  lies  on  the  plane  of  no  velooitj  anl  that  the  oiivatiie  i 
concave  upwards  throi  ghout  the  motion  (Ait    20d  c) 


the  other  oi 

velocity  a 
tanPUM,  i. 


If  ;  is  less  than  the  numerical  value  of  a,  the  initial  position  of  P  i 
between  the  plane  and  the  paraboloid  unless  O  is  beneath  the  plane,  that 
must  be  posiUve.  By  describing  the  sphere  of  radius  I  as  before,  we  se 
that  both  the  limiting  circles  lie  on  the  paraboloid  and  that  the  path  ton 
circles.  Let  #  be  the  inclination  of  OP  to  the  vertical  when  P  lieson  eithi 
circles,  the  equation  of  the  paraboloid  then  gives  cos^S-Bpcos  e  =  l- 
Art.  e04  (1).    If  then  8—8i,  and  e  =  P,  are  the  greatest  and  least  values  oft 


hes  both 
r  of  these 
2pa/(  by 


e  Art.  S 
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If  ([  =  ft  =  i  the  apheco  on  which  Pmovee  iiiteraeots  the  paraboloid  at  the  veite^  V 
and  also  in  a  horizontal  section.  When.  P  is  at  F  the  axis  of  the  top  is  Tectica!  and 
the  velocity  d9jdt  is  zero  (Art.  201),  thus  the  axis  of  the  top  is  stationary  in  a 
{losition  of  equilibrium  and  remains  stationary.  It  has  alreadj  bees  shown  that 
the  time  oconpied  bj  P  in  passing  from  any  position  to  F  is  infinite  (Art.  202/). 
The  path  of  P  is  therefore  a  spiral  with  an  infinite  number  of  whirls  which  become 
oontinnally  smaller  as  P  approaches  V.  The  ultimate  whirls  are  desoiibed  with  a, 
constant  angular  valoeity  d>fijdt  —  {gyjl)^  (see  equation  (2)  Art.  204). 

The  other  limiting  circle  lies  on  the  paraboloid  and,  since  cos  ^g  +  cosdi  =  2^,  its 
position  isdefined  by  cos  S(,=2j)-1.  The  angular  velocity  (If/(!(  =  (3/Jp)'  by  Art,  204. 
In  this  position  <PS/iii'  is  not  zero,  for,  if  it  wei'e  so,  OP  would  be  a  normal  to  the 
paraboloid  (Art.  204)  and  the  sphere  would  intersect  the  paraboloid  in  more  than 
two  horizontal  circles.  The  point  P  on  descending  to  this  limiting  circle  touches  lb 
and  begins  to  ascend. 

205.  Fracssston  and  ITutatlon  of  a  top.  A  body,  tvio  of  jchnse  prliicipal 
moments  at  the  centre  of  gravity  6  are  eqiial,  liijvis  about  a  fixed  point  O  in  the  axis 
of  unequal  moment  wnder  the  action  of  gravity.  The  oirii  OG  being  inelined  to  the 
■vertical  at  an  angle  a,  and  revolving  aitoiit  it  mitli  a  uniform  aiagyilar  velocity,  find 
the  eoTidition  that  the  tnoHoa  Jiiay  he  tteady,  and  the  time  of  a  »mall  oicillation,. 

The  equations  (2)  and  (3)  of  Art.  200  contmn  the  solution  of  this  problem.  But 
if  we  use  the  equation  of  vis  viva  in  the  form  (3)  we  shall  have  to  take  into  account 
the  squares  of  small  quantities.  It  will  be  found  more  convenient  to  replace  it  by 
one  of  the  equations  of  the  second  order  from  which  it  has  been  derived.  The 
simplest  method  of  obtaining  this  equation  is  to  use  Lagrange's  Rule  as  given  in 
Vol.  I.  Chap.  vui.    We  thus  obtain 

jr-dcos0sinep+Cnsinai^'=j(7isiui9    (4|, 

where  aooents  denote  differentiations  with  regard  to  the  time. 

This  equation  might  also  have  been  obtained  by  difteientiating  both  (2)  and  (3) 
of  Art.  200  and  eliminating  d^^jdf^. 

To  fiiid  the  steady  motion.  When  the  motion  is  steady  both  S  and  dtjijdt  are 
constants.  Let  0  =  b,,  d'j/ldt  —  n,  then  the  equation  (2)  only  determines  the 
constant  E  and  (4)  becomes 

Bino(-^cosV+C«/i-i7ft)  =  0     (6). 

TIds  indicates  two  possible  states  of  steady  motion,  one  in  ivhicli  a  =  0  or  ir,  and 
Ihe  oft.  in  whfcl  ^^a,^-J<f.--l,U_«^      |j|^ 

a  relation  which  does  not  necessarily  hold  when  a=0  or  jr. 

In  the  former  of  these  two  motions  the  aJiis  of  the  body  ivill  oscillate  about  the 
vertical  and  d^/iit  may  not  be  amaU  or  nearly  constant.  Another  mode  of  proof  is 
therefoi'e  desirable.     One  such  is  given  in  Art.  202  h  and  another  in  Art.  214. 

In  the  latter  of  these  two  motions,  if  the  centre  of  gravity  of  the  body  be  above 
the  horizontal  plane  through  the  fixed  point  0,  ft  cos  a  will  bo  positive.  In  this 
case  the  angular  velocity  n  of  the  top  round  its  axis  of  figure  must  be  sufficiently 
great  to  make  the  quantity  under  the  radical  positive.  We  must  therefore  have  ii' 
not  less  than  ighA  cos  o/C^,  or  in  the  notation  of  Art.  202  p  must  he  not  less  than 
cos  o.    Another  proof  is  given  in  Art.  202  a. 

When  (t  and  n  are  given  we  can  make  the  body  move  with  either  of  these  two 
values  of  p.  by  giving  the  proper  initial  angular  velocities  to  the  body.  By  equations 
(1),  Art.  200,  we  see  that  the  conditions  of  steady  motion  are  cj,=  -/isino,  u^  =  0. 
When  a  top  is  set  in  motion  by  unwinding  a  string  from  the  asis,  the  value  of  n 
is  very  great  while  the  initial  values  of  w^  and  a.^  are  zero.    It  follows  that  in  the 
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tea      m  top  ni  k  al  are  small  and 

h  m  11      Th      adita  6    m  gative  sign  and 

li  ra     al  h       h    p  so.  very  great,  we 

have  «  (,  III  A  oos  a,  wheie  A  hi  (Art.  200).  Tbas  both  tlie  pteLesBion  fi  and  the 
angular  veloeit;  u^  are  large. 

Ex.  Prove  that  the  two  possible  states  of  steady  motion  correspond  to  the  two 
forms  of  tlie  cubic  surface  distinguished  by  the  sign  of  c ;  the  larger  value  of  n  cos  a 
corresponding  to  the  case  in  which  c  is  positive  and  the  smaller  to  that  in  which  e 

To  prove  this  we  substitute  in  the  expression  for  c  given  in  Art,  204  the  values 
of  01],  Wj  in  the  steady  motion;  these  are  u,=  -jtsina,  [113=0.     We  then  have 

_  iV.sin'  a  ,^^    _  ^^,^^  _  fft's 

2Cgn 

by  substituting  for  gh  front  the  equation  (5)  of  steady  motion.  When  the  quadratie 
(5]  has  real  roots  they  are  sepatated  by  the  root  of  the  first  derived  equation,  hence 
one  root  is  greater  and  the  other  less  tlian  Cnj^A  cos  a.  The  greater  valne  of  ^  oos  a 
therefore  makes  c  positive  and  the  lesser  mates  c  negative.  The  two  values  of  c, 
when  n  is  large,  are  very  neaily  -[sin^o/8p  and  3pitan'a,  the  first  of  these  is  very 
small  and  the  second  very  great. 

205  a.     2'ojiitd  the  strutU  ascillatiort.    Let  $  =  a  +  x,  and  d^jAt= ii  +  dyjdt,  where 
X  and  dyjdt  are  small  quantities  whose  squares  are  to  be  neglected.    Let  t  and  p.  be 
such  that  they  contain  the  whole  of  the  constant  parts  of  6  and  dtjijdt,  so  that  x  and 
dyjdt  contain  only  trigonometrical  terms.    Then  when  we  substitute  these  values 
in  equations  (2)  and  (1),  the  constant  parts  must  vanish  of  themselves.    The  equa- 
tions thus  obtained  determine  E  and  n,  and  show  that  their  values  are  the  same  as 
those  determined  when  the  motion  is  steady.    The  variable  parts  of  the  two  equa- 
tions become,  after  writing  for  Cn  its  value  obtained  from  (S), 
A^  ma  ay' ~  {gh-Aii?  cosa)«  =  0, 
AfxJ:"  +  s\a  a  {gh-An'oosa)  ii'+p,*A  sin^ox^O. 
To  solve  tiiese   we  put  x  —  Fsin(pt+fj,   and  y  =  G  eoe  (pt +/) .     Substituting, 
wehave  -A/iaaa .  pG  =  {gk-Ap^eosB.)F  ] 

{A lif^ - it'A  sin^ ajF=^(gk~  All." cos  a)  sia  a.  Gpj  ' 
Multiplying  these  equations  together,  we  have 

and  the  required  time  is  2ir/p.  It  is  evident  that  p'  la  alwavs  positive  and  theie 
fore  both  the  values  of  /i  given  by  (6)  correspond  to  stible  motions  This  espression 
agrees  with  the  result  of  a  problem  in  the  Mathematical  Tripos  135^,  set  by 
Perrers. 

Greenhili  has  given  an  interesting  geometrical  j epresBnlation  of  this  tesult 
Measure  along  the  vertical  and  the  axis  of  the  top  two  lengths  ON  and  OM, 
respectively  representing  the  oblique  components  of  the  angular  momentum  of  the 
top  when  in  steady  motion.  By  using  the  equation  (5)  cf  the  stPidv  motion  i\e 
may  show  that  ON  and  OM  are  in  the  ratio  A/i  to  qhji>  It  follows  thit 
2  _OM.ON  l_ 
p'  ~     MN-'   '  g  ' 

205  b,  Ex.  1.  Let  the  steady  motion  about  which  the  top  oscillates  be  the 
rapid  precession  given  by  tt^Gnj A  co^a  where  n  is  very  great.  Prove  that  the  axis 
describes  an  elliptic  cone  round  its  position  in  the  precession,  and  that  the  ratio 
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of  the  a!:eH  of  the  cone  is  ooso,  the  major  aiie  being  in  the  plane  ZOP  in  which  B 
is  measured.  Prove  also  that  the  axis  describea  a  r%}it  oiroular  cone  in  space  whose 
axis  makes  a  small  angle  with  the  vectioal.  {B^Kye.  Brit,  article  "Dynamiop." 

The  circular  path  of  P  in  space  is  represented  in  the  second  figure  of  Act.  204  o, 
Biiioe  in  this  ease  I<a.  If  J  were  >o  the  limiting  circles  would  lie  on  oppoeite 
sides  of  the  plane  UHH  and  could  be  infinitely  close  only  when  the  top  is  vertical. 
The  path  of  P  is  reentering  after-  touching  each  bounding  circle  onoe. 

Ex.  2.  Let  the  steady  motion  about  which  the  top  oscillates  be  the  slow 
preeession  }j,~gUjCi\.  Prove  that  the  axis  describes  very  nearly  a  right  circular 
cone  round  its  position  in  the  preeession  in  the  short  period  airJ/Cn,  the  motion 
being  in  the  same  direction  as  that  in  which  the  top  rotates. 

Tbe  path  of  P  is  represented  in  the  first  figure  of  Art.  204  h,  except  that  the 
points  of  contact  with  either  circle  are  closer  than  ia  there  shown.  The  coordinates 
of  the  point  QarerL=  c  LQ-isin  (fig  of  Art  204)  Th  radius  of  curvature  at 
Q  of  the  generating  cur         I  /IBj         1  li  th  t  th         m  1  f    m  J        t 

the  surface  close  to  the  po    t  ^      Th    p      t  P  i     ae      It        t  1      bo  d  bel 

the  level  of  Q. 

Ex.  3.     The  gyroBcop  f    m 

external  axis  through  tl  t        p         h   h 

BO  as  to  raise  or  lower  th         t       f  gc      ty 
and  the  gyroscope  being      |  p    ted  w  th  th 

imparted  to  it  bj  uaw    dm  ti    g  f    m  th      ii         tl  th         t  1  th 

about  the  vertical  is  fo     d  to  be  ]  si       1      E     m        wh  th      th    w   ghl  m    t 

be  moved  up  or  down  t  tid       t         fthmt  Ithmt         ft) 

axis  of  a  top  precessioi    1      th  se  ?  [M  th  T   j 

Ex.  4.    A  gyrostat  -iym      talbtt  ftt  pddfm 

fixed  point  by  a  string  wh       1     gtl  Th     t      g  1      g  f    t       It        \      1 

the  axis  of  rotation,  prove  that  when  the  gyiostat  is  moving  eteadily  with  its  axis 
of  rotation  horizontal  the  circular  measure  of  the  angle  which  the  string  makes  with 
the  vertical  is  given  by  the  equation  CVtan  a:^(fi-t-a  sin  c()ph^  where  n  is  the 
angular  velocity  of  the  gyrostat,  A  the  distance  from  the  point  of  attachment  of  the 
string  to  the  centre  of  gravity  of  the  gyrostat,  and  MG  its  moment  of  inertia  about 
its  axis  of  rotation,  M  beiug  the  mass  of  the  gyrostat.   [Math.  Tripos,  18BB,  Part  ir. 

Ex.  5.  A  symmetrical  top  is  set  in  motion  on  a  rough  horizontal  plane  with  an 
angular  velocity  n  about  its  axis  of  figure,  the  axis  itself  being  inclined  at  an  angle 
a  to  the  vertical.  Prove  that  between  the  greatest  approach  \io  and  reoess  from 
the  vertical,  the  centre  of  gravity  describes  an  arc  k§,  where  (p  -  cos  o)taap  =  aina, 
andp  =  CW/4flWM".  [Math.  Tripos,  1880. 
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e  Problem.  Given  the  limiting  angles  d„,  ^j  which  the 
axis  of  the  top  makes  with  the  vertical  and  also  a  third  arbitrary  constant  y  greater 
than  unity,  which  is  taken  as  the  third  root  of  the  fundamental  cubic  (Art.  202), 
determine  the  initial  conditions  of  motion  and  show  that  they  are  real. 

Let  co&0f,  —  a,  coa^i^ft  then  a,  §,  7  are  the  roots  of  the  cubic,  and  its 
coeEieients  are  known  functions  of  a,  ji,  y.  After  an  algebraic  reduction  which  it 
is  unnecessary  to  reproduce,  we  find 

ip^,L  +  p  +  y  +  a^y^{{l-<t'ni-^}iy'-mK 
4pj^l+a^  +  ^y  +  ya,  j  =  B.  +  ^  +  y-2p. 

The  values  of  a,  §,  y  being  given,  wc  can  deduce  from  these  equations  the 
angular  velocity  n  of  the  top,  and  when  any  initial  position  has  been  given  to  the 
axis  the  corresponding  values  of  wj ,  a^  (Art.  301). 
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T  p  that  tl  alue  of  p  can  be  negative,  though  it  may  be  zero,  we 
not       that  tl     f  n    t    m    p    ceding  the  radical  can  be  wii6tea  in  the  form 

(1  .)(l+/iH-(T-I)|l  +  .fl), 
and  th  um  tl  f  p  aitive  whea  a,  ,8  are  less  and  y  greater  than  unity. 
Alio  Ih  q  ar  f  th  te  m  vhich  precede  the  radical  exceeds  the  quantity  under 
th  adi  al  by  th  aqua  I  l+a^  +  ^  +  fa.  Hence  also  n,  a,  b  are  reaL  To 
show  that  real  values  of  to,,  u^  eiist  we  place  the  axis  initially  at  either  of  the  given 
limiting  angles ;  we  then  find  by  sabstitntion  in  the  formulae  for  a,  b  given  in 
Art,  201  that  ajj  =  0  and  wi  is  real. 

Since  there  are  two  values  of  j,  there  are  in  general  two  sets  of  initial  conditions 
which  give  the  same  values  to  a,  ft  y.    Now 

hence  both  these  sets  of  initial  conditions  make  dBjdt  have  the  same  value  when 
cos  0  is  given.  Both  therefore  lead  to  identical  motions  of  the  asis  in  the  vertical 
plane.  But  since  the  values  of  d^jdt  (Art.  202)  are  unequal  for  the  two  valuea  of 
jp,  the  angulai  motions  of  the  asis  of  the  top  round  the  vertical  are  not  identioal, 

Ey  giving  a,  j9,  y  any  assumed  values  we  can  construct  oases  oi  motion  ot  a  top 
in  which  both  the  initial  conditions  and  the  resulting  angles  of  oscillation  are 
known,  withmit  having  to  solve  a  cubic. 

206  a.  Given  the  limiting  angles  0,,  0,  and  the  angular  velocity  n  of  the  top 
about  its  axis,  investigate  the  initial  circumstances  of  the  moUon  and  determine  if 
they  are  real. 

Aa  in  the  last  proposition  we  pat  003  0^ -a,  cos0i  =  /5.  We  obtain  two  equations 
by  substituting  a  and  3  for  cos  ff  in  the  fundamental  cubic  (Art.  202) ;  after 
•eliminating  b  we  find 

(.+flf.i+.?*|(i-.>)(i-m(i---iJ!))', 

■where  p  =  C*ii^/4i7/i^i.  The  last  equation  is  a  repetition  of  one  of  the  re.sults  of  the 
last  proposition.  If  the  body  start  from  the  limiting  position  in  which  fl  — S„,  the 
initial  valne  of  tuj  as  in  the  last  proposition  is  zero  while  that  of  lo,  is  given  by 

and  ia  therefore  real  if  3p  >  a  + 13. 

In  order  that  a  and  b  may  be  real  it  is  necessary  that  the  positive  QuanJiljf 
2p>o  +  ^.  This  result  has  aheady  been  arrived  at  (Art.  203  a),  it  also  follows  from 
the  value  of  p  given  in  Art.  206.  The  value  of  y  thus  found  is  greater  than  unity, 
for  if  not  the  value  of  p  given  in  the  last  proposition  would  be  imaginary.  When 
2p^a-l-^  the  radical  disappears  and  the  relations  between  the  constants  take  the 

simple  forms  -  =  -^  =  — ^-y-  !■•  ""'^  case  a  and  b  have  only  one  value.  The 
cubic  curve  then  becomes  a  parabola  and  the  tangent  at  the  vertex;  aiao  l<a. 
Art.  204  e. 

Except  when  the  radical  is  zero,  these  equations  give  two  sets  of  initial  circum- 
stances of  motion  which  lead  to  the  same  values  of  a,  p  and  p,  hat  unequal  values 
of  7.  Since  dSjdt  is  a  function  of  that  constant  as  well  as  of  the  limiting  cosines 
a,  p  (Art.  303)  the  motion  of  the  axis  of  the  top  in  the  vertical  plane  is  not  the 
same  in  the  two  kinds  of  oscillation.  The  angular  motions  round  the  vertical  are 
also  in  general  different. 

10—2 
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j(-\/  T  i    7-f    J  "  ^''      rft"  V  i  nr^i ' '' 

In  the  standard  ease  we  Bupposa  the  top  to  be  aBeonding  from  ita  lowest  position 
(ciefined  by  ^—a)  and  that  (  and  if/  are  laeasuced  positively  from  their  values  at  this 
epoch.    The  radicals  are  then  to  be  taken  positively,  and  change  their  sign  when 

207  a.     Two  equal  roots.     If  a 

equal  and  the  top  moves  in  steady  motion, 
in  Art.  205. 

If  &  =  y,  each  iniiBt  be  unity,  heoause  ii 
cubic  (8)  of  A 


iH 


{i-e)-'^p[j-i 


and  its  roots  are  n,  1,  1.  Substitute  ^—1  and  we  see  that  a  — I;  divide  by  1  -i^  and 
again  put  |=1,  we  have  b  —  l;  lastly  after  another  division  by  1-f  we  find  that  the 
third  root  B^2p-1.  These  results  also  follow  at  once  from  Art.  206.  The  case  of 
motion  now  to  be  considered  is  therefore  the  same  as  that  already  partially  treated 

The  integration  of  the  first  equation  of  Art.  207,  after  substituting  unity  for  j3 
and  7,  IB  easily  effected  by  writing  f=a +  2^,  we  then  arrive  at  the  result 


Kl-J       eV'  +  e—'- 


a -r- 


-j    2^  ^"'■ 

The  top  moves  upwards  from  the  position  f-tt  at  the  time  (=0  and  arrives  at 
the  vertical  at  the  end  of  an  infinite  time.  The  previous  descending  motion  is 
given  by  the  negative  values  of  (. 

To  find  f  we  wrilc  the  equations  in  the  form 

V  DP  dt         1  +  i        Vajrft  (i  +  |)^(j_„)- 
Putting  again  |  — n  +  !^,  we  find  after  integration 

tan(^^-mt]=(|^)^  r^'^j—    (3), 

where  ^—0  when  (=0  and  i=a. 

The  equations  (2)  and  (3)  show  that  both  (  and  ^  continually  increase  as  t 
increases  from  zero.  The  axis  of  the  top  deeorihes  on  the  unit  sphere  a  spiral 
curve  round  the  vertical  whose  turns  get  smaller  and  closer  together  as  the  axis 
rises.  Since  f  cannot  become  greater  than  unity  the  limiting  value  of  ^  -  nil  is  ^. 
It  follows  that  when  f  is  increased  by  2?r,  ( is  increased  by  a  little  less  than  2n-/ni, 
The  form  of  the  spiral  is  roughly  represented  in  the  third  figure  of  Art.  204c. 

207  b.  Another  case'.  The  result  arrived  at  in  Uie  last  article  snggests  that 
we  might  find  a  more  general  integral  of  the  form  tan  (i^-JSf()=/(f)  by  choosing 
the  constants  so  that  the  integrations  can  be  performed. 
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To  effect  this  put    ~  =  1  ~  g  \/~"'  u  ^"^  brevity  a 


dit  _      / 


307.    Aftfrr  aabBtifution  t. 


■(     v-i     H 

|(f-a)(3-|))     ■ 

n^ 

We  make  one  factor  equal  to  ucity  by  olioosing  B  —  'hj,  Bajl  -  l  =  y  {a  +  §}  -  a^. 

„  +  ..!  =  f"  - 1"  +  ^  - -"' I +_"'' 1 1'' -  ^'jl^ 
1-7  ?-7' 

if  we  choose  u.  =  a  +  ^  =  {a0  +  l}ly.     Ths  iiitegrations  can  therefore  be  effected  if 

when  the  initial  ciroiims lances  of  tlie  motion  are  such  that  these  conditions  are 
satisfied  we  have 

To  find  the  neoeaaary  initial  circQmstaneea  of  motion  we  use  the  results  of 
Art.  20G.  Theso  give  two  values  of  p  and  two  seta  of  initial  ciioamstanoes.  One 
set  is  determined  by 

The  other  set  gives  y  —  aji  aud  is  tiierefore  inappropriate  exoept  wlien  a=i. 
Ihe  uinditions  given  above  ehow  that  then  7  =  1  aad  either  a  =  l  or  ^=1.  This 
case  hag  already  been  discussed  (Art.  207  o}. 

The  IIL13  oscillates  between  the  positions  defined  by  cos0  =  a  and  cos9=f3; 
both  these  angles  aie  aibitrary  ascept  that  a  +  p  must  be  positive,  for  otherwieep 
would  be  negative  and  the  angular  velocity  n  would  be  imagiuary.    This  condition 

also  makes  7-1  =  ^ '  which  is  positive. 

By  substituting  for  y,  the  inteffral  takes  the  timpler  form 

IJtiAttJLll 

whore  f=eos  S. 

AsBuming  the  values  of  a  and  6  given  above  we  find  that  o/i=  -  a^  (7'  - 1)/7, 
where  c-b-a.  The  motion  therefore  is  associated  with  that  case  of  the  cubic 
surface  in  nhich  c  ih  positive  or  negative  according  as  a^  is  negative  or  positive. 

207  e.     Sraoe  the  deteimination  of  B  and  tlie  relation  between  the  conatants  is 
merely  a  piocess  of  substitution  the  two  equations  of  motion  will  still  be  satisfied 
rthante  in  the  mtegial  the  two  roots  |9  and  7  of  the  cubic.     We  then 


"V(.+«v/|, 


obtain  the    nteBral 


^I'+iiVi'i' 


(  (t— )(T-8  II 


■with  the  conditions  ^  =  ~- 
be  deduced  from 


,=.+,-—- 
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Since  -> s>  1  and  a -^  1  we  see  thai,  ji  is  positive ;  it  follows  also  that  §<:!  and 
^:>n.  The  axis  osoiliates  between  the  Umitiug  angles  defined  by  J  =  o  and  ^—^, 
both  of  whieh  remaia  arbitrary. 

208.  Reaction  of  tlio  grouna.  Let  R  be  the  vertical  pressure,  F,  F'  the 
oompouenta  of  fiiotion  respeotively  in  and  perpendioalm  to  the  Tcrtical  piano 
containing  the  axis  of  the  top.    We  have  (Vol.  i.  Art.  211)  the  equations 

dt^~        "'         dt         dt~    '        dt^^dt         ' 
where  !(  =  ftcoB  edSjdt,  i)  =  ft  sin  $d<jildt  are  the  component  velocities  of  the  centre 
of  gravity.     By  substituting  the  value  of  dipjdt  given  in  Art.  202  we  deduce  that 
GndB 


,{-'?.)■ 


F=-^{4p{a-lcosff}caie  +  {2b--Sl  cos  0)  sin  6}. 

It  follows  from  equation  (7)  of  Art.  202  that  S  it  a  quadratic  function  of  coa  9 
■with  comtant  coeJUnentt.  Also  tlie  tmniverse  earttponent  of  fiietion  F'  acte  in  the 
positive  or  negative  direction  of  tlie  axis  OB  aeeording  as  the  inclination  of  the 
axit  of  the  top  to  the  vertical  ii  ina'easii^  or  decreasing. 

Ex.  1.  Let  o,  ,8  be  the  cosines  of  the  limiting  inclinations  of  the  axis  to  tlie 
vertical  and  let  y  be  the  third  root  of  the  fundamental  cubic  (Art.  202)  where  a,  j3,  y 
are  in  ascendiag  order  of  magnitude.    If  J=  coafl  prove  that 

Prove  also  that  E  is  least  either  when  the  asia  is  in  its  highest  limiting  position, 
i.e.  S—p,  or  when  '=1(0  +  ^  +  7]  according  as  a  +  y~-  or  <2^ 

If  7  is  so  g      t  th  t  th  m      1        f  B  th      f       d      n  g  t        th    top 

will  jump  off  th   g         d 

U  o,  ^,  7  a       1  t         1        th  m      g  ti      th         tial      ndit    ns 

of  motion  may  b    ded      d  b    A  t     06 

Bx.  2.    Th     n  t   1  m  t   n       gi        t    a      p  b         w    ding        tr  n  that 

a  =  J  =  icosi  (A  t     06)      P         th  t         th    t  1   d  soe  d    t    m    t    hgh    t  t      t 
lowest  positio      fl)    h    t  mp  n     t  F      f  tr!  t  ft  t 

zero,  being  po    t       b  t      n    h       1  m  t         d  (2)  th  p         t  J"      n      f 

positive   to  a       g  t        q       t  ty       d  1  h  t  th     1  m  t        Tl 

resultant  friot        tl       f        loe  h     H  ^ 

209.     General  considerations  on  the  motion  of  a  top. 

We  see  from  the  example  of  the  top  in  Art.  202  how  greatly  the 
effect  of  a  force  acting  on  a  body  is  modified  by  an  existing  rotation 
in  the  body.  If  the  top  were  initially  at  rest  with,  its  apex  0 
fised,  gravity  would  cause  it  to  turn  round  OB  and  fall  downwards. 
When  the  top  is  in  rapid  rotation  about  it.s  axis  OC  the  effect  of 
gravity  is,  not  to  alter  sensibly  the  inclination  of  the  axis  to  the 
vertical,  hid  to  make  that  oasis  describe  a  right  cone  round  the 
vertical.  In  order  the  better  to  understand  the  cause  of  this 
difference,  it  will  be  useful  to  consider  the  motion  from  a  different 
point  of  view.  Assuming,  then,  Poinsot'e  construction  for  the 
motion  of  a  body  under  no  forces  we  shall  endeavour  to  trace  how 
that  construction  is  modified  by  the  action  of  gravity. 
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Let  US  first  suppose  the  body  to  be  in  motion  in  any  manner 
and  that  the  instantaneous  axis  01  is  describing  a  polhode  whose 
parameter  is  p  {Art.  143).  Let  this  body  be  acted  on  by  a  couple 
whose  moment  is  Q.  If  the  axis  of  the  couple  coincide  with  the 
invariable  line  OL  the  effect  is  merely  to  alter  the  existing 
angular  momentum  G ;  the  path  of  the  body  in  space  is  unaltered 
but  it  is  described  at  a  different  speed  (Ajt.  146).  The  poihode 
therefore  is  not  changed.  If  the  axis  of  the  couple  Q  is  per- 
pendicular to  OL,  the  angular  momentum  after  a  time  dt  is 
{GP  ■¥  {Qdtf]^  =  Q  and  is  unaltered,  though  the  invariable  line  is 
displaced  through  an  angle  QdtjG.  If  the  axis  of  the  couple  is 
perpendicular  to  the  instantaneous  axis  01,  the  work  done  is  zero 
(Art.  145)  and  the  vis  viva  is  unchanged.  It  follows  that  if  the 
axis  of  the  couple  is  perpendicular  to  both  01  and  OL,  neither 
the  angular  momentum  nor  the  vis  viva  is  altered  and  therefore 
the  parameter  p  is  uncbangeii  (Art.  143). 

If  the  axis  of  the  couple  Q  is  so  placed  that  its  projection  on 
the  plane  lOL  is  the  straight  line  OL,  the  couple  can  be  resolved 
into  two  others  neither  of  which  will  alter  the  polhode  described 
by  01. 

Let  us  now  suppose  the  body  to  be  uniaxal  and  that  01  is 
describing  a  small  circular  polhode  round  the  axis  of  figure  OG. 
The  axes  01  and  OL  are  therefore  nearly  coincident  with  OG. 
Let  this  body  be  acted  on  by  any  couple  Q,  the  component  of  Q 
about  OL  will  not  alter  the  polhode;  the  axis  of  the  component 
perpendicular  to  OL  is  very  nearly  also  perpendicular  to  01  and 
will  therefore  only  slightly  alter  the  polhode.  If  also  the  angular 
velocity  of  the  body  is  so  great  that  Q  is  small  compared  with  Q- 
the  effect  of  the  couple  on  the  polhode  is  measured  by  the  product 
of  two  small  quantities  and  is  therefore  insensible. 

An  analytical  expression  is  given  in  Art.  145  for  the  value  of 
dpfdt  in  terms  of  the  acting  couple  Q.     We  have 

-i  =  i-smIOL.  sin  QOL .  sin  ILQ. 
p  dt      K  IX 

We  see  at  once  that  it  contains  the  factors  Q  and  sin  lOL ;  if  both 
these  are  small  the  effect  on  dpjdt  is  one  of  the  second  order. 

It  follows  that  when  both  the  size  of  the  polhode  and  the 
moment  of  the  acting  couple  are  small  the  polhode  will  remain 
sma!!  throughout  the  motion.  The  invariable  line  OL,  the  instan- 
taneous axis  01  and  the  axis  of  figure  00  will  closely  accompany 
each  other  in  their  motion  through  space. 

Let  us  next  consider  how  the  invariable  line  is  moved  in  space 
by  the  action  of  the  impressed  couple  Q.  The  existing  angular 
momentum  of  the  top  is  equivalent  to  some  couple  G  whose  axis  is 
the  invariable  line.  The  angular  momentum  generated  about  the 
axis  of  the  impressed  couple  in  the  time  dt  is  Qdt.     Compounding 
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these  couples,  we  see  that  the  positive  extremity  of  the  invariable 
line  is  always  moving  towards  the  positive  extremity  of  the  aads  of 
the  p  ssed  p  B  d  h  s  permanent  motion  of  the  three 
ax       I        w     b     h     m  atory  motions  due  to  the  motion 

of   h  g     ^  polhode. 

E  de  motion  of  a  saiftty  rotating  lop  with  its 

se  i  of  the  momental  spheroid  at  0.     Then 

wh  isB  OL,  01, 

OC  round  OZ 

\   force   of 


the  am 

abo  ga 

The  angular  clisplaoetnent  of  OC  in  the 
is  n  Bin  adt  where  o  is  the  angle  ZOC,  but  s 
body  is  turning  round  01  with  an  angular  velocity  id, 

the  same  displaoeraent  is  alao  u  sin  IOC.    Equating  these  we  have,  as  in  Ai-t.  181, 
usinrOC=;iaino (1). 

In  the  time  dt,  gravity  generates  an  angular  momentum  equal  to  gk  sin  adt 
about  the  asis  OB ;  the  existing  angular  momentum  being  O,  the  displacement  of 
the  invariable  line  OL  towards  OB  ia  gh  sin  adtlG.    But  since  OL  moves  round  OZ 
with  an  angular  velocity  /j.,  this  Is  also  equal  to  ^  sin  ZOL  dl.    We  therefore  have 
ti.Gs.mZOL  =  ghsiDa (2). 

Now  G  sin  ZOL  is  the  angular  momentum  ot  the  top  about  a  horizontal  line  in 
the  plane  ZOO.  Let  n  be  the  resolved  part  of  a  about  OC,  than  since  the  angular 
momenta  about  OC  and  OA  are  respectively  Cii  and  -^w  sin  JOC,  we  have  by  a 
simple  resolution, 

O  sin  i;  OX  =  Cn  sin  tt-^w  sin  IOC.  oos  a... (3). 

Substituting  from  (1)  and  (3)  in  (9)  we  bave,  after  division  by  sin  a, 

ghlii^Cn- An  cos  a, 
wbich  is  the  same  expression  as  in  Art.  SOS. 

Xt  wOl  ha  noticed  that  in  tbis  general  explanation  we  have  only  shown  that  a 
stead;  motion  is  possible,  that  this  steady  motion  is  also  stable  is  proved  by  the 
analysis  in  Art.  208. 

Ex.  2.  Let  the  resistance  of  the  air  on  the  top  be  represented  by  a  retarding 
couple  whose  axis  is  the  instantaneous  axis.  Show  that  the  instantaneous  axis  will 
approach  to  or  recede  from  the  axis  of  figure  OC  according  as  the  moment  of  inertia 
C  is  greater  or  less  than  A.     See  Art.  183,  Bs.  3, 

Ex.  3.  A  homogeneouB  sphere  of  radius  a  Is  loaded  at  a  point  of  its  surface  by 
a  particle  whose  mass  is  1/^th  of  its  own.  I!  it  move  steadily  on  a  smooth 
horizontal  plane,  the  diameter  through  the  particle  making  a  constant  angle  a  with 
the  vertical,  and  the  sphere  rotating  about  it  with  uniform  angular  velocity  n, 
prove  that  n'op  (p  +  1)  must  not  be  less  than  5{2p  +  7)  goosa  and  show  that  the 


particle  will  revolve  round  the  vi 
irapn/5g. 


ir  other  of  ti 
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310  a.  The  booiiiera.iig.  As  another  illusti-ation  ot  how  the  apparent  effect 
of  a  force  ia  modified  by  a  rapid  rotation  of  the  body  we  may  consider  the  flight 
ot  a  boomerang.  Thia  is  a  stiok  cut  flat  and  bent  in  that  plana  ;  it  ia  usually 
bulged  out  on  one  side,  flat  on  the  other,  with  a  sharp  edge  along  the  eonreiity. 
The  missile  ia  so  projected  by  a  jerk  of  the  hand  that  it  has  a  rapid  rotation  about 
iin  axis  perpendicular  to  its  plane  Since  this  is  a  principal  asie  the  body  after 
p    J    t  11        m        th  t  th    d       t  f  th  blj  fi  ed  in  spaxie, 

A  t  15()      L  t  0     b    th  O  i      pe  pe  d      lar  h  tal  d  let  OB  be 

p    I     d      1      t     b  th      L  t     1      th  t        f  gi      ty  O  m  rly  in  the 

1       t       BQ 

Th  t  f  tl  t  th      dg  y         11   b  t  th    fl  t    ide  of  the 

nstmtbe        dwwdthp  tllwpt        It     upport  the 

b  dy         t    fl  gl  t      T     m  k  tl  g      comp  th    b  dy  moves  as  if 

pjdpd  fiedldpl  Igthl         f         tt  slope,  the 

p  f  th    il  I  t    fe  tl         IP         g  p  f   th  The  body 

a  p       d        t  i  th    t        It        1        t  d    t    yed  by  fe       ty.    If  this 

occurs  before  the  rotation  is  much  modified  by  the  action  of  the  air,  the  missile 
begins  to  descend  in  the  same  plane  towards  the  point  of  projeetion.  The  explana- 
tion requires  (1)  that  the  rotation  shoulcl  be  bo  great  that  the  direction  o£  the  axis  is 
sensibly  fixed  in  space  and  in  the  body ;  (2)  that  the  resistance  of  the  air  should 
prevent  any  great  motion  perpendicular  to  the  plane  of  the  hent  stiok. 

Aceoi-ding  to  some  experiments  of  Prof.  S.  P.  Langley  on  the  motion  of  a  heavy 
disc  placed  with  its  plane  horizontal  the  resistance  of  the  air  to  a  vertical  descent 
is  much  increased  by  a  horJEontal  motion  of  the  disc,  so  much  so  that  the  time  of 
falling  through  a  given  space  may  be  indefinitely  prolonged  by  lateral  motion.  This 
perhaps  is  due  to  the  inertia  of  the  andistnrbed  air  over  whioh  the  disc  passes. 
As  the  disc  moves  rapidly  the  air  instantaneouely  underneath  is  always  at  rest,  and 
the  disc  cannot  fall  until  that  air  has  had  time  to  move.  Piof.  Langley's  com- 
munication to  the  Paris  Academy  of  Sciences  is  translated  in  Nature,  July  23,  1891 ; 
aee  also  a  note  by  Lord  Bayleigh,  Dec.  S,  1891. 

In  many  apeoimens  also  of  the  boomerang  the  fore-part  is  slightly  hollowed  or 
the  curve  has  a  slight  lateral  twist  by  means  of  which  the  instrument  is  caused  to 
rise  or  aocew  itself  up  in  the  air  by  virtue  of  ita  rotation. 

It  ia  stated  by  Col.  Lane  Pos  in  his  lecture  on  Primitii:e  Warfare  that  the 
plane  of  rotation  instead  ot  continuing  perfectly  parallel  to  its  original  poaition  is 
slightly  raised  as  the  projectile  advances  {Jouraal  of  the  United  Service  iTtslitute, 
Vol.  xji.,  1868).  A  diagi'am  ia  given,  which  ia  reproduced  by  Sir  Eichard  Burton  in 
bis  book  on  The  Sword  (1884),  and  shows  that  the  boomerang  should  be  projected 
towards  a  point  under  the  object  intended  to  be  hit.  This  may  be  explained  if  we 
suppose  that  the  pressure  of  the  air  is  greatest  on  that  part  of  the  under  aide  whioh 
ia  moving  in  the  same  direction  aa  the  centre  of  gravity.  The  ineauality  of  pressure 
will  introduce  a  couple  whose  axis  is  Oli  ;  compounding  the  angular  momentum 
thus  generated  with  that  about  OC  or  OL,  as  explained  in  Art.  209,  we  find  that 
the  asis  OC  turns  round  OA  towards  OB,  i.e.  the  front  of  the  boomergjng  risea. 

In  the  lecture  already  referred  to,  Col.  Lane  Pox  (now  Major-Gen.  A.  Pitt  Rivers) 
remarks  that  the  Australians  cannot  be  said  to  have  invented  the  boomerang.  By 
giving  a  series  of  diagrams  of  the  intermediate  forms  betvi-een  it  and  the  club,  he 
shows  that  the  savage  may  have  been  led  to  the  adoption  of  the  instrument  "  purely 
through  the  laws  ot  accidental  variation  guided  by  the  natuial  grain  of  the  material 
in  which  he  worked." 

Mr  Howitt  gives  in  Nature,  July  30,  1876.  the  results  of  his  enquiries  among 
the  aborigines.  These  show  that  the  instrument  is  not  nearly  so  effective  as  is 
commonly  supposed. 
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The  reader  should  also  oonault  a  memoir  on  Boomerangs  by  G.  T.  Walker  in 
the  Phil.  Trans.  Vol.  cxo.  1897,  where  a  mathematical  treatment  of  the  subject  is 

210  6.  Drift  of  Shot.  When  an  elongated  projectile  is  fired  from  a  rifled  gun, 
a  lapid  lotation  is  commauicated  to  it  about  the  prtnoipal  axis  'which  is  paraliel  to 
the  length  of  the  gun  This  rotation  is  usually  in  the  clock  direction  as  seen  by  an 
obseiver  placed  behind  the  gun  It  i>  found  that  the  shot,  when  round-headed  or 
pointed,  deviates  to  the  light  hand  side  of  the  plane  of  firing.  This  deviation  ie 
called  duit      It  la  required  to  give  a  general  eiplanation  of  its  cause. 

If  the  shot  weie  moving  in  vaouo,  the  axis  of  rotation  OC  would  continue 
parallel  to  its  initial  position  while  the  tangent  to  the  path  of  tlie  centre  of  gravity 
0  would  take  some  vaijing  ditection  OT,     The  resistance  of  the  air  introduces 

(1)  a  resisting  force  F  acting  at  0  in  a  direction  nearly  coinciding  with  TO  ami 

(2)  a  couple  M  acting  round  ihat  principal  axis  OB  which  is  perpendicular  to  the 
plane  COT.  Let  OB  be  measured  positively  to  the  right-hand  side  of  that  plane 
and  let  OA  be  downwards,  so  that  OA,  OB.  OC  form  a  system  of  left-handed 
coordinate  axes.  The  couple  M  in  most  eeiTJce  pointed  projectiles  (but  not 
necessarily  in  flat-headed  projectiles)  tends  to  turn  the  body  round  OB  from  A  to  C, 
that  is  in  the  negative  direction  ;  the  rotation  round  OC  is  from  B  to  J  which  is 
also  in  the  negative  direction.  The  instantaneous  axis,  closely  followed  by  the 
axis  of  figure  OC,  will  therefore  begin  to  move  towards  the  axis  OB,  that  is  towards 
the  right  of  the  plane  of  firing,  Art.  20it. 

The  force  F  and  the  couple  M  resemble  the  force  and  couple  caused  by  gravity 
■when  acting  on  a  top.  It  the  direction  of  F  were  fixed,  like  that  of  gravity,  the 
axis  OC  would  describe  a  cone  round  the  line  of  action  of  that  force  with  a 
preceEsional  motion  conesponding  to  that  called  /j.  in  Art.  310. 

When  the  axis  OC  of  a  pointed  projectile  has  turned  so  that  it  points  to  the 
right-hand  side  of  the  vertical  plane  throagh  the  direction  of  motion  of  the  centre 
of  gravity,  the  pressure  of  the  air  will  be  greatest  on  the  left-hand  side  of  the 
projectile.  The  centre  of  gravity  will  therefore  deviate  to  the  aide  towards  which 
th  OC  points.     More  btiefiy,  but  rather  vaguely,  we  may  say  that  a  pointed 

h  1 1    d   to  move  in  the  direction  of  its  axis  because  that  is  the  direotion  of  least 

Th  poneot  of  pressure  on  the  left-hand  side  of  the  projectile  will  generate 

tati  no      1th  O-llm      tBtht      in  the  negative  direction.    The 

OwUthf       hdd  It         d    01  (Art.  209),  that  is  towards  the 

t     gnttoth    t    ]    try 

Th         ult       th  t      h      th        loc  ty       g      t  enough  to  cause  a  considerable 

t  th    p  int    {    h    p    ject  1       II  li    t  m  ve  to  the  right,  then  downwards 

1 11  k    p    g  to  th    right     If  th    t  m      f  fl  gl  t    ere  long  enough  for  the  point  to 

pa     blwthtj    toytl  pl3/w    Id  be     versed  and  the  shot  would  begin 

to  torn  to  th    1  ft      d  Mh  th      th  would  describe  a  complete  turn 

dthtaf.tttht-ajfj  nly      I    ction  of  a  tarn  depends  on  the 

tml  >    ta  ce      f  th    m  t  d  tl     1    m  of  the  shot. 

Tl  ler  may  consult  Magnus,  )      he  De    ation  of  Fr^eetiUs.  Berlin,  1960 ; 

M    kml  y     Text-book  of  Gunnery.  1887.     As  numerical  examples  of  the  amount  of 

d   ft  1     g    es  27  and  18  yards  as  the  deviation  in  two  different  howitzers,  the  range 

h       e  beit^  2000  yards.     Other  treatises  are  Sladen's  Principies  of  Gunnery, 

1870        d  Owen's  Moda-n  Artillery,  1871.    Gteenhill  has  calculated  the  rotation 

f  r  the  stability  of  a  prolate  spheroid.  Quarterly  Journal,  1879,  and  has 

1      d  the  theory  of  drift  in  the  Proeeedings  of  the  Royal  Artillery  Institution, 


Th 


tial  tangent  of  the  trajectory  of  the  shot  of  a  rifle  does  not  always 
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exactly  coincide  with  the  axis  of  the  boce.  This  is  asoribed  to  tte  vibrations  of  tha 
barrel  and  the  deviation  thus  produced  should  be  distingaished  from  that  due  to 
drift.  Beferances  to  some  recent  experiments  made  in  German;  may  be  found  in 
Nature,  Nov.  1899. 

211.  Unsymmetrical  tops.  We  now  pass  on  to  the  impor- 
tant and  general  problem  of  finding  the  oscillations  of  a  heavy, 
not  necessarily  uniaxal  body,  about  a  fised  point.  We  begin  with 
the  general  equations  of  motion, 

A  body  whose  principal  moments  of  inertia  are  not  necessarily 
equal  has  a  point  0  fixed  in  space  and  moves  about  0  under  the 
action  of  gravity.  It  is  required  to  form  the  general  equations  of 
motion. 

Let  OA,  OB,  00  be  the  principal  axes  at  the  fixed  point  0, 
and  let  these  be  taken  as  axes  of  reference.  Let  k,  k,  I  be  the 
coordinates  of  the  centre  of  gravity  G,  and  let  the  mass  of  the 
body  be  taken  Ss  unity.  Let  OV  be  drawn  vertically  v/pwards 
and  let  p,  q,  r  be  the  direction-cosines  of  OF  referred  to  OA,  OB, 
00.  Since  —gp,  ~gq,  —gr  are  the  components  of  g,  we  have  by 
Euler's  equations 

Ao>,'-{B-C)o}^,^-g(kr-lq)\ 

Bu,,'-(C-A)o,,co,  =  -g(lp-hr)l (1), 

Cwi  —(A—B)  (WiWa  =  —  g  (hq — kp) } 
where  accents  denote  differentiations  with  regard  to  the  time. 

Also  p,  q,  r  may  be  regarded  as  the  Cfrt)rdinates  of  a  point 
in  OV,  distant  unity  from  0.  This  point  is  iixed  in  space,  and 
therefore  its  velocities  as  given  by  Art.  17  are  zero.     We  have 

p  =  (o^g  -  m,r,     q'  =  M,r  -  a,p,     r'  =  a,p  -  u,,q (2). 

p^  +  q^  +  r'  =  l. 
It  is  obvious  that  two  integrals  of  these  equations  are  supplied 
by  the  principles  of  angular  momentum  and  vis  viva.     These  give 
Aa^p  +  Bw^q  +  Cw^r^E,                \ 
A(o-'+Bto,'+Cco,-  =  F-2g(ph  +  qk  +  rl)j  *    '' 

where  E  and  F  are  two  arbitrary  constants.  The  first  of  these 
might  also  have  been  obtained  by  multiplying  the  equations  (1) 
by  p,  q,  r  respectively,  and  (2)  by  Aw,,  Smj,  Cw,,  and  adding  all  six 
results.  The  second  might  have  been  obtained  by  multiplying 
the  equations  (1)  by  wj,  a>^,  013  respectively,  adding  and  simpli- 
fying the  right-hand  side  by  (2). 

A  thii-d  integral,  besides  those  marked  (3),  is  necessary  to 
enable  us  to  determine  the  values  of  a^,  m^,  a-j  in  terms  of  p,  q,  r. 
But  an  algebraic  integral  can  only  be  found  in  a  few  special  cases. 
See  Poincar^,  Les  methodes  noavelles  de  la  M^canique  G4leste,  Vol.  i. 
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311  a.  Let  0|  be  some  straight  line  fixed  \o  the  body  whose  position  in  space 
referred  to  the  vectioal  OV  is  defined  by  Euler's  ungles  8,  •//,  while  the  motion  of 
the  body  round  OJ  is  defined  by  the  third  angle  ^.  To  reduce  the  equations  (1),  (2), 
(3)  eo  that  the  solution  depends  on  the  determination  of  S,  ^,  0. 

If  we  choose  OC  as  the  axis  of  |  we  have  simply  to  subatitnte  in  equations  (3) 
for  w„  a^,  uj  their  values  in  terms  of  S.,  ^,  0  given  in  Vol.  i.  Art.  356  and  write 
p=-sinSoo8^,  9  =  8ine9in0,  r=cose.  The  third  equation  is  of  the  second 
order  and  may  be  fonnd  by  making  the  same  snbatitntion  in  the  third  of  equations 
(1).  The  results  are  not  complicated,  but  the  axis  QC  is  unsymmetricolly  situated 
and  some  other  line,  such  as  06,  sometimes  leads  to  more  useful  results. 

Let  the  choice  of  the  axis  Of  be  left  until  the  ciroumstanoea  of  the  body  are 
given.  Let  a,  b,  e  be  the  direction  angles  of  ^  referred  to  the  axes  OA,  OB,  OG. 
Let  Oy  he  perpendicular  to  the  pJane  |0F,  and  Of  perpendicular  to  fOij.  Then 
Oi,  Oil,  Of  form  a  system  of  leotangular  asea  whose  motions  are  given  by 
e,-jf/coae,  S^-d\  ffg-ifeme.  The  motion  of  the  body  is  given  by  Q,  =  0j  +  ii', 
fij^Sa,  1)3=93.  To  preserve  symmetry  we  shall  let  ^.  ^,  0s  he  the  three  angles 
the  plane  F0|  makes  with  the  planes  AO^,  SOf,  COJ.  These  angles  diSer  by  the 
constant  angles  A^B^y,  BfC  =  o,  Cf^=j3,  and  their  equal  differential  coefficients 
will  be  called  ip'. 

e  the  spherical  triangle  B^C ;  then  by  a 

-f-^^'cos(9}  +  sinasin0lfl'.-s^noco3^I(^(/sine), 
+  f  cos  S}  +  ein  6  sin  <p^e'  -  sin  b  00s  ^  (f  ain  8), 
+ 1^'  cos  e)  +  sin  c  sin  ■f.^d'  -  sin  c  cos  0,  {xj/'  sin  S), 


ingJes  ^ ,  ^,  03  (say  ^g)  we  use  the  rel 


sin0,  =  ai'>(^2-7)  = 


with  similar  formulae  for  cos  ^j  and  eoa  0,. 

If  we  substitute  in  equations  (3)  they  become 

I,  ii-'  +  f  cos  ejH-Tsfl'H&c,  -2Pi5  (0'+  f  cos  e)  e'-&a.^F~  2af  COS  d, 
{Zi  (0'  +  f  cos  0)  -  rSc,  (  COS  e  +  {1^8'  -  &i.}  sin  0  =  E, 
where  I,  &c.,  P,^  *o.  are  known  functions  of  S,  ^,  0.    To  find  a  third  equation  we 
take  moments  about  Of,  Art.  10. 

We  may  of  course  avoid  some  of  tluse  stibstitutions  by  making  a  direct  use  of  the 
sffetem  of  axes  Of,  O17,  Of,  and  apply  the  formulae  for  vis  viva  and  angular  mo- 
mentum given  in  Vol.  t.  Arts.  364  and  364.  In  this  way  we  see  that  the  coefficients 
I-i  &0.,  P|j  die.  are  the  moments  and  products  of  inertia  ot  the  body  about  i,  i),  f, 
and  these  can  be  written  dmcn  at  sight  by  using  the  rales  given  in  Vol.  i.  Arts.  16 
and  18,  Bk.  3. 

212.     Hess'  Integral*.     A  third  integral  is  known  when  the 

*  Bees'  integral  is  given  in  Maihematische  AnnaUn,  Bd.  xsvii.  1390.  The 
integral  has  also  been  discussed  by  Bogec  Liouville,  Gomytes  Bendua,  cis.  p.  904, 
1895.  It  appears  from  Vol.  cxsii.  that  the  discovery  had  also  been  anticipated  by 
NekrasBov  and  Mlodzieiowski  and  a  geometrical  solution  obtained  by  Joutovski, 
Moscov!  Collections,  1893-3,  but  the  author  has  not  been  able  to  see  these  three  papers. 
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body  is  such  that  the  coordinates  {A,  k,  I)  of  the  centre  of  gravity 
Q  satisfy  the  two  relations 

k  =  0,     -^.^..-=--g.^.     (4), 

where  the  principal  moments  A,B,  Oat  the  fixed  point  0  may 
have  any  values.     These  equations  assert   that  G  lies  in  that 
principal  plane  which  is  perpendicular  to  the  axis  OB  of  mean 
moment,  and  that  the  moment  of  inertia  about  00  is  AGjB. 
By  using  equations  (1)  we  have 

If  the  body  is  such  that 

"-"•       Ah     -     a       " *°* 

where  m  is  a  constant,  we  find 

^  (A/,«.  +  CU,)  =  mw,  {Aim,  +  Olo,,). 

If  the  initial  conditions  are  such  that 

U=^Ahco,  +  Gla>,  =  0 (fi), 

then  dUjdt  =  0  and  therefore  by  differentiation  d'UjdV—O  and 
so  on.  It  follows  by  Taylor's  theorem  that  U=0  throughout  the 
motion.  We  may  also  obtain  this  result  in  another  way.  Put 
ii}i  =  d<f>/dt,  then  by  integration  we  have  V=Ge'"^  where  G  is 
a  constant.  Initially  [/'=Oand  therefore  G  =  0.  It  follows  that 
U  is  always  zero. 

Thus  a  new  integral  has  been  found  but  without  another 
constant.  This  solution  when  fully  worked  out  will  contain  only 
five  instead  of  six  c 


212  a.  The  dynamical  meaning  of  Hess'  integral  is  that  the 
angular  momentum  of  the  body  about  the  straight  line  joining 
the  fixed  point  0  to  the  centre  of  gravity  G  is  zero.  It  follows 
that  the  axis  of  resultant  angular  momentum  (called  the  invariable 
line  OL  in  Act.  141)  describes  in  the  body  the  plane  perpendicular 
to  OQ.  The  instantaneous  axis  01  describes  in  the  body  the  fixed 
plane  Ahx  +  Giz  =  0.  Both  these  planes  pass  through  the 
axis  OB. 

We  may  also  notice  that  in  this  solution  we  have  G^~BT, 
where  G  and  T  have  the  meanings  given  in  Art.  184.     This  is 

E.  LiouTille  lias  alao  disoussed  at  length  the  ease  in  which  A=B  =  2Cjn  where  n  is 
an  integer,  and  the  centre  of  gravity  lies  in  the  equatorial  plane,  Acta  Mathematica, 
Vol.  xi.  1897.     See  alao  F.  Kleia  und  A.  Sommerfeld,  Theone  des  Kreisels,  v.  9, 


y  Google 


MOTION    UNDER    ANY    FORCES. 


[chap.  V 


158 

easily  proved  by  eliminating  kjl  from  the  equations  (4),  (6).     The 
axis  of  B  must  be  the  mean  axis  of  inertia. 

By  forming  the  determinant  whose  constituents  are  the 
direction  cosines  of  OL,  01  and  OG, 
we  see  that  these  three  straight  lines  lie 
in  one  plane.  Since  OG  is  perpendicular 
to  the  plane  BOL,  it  follows  that  the 
spherical  triangle  formed  by  the  three 
arcs  BL,  BI  and  IL  is  a  right-angled 
triangle  having  the  angle  at  i  a  right 
angle  and  the  angle  at  B  constant. 
This  conesponds  to  the  theorem  in 
Art.  186. 

212  ft.  To  express  u,,  a^,  uj.  p,  q.  T  in  lerins  of  the  aiigular  coordhtates  8,  •//,  0. 
Here  8,  f  are  the  angular  cooi'dinatea  of  OO  rBferced  to  the  vertical  OV,  and  if,  ia 
the  supplement  oi  the  ungle  marked  VGB  in  the  figure.  As  tlie  position  of  the 
centre  t>t  gravity  G  Bad  the  existence  of  Hess'  integral  simplify  the  geometry,  we 
may  avoid  the  intcoduotioa  of  the  second  triangle  of  refereace  Jijf. 

LettheaBgle^OG  =  n,  then  the  ooonJiaatea  of  G  are  ;i=/coan,  t  =  0,  l=f%ma 
where  0O=f.    By  using  the  spheiioal  triangles  VGA,  VGB,  VGC  we  have 


n^, 


iategral  (6)  and  that  of  angular 


where  the  fourth  term  is 

Siace  e'  and  sinfl^ 

perpendicular  to  the  pli 


osa      psian-roosa  -  sin  S  sin  * 

derived  from  the  third  by  usiag  (7|. 
'  are  the  resolved  velocities  of  OG  resj 
ine  rOG  we  have 


...(7). 


Joining  these  to  Hess'  iategral  we  have  by  (4) 


312  c.     To  find  the  motion  of  OG  round  the  vertical  OV,  that  is  t 
The  reiiuiied  eqaatious  are 


U)   ' 


To  prove  the  first  of  these,  we  use  the  general  equation  of  Art.  19. 
I,  8^  are  the  angular  velocities  about  OFaad  OO,  hence 

8in°ffif^=(iiiiP  +  u53  +  Wjr)^  -oosfl  (ujoos  a  +  uj  sin  a) 
=einflsin*(-<^sina  +  wjC03a)  +  w23    by  (7) 

=  ^B-^+"=3-B    by(*). 
To  prove  the  seco)u{;   we  have  by  Hess'  integral 


Cm'. 

>JI(. 

o,#»-  +  >in(,.i 

-«#/). 

V  =  B(B 

in  ^0'- COS  ^  si 

nei/)^ 
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The  eiiimtioo  of  energy  teeomes 

These  eiiuations  (when  the  sign  of  g  ia  changed)  are  identioal  wjth  the  equations 
■of  motion  of  a  heavy  particle  suspended  from  O  by  a  string  of  length  B//  when  the 
proper  angalar  momentum  and  energy  are  given  to  the  system  Their  jntegraiicn 
and  interpretation  may  be  conducted  as  in  Art.  201  and  are  more  fully  feiven  m 
treatises  on  Dynamics  of  a  particle.  They  may  therefore  be  omitted  here  The 
reason  of  this  remarkable  similarity  is  tliat  the  string  pendulum  may  be  ii-garded 
ai  a  rigid  body  which  satisjiei  both  the  conditioru  (i)  ami  (B).  To  make  this  dear, 
let  the  axis  OC  coincide  vith  the  string,  we  then  have  0=0  and  h  —  0, 

212  d.  To  find  the  motion  of  the  body  round  OG,  that  is  to  find  4>'.  The 
required  equation  is 

^'=-V/cos^  +  ni(cos0S'  +  sin0  8in0f) (11), 

\Yhere  the  constant  m  has  either  ot  the  values  given  in  (5). 

By  Euler's  third  geometrioal  equation  the  resolved  velocity  of  B  perpendicular 
to  GB  is  ^'+  cos  $iji'.    But  this  resolved  velocity  is  also 
w,sin  CS6f  +  cuj  sin  JBG  =  <j,  eoaa  + WjSin  a 

=  (5/J-B/Clsinaoosa(-oo3^e'-9in^sinfi/''|    by  (9) 
=  m(oos4a'  +  sin03in9i/'')    by  (S). 
The  values  of  B  and  ^  having  been  found  hy  (10)  and  substituted  in  (11}  we  have 
a  differential  equation  to  find  ^  in  terms  of  t.    In  this  way  the  determination  of  the 
u^ftofa  ijwtion  has  been  reduced  to  the  golution  of  a  single  equation  of  tlie  Jirst  oTdm: 

212  e.  To  find  the  motion  vihen  the  initial  conditioJis  are  mch  that  the  angular 
momentum  about  the  vertical  is  aero.    In  this  oaae  E  =  0. 

The  equations  (10)  give  BS'^  =  2g/(oo8eo-eosS)  and  V'  =  0.  It  follows  that  OG 
moves  in  a  vertical  fixed  plane  VOG   like  a  simple  ycJiduftiin.     We  deduce  from 

Art,  212(i  that  ^'^mfl'ooa^.      Integrating,  we  have      ■  ^   ^  ^ga^"'"  whore  IT  is 

determined  by  the  initial  values  of  ^  and  S.    When  OG  oscillates  from  side  to  side 
of  OV,  the  body  swings  round  OG  and  back  again  with  an  ai^iUar  velocity  mS'  eosi/i. 

213.  Kowalevski'8  integral.  A  third  integral  has  been 
found  in  the  special  case  in  which  ji  =  S  =  2(7  and  the  centre  of 
gravity  lies  in  the  equatorial  plane  of  the  body,  i.e.  I  =  0.  The 
solution  can  be  made  to  depend  on  integrals  of  the  form  jdxjf(x) 
where  /{a:)  is  an  integral  rational  function  of  the  fifth  degree. 
The  necessary  transformations  ai'e  too  long  to  be  reproduced  here, 
they  may  be  found  in  the  Acta  Mathevmtica,  Vol.  xii.  Jan.  1889*. 

The  following  is  her  method  of  finding  a  new  integral.  Since 
j4  =  B,  we  take  the  plane  AOG  to  contain  the  centre  of  gravity, 
and  thus  make  A:  =  0,  ^=0.  We  deduce  from  the  equations 
(1),  (2)  ^ 
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where  i  =  n/(—  1)  and  y3  =  gh/0.     Eliminating  r,  we  fiiici 

j^  log  ((»,  +  ;.,)•  -  /3  (p  +  ,i)l  =  - .». ; 

changing  the  sign  of  i  and  adding,  we  find  after  integration 
i(».  +  «,i)' - (3 (p  +  qi)]  {(o,,-„,^y-ff(],- p)) _ if 
where  K  is  an  arbitrary  constant.     The  new  integral  is  therefore 
(^■'^a>,'~^py  +  (2(o,o>,-0qy  =  K'    (12). 

We  may  espress  this  integral  in  terms  of  Euler's  angles  8,  (!■,  0  bj  substitviting 
tha  values  of  Uj,  Wj.  Ws.p,  g,  r  given  in  Art.  211  o.  Since  in  this  case  the  angles 
a—0,  b  =  iit,  c  =  Jir,  there  is  some  simpiiScation  whether  we  take  the  asis  of  inertia 
OC  or  the  straight  line  OG  as  the  axis  0^  fixed  in  the  body.  The  snbstitntione  are 
so  simply  effected  that  it  appears  unnecessary  to  write  down  theiesultingeqaations. 

313  a.  TabapIignlne'B  latagral.  An  integral  haa  been  found  when  the  body 
is  Buoh  that  A  —  B^iC,  and  k  =  0,  i=0,  provided  the  initial  motion  is  such  that  tS^ 
angular  momentwiB  E  aboat  the  vertical  ii  zero.    The  integral  ia 

».■,(.,■+»,')-?.,,. OTBl (13|, 

where  p=gk!C.  To  prote  this  we  tlifferentiate  N  and  substitute  for  the  differential 
ooeffiEienta  of  Wi ,  «,,  a,,  and  r,  from  (1),  (2),  {3).  We  then  finddW/dJ= -paijB/^. 
If  thenB  =  0,  the  quantity  Wis  constant  throughout  the  motion. 

This  case  was  discussed  by  D.  GoriatshoS  in  The  CoUections  of  Moscom,  1900, 
and  by  G.  Kolossoff  in  The  Mathematical  Meenenger,  1902.  The  latter  uses  the 
Hamiltonian  method.  The  integral  was  published  by  Tahapliguine  in  this  form  in 
1901  at  Moscow. 

211.     Small  OBcUIaiions.    A  body  tohose  pri'aci.;po,l  tnoiments  of  inertia  at  the 


has  a  point  0  in  one  of  t)ie 
e  about  0  tinder  tlie  action  of 
supposed  to  be  vertical.    Find 


and  bi^  are  small  quantities,  we 
of  eq.uationa  (1).  This  gives  ug 
For  the  same  reason  t=1  nearly 


centre  of  gravity  G  are  not  neceisarily  equal, 
principal  axes  at  G  jhced  in  space  and  can  mi 
gravity.  It  is  set  in  Totatioa  about  00  which 
the  small  oscillations. 

ReEerring  to  the  general  aquations  of  Art.  21: 
S  =  0.  Since  OG  remains  always  nearly  vertical,  u, 
may  therefore  reject  the  product  iijiio,  in  the  laal 
constant.    Let  this  constant  value  be  called  ti. 

and  p,   q  arc  both   small   quantities.     Substituting  we  get  the  following  lineai' 
equations, 

A.^^-{B-C)n.^,=  lgq    1  p-  =  qn^,.,    1 

Ba^-(C-A)n^^-lgp\ ^  '■        j'=-y«  +  «J ^  '" 

If  we  substitute  for  ai,  i^  in  equations  (1)  their  values  given  by  (2)  we  should 
obtain  two  linear  equations  to  findp,  q  which  might  have  been  at  once  deduced  from 
the  general  equations  of  small  oscillations  given  in  Art.  15.  But  we  may  also  solve 
these  by  assuming  '■     „  ';.\  ,  „  It  • 

Substituting,  we  get 

AXF-[B-C^nG^giq\  \P^Q>t-G\ 

BXG-{A^C)nF^glpl *''''  \<J  =  P7j-F[ ^  '" 

Eliminatiag  the  ratios  F :  G  :  P  :  Q  vie  have 

\'n^{A  +  B-0]°-^{gl  +  AX'+{B-C)n^){3l  +  B\^  +  {A-C)n'\   (5). 
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If  the  valuae  ot  \  thus  found  shonld  be  real,  the  body  will  mate  small  oacillations 
about  the  position  in  whioh  OS  is  vertical.  It  C  be  the  greatest  moment,  and  n' 
snffieiently  great  to  maha  both  gl-[C-A)n'  and  gl-(G-B)n''  negative,  then  all 
the  values  of  X  are  real  and  the  body  will  continue  to  spin  with  06  verfieai.  If  G 
be  beneath  0,  i  is  negsitive  and  it  will  be  sufficient  that  0(?  should  be  the  axis  of 
greatest  moment. 

In  order  that  the  values  of  \^  may  be  real,  we  must  have 
{gl(A  +  li)  +  7i?{,AC  +  Ba~'2AB-G^Y^i{(B-C)n^^gl){{d.-C)n''  +  3i)AB, 
and  in  order  that  the  two  values  of  V  may  have  the  same  sign  we  must  have  the 
last  term  of  the  quadratic  positive;  .■,{{B^lJ)n^+gl)\{A-C)n^-i-gl]  is  positive, 
and  in  order  that  the  values  of  \^  may  be  both  positive,  we  must  have  the  coefficient 
o£X=in  the  quadratic  negative ;   .■,  gl(A-\-B)-^Ti^  {B  -  G){A-C). 

In  the  particulaT  case  in  which  A=:B,  each  side  oS  the  quadratic  becomes  a 
perfect  square  and  we  have 

A\^^{2A-C)n\  +  (A~C)it^  +  gl  =  0; 

.^^U^^^J^^  ,6). 

In  this  ease  the  conditions  of  stability  reduce  to  n>2  ^AgljG.  By  referring  to 
equations  (B)  and  (4)  it  will  be  seen  that  when  J  =  B  we  have  P=G  and  P  =  (3.  It 
\ ,  \  be  the  two  values  of  \  found  above,  we  have 

p=p,,i,,fte+/,)+p,,iii(x,.+/,)l 
j»p,™(x,i+/,)  +  ?,.o.(v+/,)r' 

Following  the  notation  used  in  Euler's  geometrical  equations,  Vol.  t.  Chap,  v.,  let 
B  be  the  angle  OG  makes  with  the  vertical  taien  as  asie  of ;,  then  <e^=oo&^9  =  l-8\ 
andhcnee  e^^p^  +  g^^l'.^-¥Ff  +  21'^F.^aoa\(\~\)t+fi-f^). 

Let  ^  be  the  angle  the  plane  containii^  OA ,  OG  makes  with  the  plane  containing 
OG  and  the  vertical  OV,  we  have  p=  -sin  fl  cos0,  and  g  =  Bin  S  ain^,  and  henee 
P,...(>,lt/,|  +  F,.o=(Mt/.) 
""♦-p,,m|M+/,)  +  P..m(V+/.)- 

Since  8  is  very  small  we  have,  still  following  th  am  tat  n,  ij/  =  nt-i-a~  0, 
where  a  is  some  constant,  depending  on  the  po  t  n  f  th  h  tiary  plane  from 
which  ^  is  measured.    This  follows  from  Eule       th   d        m  t     al  equation. 

214  a.    Comparlsoii  of  resnlte.    In  order  t       rap       th  suits  with  those 

arrived  at  in  Art.  202  fi  we  shall  suppose  that  th    a         It^  i  a    es  through   the 

vertical.     We  then  have  f~0,  3  =  0  simultaneo    1         j  at  th    t  me  (  =  0.    These 

conditions  give/j— /j,  P^=^P^  and  after  an  easy  reduction  we  find 

^  =  i(\,  +  X,|t+A,  e=-2P,sini{Xi-Aj(. 

To  deduce  V  we  use  the  equation  0  +  V'=''t  +  a-  After  substituting  tor  \,  X, 
their  values  given  in  (6)  these  results  will  be  found  to  agree  with  the  values  of  ^ 
and  8  found  in  Art.  203  h.  In  making  the  comparison  we  roust  remember  that  the 
notations  used  in.  the  two  articles  are  not  exactly  the  same,  for  instance  I  is  here 
the  oidinate  of  the  centre  of  gravity  while  ft  is  used  for  this  ordinate  in  Art.  202  ft 
and  I  has  the  meaning  given  to  it  iu  Art.  200. 

We  may  also  compare  the  results  of  this  article  with  those  of  Art,  205  a,  whore 
the  asis  is  inclined  at  an  angle  o  to  the  vertical.  If  we  put  o  =  0  we  find  that  the 
value  of  p,  there  given,  is  difierent  from  either  \  or  Xj.  We  easily  see  however  (by 
using  the  formula  (6)  of  that  article  to  eliminate  ^*  from  the  expression  for  p*)  that 
p  =  Xi  -Xj.  Thus  the  period  of  oscillation  of  8  deduced  from  Art.  205  a  ia  the  same 
as  the  periodot  S'-'or  l-^e^giTOninArt.  214.  It  follows  that  if  we  put  f=cos#, 
the  eipression  for  p  will  give  the  period  of  oscillation  of  |  for  all  values  of  ooBn 
E.  D.     II.  1 1 
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including  n^O.    A  further  discnssion  of  this  point  wag  given  in  the  1882  edition  of 

The  periods  of  osnEUtion  foand  b3'  the  method  of  Art.  214  do  not  seem  to  aglee 

with  those  obtained  by  a  different  proceaa  in  Vol.  i.  Art,  368.    But  the  difference  is 

only  apparent.     In  Vol.  i.,  the  axis  00  is  referred  to  aies  fixed  in  spaee,  we  Lave 

5=ecosi&-P,oos(«,(+/,)  +  P3COsW+/j), 

,-esin^=PjSin(ft(+/.)  +  P,8in(»,(+A), 

wliere  2Ai).^CnJ=^{C^n'  -  igAl). 

In  the  method  of  thia  volume  the  vertical  ia  referred  So  asea  fixed  in  the  body  by  the 
direction  oosiaeB  p=  -  Scoa^,  g  — Ssin^,  and  1.  Now  by  Euler'a  third  geometrical 
equation  wg^oos  Sd^ldt  +  d<f>ldt, 

hence  ^=nl-  ^  +  ferm9  vfith  P^,  see  Vol,  i.    We  have  therefore 

-^p:=6oos{7a-•p)=<:osnt{PlCOS^L,t  +  P,cf>s^^t)+Emnt{P^&iil^^t  +  P^^n^t) 
=  Pieos(n-^^.)t  +  PaCOs(™-;>^i, 
S  =  9sij:i(nt-f)  =  PiBin(n-ft)t  +  P5sin(n-^)(. 
Thus,  ainoe  n-n  —  'S,  the  expressions  found  here  tor  p,  q  follow  easily  from  those 
for  f,  ij  found  in  Vol.  i. 

214  6.  A  body  whose  ^nHpal  moments  at  the  centre  of  gravity  are  not  neeessarily 
equal  is  free  to  turn  about  a  fixed  point  0,  and  is  in  equilibrium  wider  the  aetiim  of 
gravity.    A  small  distwbance  being  given,  find  th£  oscillations. 

Eeferring  to  the  general  eqaations  in  Art.  211  we  see  that  in  this  ease  la,,  u,,  u^, 
are  small,  hence  in  equations  (1)  n>e  may  omit  the  terms  containing  the  prodncts 
tiiitfj,  lull's,  oi3<Ji-  Also  since  in  equilibrium  OQ  is  vertical,  p,  j,  r  are  always 
nearly  in  the  ratio  h:k:l;  hence  if  Oa=a,  we  may  write  A/a,  kfa,  Ija  fory,  q,  r 
on  the  right'hand  sides  of  equations  (2).    The  eix  eqaations  are  now  all  linear.    To 

solve  these  we  put    ui,  =  H  sin{\t  +  fi.)  and  p  ^  ft/o  +  P  cos  {M  + /x) (1), 

Ug,  lOj,  q  and  r  being  represented  by  similar  eipreaaious  with  K  and  L  written  for 
H;  Q,  k  and  R,  I  written  for  Pand  h.  Substituting  these  in  the  equations  we  get 
six  linear  equations.    Eliminating  P,  Q,  R  we  have 


(-d?i=+  k^'  +  e'jH-hkK-lhL^O 
-  hkH+  (~ B\^  +  l^  +  lA  K-lkL^O 
-  Ihll-  lhK+  (  "  C\''  +  h^  +  k^\L  =  0 


Eliminating  the  ratios  of  R,  K,  L  we  have  an  equation  to  find  V,     One  re 
X'  =  0,  the  others  are  given  by  the  quadratic 


—  ■^-^-^-C-Ja^^'   ABG        '  -" '■"■ 

1  if  the  roots  are  real  we  must  apply  the  uanal  criterion  for  a  quad- 
ratic.     Thia  requires  that 

{A(B-C)k''  +  B{C-A)k^-C{A-B)fi}''  +  iAB(B-(rHA-C)h^^ (4) 

should  be  positive.    Since  A,  B,  C  oan  be  chosen  to  be  in  descending  order,  we  see 
that  the  condition  is  satisfied.     See  also  Art.  SS. 

If  a  is  above  0,  a  is  positive  and  the  values  of  \'  are  both  negative.  The  equi- 
libriam  is  therefore  unstable.  If  Q  is  below  O,  a  is  negative  and  the  values  of  X' 
are  both  positive.  If  the  roots  are  equal,  the  two  positive  tenns  in  (4)  must  be 
separately  zero,  thia  gives  k  =  0  and  AiB-C))fi^C  iA~B)l^,  i.e.  the  centre  of 
gravity  lies  in  the  asymptote  to  the  focal  hyperbola  of  the  momental  ellipsoid.    In 
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n  which  1  =  0,  1  =  0,  B=C  i 


e  find  V'^-agjIi.     The  oi 
irt.  212. 


If  the  vi 


!B  of  \^  are  written  0,  \-^,  V  "e  Iia»e 

with  BimJlarejipresBions  tor  ujj,  wj.  Equations  (2)  (Art.  211)  then  give y,  3,  r.  But 
sabstituting  in  (1)  (Art.  211)  we  find  that  all  the  non-periodio  teems  which  oontaia 
1  are  zero.    Bemembering  that  p^  +  3"  +  r' =  1  we  ha^e  fiaalij 

w,=lift/<i+HiSm(X,(+;t,)+ffi,sin(V4-fXj) (5), 

Wj  and  uj  being  represented  by  similar  eipresaions  with  fc,  K  and  I,  L  writtan  (or 
h,  H.  The  values  of  K^,  ij  and  K^,  L^  are  determined  by  equations  (2)  in  terma 
of  H,  and  tl^  reBpeotively.    We  also  have 


_h  ,  IK^-kL, 


a(Xii  +  M,) 


igg  -    feLg 


H\t  +  M^.. 


..  (6), 


with  similar  eipressions  toe  g  and  r.    There  remain  five  constants,  viz.  SJ,  H,,  H^, 
Hj,  ijj  to  be  determined  bj  the  initial  values  of  u,,  wj,  uj,  r  and  g. 

Wheu  the  roots  are  equal  the  equations  depending  on  p,  r,  uj  separate  from 
those  depending  on  5,  Wi,  %,  forming  two  sets  ;  we  find 


n(M  +  ft) 


n(X(  +  ftj) 


J.=  -+£-^C( 


.3  (X(- 


^1) 


ff  —  <,nB(Xt  + 


,nte  the  values  of  id,  u^  U3  p  a  f  m  the  equation  f  ajigulir 
Irt.  211  and  neHlect  the  iquaies  of  small  quantities  we  CMdently 
obtain  {Ah^  +  Bk^-^'  W)  0=?  a'  AHh  +  BKk  +  L  ii    0 

The  first  of  these  equations  shows  that  Si  vanishes  when  the  imtial  conditions 
are  such  that  the  angular  momentum  about  the  vertical  is  zbd 

A  solution  ot  this  problem  oonduoted  in  a  totally  different  manner  has  been 
given  by  Lagrange  in  his  Mrramq  le  Analytiqiie  His  results  do  not  altogether 
agree  with  thes,e  given  here  He  forms  a  luadtatic  which  corresponds  to  that 
marked  |3)  above,  and  gives  two  relations  between  the  moments  and  irodocts  of 
inertia  at  the  fixed  point  0  which  must  toll  in  order  that  the  routs  maj  be  real 
and  positive.  But  by  using  the  known  pioperties  of  the  moinental  elhpsoid  these 
conditions  may  be  shown  to  hold  in  all  caeee 

This  problem  has  also  been  disoussed  by  Sir  Kobeit  Ball  m  the  Irmts.  Soy. 
Irish  Acad.  1870  and  in  his  Theory  of  Screws.  By  using  the  results  ot  Art.  133  we 
may  verify  some  of  hia  theorems. 

Wa  take,  as  explained  in  that  article,  the  positions  ot  OA,  OB,  OC  in  equi- 
librium as  aies  of  reference  fised  in  space,  and  we  let  the  position  of  the  body  at 
the  time  (  be  derived  from  these  by  the  angular  displacements  B,  (p,  •//.  The 
vertical  is  the  position  of  OG  in  equilibrium;  at  the  time  l  let  G'  be  the  position 
of  the  centre  of  gravity  and  the  angle  OOG'—x-  The  work  done  by  gravity  is 
U=ag  (l-oosx),  where  a=OQ,  and 

since  the  quantities  on  the  right-hand  side  are  the  axial  displacements  of  G  in  the 
time  t.    Yol.  i.  Art.  238. 

We  write  x,  y,  z  for  S,  ip,  ip,  as  in  Art.  133,  and  the  two  quadrios  there  described 
become  iT-Ax^-i-By^  +  Cz'^a (1), 


{(U~lyf  +  {li:-hzf+{hy-kxy}  = 


,..(2). 
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The  directions  of  the  principal  oicillations  of  the  representative  point  are  the 
common  oonjugale  diameters,  and  the  periods  of  oscillation  are  given  by  T\^+  !7=0 
when  we  write  for  x,  y,  2  the  direction  cosijies  of  each  diameter.  The  etiuationa  (2) 
are  clearlj  the  ordinary  equations  given  in  "  Solid  Geometry  "  to  find  the  common 
conjueates  and  they  agree  with  equations  (4)  of  Art.  130  when  we  write  T,  -  U,  X* 
for  A,  C.  li. 

The  second  etiuation  may  be  written  in  tlie  form 

2V^={xHy'  +  ^')(h''  +  l^+P)-{li3:+hy  +  hy'^-y^, 
which  IS  obviously  the  equation  of  a  right  circular  cjlinder,  the  direction  eosinea  of 
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The  oyhndei  is  therefoie  si  nilar  and  s  m  larly         a  el  t  f  tl     t  „ht 

circular  cylinders  which  envelope  the  ellipsoid.  The  common  conjugates  are  there- 
fore the  mean  axis  of  inertia,  the  axis  of  that  cylinder  and  its  conjugate  in  the 
plane  AOG. 

21ic.  A  body  iphnse  principal  moments  of  inertia  are  nut  n«ce$saHly  equal  hat 
apoint  0  fixed  in  apace  and  moves  about  O  under  th^  action  of  graoily.  It  i>  required 
to  find  what  eaiet  of  iteady  motion  are  possible  in  which  one  principal  aicia  00  at  O 
describes  a  right  cone  round  the  vertical  while  tlie  angtilar  velocity  of  the  body  abtml 
OC  is  constant;  and  to  find  the  small  oscillations. 

Beferring  to  the  general  equations  of  Art.  211,  we  see  that  it  is  given  that  r  and 
■a,  are  oonstantE.  In  this  case  the  first  two  equations  ot  (1|  and  (3)  (Art.  211)  form 
a  set  of  lineiH' aqnations  from  which  we  have  to  find  the  four  quantities  ji,  q.io^.ui^. 
The  solution  of  these  equations  is  therefore  in  the  foim 

«,=Po  +  Pj  sin  {\t+f)\  P^Po  +  Pj  Bin  (^'+/)t 

u^,=  G„+0iCOB(\(+/)f  '  q  =  Qo  +  Q,oos{M+f)j  ' 

But  these  must  also  satisfy  the  last  ot  the  equations  (1).  Substituting  we  see 
that  there  will  be  a  term  on  the  left  side  of  the  form 
-J(J-B)FiO,8iQ2(\(+/). 
But  there  will  be  no  such  term  on  the  right  side.  Henoe  we  must  have  either 
A-B,  F^  —  O  or  Gi-0.  The  motion  in  the  case  in  which  A  =  B  has  already  been 
considered  in  Art.  203.  Again,  Bubatituting  in  the  last  of  equations  (3)  and  equat- 
ing to  aero  the  ooefBoient  ot  sin  2  {\t  -j-/)  we  find  P,  G^  -  -Fi  Ci  =  0. 

Substituting  in  the  first  two  of  equations  f  1 }  and  equating  to  zero  the  coefficients 
of  coa(^(-^/)andsin(^t-^/|,  we  find 

AXFt-{B-C)nGj=glQ„  -BXGi- (C-^)nF,= -^IP, ; 

from  these  equations  we  have  F,,  Gi,  Pj,  Qj  all  equal  to  zero  and  therefore  Mi,  w^, 
p,  g  are  all  constant  as  well  as  the  given  constants  uig  and  r. 

In  this  ocse  the  equations  (2)  give  &j,/j(  =  lOj/g  =  uij/)',  so  that  the  axis  of  revolu- 
tion must  be  vertical.  Let  lu  be  the  angular  velocity  about  the  vertical.  Then 
Oi^pai,  uij  — gio,  Uj=j'itf.      Substituting  in  equations  (1)  we  get 

,._A^^k_B^_,_cy p,^ 
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Unless,  therefore,  ttoo  of  the  principal  motiients  aye  equal,  it  is  necessary  for 
steady  motion  that  the  a^s  of  rotation  should  be  vertical  and  the  centre  of  gravity 
{li,  k,  I)  must  lie  in  the  vertical  straight  line  vikose  eqvnlions  are  (3). 

This  Etraighl  line  may  be  constructed  geometrieally  in  the  following  manner. 
Meaanre  along  the  vertical  e,  length  OV=gjb?  and  draw  B,  plane  through  F  perpen- 
dicular to  OV  to  touch  an  ellipsoid  oonfocal  with  tlie  ellipsoid  of  gyration.  The 
centre  of  gravity  must  lie  on  the  normal  at  the  point  of  contact. 

To  find  the  stnall  oecillationi  about  the  tteady  motion,  i.e.  to  determine  whether 
this  motion  be  stable  or  not,  we  must  pnt  ji^cos  a  +  P^  sin  XC  +  P,  cos  \t, 

with  similar  expressions  ios  q,r,  uj,  tij,  wj.  Substitating  we  shall  get  twelve  linear 
equations  to  determine  eleven  ratios.  Eliminating  these  we  have  an  equation  to 
find  \.   It  is  snfEcient  for  stability  that  all  the  roots  of  this  equation  shonld  he  real. 

Motion  of  a  Sphere. 

215.  Oeneral  equations  of  Motion.  To  determine  themotion 
of  a  sphere  on  any  perfectly  rough  surface  under  the  action  of  any 
forces  whose  resultant  passes  through  the  centre  of  tlie  sphere. 

Let  G  be  the  centre  of  gravity  of  the  body  and  let  the  moving- 
axes  QG,  GA,  GB  be  respectively  a  normal  to  the  surface  and 
some  two  lines  at  right  angles  to  be  afterwards  chosen  at  our 
convenience.  Let  the  motions  of  these  axes  be  determined  by 
the  angular  velocities  9^,  6^,  8,,  about  their  instantaneous  positions 
in  the  manner  explained  in  Art.  3.  Let  m,  v,  w  be  the  velocities 
of  G  resolved  parallel  to  the  axes,  and  €o„  wj,  dia,  the  angular  velo- 
cities of  the  body  about  these  axes ;  then  w  =  0.  Let  F,  F'  be  the 
resolved  parts  of  the  friction  of  the  perfectly  rough  surface  on  the 
sphere  parallel  to  the  axes,  GA,  GB,  and  let  R  be  the  normal 
reaction.  Let  X,  Y,  Z  be  the  resolved  parts  of  the  impressed 
forces  on  the  centre  of  gravity.  Let  k  be  the  radius  of  gyration 
of  the  sphere  about  a  diameter,  a  its  radius,  and  let  its  mass  be 
unity.  We  shall  suppose  that  in  the  standard  case  the  sphere 
rolls  on  the  convex  side  of  the  fixed  surface  and  that  the  positive 
direction  of  the  axis  Z  is  drawn  outwards  from  the  surface.  The 
equations  of  motion  of  the  sphere  are,  by  Arts.  14  and  o, 


...(2), 


dt  ' 

-PaO); 

!  +  (?aQ>s 

-  -w 

dt 

-«,»: 

,  +  ».». 

Fa 

do)3 

1i' 

-  ^5Wi  +  0,0)^ 

-0 

du 
dt' 

-e,v 

-x+f\ 

S  +  ^- 

~Y+F 

-ft» 

+    «,» 

=  Z+B. 
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and  since  the  point  of  contact  of  the  sphere  and  surface  is  at  rest' 

we  have  w  — (HBa  =  0,     v  +  arDi  =  0 (8). 

Eliminating  F,  F',  w-,,  wj,  from  these  equations,  we  get 


216.  The  meaning  of  these  equations  may  he  found  as  follows. 
They  are  the  two  equations  of  motion  of  the  centre  of  gravity  of 
the  sphere,  which  we  should  have  obtained  if  the  given  surface 
had  been  smooth  and  the  centre  of  gravity  had   been  acted  on 

by  accelerating  forces  — — p  ^itswa  and    ^ — r-O^oios  along  the  axes 

GA,  GB,  and  by  the  same  impressed  forces  as  before  reduced  in 

the  ratio  ~ — ^ .     The  motion  therefore  of  the  centre  of  gravity 

in  these  two  cases  with  the  same  initial  conditions  will  be  the 
sama  More  convenient  expressions  for  these  two  additional  forces 
may  be  found  thus.  The  centre  of  gravity  moves  along  a  surfctce 
formed  by  producing  all  the  normals  to  the  given  surface  a  constant 
length  equal  to  the  radius  of  the  sphere.  Let  us  take  the  axes 
GA,  GB  to  be  tangents  to  the  lines  of  curvature  of  this  sur&ce 
and  let  pi,  p^  be  the  radii  of  curvature  of  the  normal  sections 
through  these  tangents  respectively.     Then 


..(o). 


If  Q  be  the  position  of  the  centre  of  gravity  at  the  time  t,  the 
quantity  Oadt  is  the  angle  between  the  projections  of  two  successive 
positions  of  GA  on  the  tajigent  plane  at  G.  Let  Xn  Xa  ^^  '^^^ 
angles  tb^  radii  of  the  curvature  of  the  lines  of  curvature  ai  G 
make  with  the  normal.  The  centre  of  the  sphere  may  be  brought 
from  6  to  any  neighbouring  position  G'  by  moving  it  first  from  G 
to  H  along  one  line  of  curvature  and  then  from  H  to  Q'  along  the 
other.  As  the  sphere  moves  from  G  to  H,  the  angle  turned  round 
by  GA  is  the  product  of  the  are  GH  into  the  resolved  curvature 
of  GH  in  the  tangent  plane.     By  Meuuier's  theorem,  the  curvature 

is ,  multiplying  this  by  sin  Xi  'o  resolve  it  into  the  tangent 

plane  we  find  that  the  part  of  0^  due  to  the  motion  along  GH  is 

—  tan  ;;^i.     Treating  the  arc  HG'  in  the  same  way,  we  have 

^3=  —  tan  jj;i  +  —  tanjj;^ (6). 

This  result  follows  also  from  that  given  in  Art.  21,  Ex.  2, 
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We  have  also  an  eKpression  for  w,  given  by  equations  (1). 
Substituting  for  a>i,  Wa  from  the  geometrical  equations  (3)  we  get 

— '=       (~  —  -^  ('71 

dt  U     pj ^  '■ 

Many  of  the  results  in  this  section  are  deduced  from  equations 
(4)  and  (7)  and  in  all  these  cases  an  apparently  independent 
solution  may  be  obtained  by  forming  over  again  the  equations 
(1),  (2),  (S),  &e.  (from  which  (4)  and  (7)  have  been  derived),  with 
such  simplifications  as  suit  the  problem  under  consideration.  An 
example  of  this  process  is  given  in  Art.  221. 

217.  The  solution  of  the  equations  may  be  conducted  as  fol- 
lows. Let  {x,  y,  z)  be  the  coordinates  of  the  centre  of  the  sphere. 
Then  m,  d  may  be  found  from  the  equation  of  the  surface  in  terms 
of  dwjdt,  dy/dt,  dzjdt  by  resolving  parallel  to  the  axes  of  reference. 
If  we  eliminate  m,  v,  ff„  6^,  6^  by  means  of  (4),  (5),  and  (6),  we 
shall  get  three  equations  containingic,^,  3,  <ua,and  their  differential 
coefficients  with  respect  to  (.  These,  together  with  the  equation 
of  the  suriace,  will  be  sufficient  to  determine  the  motion  at  any 
time.  One  integral  can  always  be  found  by  the  principle  of  vis 
viva.  Since  the  sphere  is  turning  about  the  point  of  contact  as 
an  instantaneously  fixed  point  we  have 

{a^  +  ¥)  {m^  +  a^)  +  Wm-^  =  20, 
where  0  is  the  force  function  of  the  impressed  forces.     This  is 
.he»,„e™  .,  +  ..  +  ^^„,=  2_^j,* (8), 

and  the  right-hand  side  of  this  equation  is  twice  the  ibrce  function 
of  the  altered  impressed  forces. 


21S,  It  will  sometimes  be  more  convemect  to  take  the  a^3  GA  to  be  a  tangent 
to  the  path.  Then  j>  =  0  and  therefore  Ui  =  0.  If  t7  be  the  resnltant  velocity  of 
the  centre  of  the  sphere  we  have  u=U.  Also  if  R  be  the  radiue  of  torsion  of  a 
geodesic  touching  the  path  at  G  and  p  the  radius  of  curvature  of  the  normal 
section  at  Q  Qirough  a  tangent  to  the  path,  we  have  9-^  =  UjE  and  S^—  Vjp,  In  these 
expressions,  as  elsewhere,  B  is  estimated  positive  when  the  torsion  round  OA  is 
from  the  positive  (lireotion  of  OB  to  the  positive  direotioii  of  GO.  If  x  ^^  ^^^ 
angle  the  radius  of  curvature  of  the  path  makes  with  the  normal,  n'e  have  as  before 


■  X  Vjp. 

The  eqiiH 

,tions  (4)  become 

dV        a"               k"     U 

a  for  uy  given  bj  equations  (1)  now  takes  the  form 


It-inay  be  shown  by  geometrical  eonsiderationB  that  this  form  is  identical  with 
thatgivenin(7). 
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'ace  we  use  the  last  of  equations  (2).     This 

^"  =  ^"  +  '!!^_2_i;  (9). 

The  sphere  wiU  leave  the  surfaoe  wheu  B  changes  sign.  This  will  generally 
ooonr  when  the  velocity  of  the  csatre  of  the  sphere  ig  that  due  to  one-half  of  the 
projeotiou  of  the  radius  of  curvature  of  the  normal  eection  on  the  direction  of  the 
resultant  force, 

220.  Ex.  1.  Show  that  the  angular  veloEity  of  the  sphere  about  a  normal  to 
the  surface,  viz.  a>g,  is  constant  when  the  direction  of  motion  of  the  centre  of 
gravity  is  a  tangent  to  a  line  of  curvature,  and  only  then. 

Ex.  2.  A  sphere  is  projected  without  initial  angular  velocity  about  the  radius 
normal  to  the  surface,  eo  that  its  centre  begins  to  move  along  a  line  of  oun'ature. 
Show  that  it  will  continue  to  describe  that  line  of  curvature  if  the  force  transverse 
to  the  line  of  curvature  and  tangential  to  the  surface  is  equal  to  seven-fifths  of  the 
centrifugal  force  of  the  whole  mass  ooUeoted  into  the  centre,  resolved  in  the  tangent 
plane  to  the  surface. 

Ex.  3.    If  the  sphere  be  not  aeted  on  by  any  forces,  show  that 

f  (••■>■  X  +  })-»"i"""il,     »»..|[Jtmi,     ili>g(l«rfi  +  |).-|t.nx. 

Show  also  that  the  path  will  not  he  a  geodesic  unless  the  path  is  a  plane  curve. 

221.  Motion  on  a  rough  plane.  //  the  given  surface  on 
which  the  sphere  rolls  be  a  plane,  we  have  pj  and  p^  both  infinite, 
hence  0„  6^  are  both  zero.  If  therefore  a  homogeneous  sphere  roll 
on  a  perfectly  rough  plane  under  the  action  of  ant/ forces  whatever 
the  resultant  of  which  passes  through  the  centre  of  the  sphere,  the 
motion  of  the  centre  of  gravity,  with  tlie  same  initial  conditions,  is  the 
same  as  if  the  plane  were  smooth,  and  all  the  forces  were  reduced  to 
Jive-sevenths  of  their  former  value.  And  it  is  also  clear  that  the 
plane  ts  the  only  su/rf  ace  which  possesses  this  property  for  aU  initial 
conditions. 

We  may  easily  obtain  the  first  part  of  this  theorem  from  first  principles. 
Taking  the  directions  of  the  axes  of  x  and  g  to  be  fixed  in  space  and  parallel  to 
the  rough  plane  we  have  (Arte.  14  and  336) 

ftV=-Fr  =:Y+Fi  v  +  aw,  =  o\' 

Blhninating  F,  J",  a     u   w    find  ^=-^2,  ^^.^^r, 

which  is  the  analytical  tatement  of  tl 
from  which  this  result  is  d  da  1 
(1),  (2).  (3)  of  Art.  215.     S     V  1       A  t   263 

223.  Ex.1.  If  the  plan  mp  f  tly  gh  p  ve  that  the  sphere  can  roll  only 
if  two-sevenths  of  the  resultant  impressed  force  parallel  to  the  plane  is  less  than  the 
greatest  friction  which  can  be  called  into  play.  Prove  also  that  the  direction  of  the 
friction  is  opposite  to  that  of  the  resultant  impressed  force  parallel  to  the  plane. 

Ex.  2.  If  the  rough  plane  on  which  the  sphere  rolls  rotate  about  a  normal 
through  any  point  0  with  a  uniform  angular  velocity  Si,  prove  that  the  motion 
in  space  of  the  centre  of  gravity  is  the  same  as  if  the  plane  were  smoofli  and  the 
sphere  acted  on  by  the  impressed  forces  reduced  to  five-sevenths  of  their  former 
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values,  together  with  an  aeceleratiag  force  aoting  perpandioular  to  the  tangent 
to  the  path  and  equal  to  ^QV,  where  U  is  the  velocity  of  the  centre  of  gravity. 
If  the  poBitive  direction  of  rotation  of  li  is  the  eame  aa  that  of  the  handa  of  a 
wal<jh,  this  additionfll  force  acts  on  the  right-hand  side  of  the  tangent  when  an 
observer  at  the  centre  of  gravity  looks  in  the  direction  of  motion. 

223.  Motion  on  a  rough  spherical  surfkce.  1/  the  given 
surface  on  wkiok  the  sphere  rolls  is  another  sphere  of  radius  b  —  a, 
we  have  pi  =  p3  =  b.  Hence  wj  is  constant;  let  this  constant  value 
be  called  n,  and  let  U  be  the  velocity  of  the  centre  of  gravity. 
Since  every  norma!  section  is  a  principal  section,  let  us  take  CfA  a 
tangent  to  the  path.  Hence  the  motion  of  the  centre  of  gravity  is 
the  same  as  if  the  whole  mass,  collected  at  that  point,  were  acted  on 

by  an  accelerating  force  equal  to  -^ — p  — r—  in  a  direction  perpendi- 
cular to  the  path,  and  all  the  impressed  forces  were  reduced  in  th£ 
ratio  a^j(a^  +  i^)-  According  to  the  nsiial  convetttioa  as  to  the  re- 
lative positions  of  the  axes  GA,  GB,  GG  it  is  clear  that  if  the 
positive  direction  of  GA  be  in  the  direction  of  motion,  the  areolar 
velocity  n  should  be  estimated  positive  when  the  part  of  the  sphere 
in  front  is  moving  to  the  right  of  GA  and  the  additional  force  when 
positive  will  also  act  toward  the  right-hand  side  of  the  tangent. 
8ince  this  additional  force  acts  perpendicularly  to  the  path,  it  will 
not  appear  in  the  equation  of  vis  viva.  Hence  the  velocity  of 
the  centre  of  gravity  in  any  position  is  the  same  as  if  it  had 
arrived  there  simply  under  the  action  of  the  reduced  forces.  Let 
0  be  the  centre  of  the  fixed  sphere,  3  the  angle  OG  makes  with 
the  vertical  OZ,  and  -^jr  the  angle  the  plane  ZOG  makes  with  any 
fixed  plane  passing  through  OZ.     Then  by  vis  viva  we  have 

(S)'--Hf)'=--|»^»- ■•;•••■■■»■ 

where  F  is  some  constant  to  be  determined  from  the  initial  con- 
ditions.    This  also  follows  from  equation  (8). 
Also  taking  moments  about  OZ,  we  have 


'^'^^)  =  ;.&^'''''^  (")■ 


dtJ      a-'  +  l^       dt 
an  equation  which  will  be  found  to  be  a  transformation  of  the 
second  of  equations  (4).     Integrating  this  equation  we  have 

sin=^$  =  £--^*V=^cos^    (HI), 

dt  a^  +  k^  0  ^     ' 

where  E  is  some  constant.     These  two  equations  will  suffice  to 
determine  dSfdt  and  d^jdt  under  any  given  initial  conditions. 
The  pressure  on  either  sphere  is  given  by 

—  =^co.s^   '^  "*"     -hF (iv). 
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where  vi  is  the  mass  of  the  sphere.  The  spheres  separate  when 
R  vanishes  and  changes  sign. 

If  the  sphere  have  no  initial  angular  velocity  about  the  normal 
to  the  surface  it  is  clear  that  k  =  0  and  the  additional  impressed 
force  is  zero.  If  therefore  a  homogeneous  sphere  roll  on  aperfectly 
rough  fixed  spherical  surface,  and  if  the  sph&re  either  start  from 
rest,  or  have  its  initial  angular  velocity  about  the  common  normal 
equal  to  zero,  the  moUon  of  the  centre  of  the  sphere  is  the  same  as 
if  the  fixed  spherical  surface  were  smooth  and  the  forces  on  the 
rolling  sphere  were  reduced  to  five-sevenths  of  their  former  value. 

It  will  be  noticed  that  the  equations  (i)  and  (lii)  which  de- 
termine the  motion  when  gravity  is  the  acting  force  are  the  same 
as  those  marked  (6)  in  Art.  201  which  give  the  motion  of  a  top. 
The  results  obtained  in  Art.  202  therefore  also  apply  to  the 
motion  of  the  sphere.  If  the  sphere  does  not  roll  off  it  will  roll 
round  the  iixed  sphere  oscillating  between  an  upper  and  a  lower 
horizontal  circle.  In  order  that  the  sphere  may  not  roll  off  it  is 
necessary  that  the  vahie  of  cos  &  found  by  equating  the  pressure  R 
to  zero  should  not  lie  between  the  limiting  circles  of  motion. 
These  results  are  given  in  greatei-  detail  in  the  examples  im- 
mediately following. 

Ex.  1.  A  horaogeneoua  spliere  rolls  under  the  action  of  gravity  in  any  manner 
on  a  perfectly  rough  flsed  sphere  whose  centre  is  0.  Prove  that  throughout  the 
motion  (1|  the  velooity  of  the  centre  G  of  the  motiog  Sphere  is  that  due  to  five- 
sevenths  of  its  depth  below  a  fixed  horizontal  plane;  (2]  the  moving  sphere  will 
leave  the  fixed  sphere  vfhen  the  altitude  of  its  centre  above  0  is  ten.seventeenths  of 
the  altitude  of  the  fised  plane  above  the  same  point;  (3)  the  transvecse  velocity  of 
G  is  proportional  to  the  tangent  of  the  angle  GV  makes  with  the  horiEon,  where  U 

fl     1  p      t  rt     1  th  ough  0. 

E      2     A         th  p     ding  problem  for  a  top.  Art.  202  h,  let  the  initial 

m  t  n  f  th  I  h  b  mply  a  rotation  it  ahoitt  the  common  normal.  If  i  be 
th     n  1    at         f  th  m  1  to  the  vertical  prove  that  the  angular  radii  of  the 

01  1  b  tw  n  wl  h  th  po  nt  of  oontaot  oBoillatea  are  i  and  that  value  of  B 
between  and  v  whi  h  g  1  y  the  quadratic  bos'  fl  -  1  +  2p  jcos  i  -  cos  $]  =  Q  and 
4bg{a  +S)j=J:«  Tl  pi  es  separate  when  cosfl  =  oosi2(t=/(3a'  +  J:5),  and  it 
is  supposed  that  the  initial  angular  velocity  n  is  so  great  that  this  value  of  9  does 
not  lie  between  the  angular  radii  of  the  limiting  circles. 

224.  Sphere  rolling  on  a  moveable  sphere.  If  the  guid- 
ing sphere,  hitherto  fixed,  is  either  constrained  to  rotate  with  a 
uniform  angular  velocity  about  a  fixed  diameter  or  is  free  to  move 
about  its  centre  as  a  fixed  point  the  theorems  given  above  are  but 
slightly  altered.  The  chief  change  is  that  the  quantity  n  must  be 
replaced  by  another  constant  which  we  shall  represent  by  n'. 

As  the  proofs  are  so  nearly  the  same  as  when  the  guiding 
sphere  is  fixed,  minute  details  are  unnecessary.  It  is  sufficient  to 
enunciate  the  results  in  the  following  example,  the  demonstrations 
of  which  are  left  to  the  reader. 
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If  the  guiding  sphere  is  constrained  to  turn  about  an  axis  OZ 
with  angular  velocity  O  the  equations  (1)  and  (2)  of  Art.  215  are 
still  true,  but  the  geometrical  equations  (3)  become 

u  —  dMa  =  0,     v  +  aio,  =  cH  sill  8, 
where  c  is  the  radius  of  the  sphere  whose  diameter  OZ  is  fixed, 
0  is  the  inclination  of  the  common  normal  OG  of  the  two  spheres 
to  OZ  and  the  axis  GA  lies  in  the  plane  ZOG. 

If  the  guiding  sphere  is  free  to  move  about  its  centre  0,  its 
equations  of  motion  are  the  same  as  (1)  except  that  we  write 
Hi,  Ha,  flj  for  Q>,,  (tij,  w,;  c  for  a;  and  MID  for  mk''.  The  geo- 
metrical equations  (3)  become 

u  —  aw-i  =  ciJa,     V  +  aa>i  =  —  cilj . 

Ex.  1.     A  sphere,  rad  li              g     1         1 1          -ad              hi 

Btrained  to  turn  about      fi  d  diara  t          k            11                f      f                  th 

conBtant  angular  veloci  jSiHe^  th            1             dtefth           m 

normal  OG,  prove  (1)  th  t  Oco  d=          \                    oo    t           Tl         1 

of  It'  is  thei'efore  bnow     f  m  th         t    1        ctit 

If   J7  be  the  velocity  pac       f  th    ce  t      G     f  tl         U    g    i  1         r 

(2)  that  the  vebcity  of  th  t      O       th        in          f  th       h  1                   U    1  d 

at  that  point,   were  act  d  by  tl        mp         1    1    ct         d    ed         tl       -at 

a^l{a^+h^j,  together  with       accel      t    g  f  q     1 1    -r — r-       '        b—    + 

acting  in  a  direction  pe  pa  d      1     t    th    j   tl        d  t     d       t    th         iit  li     d     d 
of  the  tangent. 

Prove  (3)  that  the  pressure  R  on  the  rolling  spliei 

It  follows  from  these  results  that  the  equation! 
hold  also  when  the  guiding  sphere  rotates  uniformly  about  a  vertical  diameter  and 
gravity  is  the  only  force  aefjng. 

Ex,  2.  A  Bphere  of  radius  a  and  mass  m  rolls  on  a  guiding  sphere  of  radius  e  aud 
mass  Jlf  which  is  free  to  turn  about  its  centre  O  as  a  fixed  point.  Let  Q^,  Q^,  flj  be 
the  anKuiar  velocities  of  the  guiding  sphere  aljout  axes  meeting  at  0  parallel  to 
those  about  which  u,,  uj,  uj  are  the  angular  velocities  of  the  rolling  sphere, 
Art.  215.  Prove  (1)  that  oui,  +  Ci2g  =  di!'  where  n'  is  a  constant.  The  value  of 
n'  is  therefore  known  from  the  initial  conditions  and  is  aero  when  both  spheres 
start  from  rest. 

Prove  (2)  that  the  motion  of  G  is  the  same  as  if  the  mass  of  the  sphere,  collected 
at  that  point,  were  acted  on  by  the  impressed  forces,  reduced  in  the  ratio  e/(l  +  e) 

where  e  —  -^  +  -j^-^  ,  together  with  a  transverse  accelerating  force  equal  to  j—  —  — 

in  a  direction  perpendicular  to  tlie  tangent  and  tending  to  the  right-hand  side, 
where  U  is  the  velocity  of  G  and  b  —  a  +  c. 

Ej.  3.  A  perfectly  rough  sphere  of  radius  c  is  made  to  rotate  about  a  vertical 
diameter  which  ig  fixed,  with  a  constant  angular  velocity  n.  A  uniform  sphere  of 
radius  a  is  placed  on  it  at  a  point  diataot  oa  from  the  highest  point :  investigate  the 
motion  and  determine  in  any  position  the  angular  velocity  of  the  sphere.  Show 
that  the  sphere  will  leave  the  rotating  sphere  whea  tlie  point  of  contact  is  at  an 

,.,......  .  „     10  *    c^B^Bin'a     „,  ,. 

angular  distance  6  from  the  vertex,  where  cos  w  =  7=  00s  a  +  itjt:  —, r — .    [K  otioe 

17  iiff   {a  +  cj  g 

the  initial  impact.]  [Math.  Tripos,  1889. 
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325.  Motion  on  a  rongli  cylinder.  //  tfw  surface  nil  which  the  sphere  rolls 
i>  a  cylinder  the  lineB  of  ourvature  are  the  generators  and  the  transverae  seotions. 
Let  the  axis  GA  be  directed  parallel  to  the  generators,  then  p,  is  infinite  and  p^-a 
is  the  radiuB  of  ourvature  of  the  transverse  seetion.  We  have  S]=  -"/pa,  ^s^O, 
and  since  Xa  =  0,  ^5  =  0.    The  equations  (4)  and  (7)  therefore  beoome 

d  +k  a'  +  k^p^   "^'  I  +k  i 

F    m       s   equa   ous  the  motion  may  be  fou  d 

Th  SCO  d  o  he  e  gives  the  motion  transve  e  to  the  generate  s  of  the  cylinder 
and  f  7  be  he  am  for  all  positions  of  the  Biher  on  the  aame  gene  ator  this 
eqna  on  may  b  s  ed  independently  of  t  e  other  two  T  te  anmerse  mot  on  of 
he      n  h  eis  therefore  the  sai  le    th     av  I       ei      t  n    « 

a     ha         a     noo  h  sphere  eonstro,ined  Ui  el  d      n  a  p  a      p   p  nd     dor  to    he 
g  rura  o         n    he     aitsvene  section  of  the   cyl  ude    and  d  o     by     le  son  e 

vpr      do         b      reduced  in  the  ratio  o'  (a  +1' 

Having   ound     we  may  proceed  tJiua ;    et  ^  be  the  angl    tl  e  normal  plane  to 
B        nde     hi  ugh  a  generator  and  through  the  oentre  of  the  sphere  makes  with 
m    fis  d  p  an    pa  sing  through  a  generator,  then  v  =  p^dit>jdt.     If  dipjdt  is  not 
h    h         nd  third  equations  then  become 

''"  I       ''"     n.,,..-     °^     ^T  „_1(^ 

d^  +  ^^i'""''~^:^^-v^'  "—d^- 

It  \  18  the  same  for  all  positions  of  the  sphere  on  the  same  generator  theae 
ejuatmno  can  be  solved  without  dittieulty.  For  v  and  pj  being  known  in  terms  of  ip, 
we  have  m  this  oaae  two  linear  equations  to  find  «  and  oug.     If  X  ia  aero,  and 

wheie  A  and  B  are  two  arbitrary  constants  to  be  determined  by  the  initial  values 

If  X  is  not  the  same  for  all  positions  of  the  sphere  on  the  same  generator,  let  J 
be  the  space  traversed  by  the  spheie  measured  along  a  generator.     Then 
,.  =  dildt  =  {dSJd<p){vM. 

Subatitutiug  this  value  of  «,  we  have  two  equations  to  find  f  and  awg  in  terms 
of  ^  One  integral  of  these  is  equation  (8)  of  Art.  217  which  was  obtained  by  the 
pru  c  pie  of  vis  viva. 

J'd  Ex.  1.  A  sphere  rolls  under  the  action  of  gravity  on  a  perfectly  rough 
oyl  nlnoal  surface  with  its  aiis  inclined  at  an  angle  a  to  the  horizon.  The  section 
of  the  oyl  nder  is  such  that  when  the  sphere  rolls  on  it,  the  centre  describes  a 
cycloid  with  its  cusps  on  the  same  horizontal  line.  If  the  sphere  start  from  rest 
with  ita  oentre  at  a  cusp,  find  the  motion. 

Let  the  position  of  the  sphere  be  defined  by  f,  the  space  described  along  a  gene- 
rator, and  8,  the  arc  of  the  cycloid  measured  from  the  vertex.   It  46  is  the  radius  of 

curvature  of  the  cycloid  at  its  vertex,  we  haves  =  46oo8  */     28()~'' 
"     ■  ■  ■        "    "   ■     .w/pj  is  constant.   Th' 

sin  a       /356s    (,  1       /S?  cos  a   i 


i  rough  inelastio  sphere  of  radius  o  be  dropped  on  to  the  lowest 
on  the  interior  oi  a  circular  cylinder  radius  c,  which  is  revolving 
freely  (with  angular  velocity  Q)  abont  ita  asis  which  is  fised  at  an  angle  a  to  the 
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horizon,  prove  that  the  plane  through  the  axis  of  the  cylinder  and  the  centre  of  Che 
Bphece  will  move  like  a  simple  ciroular  pendulam  of  length  I  where 

l.{2m  +  5M)oosa~{c~a)t2m  +  7M], 
M  and  m  being  the  masses  of  the  cylinder  and  sphere  respeotively.     [MayEi.  1877. 

227.  The  relation,  a//)j  =  constant,  holds  whenever  (1|  the  forces  acting  at  the 
centre  of  the  sphere,  and  the  fonc  of  the  section  of  the  cylinder,  are  so  related  that 
the  tangential  oomponejit  bears  a  constant  ratio  to  p^pjd»,  and  (2]  the  sphere 
starts  ffom  rest  at  a  point  where  p^  is  zero.  In  such  a  case,  the  coiinal  plane  to  the 
section  through  the  centre  of  the  sphere  has  a  oonstaat  angular  velocity  in  apace 
and  the  resolved  motion  of  the  sphere  perpendicular  to  the  generators  is  independent 
of  that  along  the  generators. 

Ex.  A  sphere  rolls  on  a  perfectly  rough  circular  cylinder  whose  radius  is  c-a 
under  the  action  of  no  forces,  show  that  the  path  traced  out  by  the  point  of  oon- 
taot  becomes  thecarvea;  =  4Bin(-./  =  )  when  the  cylinder  is  developed  on  a  plane. 

This  result  shows  that  the  sphere  cannot  he  made  to  tmvel  continually  in  one 
direction  along  the  length  of  the  cylinder  except  when  the  point  of  contact  describes 
a  generator. 

23S.  BTotloii  on  a  Eongli  eone,  IJ  the  aurfaae  on  ipkiah  the  sph&re  rolls  is  a, 
cone,  the  lines  of  curvature  are  the  generators  and  their  orthogonal  trajectories. 
Let  the  ajLis  GA  be  dii'ected  parallel  to  the  generator,  then  p,  is  inSnite  and  pg  -  u 
is  the  radius  of  curvature  of  a  normal  section  perpendicular  to  the  generators. 
Also  S^=  -u/ps,  e^—O.  Let  the  position  of  the  sphere  he  defined  bj  the  distance  r 
o£  its  centre  from  the  vertex  O  of  the  cone  on  which  the  centre  always  lies  and  by 
aJi  angle  ^  such  that  d^  is  the  angle  between  two  conseoutive  positions  of  the 
distance  r,  dij>  being  taken  as  positive  when  the  centre  moves  in  the  positive 
direction  of  SB.  If  the  ccne  were  developed  on  a  plane  it  is  clear  that  )■  and  ^ 
would  be  the  ordinary  polar  coordinates  of  a  point  0.  We  have 
,  _d-p  _dr  _^   ^'t> 

^~d<'         ""Jf'         ^"^di' 

The  equations  (4)  and  (7)  become  therefore 


If  the  impressed  forces  have  no  component  perpendicular  to  the  normal  plane 
through  a  generator,  r=0,  and  we  have  T^d^jdt  =  h,  where  h  is  some  constant 
depending  on  the  initial  values  of  r  and  v. 

If  also  the  component  X  of  the  forces  along  a  generator  is  a  function  of  r  only, 
another  integral  can  be  found  by  the  principle  of  vis  viva,  via. 

(it)    •''^(i)   +^T1P''''-=  =  ^HFJ^*  +  ''- 
where  ft'  is  another  constant  depending  on  the  initial  Talnes  of  u,  i>  and  r. 

If,  further,  the  cone  be  a  right  cone,  p^  —  r  tan  a  where  a  is  the  semi-angle,  and 
we  have  ow  =  -  Ji  cot  a     ^„ 

where  ft"  ia  a  third  constant  depending  on  the  initial  values  of  w,  and  r.   The  equa- 
tions of  the  motion  of  the  centre  of  the  sphere  resemble  those  of  a  particle  in  central 
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forces.     Hence  r  and  0  will  be  toaad  as  fonotions  ol  the  time  if  we  regard  them  as 
the  cooidicatea  of  a  irae  pBirticle  moving  in  a  plane  under  the  action  of  a  cenbxal 

iorcB  represented  by  -^-p  iX- t'luj-^L  where  w,  lias  the  value  just  found. 

239.  Ei,  1.  A  sphere  toEs  on  a  perfectly  rough  cone  such  that  the  equation  ot 
the  cone  on  which  the  centre  G  always  lies  is  r^p^F  {tfi).  If  the  centre  is  acted  on 
by  a  force  tending  to  the  vertex,  find  the  law  of  force  that  any  given  path  may  be 
described.    If  the  equation  of  the  path  be  i-JT—f  {ip),  prove  that  the  force  X  is 

Es.  2.  A  perfectly  rouKh,  right  circular  cone,  of  aemi-vertioal  angle  a  has  its 
aiie  vertical  and  vertex  upwards,  and  is  constrained  to  rotate  about  the  vertical 
with  uniform  angular  velocity  ii.  A  rough  sphere  of  radius  n  ia  gently  placed  on  a 
point  of  the  cone  whose  distance  from  the  vertex  ia  a  cot  a.  Show  that  the  vertical 
plane  eoDtftining  the  centre  of  the  sphere  and  the  axis  of  the  cone  will  rotate  with 
uniform  angular  velocity  11/7  and  that  the  diatanee  of  the  point  of  contact  of  the 
aphere  kom  the  vertex  at  the  cone  is  given  in  terms  of  the  time  t  \yy  the  equation 

)-=aoota+^^^^(l-cos^t)  where  343^==£i=(3  +  6  8in''a).   [Math.  Tripos,  1900. 

230.  SSotion  on  a  sorf^oe  of  rtfridatloii.  Let  the  given  rough  meface  be  any 
eurfaee  of  revohttion  placed  with  its  axis  of  figv/re  vertical  and  vertex  upviards,  and 
let  gravity  be  the  only  impressed  force.  In  thia  case  the  meridians  and  parallela  are 
the  lines  of  curvature.  Let  the  axis  of  figure  be  the  axis  of  Z.  Let  S  be  the  angle 
the  axis  GC  makes  with  the  axis  of  Z,  f  the  ac^le  the  plane  containing  Z  and  OC 
makes  ^ith  any  fixed  vertical  plane.  Putting  ^  =  0  in  Euler's  geometrical  equations 
(Art.  11)  we  have 

fl-     >.;„fi^'f'            x-^^            o-^c^fi^'l'  M 

^'--^'"^Tf        ^''-Tf        ^'-^°^^Tt W- 

Since  X=r^  sin  a,  l'=0,  equations  (4)  of  Art.  215  become 
du     „            a^         .    ^         k" 
rf^-^'"-^TP^^''"'  +  S^+^^^""' ("'■ 

S  +  ^^"=  ^"^-"^ <"■*■ 

Since  d-/^—  -  gdz  =  g  sin  Bds^gp^ia  6d8,  equation  (8)  of  Art.  217  becomes 

where  E  is  aome  constant  and  p  is  the  radius  of  curvature  of  the  meridian.    Also 

we  have  by  (7)  of  Art.  aie,        ^^?= -?^Yi:  _5!5i\ (,), 

where  r  is  the  distance  of  the  centre  of  the  sphere  from  the  axis  of  the  solid  of 

revolution.     The  georaetrioal  equations  (5)  (Art.  216)  become  B-^= .— ,  ^2=-  , 

and  by  (i)  these  reduce  to  the  self-evident  forma 

■   bj  (!)  h-°^'    (">■ 


'5' 


cit  ■ 


J  (II.) 
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Now  I,  and  r  may  he  found  from  the  equation  of  tbe  meridiaa  curve  ne  fuDctione 
ot  e.  Hence  |vii]  ii  a  linear  equation  to  find  v.  When  this  equation  hag  been 
Bohad,  we  have  v  eipreeaed  as  a  function  of  6.     Then  hy  (v) 

d9-     aV  r     )■ 

Having  found  <•>,  vre  deduce  u  from  (iv)  and  6,  •//  from  (vi). 

SSOd.  Paraboloid.  Let  the  perfectlj'  rough  surface  on  which  the  sphere  rolta 
be  such  that  the  looua  of  the  centre  is  a  paraboloid  of  revolution  with  the  axis 
varliaal  and  vertex  upwards.     The  equatioo  (vii)  then  becomes 

dS*     sin  Scoae  de      ]  cob=  e     siii=  S         f 
where  m^  =  k'l{k^  +  a'').     To  solve  this  equation  we  aseume  ti  =  8in''9cos'S,  after 
tnbstitution  we  find  p=-l.  q  =  li:m,  hence 


!ot  S  (  L  COS"  e  +  M  cos-™  S( ,      mu 


+  *LJf. 


where  26  is  the  semi-latus  rectum  of  the  generating  parab 

The  initial  values  of  u,  v.  uij  being  given,  the  values  ol 
tion,  X,  M.  E.  may  be  deduced.  If  tlie  initial  value  of  k  ia  negative,  the  sphere  will 
begin  to  ascend  and  will  continue  to  ascend  until  it  arrives  at  a  position  in  which 
tt  =  0.  The  right-hand  side  of  the  third  equation  is  positive  when  9  has  its  initial 
^ne,  and  negative  when  i^^O ;  hence  there  ia  always  a  horizontal  circle  situated 
ftbove  the  initial  position  which  the  sphere  cannot  pass.  Since  v  is  then  finite 
(eioept  jU=  -L)  and  ii  =  0,   the  path  of  the  centre  touches  the  limiting  circle, 

Ei.  Let  the  sphere  be  initially  placed  at  the  summit  so  that  the  ceutre  is  at 
test  while  the  aphere  rotates  about  the  vertical  diameter  with  an  angular  velocity 
«l=n.     We  then  have 

^f,  =  -n^  /"  '"-e"''\   _^  ^b  ^^^j  ^^ 

where  c  =  coaS,  s  =  sinS.     It  easily  follows  that  the  sphere  cannot  leave  the  neigh- 
bourhood of  the  summit,  when  alightlj  disturbed,  unless  n-  <  oT^igbjk-m-. 

If  the  sphere  ia  initially  placed  on  any  point  of  the  rough  surface  with  initial 
conditions  supplied  by  the  values  of  it,  v,  w,  given  above,  it  will  begin  to  ascend  or 
deaoend  according  as  »  is  negative  or  positive.  In  the  latter  case,  we  may  show 
tbM  it  will  continually  descend.  In  the  former  case  it  will  reach  the  summit  at 
*8  end  ol  an  infinite  time  if  ii^*  j^  (where  ?'  =  8ofc/J:SjH=i.  but  if  ii'^gMt  will  only 
^cend  part  of  the  way  and  then  descend  indefinitely. 

231.  Oicillatlona  on  tlie  Biiinmlt  of  a  rouEb  Axed  aiirfao*.  A  heavy  sphere 
'"(alinff  about  ii  vertical  axis  is  placed  in  equilibriiuiioit  the  highett  point  of  atwrface 
'^f  any  form  and  being  slightly  disturbed  makes  saiall  oscillalioni  j  find  the  motion. 

Let  0  be  the  highest  point  of  the  surface  on  wliich  the  centre  of  gravity  G 
*l*"y8  lies,  Let  the  tanRents  to  the  lines  of  curvature  at  O  be  taken  as  the  aies  of 
'  *nd  y,  and  let  (x,  y,  t)  be  tbe  eooidinatea  of  G.  We  shall  assume  that  O  is  not 
*  singular  point  on  the  surface.  In  order  to  simplify  tlie  general  equations  of 
l^otion  (4)  of  Art.  315  we  shall  lake  as  the  aies  GA  and  GB  the  tangenta  to  the 
'inw  of  curvature  at  G.     But  since  G  always  remains  very  near  O,  tbe  tangents  to 
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the  lines  of  curvature  at  G  will  be  neacl?  parallel  to  those  : 

St  0. 

So  that  to  the 

e-.H^-          «=i^         u^*?^         v. 

=  li^. 

'         li,di'  '     p,rf«'  dt'  dt' 

and  9,  will  be  a  email  quantity  of  at  least  tbe  tirst  order.  Also  since  the  sphere 
is  supposed  not  to  dei^iate  far  from  the  highest  point  of  the  sarface,  we  have  ^ 
constant,  let  this  constant  be  called  n. 

The  equation  of   the   surface   on  which  G  moves,   in  the  neighbourhood  of 

the  highest  point,  is  i=  -  i  f  —  +  ^  } .     The  direction  cosines  of  the  normal  at 

'  \fi     Pi/ 
x.y,2  are  i/pi,  ylp.^,  1.   Hence  tlie  reaolTed  parts  parallel  to  the  axes  of  the  normal 
pressure  R  on  the  sphere  are  Exjf!,,  Rylp,  and  E.     The  equations  of  motion  (4j 

therefore  become  -^r-s-  =  -r — —,  R ;; — rs  -r:  — 

.dt'      a'  +  k'     ft     a'  +  k^dtp,! 

iPy  _     "'      p  y  I      k^_dxan\ 
di'^-a-  +  k'"o,'*'a'  +  k'dt  7.1 


t  2  is  a  small  quantity'  of  the  second  order,  hence  the  last  equation  gives 
To  solve  these  equations,  we  put  i^Fcos  (\(+/),  y-Gsin  (X(+/). 


The  equation  to  find  \  is  therefore 

This  is  a  quadratic  equation  to  determine  W  In  order  that  the  motion  maj 
be  oscillatory  it  is  necessar;  and  sufficient  that  tbe  roots  should  be  both  positive. 
If  ft,  /ij  are  both  negative,  so  that  the  sphere  is  placed  like  a  ball  Inside  a  cup,  the 
loots  of  the  quadratic  are  positive  for  all  values  o(  n.  If  ft,  p^  have  opposite  signs 
the  roots  cannot  be  both  positive.  If  p,,  p,  are  both  positive  the  two  oonditiona  of 
stability  will  be  found  to  reduce  to  n=  >  — p—  g{Jc+  ■Jp^f. 

If  ft  is  infinite,  it  is  necessary  that  ft  should  be  negative,  and  in  that  case 
the  two  values  of  X'  are  — sTTa  ""'^  ^^^"^  '"^'"^^  are  both  independent  of  n. 
If  ft  =pi,  we  have  Fr^  G.  In  this  case  if  6  is  the  Inclination  of  the  normal  to  tbe 
vertical,  we  have  6^  —  (x'  +  y^)lp'^&ud,  as  in  Art.  2H,  we  find 

$••- F^' -^ F,' +  2F,Fj  con  {(\-\]  I +/,-/,}, 
where  X^,  X,  are  the  roots  of  the  quadratic 

232.  Thii  pniblem  nuiy  alto  be  toivid  by  Lagrange's  method  although  the 
geometrical  equations  tontain  di^erential  coeffitienti  with  regard  to  the  time.  To 
efFect  this  we  have  reconrse  to  the  method  of  indeterminate  multipliers  as  explained 
in  Vol.  I.  Chap.  viii.  Let  the  axes  of  reference  Ox,  Oy.  Oi  be  the  same  as  before. 
Let  GC  be  that  diameter  which  is  vertical  when  the  sphere  is  in  equilibrium  on  the 
summit.  Let  GA.  GB  be  two  other  diameters  forming  with  GC  a  system  of  rect- 
angular aies  fixed  in  the  sphere.     Let  the  position  of  these  with  reference  to  the 
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axes  fised  in  spaoa  be  delined  by  the  angular  ooordinates   8,   0,  'p  in  Eulef's 
manner.     The  vis  viva  of  the  sphere  will  then  be 

2y=a^+j)^+s'=  +  J;'(«'  +  V''cose)'  +  ft'(r3+Ein2eV^=). 
If  we  put  sin  ecos(i'  =  |,  sin  flsiii  ^'  =  1.  ^  +  ^  =  Xi  and  reject  all  small  (luantities 
above  the  aeeond  order,  we  find  that  the  Lagrangian  function  is 

It  is  easy  to  see,  by  reference  to  the  figure  for  Euier's  geometrical  equations 
given  in  Vol.  l  Chap,  v.,  ttat  J  and  ij  are  the  cosines  of  the  angles 
OC  makes  with  the  axes  Ox,  Oy.     See  also  Vol.  h.  Art.  IS. 

If  Uj,  ti„,  iiij  are  the  angular  velocities  of  the  sphere  ahont  parallels  io  the 
fixed  in  space,  the  geometrical  eqaations  are 


'("■-:)- 


The'te  are  found  bj  mak  ng  the  leaolved  velocities  of  the  point  of  cont 
directions  of  the  axes  ol  x  and  y  equal  t  zeio  See  the  eipressionu 
Art  338  for  tlie  tiiocttjl  of  any  point  The  angular  velocities  u,  Uj,  i 
expressed  m  terms  of  fl  ip  f  by  formulae  analogous  to  those  of  Eulei  ' 
Art  207      Thus  Uj,_ -e  Binii+0  'iinflt 


Substituting  and  expressing  the  result  in  terms  of  the  new  eoordiuatcs  ^,  tj,  X'  tii^ 
geometrical  equations  become 

Lagrange's  equations  of  motion  modified  by  the  in  determinate  multipliers  X 
and  fi.  are  represented  by  the  typical  form 

^^_^-\^        ^i, 
dt  dq'     dq  ~     dq'         dq' ' 
where  g  stands  tor  any  one  of  the  five  coordinates  s,  y,  f,  jj,  X'    The  steady  motion 
is  given  by  x,  ij,  |,  ij  all  zero  and  x'  =  ii.     Taking  q  =  x  and  q  =  y  and  giving  the 
several  ooorclinates  their  values  in  the  steady  motion,  we  find  that  X  and  /t  are  both 
zero  iu  (he  steady  motion. 

To  find  Uio  oscillations,  we  write  for  q  in  turn  x,  y,  x,  f  and  jj,  and  retain 
the  first  powers  of  the  small  quantities.  Remembering  that  \  and  p.  are  small 
quantities  (Art.  51),  we  find 

p,      a  Pa      " 

ft2(^"+xvt-x=0,  fcMV'-K'ri+^=o. 

These  and  the  two  geometrical  equations  L-^  and  tj  are  all  linear,  and  may  bo 
solved  in  the  usual  manner.  If  we  put  x'—'i  and  eliminate  firgt  X  and  >i  and  then 
J  and  !j  we  get  two  equations  to  find  x  and  y,  which  are  the  same  as  those  found 
in  the  solution  of  Art.  231. 

233.  Ex.  A  perfectly  rough  sphere  is  placed  on  a  perfectly  rough  fixed  sphere 
near  the  highest  point.  The  upper  sphere  has  an  angular  velocity  n  about  the 
diameter  through  the  point  of  contact;  prove  that  its  equilibrium  will  be  stable 
if  n^>S5g(a  +  b)la^,  where  6  is  the  radius  of  the  fixed  sphere,  and  a  is  tiie  radios 
of  the  moving  sphere. 

234.  Oseillatloiis  about  steady  motion.  A  perfectly  rough  surface  of  reiyola- 
tian  ia  placed  leith  its  axis  vertical.    Determine  the  eirciiTaitancei  of  motion  that  a 
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heavy  sphwe  may  mil  an  it  so  Utat  its  centre  describes  a  horizuntai  cirek.    And  this 
state  of  steady  motion  being  iistmbed,  find  the  aniall  oseillations. 

In  this  oaee  we  maj  recur  to  the  equations  of  Art.  330.  We  shall  adopt  the 
notation  of  that  article,  except  that  to  shorten  the  esptessions  we  shall  put  for  k^ 
ita  value  |a'. 

To  find  the  steady  motion.    We  must  put  u,  u,  lOj,  S,  dijijdt  all  constant,    let 
o,  n  and  n  be  the  constant  values  of  6,  dip/di  and  ai.j .     Then  we  have  « =  0,  u  =  b/i, 
where  6  ia  the  constant  value  of  r.    The  equation  (1)  becomes 
-  6  cos  a^'  =  f 3  Bin  a  -  fan  ain  a/x. 

The  other  dynamical  eq^uations  are  satisfied  without  giving  any  relation  between 
the  constants.    If  the  motion  be  ateady,  ve  have  therefore 


,  Tt 


thus  foe  the  "ame  value 
initial  values  of  ) 

Elementary  deternw 
As  the  steady  mot 
required,  it  will  be  u 
centre  of  gravity  G  de 
velocity  v  a  horizontal 
(tW  3  tl  e  pe  pend  eul 
sol  1      The   f     t  on  p« 


0-fico 
We  also  have  v  —  fi-b,  where  GN—b.     Since 
the  point  of  contact  of  the  sphere  and  solid 
is  at  rest,  we  have  the  geometrical  equations  t 
Let  the  ases  of  reference  for  the  rotation 
GA,  GB  respectively  in  and  perpendicular  to  I 
axes  move  round  G  with  angular  velocities  0,^  ->isina,  ^2  =  0,  Sj^/icosft.     The 
equation  of  moments  about  GB  is  obviously 

see  Art.  21S.  After  substituting  for  flj,  ffj,  loj  and  F  we  obtain,  since  Uj  —  n,  the 
required  formula  (1). 

We  have  the  geometrical  relations  aa,—  ~v.  v  —  nb,  so  that  uij  and  ji  have 
opposite  signs ;  therefore  by  (1)  n  and  la,  have  opposite  signs  iE  a  and  b  Eire  positive 
and  a  less  than  a  right  angle.  Hence  the  asia  of  rotation,  which  necessarily  passes 
through  the  point  of  contact  of  the  sphere  with  the  rough  surface,  malies  an  angle 
w  tb  tl  t   al  1       than  that  made  by  Qie  normal  at  the  point  of  contact. 

If  th      ph  11  on  a  surfa^ie  of  revolution  so  that  the  axis  GC  is  turned 

f  m  th  am  f  mmetry,  the  angle  a  must  be  positive.  By  Inspecting  the 
]  u  f         and  making  dn/dii  =  0  it  will  be  seen  that  the  least  value  of  the 

angulai      1  f  the  sphere  is  given  by  n^  =  35  cot  a  .  byfa'.     In  this  case  the 

p  eoesE  al  m  t  n  of  the  sphere  is  given  hy  ;is  =  f  tano.if/ft.  If  the  sphere  roll 
n  th  nn  and  ut  i  er  side  of  such  a  surface  as  an  anchor  ring  held  with  its  axis 
vertical  the  angle  o  is  negative,  and  there  is  no  inferior  limit  to  the  value  of  n. 

234  a.  Ex.  1.  A  sphere  is  placed  at  a  given  point  of  the  surface  and  has  a 
given  angular  velocity  about  the  normal.  Find  the  other  conditions  of  projection 
that  the  centre  may  describe  a  horizontal  circle. 


y  Google 


ART    2iib]  ObOiLL 4TI0N^    OF     i   SPHERE  17i) 

t>iuce  a  and  »  are  given  the  quadtatie  of  ateadj  molioii  viz  (1)  m  ist  give  real 
valaes  of  /i  The  initial  linear  an)  angnlar  Telo<,ities  aie  then  given  b;  u  — 0 
v  =  iib  TC-0  o  +  uwj-0  u  -0  uj=  1  There  are  therefore  two  sets  of  m  t  al 
Gonhtions   oi  none 

Ejt  2  If  tbe  ough  surface  la  eonhtrainel  to  i  tatc  about  its  aiis  with  a. 
nnifoiTa  angulai  veloc  ty  P  piove  that  the  quadratic  ot  =teadj  mot  on  nz  fl) 
leooies 

5   ^    ,  7  t 


.(I...). 


234  6.     To  Jind  the  small  oieillatioii. 

Put  S  —  a  +  x,  dyjildt  =  ii  +  dyldt  where  a,  and  /i.  are  supposed  to  contain  all  the 
Donstant  parts  of  B  and  dif'jdt,  eo  that  x  and  dyjdl  only  contain  tiigonoraetcioal 
terms.  Let  n  -  a  be  the  radius  of  curvature  of  tbe  turfaee  of  revolution  at  the  point 
of  contact  of  the  sphere  in  steady  motion,  so  that  p  differs  fiom  c  only  by  small 
quantities,  and  may  be  put  equal  to  c  in  the  small  terms.  Also  we  have  r  —  l  +  ccosa.x. 
Now  by  equations  (v)  and  (vi)  of  Art.  230  we  have 

^  _  (W  di^  p  sin  »--?■  _  diB     csiaa-b  ^ 
dt  ~dt~dt         a        ~  dt  ^         a 

.(2), 


when  i;  is  the  whole  of  the 
Again,  from  equation  (□ 

-HI, 

conetant  part  of  wj. 
[i),  we  have 

dt)~a^'^    di'^^T^'"'di""' 

■■■   '"a"" 

dx     B  d^y     c  COS  o,i  Ac     2    da 
'^dt-«W          S— di"  +  7"d^^"' 

integrating  we  have 

f2^_      2i^cosa.\^     bdy 

the  constant  heiug  put  zeri 
Thirdly,  from  equation 

)  because  x  and  y  only  contain  trigonometrical  tern 
(n),  we  have 

Jl('l) 

-m""v--''i-'i-= 

■.(-l)(» 


Tliis  espreasion  must  be  expanded  and 


In  this  case,  since  x  contains  only  trigonometrical  e: 

Putting  x  =  (l  in  the  above  espresaion,  we  find  the  same  value  for  n  as  ii 

motion.     After  espanding  the  preceding  equation  we  find 


In  order  that  the  steady  motion  maybe  stablest  is  aufBoient  and  necessary  that 
thia  value  of  A  should  be  positive.    And  (he  time  of  oscillation  is  then  'iirj^A. 
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It  18  to  be  obaeisetl  that  this  investigation  does  not  apply  if  a  and  therefore  b  be 
small,  for  some  terms  which  have  been  rejeoted  bave  b  in  tbeir  denominators,  and 
may  become  important. 

Ei.  A  heavy  apbere  rolls  round  the  inside  of  a  rough  horizontal  circular  wire, 
the  normal  to  the  sphere  at  the  poiut  of  contact  being  inclined  at  a  constant  angle 
o  to  the  vertical ;  prove  that  the  angular  velocity  /i  of  the  point  of  contact  ot  the 
sphere  is  given  by  ft'-^g t&aal{k-amia),  h  being  the  radius  of  the  ring,  and 
a  that  ot  the  sphere.  [Math.  Tripos,  1881. 

In  this  problem  the  rough  surface  on  which  the  sphere  moves  is  an  anolior  ring 
in  which  the  radius  of  the  generating  circle  is  zero.  Supposing  the  sphere  to  i*oll, 
but  not  to  spin  aboat  the  normal  at  the  point  of  contact,  the  result  follows  by 
writing  Ji^O  in  equation  (1).  Art.  234. 

235.  Motion  on  an   Imperfectly   rough   surface.     The 

general  equations  of  the  motion  of  the  sphere  on  an  imperfectly 
rough  surface  may  be  obtained  on  principles  similar  to  those 
adopted  in  Vol.  I.  Chap.  vi.  to  determine  the  motion  of  rough 
elastic  bodies  impinging  on  each  other.  The  difference  in  the 
theory  will  he  made  clear  by  the  following  example,  in  which  a 
method  of  proceeding  is  explained  which  is  generally  applicable, 
whenever  the  integi-ations  can  be  effected. 

236.  A  homogeneous  sphere  moves  on  an  imperfectly  rough 
inclined  "plane  with  any  initial  conditions,  find  the  direction  of  the 
motion  and  the  velocity  of  its  centre  at  any  txme. 

Let  G  be  the  centre  of  gravity  of  the  sphere.  Let  the  axes  of 
reference  QA,  GB,  GG  have  their  directions  fixed  in  space,  the 
first  being  directed  down  the  inclined  plane,  and  the  last  normal  to 
the  plane.  Let  u,  ii,  w  =  0  be  the  velocities  of  Q  resolved  parallel 
to  these  axes,  and  m,  ,  w^,  wj  the  angular  velocities  of  the  body  about 
these  axes.  Let  F,  F'  be  the  resolved  parts  of  the  frictions  of  the 
plane  on  the  sphere  parallel  to  the  axes  GA,  OB,  but  taken 
negaiively  in  those  directions.  Let  k  be  the  radius  of  gyration  of 
the  sphere  about  the  diameter,  a  its  radius,  and  let  the  mass  be 
unity.     Let  a  be  the  inclination  of  the  plane  to  the  horizon. 

Whether  the  sphere  rolls  or  slides  the  equations  of  motion  are 

;fc=to;=     Fa\ *•  -''  v'  =  -F'  ]  '^  '■ 

Eliminating  F  and  F'  from  these  equations  and  integrating  we 

have  n  +  —a(x>i=Ua-\-gtsina,  v ^aw,  =  T^o   (^), 

where  U^  and  Va  are  two  constants  determined  by  the  initial 
values  of  u,  v,  Mj,  oia. 

The  meaning  of  these  equations  may  be  found  as  follows.  Let 
P  be  the  point  of  contact  of  the  sphere  and  plane,  let  Q  be  a  point, 
within  the  sphere  on  the  normal  at  P  so  that  PQ  =  (a^  +  k')ja. 
Then  Q  is  the  centre  of  oscillation  of  the  sphere  when  suspended 
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from  p.  It  is  clear  that  the  left-hand  sides  of  the  equations  (3) 
express  the  components  of  the  velocity  of  Q  parallel  to  the  axes. 
The  equations  assert  that  ihefrioUonal  impulses  at  P  cannot  affect 
the  mation  of  Q,  and  this  also  readily  follows  from  Vol.  i.  Chap,  iii., 
because  Q  is  in  the  ands  of  spontaneous  rotation/or  a  blow  at  P. 

237.  The  friction  at  the  point  of  contact  P  always  acts  oppo- 
site to  the  direction  of  sliding  and  tends  to  reduce  this  point  to 
rest.  When  sliding  ceases  the  friction  (see  Vol,  i.  Chap,  iv.)  also 
ceases  to  be  lini  iting  friction  and  becomes  only  of  sufficient  magni- 
tude to  keep  the  point  of  contact  at  rest.  If  sliding  ever  does 
cease,  we  then  have 

U  —  awa  =  0,         y  +  CTa-i  =  0  (4). 

The  equations  (3)  and  (4)  suffice  to  determine  these  final  values 
of  V,  V,  toi  and  wj.  Thus  the  direction  of  the  motion  and  the 
velocity  of  the  centre  of  gravity  after  sliding  has  ceased  have  been 
found  in  terms  of  the  time.  It  appears  that  both  these  elements 
are  independent  of  the  friction. 

If  the  equations  (4)  hold  initially  the  sphere  will  begin  to  move 
without  sliding  provided  the  friction  found  from  the  equations  (1), 
(2)  and  (4)  is  less  than  the  limiting  friction.  To  determine  this 
point  we  must  find  the  magnitude  of  the  friction  necessary  to 
prevent  sliding.  If  the  sphere  does  not  slide  we  may  differentiate 
the  equations  (4);  then  substituting  from  (1)  and  (2)  we  find  F'=  0 
and  F  =  gsina.  i?l{a^  4- k^).     But, since  the  pressure  on  the  plane  is 

3  cos  a,  this  requires  that  the  coefficient  of  friction  /t>tajia    a--^^^. 

Supposing  this  inequality  to  hold  the  friction  called  into  play  will 
be  always  less  than,  or  not  greater  than,  the  limiting  friction,  and 
therefore  equations  (S)  and  (4)  give  the  whole  motion. 

This  method  of  finding  the  inferior  limit  to  the  value  of  /i  is 
the  same  as  that  used  in  Vol.  i.  Chap.  iv.  in  the  corresponding 

i)roblem  where  the  sphere  rolls  down  the  inclined  plane  along  the 
ine  of  greatest  slope. 

238.  If  the  equations  (4)  do  not  hold  initially  or  if  the  in- 
equality just  mentioned  is  not  satisfied,  let  S  be  the  velocity  of 
sliding  and  let  d  be  the  angle  the  direction  of  sliding  makes  with 
GA.  To  fix  the  signs  we  shall  take  S  to  be  positive  while  d  may 
have  any  value  from  —irioir.     Then 

S  cos  $  =  u  —  ao>s,        Sfiiii  d  =  v  +  ao}i  (5), 

The  friction  is  equal  to  //.g  cos  a  and  acts  in  the  direction  oppo- 
site to  sliding,  hence 

F=  (iff  cos  a  cos  0,        F'  =  /xg  cos  a  sin  0. 
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The  equations  (1),  (2)  and  (5)  therefore  give 

^^»)  =  -(:.«-)..„»....  [■■■"■ 

Expanding  we  find 

„de        ^     .  .  I *  '^ 

:lS  -j-=  —  g  sin  a  sin  f? 

If  $  is  not  constant,  we  may  eliminate  (  and  integrate  with 
regard  to  6,  this  gives      jSsin^  =  2.d(tan^j    (8), 

where  w  =  (1  +  a^jk'^)  fi  cot  a,  and  A  is  the  constant  of  integration. 
If  So  and  ^0  are  the  initial  values  of  S  and  0  determined  by  equa- 


tions (5),  we  have      2^  =  S„  sin  ^^  f  cot  g"  j    (9). 

Substituting  the  value  of  S  given  by  (8)  in  the 
tions  (7)  and  integrating  we  find 

("°  a)' '    (""2)"'    Hi')"'    (""¥)" ' 


-'^'-m. 

the  constant  of  integration  being  determined  from  the  condition 
that  d  =  e„  when  t  =  0.  The  equations  (8),  (9)  and  (10)  give  8  and 
0  in  terms  of  t.  The  equations  (3)  and  (0)  then  give  u,  v,  Wi  and  w^ 
in  terms  of  t. 

The  second  of  equations  (7)  shows  that  ddjdt  has  an  opposite  sign 
to  d,  hence  6  beginning  at  any  initial  value  except  +  ir,  continually 
approaches  zero.  It  follows  that,  unless  a  is  zero,  0  will  be  constant 
only  when  ^^  =  0  or  ±  tt,  ie.  t/ie  direction  of  sliding  on  the  plane  is 
not  fixed  in  space  but  continually  approaches  the  litie  of  greatest 
slope.  On  a  horizontal  plane  a  =  0,  and  the  direction  of  sliding  is 
fixed. 

lin  >  1,  i.e,  ;t  >  tan  a..1<?j{a'  +  k'),  we  see  from  (8)  that  sliding 
wiil  cease  when  $  vanishes.     This,  by  (10),  will  occur  when 
_  _Sa     /cos''  \e„     ein^^o\ 

^-^sm"^l«-i  +^mv- 

The  subsequent  motion  has  already  been  found. 

If  K<  1  we  see  by  (8)  that  S  increases  as  6  decreases,  so  that 
sliding  will  never  cease.  It  also  follows  from  (10)  that  6  vanishes 
only  at  the  end  of  an  infinite  time. 
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If  Stj  =  0,  sliding  will  never  begin  if  ?i  >  1,  but  will  immediatoly 
begin  and  never  cease  ii n<l. 

239.  BiUioTds.  The  game  of  billiards  snppliaa  too  many  problemB  for  a  full 
diBcuEsioji  to  be  given  here.  The  following  examples  include  some  of  the  more 
intereBting  results. 

The  theorem  in  Ea.  1  that  the  direotion  and  raagnitude  of  the  friction  are 
oonatant  nas  first  obtained  by  J.  A.  Baler,  the  son  of  the  celebrated  Enler,  and 
was  published  in  the  MSm.  de  I'Aead.  de  Bej-lin,  1766.  The  reader  may  advau- 
tageoualy  oonsuit  Jeit  de  BiUard  par  6.  Coi~iolU,  Paris,  1835.  In  the  Comptes 
Eendua,  1882  and  1883,  two  notes  on  this  subject  by  Kesal  may  be  found,  the 
theory  being  more  fully  given  in  LioiaiilU'e  Jounml,  1883,  There  ia  also  a  treatise 
by  G.  W.  Hemming.  Billiards  Mathematically  treated,  London,  1899. 

Th    t  U  m         1    es  It  aef  1      th  se  p    1 1  m       Th        d  I       f 

In  f  b  II    mp    fe    g         til        sh  _  65    f         b  11  f  U 

h  tal  pi  t      f  m    bl      =1  (Con  I   )      F        b  11  f  11    g       m    hi        w    d 

edby       htt         kdpp         =6  SSth       t         eslta         dt 

So  A      a  1     t  1  by  Bes  1      Th    1  it         maik    th  t  th    modul        eem    to 

lldhflj         h        ih!  gAoeitColA        J  J 

S  btw        bU      dbU  tbesog      t        03      dthtbtee         Idmg 

b  11       1  th    tabi  btfi      H      mgmk      thfm      asmll        1/lOD 

I      Ch      1  Cjlp   d       th  fii        t     f     t         1ft        b  t  P  1   h  d 

bl    and  m    bl         g  16      d  th    k      t  fii       t         £  1 

E     1      A  b  m    d  b  11  t        m  t  I     f    tlj        gh  1  tal 

pi        so  th  t  tl     p      t    f        t    t      m  t    II      1  di  g      th         1     ty  S       F     I  tl 
m  t         f  tl  t       f  h   b  11 

P    t    g      =0        At      38   w     1  dS/!=     Ig        I  dSjd -0     Tl      1  tt 

q     t  h         th  t  th     d       t  f    h      1  ling     (  th     p      t     f  co  tae    P 

ta  t     B        tegrati  h  -S       p.  dsldgthf  a.        ft 

t  m    f  S  /         Th     b  11        tl       £  eted        by      fn  t        wh         hiect 

tatdh?emgtil  ,  Wh  Idgaswddcefrntl 
q  tl  (1)  (2)  (4)  fArt  36  297  tl  t  th  mpo  t  t  ti  F=0  F  ^0 
The  path   f   h       ia       f   he  b  II       II      J  f      p      b  I       hi     I  I    q 

on      le         d  finally        t     gl     t  T  t      t  th   p      b  1     p  th   w  ce 

th  t  th         h  1      1      ty      d  duw  (  m  t         f  th  g  d  th 

sta  t  ac    1      t        /HI         ppo   tetotbk  tllit  tldg 

F  mpmtfCnltpp         tltthoeftitffnti 

b  iw       th   b  11       d  tl     t  bl        ,u=  1/5  ly      If  th         t   1     1      ty    t    1  d    g 

b  ftp         CO  d    th     p      bol      p  th  1    ta  f     1       th  t   th     f 

eco  d      Th     p  rt    f  th    p  th    [  pp        th      f        t    b      t    1   h     mp  rtan  d 

m  gl  t  y    as      be     ^1    ted 

The  magnitude  of  the  "friction  oouple"  is  in  general  very  small  and  is  therefore 
usually  neglected,  Vol.  i.  Art.  16i.  When  the  eliding  has  ceased  we  infer  from  the 
equations  (4)  of  Art,  237  that  tiUi  +  KUj^O  while  we  may  regard  u^  —  O.  It  follows 
immediately  that  the  axis  of  rotation  (which  is  also  the  axis  of  the  friction  oouple) 
is  perpendicular  to  the  tangent  to  the  path  of  the  centre  of  the  ball.  Thus  both  tlie 
friottou  force  and  the  friction  couple  tend  to  make  the  centre  of  the  ball  move 
in  a  straight  line.  This  rectilinear  motion  has  already  been  considered  in  Vol  i. 
Art  163. 

Ex.  2.  The  initial  motion  of  a  sliding  billiard-ball  being  given,  investigate  the 
final  reetiUnear  motion. 

Let  G  be  the  centre  of  the  ball,  F  the  point  ot  contact  with  the  plane.  Q  the 
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centre  of  OBcillation  with  regard  to  P,  Art.  236.  Let  u,  v;  «i ,  w^ ,  w,  be  the  initial 
components  of  motion,  the  ball  starting 
from  the  origin  0.  Tbroogh  O  draw 
three  horizontal  straight  lines  Od,  OR, 
OS  parallel  to  or  coincident  with  the 
initial  directions  of  motion  of  O,  Q,  P 
respectively.  The  clireotioa  cosines  of 
OA  are  proportional  to  »,  w  while  those 
of  OB,  OS  are  proportional  to  the  left- 
hand  sides  of  cquationa  (3),  (4]  of  Arts. 
236,  237.  It  is  there  proved  that  tlie 
sliding  of  P  is  at  first  parallel  to  OS 
and  then  zero,  while  the  instantaneous 
direction  of  motion  of  Q  is  always 
parallel  to  OR.  The  component  velo. 
cities  of  Q  are  constant  and  jo  being 
Eero)  are  eqnal  to  U,,,  V„  (Art.  236). 

When  sliding  ceases  the  point  P  is  at  rest  and  the  directions  of  motion  of  Q 
and  O  become  neoeasariiy  parallel.  The  Jinal  rectilinear  path  of  the  centre  G  is 
therefore  parallel  to  OB.  and  the  velocity  of  O  it  five-sevenths  of  that  of  the  initial 
motion  qf  the  centre  of  ot^illation  Q. 

Let  the  dotted  line  OP  represent  the  parabolio  path  described  with  an  accelera- 
tion fig  directed  parallel  to  SO  (not  OS).  The  final  rectilinear  path  is  that  tangent 
TP  iohich  is  parallel  to  OB. 

K  r  be  the  initial  velocity  of  G,  the  position  of  P  at  a  time  (  is  found  by 
measuring  OA  =  Vt  and  drawing  PA  pitrallel  to  SO  and  equal  to  i/i.gt'^.  By  a 
property  of  the  parabola,  the  tangent  at  P  liiaecta  OA..  Hence  if  t  is  the  time 
at  which  the  rectilinear  path  hegim,  OT=iVt.  The  perpendicular  dtatanoe  be- 
tween the  final  rectilinear  path  and  tbe  straight  line  OK  is  Ol'sinJiOr  and  is 
therefore  ^S^V'jt^,  where  V  is  the  resolved  velocity  of  the  centre  of  gravity  in 
a,  direction  perpendicular  to  Ok  and  S„  is  the  initial  velocity  of  sliding. 

Es.  3.  A  billiard-ball  rolls  without  sliding  on  a  horizontal  table  and  impinges 
on  another  equal  ball  at  rest.  Both  balls  being  imperfectly  elastic  and  rough,  find 
the  subsequent  motion  of  the  ball  sCruok. 

Let  the  initial  velocity  of  the  impinging  ball  be  V  and  let  its  direction  make  an 
angle  a  with  the  common  normal  at  the  point  of  impact  li.  Just  before  impact 
begins  the  point  at  B  of  the  impinging  ball  has  a  downward  velocity  and  in 
consequence  the  centre  of  gravity  of  that  ball  has  an  upward  velooity  oommunioated 
to  it  by  the  (riotional  impulse,  while  the  ball  struok  ia  pressed  against  the  table. 
The  latter  ball  la  therefore  simultaneously  a«ted  on  by  two  impulsive  forces,  one  at 
B  and  the  other  at  its  point  of  contact  A  with  the  table,  in  addition  to  the  finite 
pressure  at  A  which  balances  the  we^ht  of  the  ball.  The  normal  component  of 
the  impulse  at  A  is  therefore  of  the  same  order  of  small  quantities  as  the  fiictional 
impulses  at  B,  but  the  frict'ional  ititpvlsea  at  A  are  only  a  small  fraction  of  these 
and  villi  be  disregarded.  The  Impulsive  actions  at  B  and  A  begin  together,  but 
they  do  not  necessarily  terminate  at  the  same  instant.  With  different  materials 
for  the  balls  and  for  the  table  either  might  be  made  to  outlast  the  other.  We  may 
however  suppose  that  the  duration  of  an  impulse  between  two  ivory  balls  is  much 
shorter  than  that  between  the  ball  and  the  cloth  covering  of  the  table.  With  existing 
billiard  tables  we  may  possibly  negleet  that  portion  of  the  impulse  at  A  which  ia 
simultaneous  with  that  at  B.  This  is  equivalent  to  treating  the  two  impulses  as 
begins.  After  the  separation 
of  minute  jumps  which  are 
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impeiteptible  The  ball  struck,  owing  to  the  fon3e  of  restitution,  will  malie  a  series 
of  <<till  more  minute  jumps.  The  determination  of  tliese  presents  no  difiiculties 
and  has  no  special  interest  for  us. 

One  consequence  of  reg&rding  the  imptdEes  at  B  and  A  as  consecutive  is  that  we 
may  use  Baler's  theorem  on  spherical  balls  (Vol,  i.  Art  SS6).  Daring  eaoh  irapact 
the  dinctiDn  of  the  friction  at  tite  point  of  contact  is  then  constant.  It  will  be  found 
on  investigation  that  this  would  not  be  liue  if  the  portion  of  the  impulsive  action 
at  A  simultaneous  with  that  at  B  were  appreciable. 

Another  point  to  be  noticed  is  that  the  friction  at  B  is  not  sufficient  to  dfitroy 
the  sliding  before  the  end  of  the  impact.  To  prove  this  we  refer  to  the  criterion 
given  inTol.  i.  Art.  326.  The  oonclition  is  that  ii^S^rlC^p(l  +  e).  Since  in  our 
case  r—^p  and  So  =  F,  Cj^Fooso,  the  inequality  is  sulfioieutly  satisfied. 

We  talie  as  axes  of  reference  those  already  used  an  the  general  case  of  Vol.  i. 
Art.  S20.  The  axes  of  £,  x,  ^  are  the  common  normal  at  B,  the  common  horizontal 
tangent  and  the  vertical.  The  equations  (1),  (3)  and  (19)  of  the  article  just  referred 
■f  the  ball  stmck,  ii=|UkS  sina,  «= -^cos  a, 
R  k      =     ij,R  =0     h        th         E*  ty   th 

d      IS  tl  fii       t    (  f     t        I  b  11  anl  b  11      Th    b  11 

ii==(l      )     /      th  t  h      B  =  M  (1+  )    Y  1       A  t   3  4 

w  to  d      th         p  Ise     t  ^      Aa  £l    t  tl      f     t        1 

^h        I      fi    t     £  tl       bl  w       t     d    t    y  (         a        to  m  11 


2      Th     fin  1 


t      *  =  . 


1 

'^  m     It  difi        tit  thi    p    bl  m         given  by  Goriolis  and  Besal. 

Th    f   in      t      t    tl      b  11  t  1     feotly  t        f    m  tlie  action  of  the  table. 

Ace  dgt  kltteth  fftfthtll  t  ake  the  vertical  velocity  of  the 
centres  ol  both  balls  equal  to  aero  throughout  the  impact  or  in  our  notation  ii  —  0 
v' —d.  The  equations  which  contain  th  mpul  f  -ces  at  the  points  of  contact 
of  the  balls  with  the  table  are  not  th  n  anted  H  remarlc  that  Che  direction 
of  the  sliding  on  this  hypothesis  is  n  t  n  ta  I  du  n  the  mipact  The  question 
of  the  duration  of  shding  is  not  discuss  1 

Ex.  4.  A  billiard-ball,  at  rest  an  £  teotl  iou(,h  hoi  aontal  table  is 
struck  by  a  cue  in  a  horizontal  dii  t  n  at  a  )  p  it  whose  altitude  above  the 
table  mh,  and  the  cue  is  withdrawn  as  soon  as  it  has  dehvered  its  blc  w.  Supposing 
tlie  cue  to  be  sufficiently  roagh  to  prevent  sliding  at  the  cue,  show  that  the  centre 
of  the  ball  will  move  in  the  direction  of  the  blow  and  that  its  velocity  will  become 
■    -  -  B    ft   ■     ti       '^"~^^'  -^ 

to  the  mass  of  the  sphere  and  a  is  libo  radius. 

We  notice  that  if  the  height  ft  at  which  the  blow  is  delivered  ia  |o.  there  is  no 
Initial  sliding  and  the  parabolic  portion  of  the  path  ia  suppressed.  Even  if  the 
ball  is  initiaUy  rollinff,  but  without  sUding,  and  is  struck  at  this  altitude,  it 
coutmues  to  roll  without  sliding.  This  result  also  follows  at  once  from  Vol.  r. 
Chap.  ill.  because  the  point  of  contact  of  the  sphere  with  the  table  is  the  centre  of 
spontaneous  rotation  of  the  blow  by  the  cue.  Hemming  remarks  that  "this  is  Just 
the  height  of  the  cushions,  an  arrangement  without  which  cushion-play  would  be 
impracticable,  as  the  table-makers  seem  to  have  found  out  by  rule  of  thumb." 

Ex.  5.  A  billiard-ball,  initially  at  rest  and  toucliing  the  table  at  a  point  P,  is 
struck  by  a  cue  making  an  angle  p  with  the  horizon.     Show  that  the  final  recti- 


niform  and  equal  to  -  -  B  after  a  time  — =— -  —  where  B  is  the  ratio  of  the  blow 
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linear  motion  of  the  centre  of  gravity  ia  parallel  to  the  straight  lino  PS  joining  P 
to  the  point  S  where  the  direotion  of  the  blow  meets  the  table,  and  the  final  velocity 
of  the  centre  of  gravity  ia  ^Be'iofi.  PSfa  in  the  diceetioo  of  the  projection  of  the 
blow  on  the  hoiizon.  It  should  be  noticed  that  these  results  are  indepentlent  of 
the  friction. 

Motion  of  a  Solid  Body  on  a  plane. 

240.  SiBtorlcal  Summary.  The  motion  of  a  heavy  body  of  auy  form  on  ft 
horizontal  plane  Beems  to  have  been  studied  Best  by  Poiflson.  The  body  is  supposed 
to  be  either  bounded  by  a,  eontinuoiis  surface  which  touches  the  plane  in  a  single 
point  or  to  be  terminated  by  an  apex  as  in  a  top,  while  the  plane  is  regarded  as 
perfectly  smooth.  Poisson  nses  Euler's  equations  to  find  the  rotatioaa  about  the 
principal  axes,  and  refers  these  axes  to  others  fixed  in  space  by  means  of  the 
formnlae  usually  called  Eoler's  geometrical  equations.  He  finds  one  integral  by  the 
principle  of  vis  viva  and  another  by  that  of  angular  momentum  about  the  vertical 
straight  line  through  the  centre  of  gravity.  These  equationa  are  then  applied  to 
find  how  the  motion  of  a  vertical  top  is  disturbed  by  a  alow  movement  o£  the  smooth 
plane  on  which  it  rests.     See  the  Traits  de  Mecaitiq'oe. 

In  three  papers  in  the  fifth  and  eighth  voliimea  of  Crelle's  Journal  (1830  and 
1832)  M.  Cournot  repeated  Poisson's  eqaalions.  and  expressed  the  oorrespouding 
geometrioal  conditions  when  the  body  reate  on  more  than  one  point  or  rolls  on  an 
edge  sneh  as  the  base  of  a  cylinder.  He  also  considers  the  two  cases  in  which  the 
plane  is  (I)  perfectly  rough,  and  (2)  imperfectly  rough.  He  proceeds  on  the  same 
general  plan  as  Poisson,  having  two  sets  of  rectangular  axes,  one  fixed  in  the  body 
and  the  other  in  space  connected  together  by  the  formulae  usually  given  for 
transformation  of  eoordinates.  Aa  may  be  supposed,  the  equfttions  obtained  are 
extremely  complicated.  M.  Coarnot  also  forma  the  corresponding  equations  for 
impolaive  forces.  Those  however  which  include  the  eKecta  of  &iction  do  not  agree 
with  the  equations  given  in  this  treatise. 

In  the  thirteenth  and  seventeenth  volumes  of  Liouville's  Journal  (1848  and 

"     ■    "  th         b]    t      I    th    fi    t    f  these  he 

m  t    th      V      f        I  d    f         1  Hon  on 
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g  1         loo  ty 
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stability  of  a  solid  of  any  form  placed  on  a  smooth  plane  with  a  principal  asia  at 
its  centre  of  gravity  vertical,  the  body  rotating  about  that  axis.  He  also  determines 
the  small  oseillationa  of  a  body  resting  on  a  smooth  plane  about  a  position  of 
equilibrium. 

In  the  fourth  volume  of  the  Quarterly  Journal  of  Mathevmtics,  1861,  Mr  G.  M. 
Slesser  forme  the  equations  of  motion  of  a  body  on  a  perfectly  rough  horiKontal 
plane  and  applies  them  to  the  second  problem  considered  in  Art.  261,  Ha  uses 
moving  ases,  and  hia  analysis  is  almost  esactly  the  same  as  that  which  the  author 
independently  adopted. 

241.  Equations  of  motion.  A  solid  of  revolution  rolls  on 
a  perfectly  rough  horizontal  plane  under  the  action  of  gravity.  To 
find  the  motion. 

Let  G  be  the  centre  of  gravity  of  the  body,  GO  tbe  axis  of 
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figure,  P  the  point  of  contact.  Let  GA  be  that  principal  axis 
which  lies  in  the  plane  P6C  and  GB  the  a.xis  at  right  angles  to 
GA,  GO.  Let  GM  be  a  perpendicular  from  Q  on  the  horizontal 
plane,  and  PN  a  perpendicular  from  P  on  GG.  Let  R  be  the 
normal  reaction  aX  P;  F,  F'  the  resolved  parts  of  the  frictions 
respectively  in  and  perpendicular  to  the  plane  PGO.  Let  the 
mass  of  the  body  be  unity. 

Let  S  be  the  angle  GG  makes  with  the  vertical,  ^  the  angle 
MP  makes  with  any  fixed  straight  line  in  the  horizontal  plane. 
Then  0  and  ifr  are  two  of  the  angles  used  in  Euler's  geometrical 
equations  to  refer  the  moving  wees  GA,  GB,  GG  to  an  axis  fixed 
in  space,  viz,  the  vertical  (Vol  i.  Chap.  V.).  The  third  Eulerian 
angle  tf>  is  here  zero.  The  moving  axes  GA,  GB,  GG  are  therefore 
the  same  as  those   described  in  Art.  13.     Following  the  same 


notation  as  in  Art.  10,  we  let  dj,  &^.  0^  represent  the  component 
anguljH"  velocities  by  which  the  motion  of  the  axes  of  reference  is 
constructed,  while  w,,  wa,  wa  are  the  component  angular  velocities 
of  the  body  about  the  same  system  of  moving  axes.  Since  the 
axis  GG  is  fixed  in  the  body,  its  motion  calculated  from  either  set 
of  angular  velocities  must  be  the  same,  hence  0i  =  ro,,  ^5  =  6)3. 
Again,  since  in  Euler's  third  geometrical  equation  0  =  0,  we  have 
^3  =  cos  0d-^/dt,  Vol.  I.  Art.  256.  If  h, ,  h^,  h^  represent  the  angular 
momenta  about  the  axes  of  reference,  the  three  general  equations 
of  moments  are  by  Art.  10 


dh, 
dt  " 


eX  +  OJh^l,     &c.  =  &c.,     &c.  =  &c. 
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Since   the   axes   of  reference  are  principal    axes   at    G  we    have 
h.i  =  Aoii,  h^  =  Aw2,  A3  =  Cwj.     These  equations  then  become 

A^-Ato,^cose  +  Cay,^,  =  -F'.GN (1). 

at  at 


4*1^_V7-.,,..   ^4,...±t 


Aw,^  cose  =  -F.GM-B.  MP. ..(2). 


dt  '   '  '  dt 

=  r.FN 


Euler's  three  geometrical  equations  (Art.  11)  give  the  relations 
between  Bj,  0^,  0^  and  S,  (f),  i^.  Since,  with  our  choice  of  axes, 
0  =  0,  these  become 


-*,;„»        a.  J'-  «,  =  tt 


di  '  ^     dt' 


0.  =  ^!-cos« (i). 


These  equations  are  of  course  quite  obvious  without  reference 
to  Euler,  for  $i,  $s  are  the  components  of  d->^/dt  about  the  vertical 
and  Si  is  the  angular  velocity  of  the  axis  GC  about  the  horizontal 
line  GB.     Since  ^i=  (Oj,  ^5  =  0)9,  we  have  also 


dt 


,.=-:^™«,        ...^  (0). 


Let  u  and  v  be  the  velocities  of  the  centre  of  gravity  respec- 
tively along  and  perpendicular  to  MP,  both  being  parallel  to  the 
horizontal  plane.  The  accelerations  of  the  centre  of  gravity  along 
these  moving  axes  will  be 

And  if  e  be  the  altitude  of  G  above  the  horizontal  plane,  i.e. 
s  =  GM,  we  have 

ti—^^" <*<)■ 

Also  since  the  point  P  is  at  rest,  we  have 
u-GM(o,  =  0...(Q),  v  +  PNa>,-GNo,,=  0...(10), 

s^-GNcoad  +  PNsiae (11). 

These  arc  the  general  equations  of  motion  of  a  solid  of  revolu- 
tion moving  on  a  perfectly  rough  horizontal  plane.  If  the  plane 
is  not  perfectly  rough  the  first  eight  equations  will  still  hold,  but 
the  remaining  three  must  be  modified. 

When  the  form  of  the  solid  of  revolution  is  given  these  equa- 
tions -nmy  admit  of  coiisideraUe  simplification,  and  may  generally 
he  formed  in  any  special  case  without  much  difficulty.  Thus  if  the 
solid  is  a  plane  hoop  or  disc  of  radius  a,  we  have  GN—0, 
GM  =  z=a^mO,  MP  =  acos$,  and  the  radius  of  curvature  p  of 
the  rolling  body  at  P  is  zero. 
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241  a.  Elimination  of  the  reactions.  In  the  general  ca.se 
when  the  form  of  the  solid  is  given  by  its  equation  J  =/(v),  V  S'^d  f 
are  the  coordinates  of  any  point  P  on  the  generating  curve,  d  is 
the  angle  the  tangent  at  jP  makes  with  the  axis  GA,  p  is  the  per- 
pendicular on  the  tangent  and  q  =  dpjdO.  Thus  f ,  i),  p,  q  may  be 
regarded  as  given  functions  of  8.  We  may  then  eliminate  F,  F', 
R,  u,  V  from  equations  (1),  (2),  (3). 

Joining  together  (1)  and  (3),  to  eliminate  F',  we  iind  after 
a  slight  reduction 


dt^"-^-"    -"W: 


..(I). 


By  usiug  the  equations  (5)  to  (11)  we  find 
Ji"  =  - 1,»;  -  ^  <».«'  -  1 2f  cos  9  +  (|S  _  ,^  ji„  «l  fl'^'  _  f  sin  Si(r". 

where    accents  denote  differential   coefficients  with   regard    to   t 
except  in  the  case  of  F'. 

SubstitutiDg  these  results  in  (2)  and  (3)  we  find 
(A  +  r")  0"  +  (C'sin  0  +pv)  o>,ir'] 
-  (A  cos  O—p^} sin  0-^''  +  qp0'^} 


-91 


(C  +  if)  W  + 1?  T^  ws^'  +  h  sin  0^" 
+  {2|cose+(g-^)siii^|>,^Vr' 


1=0  . 


where  r=GP  and  p  is  the  radius  of  curvature  of  the  solid  at  the 
point  of  contact  P.     We  have  p  =p  +  d'^p/dd'. 
The  equation  of  energy  is 

u^  +  v^  +  p'^  4-  A  (w,=  +  w,^)  +  Cw,^  =  H-2gp 
where  ff  is  a  constant.  This  by  substitution  becomes 
{A+r^)e-'  +  {C~<^if)<a^-V'i^f^ineai^'  +  {A+^)%\n'ef'^=H~2gp, 

241  b.  The  equation  (l)  may  also  be  obtained  by  independent, 
reasoning.  Since  w,  =  —  sin  ^ .  i^'  the  quantity  in  brackets  on 
the  left-hand  side  is  the  angular  momentum  about  the  vertical 
MG.  Let  this  be  called  /.  Since  we  may  take  moments  about 
any  axis  through  Q  as  if  it  were  a  fixed  point  and  since  ihe 
vertical  is  also  fixed  in  direction  we  have  dIidt  =  F'.PM.  Sub- 
stituting for  F'  its  value  obtained  from  (3)  we  at  once  arrive  at 
the  equation  (i). 

We  notice  that  in  the  proofs  of  this  equation  no  use  has  been 
made  of  the  equations  (9)  and  (10)  which  express  the  conditions 
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of  perfect  roughness.  The  equation  (l)  is  therefore  true  whether  the 
body  is  smooth,  imperfectly  rou-gh,  or  perfectly  rough. 

It  appears  from  this  proof  that  the  equation  also  holds  if  the 
body  is  acted  on  by  any  additional  forces  whose  lines  of  action  are 
in  the  vertical  plane  passing  through  the  ams. 

241  c.  When  the  sohd  of  revolution  is  of  such  a  form  that 
qli]  is  a  constant  (say  m)  the  equation  (i)  can  be  integrated  and 
we  have  Asin^fftl^'  +  C(i}iC0&&  =  mCa)2  +  AK 

where  ^  is  a  constant.  The  condition  g=^mti  is  a  differential 
equation  of  the  first  order.  The  genemi  integral  is  a  circle, 
of  arbitrary  radius  a,  whose  centre  0  lies  in  GC  at  a  distance 
GO  =  ma.  When  therefore  the  portion  of  the  body  in  contact  with 
the  horizontal  plane  is  spherical,  one  integral  can  always  be  fovmd, 
besides  the  equation  of  energy.  A  third  integral  can  be  found 
when  the  ground  is  perfectly  rough,  or  perfectly  smooth.  See 
Art.  243. 

21S.     TO  find  tlie  Hteady  motloii  on.  a  roush  sivund. 

When  the  motion  is  steady,  the  surface  of  revolution  rolls       th    ji  th  t 

its  axis  makes  a  constant  anglo  with  the  vertical.  In  this  t  t  f  t  It 
8  =  a,d;pldt~n,  U3=ji,  GM^p,  MP^q.  G2J=f,  NP  =  -,i,  and  1  t  p  b  h  d  f 
curvature  of  the  rolling  body  at  P.  The  relations  between  tl  q^  1 1  my 
be  found  by  substitution  in  the  equations  (1)  to  (11). 

Suppose  it  were  required  to  find  the  conditions   that  th  f        ra  y      11 

with  a  given  angular  velocity  n,  its  axis  of  figure  mailing  a  gi        a  fel  th  th 

vertical.   Here  n  and  a  are  given,  andp,  q,  f,  ij,  p  may  be  founl  &  m  th      ]     t 
of  the  surface.  We  have  to  find  n,  iii„u!^,u,v  and  the  radius  of  th         Id        h  d 
by  G  in  space. 

WehaTeby(5),w,  =  0,«i=-,usina;  andby(9)and(10)«=   ,    =        ;    t/i    n 
Since  it  is  constant,  it  follows  from  (6)  and  (7)  that  P'^0,  P=  -»/.,  and  smoe  z  ia 
ooustHnt  we  have  R=g. 

To  find  ;t  we  substitute  these  values  in  equation  (2)  which,  it  may  be  noticed, 
was  obtained  by  taking  moments  about  the  axia  of  y.    We  thus  find 

t.''mua(Atoea-pi)-m{Gsma+pil-Sq  =  0 (13). 

Let  r  be  the  radius  of  the  circle  described  by  G  as  the  surface  rolls  on  the  plane. 
Since  G  describes  its  circle  with  angular  velocity  /j,,  we  have  r/i  —  v,  and  hence 


Eliminating  u  we  may  also  find  r  from  the  equation 

/.M'l'!  sin  «  cos  a  +  CJ  sin^  a +  r  (C  sin  a+p,,)}  =Se^. 

For  every  value  of  n  and  a  there  are  two  values  of  >i,  which  however  correspond 

0  diSerent  initial  conditions.     In  order  that  a  steady  motion  may  be  possible,  it 

y  that  the  roots  of  the  quadratic  (13)  should  be  real.     This  gives 

n  a+p'ii)^n^  +  igq  sin  a  {A  oosn  -pf)  =  a  positive  quantity. 

passes  through  F  and  intersects  the  axis  of  figure  in 
some  point  E,  not  drawn.  Let  iHH  be  a  perpendicular  on  the  horizontal  plane, 
then  as  the  body  rolls  in  steady  motion,  the  vertical  EH  is  fised  and  G  reTolvea 
round  it  with  an  angular  velocity  /i.  To  find  E  we  notice  that  the  inatanlaneous 
steady  motion  of  the  body  may  be  constructed  by  the  angular  v 
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about   axes  drann   thiough  P  parallel  to  GA,  GC.     ' 

therefoie  mak«9  with  GC  an  angle  GEF  saoh  that  tan  GffiP=  itfi/us=  -,ueina/n. 

When  ail,  u,lia\e  the  aame  sign  the  point  li  lies  below  the  point  N. 

242  a     ELimfnIari/  determhiatioit  of  the  sUady  motion. 

In  many  problems  only  the  steady  motion  is  required,  and  then  the  process  just 
described  becomes  very  simple.  Since  all  the  qoantities,  escept  ^,  are  constant,  we 
omit  all  the  difCereutial  coefficients  in  the  general  equations  of  motion  of  Art.  10. 
Since  G  describes  its  circle  nniforml;  under  the  iuAnence  ol  all  the  forces 
transferred  to  that  point,  u^O  and  F'=0.  Thus  to  find  the  steady  motion  we  have 
merely  to  substitute  in  Art.  10  the  values  h^=Aa,,  h^=0,  h^=Gii,  u^^O,  Si^ui, 
flj=0,  e^  —  iicosa.    In  this  way  we  find,  writing  3  for  R,  ofor  0, 

-Cnoi,  +  4u[tioo3a=  -F.GM-g.MF (2). 

,isma=-.^, (3).  -v^^F (6).  F'-O (7). 

By  joining  these  to  the  geometrical  equation  (10)  the  results  given  above  for  the 
steady  motion  follow  at  once. 

If  the  body  is  set  in  motion  by  unwinding  a  string,  as  in  a  top,  the  initial  values 
of  U[,  ujj,  M,  V  are  small.  li  therefore  the  oscillations  of  the  body  are  to  be  small, 
the  steady  motion,  by  (6),  must  be  such  that  11  is  small.  Eeferring  to  (12)  we  see 
that  this  condition  can  be  satisfied  by  making  n  large.    We  then  have 

n/i[Csma+pri]=  -gq,  v=ri!.. 

Since  a  large  value  of  u,  or  n  renders  (10)  impossible,  we  infer  that  a  steady  motioa 
cannot  be  established  in  thii  nianiter  unless  n ,  PN  is  small  or  GN  is  large. 

243  f>.     To  find  tbe  small  oaoUlatlon. 

We  put  0  =  a  +  iC,  d\l/jdt  —  ii  +  dyjdt,  Us—n  +  z.     Thou  ive  have  by  geometry, 
z^GM-p  +  qs:,  PM-q  +  (p~p)x, 

GN-l  +  px  sin  a,  FN^ii  +  px  00s  o, 

and  subatituting  in  (5),  (9),  (10),  (6),  (7)  respectively,  we  find 
ti,:^:  -  ;i  ain  o  -  ft  COS  ctr  -  sin  aj(',  u—px', 

«=  -  nsm  a^  -ni)  -  (j^  cos  a^  +  up  sin'  a  +  np  cos  a)  X  -ain  a(y'  -  1)1, 
F~px''  +  ii'siaai  +  ni,,Tl  +  2Biaau^y'  +  Jiny'  +  ii{iJ,aosaS  +  tipBio?a  +  iip(io&a)x  +  iiiii, 
ii"  =  -  (/I  cos  af -p/H- fi/i  8Jn=  o  +  jifi  COS  b)  i' -  ain  ojy"  -  iji', 
where  accents,  except  in  the  case  of  P',  denote  diSerentiations  with  regard  to  (. 
Substituting  these  in  equation  (3)  and  integrating,  we  have 

(O  +  ^^!i^(ji^-;t|cosa-^psin«a-B,3  00aa)7i3:-7isinnfj/'    (A), 

the  constant  being  omitted  because  11,  a  and  n  are  supposed  to  contain  all  the 
eonetant  parts  o!  U3,  6,  and  dijildt. 

Again  substitnting  in  (1)  ajid  integrating,  we  have 
{Cn-2inco8a  +  |(p,t-,teoBaf-ftsin'o^-7ip'!Osa)}3;-(^  +  f]sinay'^|,,!..,(B). 
Also  substituting  in  (2),  we  have 

{A+p''  +  q^)  x"  +  x{Ap.''  {s.in!' a-cos^  a)A-GniiBOSa  +  {p-p)  g'^ 
+  It^  sin  a^q +  nn'iig +  11.^  cos  aip  +  n^ipp  BOS  a +  li'sia^app} 
+  i/'{-2^AMttooo8o+C7taina  +  2Jp^siDa  +  np^j  J-^0...(C). 

+  z{C^8ina  +  ^pjji 

+  (-.rf3Jnacosa(i=  +  CB^sina  +  3j  +  sia(i;i=pf  +  'W^}    . 
The  last  terra  of  this  equation  must  vanish  since  x,  y',  z  contain  only  periodic 
terms.     It  is  the  equation  thus  formed  which  determines  the  steady  motion  and 
gives  us  the  value  of  jU. 
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To  solve  these  eq^iiations  we  may  put 

II  we  substitute  these  in  (A),  (B),  (C)  we  shall  get  three  equations  to  eliminate 
the  ratios  L:M:N.  Before  Eubstitution  it  will  be  tountl  convenient  to  simplify 
the  equations,  firstly  by  niultipljing  (A)  by  ?.  (B)  by  i)  and  subtraoting  the  latter 
result  from  the  former,  eeeondly  by  multiplying  (A)  by  ^p/ij  and  adding  the  result 
to  (O).    We  then  obtain  the  following  determinant, 


+  ^ 

C^(vahia-p) 

Cn- 2^^  cos  a 

A. in. 

Gi 

(p-Scosn-pein^a)/. 
-pneosa 

fsina 

-(C  +  v'j 

243.     Motion  of  a  body  with  the  lower  end  Bpherical. 

If  the  ground  is  perfectly  rough  we  obtain  two  equations  by  taking 
moments  about  tbe  vertical  QM  and  about  the  axis  GO.  Let  0 
be  the  centre,  a  the  radius,  and  GO  =  h,  so  that  h  is  negative 
when  Q  ia  above  0.     We  then  have 


,(C». 


-Ao,,Ane)  =  F\MP, 


0- 


-F.NP. 


Since  MP  =  hsinS,  NP  =  a^mS,  we  find  on  eliminating  F'  a 
integrating 


wliicli  may  be  written  in  the  form* 

h  —  a  cos  8  G 


sin'^i^'  =  - 


f-K  . 


..(«), 


where  K  i&  &.  constant,  see  Art.  241  o. 

After  eliminating  F'  from  equation  (3)  of  Art.  241  by  using 
(7)  and  substituting  for  u,  v  from  (9)  and  {10)  we  find 
{G  +  ((=  8in=  6)  W  +  a=sin  0  cos  i^tosi'') 
+  {h-a  cos  d)  [a  sin'  8-xlr"  +  2a  sin  ^  cos  (9  ff^']  ]~ 
The  equation  of  energy  is 

(A  +  a'-  2ahcos  6  +  li?)  ff^  +  Ca,"  +  A  sin^ ^-f' = 
+  'iin"^itfw  +{h     acosO)f-']^     H     2.g  {a  -  k  cos  9) 


..{$). 


■■(7)- 
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T  f  Frietim,  Chap.  viii. 

p    ce  an  approximation  to 

n  ab  n   the  axis  of  Sgure  is  so 

a    plane  containing  Qie 

m   a  ona  are  unnecessary. 
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The  equations  (a.)  and  (7)  are  firafc  integrals  of  the  equations 
of  motion.  We  shall  now  find  a  third  integral.  Differentiate  (a) 
and  substitute  in  the  second  line  of  (0).  After  multiplication  by 
0)5  the  result  reduces  to 


After  integratioD  we  have 


ws^iC  +  a?  sin'  0  +  {h  —  a  cos  Of 


C) 


..(g). 


where  D  is  s,  constant.     The  value  of  Wj  having  thus  been  found 
in  terms  of  6,  those  of  ifr'  and  0"  follow  at  once  irom  (a)  and  (7). 
When  the  rolling  body  is  a  top  with  a  spherical  end  and  the 

f round  is  perfectly  rough,  three  first  integrals,  viz.  (:<),  (7)  and  (8), 
^ve  been  found.  The  corresponding  three  first  integrals  for  a 
perfectly  smooth  ground  are  obtained  in  Art,  243  c. 

243a.    We  m^  eliminate  ^'  Ei'om  the  equation  of  eQei^f  by  using  (o).    Putting 
foi  brevity 

P  =  ^  +  o5-2aftoo8e  +  ft',        ^  =  ft-ooo9e  =  GjV,        /(e)  =  ^  +  o^ain'e, 
we  then  have 

^  p.,3  _  (^  C^  +  KAaY  +  ^  (/  (6)  <^,  +  K<^f 


Eliminating  ui^  also,  we  Snd 

_  „.,    /|»)^)-^i^i^l^.{^/J^/^»^i^  +  Jf'|^^lt^^- 


ia--2ji(<.-»c 


th 


y  Google 


194  MOTION    UNDER   ANY    FORCES.  [CHAP.  V. 

squares  the  right-liand  side  is  positive  when  fl=^0  or  tt.  The  equation  therefoi-e 
Bupplies  two  valaea  of  cos  8,  both  iiumerioallj  less  than  unity,  one  greater  and  the 
other  less  than  oos  i.  Again  put  sva^  6—i-ao^  6,  then  when  i!03S  =  =o,  tha 
right-hand  side  becomes  -  2gh  eoa  8.  There  is  therefore  a  third  root  numerioally 
greater  than  unity  whose  sign  is  tlie  sau-.e  aa  that  of  ft.  When  8  increases  to  Jjt, 
the  axis  beoomee  horizontal  and  (unless  the  axis  can  point  ctownnards)  the 
geometrical  relations  of  the  body  to  the  ground  become  discontinuous. 

243  6.  Ei.  1.  Prove  that  if  one  of  the  two  limiting  positions  of  the  axis  is 
vertical,  the  initial  motion  most  be  such  that 

/  (      GB      H  AD 

■where  /'=a-i(  is  the  distance  of  the  centre  of  gravity  from  the  apex  of  the 
hemispherical  base  measured  upwards  along  the  axis,  and  \II  is  the  energy. 
We  expand  -P#'=  (Art.  2*3  o)  in  the  form 

Since  8'  is  to  vanish  when  fl  =  0,  we  haveL  =  0, 3f^0.  The  first  is  the  condition 
that  the  axis  can  become  vertical,  the  second  is  the  condition  that  tiie  axis  in  that 
position  has  no  angular  velocity.  It  is  also  necessary  that  the  initial  conditions 
should  make  N  negative,  for  otherwise  8'"'  would  be  ultimately  negative.  It  then 
follows  by  integration  that  the  time  of  arrival  at  the  vertical  is  infinite,  see  Art.  203/. 
We  may  also  deduce  the  values  of  JCaud  H  from  the  equations  (a],  (5)  and  (y)  by 
putting  ^  =  0,  Art.  243. 

Ex.  2.  If  the  ground  is  perfectly  rough  and  the  radius  of  the  spherical  apes  is 
much  smaller  than  the  altitude  of  the  centre  of  gravity  above  the  centre  0,  prove 
that  the  transverse  component  of  friction  acts  in  the  positive  or  negative  direction 
of  the  axis  <iB  according  as  fl  is  increasing  or  decreasing. 

Since  Cdwj/di  =  F'a  sin  «  we  find 

where /(e)  is  a  function  of  8  which  is  always  positive.  Since,  in  the  top,  h  is 
negative  and  much  greater  than  a,  the  result  follows  at  once. 

243  c.  A  solid  of  revolution  with  the  lower  end  spherical  slides 
on  a  smooth  horizontal  plane.     To  find  the  motion. 

The  three  equations  of  motion  of  the  first  order  are,  since 
F'  =  Q,  F  =  0, 

A  sin=  e-^'  +  Cn  cos  8  =  AK,     wj  =  n, 

(A  +  h^  sin^  0)  9'^  +  A  sin'  e^jr'"-  -  2gh cos  $  =  H'. 

The  two  first  may  be  obtained  by  taking  moments  about  the 

vertical  GM  and  the  axis   (riV.     The  third  is  the   equation  of 

energy.     Eliminating  yj/-',  we  have 

-.       ,.,    ■   ,fl,  ,i.~      (AK -Cn cos df      IT'      c,   I         n 

-\A^h^  am^  Q)  ff^  = ■■    .  ,„---  --H  -  2gh  cos  6, 

■  '  A  am"  6  ^ 

where  h  is  negative  if  Q  is  above  0. 

By  proceeding  exactly  as  in  Art.  202,  we  find  that  the  axis 
alternately  approaches  and  recedes  from  the  vertical  and  that  the 
two  limiting  values  of  6  are  given  by  a  cubic  which  is  essentially 
the  same  as  that  found  in  the  article  just  referred  to. 
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The  axia  cannot  beoome  vertical  unless  the  initial  motion  is  saoh  that  AK^  Cn. 
The  vertical  cannot  be  one  of  the  limiting  positions  ot  the  axis  unless  the  condition 
H  =  -2gl  also  holds      The  equation  ot  energy  then  takes  the  form 

AS   =V9  +4,0    where  lf=oh  +  G  n^jiA 
It  IS  theiefore  necessaiy  that  eithei  the  top  ahould  be  init  ■lUv  vertical  or  that  A 
should  be  negative      In  tl  e  lattei    ease  h  must  be  nei^itive   and    i    less   than 
-ighAjC       The  time  of  ainviis  at  tht  \eitioal  portion  la  then  •'een  by  in 
tegration  to  be  inSnite 

2i%d  i  bodj  ID  th  thu  Imosi  e  d  spheii  al  Ude^  on  i  impepctl/  loagh 
hon  ontal  p!  tne      To  foim  Ihe  eiuit  or  a    f  motion 

The  equations  (1)  to  («)  and  (11)  of  Ait  241  hold  m  this  case  bnt  (9)  and  (10) 
whioh  express  the  complete  roughness  of  the  ground  must  be  changed.  Let  S  be 
the  velocity  of  sliding  on  the  ground,  ^  the  angle  the  direction  of  S  makes  with  the 
vertical  plane  GMF.     Then  (9)  and  (10)  should  be  replaced  by 

,S'cos^=ii-yw5,  SBin0  =  if  +  (ssinSw3-?Wj; 

F=  -  ^R  cos  ■p.  F'=  -  liR  flin  ^. 

Only  one  integral  of  these  equations  has  been  discovered,  viz.  that  marked  (a)  in 
Art.  243". 

These  equations  have  been  formed  on  the  supposition  that  the  body  is  sliding, 
We  must  remember  that  if  at  any  instant  the  velocity  S  of  sliding  should  vanish, 
the  frictjons  may  cease  to  be  "  limitir^  "  and  the  body  will  then  coll  for  a  time  as  if 
the  ground  ware  perfectly  rough.  Conversely  if  in  this  new  state  of  motion  F^  +F'^ 
should  become  greater  than  ,u'fi^,  the  frictions  would  change  again  and  the  body 
would  begin  to  slide. 

If  the  body  is  a  top,  set  in  motion  by  unwinding  a  string  in  the  usual  way,  Uj  is- 
initially  very  great  while  lUi,  uj,  «,  v  are  aero  or  vei^y  small.  The  friction  F  is  then 
zero  or  small  while  F'=  -/iJl  nearly  and  acts  in  the  direction  opposite  to  uj.  The 
body  will  begin  to  slide  and,  if  n  is  not  very  large,  will  continue  to  slide  for  a 
certain  time,  the  termination  ot  this  period  being  indicated  by  the  vanishing  of  S. 
On  the  other  hand  if  the  ground  were  so  tough  that  the  friction  F'  approaches  the 
character  of  an  impulsive  force  the  sliding  would  almost  immediately  cease. 

2i3  e.  Whtj  SOUK  (ops  liie.  We  may  determine  the  general  ej^eet  of  the  frictions 
F,  F',  on  the  motion  ot  the  top  when  the  osoillatory  motions  are  disregarded.  We 
use  tbe  rule  given  in  Art.  309. 

Let  us  suppose  that  (he  body  is  rotating  with  a  great  angular  velocity  uj  about 
GC  while  w,  and  a^  are  comparatively  small.  The  friction  F'  may  be  made  to  act 
at  G  by  introducing  a  couple  whose  plane  is  GPF' ;  and  since  F'  is  ot  the  order  ><?, 
the  couple  is  small  compared  with  the  existing  motion.    Now  in  a  top  the  centre  of 


'  This  integral  has  been  applied  by  Jellett  (see  Act.  243  note)  to  show  that  when 
a  spinning  top  with  a  spherical  end  is  placed  on  an  imperfectly  rough  horizontal 
plane  "the  aiis  will  soon  become  vertical,  assuming  that  the  other  motions  are 
slow  compared  with  the  rotation  round  the  axis." 

la  Vol.  xu.  of  the  CambHdge  Philosophical  Transactions,  Jan.  1903,  there  is  a 
memoir  hy  E.  G.  Gallop  On  the  rise  of  a  ipinnhig  top  in  whioh  this  question  is 
more  thorouglily  discussed.  It  is  shown  that  the  dissipation  of  energy  is  an 
essential  part  of  the  phenomenon.  He  proves  that,  if  the  initial  spin  about  the 
axis  of  figure  exceeds  a  certain  limit,  it  is  possible  to  assign  a  limiting  value  to  the 
inclination  ot  the  axis  to  the  vertical  which  cannot  be  exceeded.  As  the  energy 
decreases  this  limit  also  decreases  and  becomes  zero  when  the  energy  is  reduced  to 
a  certain  value.    The  axis  mnst  then  he  vertical, 

13—2 
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gravity  G  ia  above  N,  hence,  if  F'  is  positive,  the  asia  of  the  new  couple  pointe  to 
the  right-hand  eide  of  OC,  and  therefore,  by  the  rale,  the  inolination  d  of  GC  to 
the  vertioal  is  jiioreased.  But  if  me  assume  tjiat  F'  acts  opposite  to  the  rotation  wj 
the  contrary  will  be  the  case  and  the  top  will  rise.  The  top  will  oontinae  to  rise  as 
long  as  F'  acts  in  the  same  direction,  that  is  as  long  as  the  sliding;  motion  lasts  in 
that  direction.  If  the  ground  were  perfectly  rough  the  friction  F'  would  act  alter- 
nately in  opposite  directions  and  would  thus  produce  no  permajient  effect,  see 
Art.  243  6. 

In  the  same  way,  the  friction  F,  it  positive,  ■will  produce  a  negative  couple  round 
the  asis  OB ;  hence,  by  the  rule,  the  asis  GC  will  move  away  from  GB  as  if  with  a 
preceasional  motion  round  the  vertical. 

244.     A  Rolling:  disc.     Let  the  solid  of  revolution  be  a  disc 
or  ring  of  radius  a.    We  now  have  GJV=0,     y        , 
PM  becomes    GP  =  a,  and   OM— a  sin  0,      \      1 
MP  =  a(iosO.     In  the  figure  the  disc  is  \i~f/^ 

seen  with  its  plane  perpendicular  to  the       ^    \(^ 
paper.     By  using  (5)  the  equation  (1)  of      -■"'  ^  \  ^ 
Art,  241  reduces  to  \    |-^ 

A  J  (sm'Oy}r')  =  Ct^,  sine  &...{!).  M      ^ 

The  equation  (2)  after  eliminatiijg  F  and  P.  becomes 
(A  +  a:')e"  +  (C  +  a'')msS.m$-^'-A  sin  0  cos  & ■\lr' "  =  - ag  cos  ff. 
Eliminating  F'  from  (3)  by  using  (7),  (9),  (10),  we  find 

{G+a'')m^'  =  a^suie6'f    (2). 

The  equation  of  energy  becomes 

{A  +  (1.=)  ^^  -1-  ^  sin^  e^|/^  +(0+  a=)  w^'  =  H-  2ga  sin  i?.  ..(3). 
These  results  also  follow  afc  once  from  Art.  241  a. 

244  a.    To  solve  these  equations,  wc  eliminate  f  between  (1)  and  (2).     We 


where  ^  =  ^ 


.<«!  +  «■)      eta"""         ■ 
>ut  COS  e~-p,  this  becomes 


*  if  -  (5  were  positive  and  of  the  form  m 

Sisineoos^'V-irdil'. 
le  C  lies  between  0  and  a\  the  value  of  m  is  imaginary.   Putting  m= 
where  A^=,8-  J  and  i=^  -  1,  we  find,  by  using  both  the  values  of  m,  that 
ia(ftloHQ)-i-JfBin  (Slog  Q)  , , 

.       ;/«- ''^' 

where  Q  =  co3S  +  i  sin  B  cos  jt  and  L,  M  are  two  ucdetermin 

*  That  the  solution  of  the  problem  of  a  rolling  disc  li 
equation  is  noticed  by  E^  G.  Gallop,  Comb.  PMl.  Trang.  xi 


7rU3=r(t 


■H7 
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We  may  also  deduce  from  the  original  difierential  equation  the  general  integral 
Gxpreasad  as  the  sum  of  two  infinite  convergent  secies,  viz. 

where  {n-hl]{n-i-2}  K„^^={n^  +  n  +  ^)  K^ 

antJ  L,  M  ace  the  two  arbitrary  constants.    Also  K^~  1,  K-^—  1. 

Having  eipressed  u,  as  an  explicit  function  of  e,  the  value  of  ^'  tollons  from  (1), 
we  then  have  Asin^B'ji'  —  jCui^smffdS,  The  value  of  8'  may  be  found  from  the 
equation  of  energy. 

244  b.  UxamplfiB.  Ex.  1.  To  find  the  least  angular  velocity  which  will  latiike 
a  hoop  coll  in  a  vertical  plane  on  a  straight  line. 

In  this  esamplc  8',  ^'  are  small  quactitiee  of  the  first  order  and  therefore  by 
Art.  244  (2),  uj'  is  a  email  quantity  of  the  second  order.  We  therefore  put  uij=n. 
To  find  the  small  oscillatione  we  also  put  d=Jir  +  x  where  x  is  n  small  quantity  of 
the  first  order.    The  equations  (1),  (2)  and  (3)  give 

Af-CD^^O,  {A  +  a')x"  +  (G  +  a''}n<f''  =  agx. 

We  solve  these  in  the  usual  way  by  writing 

3;  =  LEinXt,  f  =  Msm\t. 

Since  C=2A  in  a  disc,  we  find 

{A+   ^\-i     {   i+     )       g 
The  It       gl         It  hhvillmkx      real  qaantitj  is  given  by 

2(2^+)=5LttJlpb  h       C^a^  and  if  V  be  the  least 

vfiooity    tth         t       tg       tytl         jt       g         I>  lag.    Let  the  hoop  be  a 
disc,  th       C  =  i  tl  w    h        f    =.J         See  Art   15  e,  Ex.  2. 

Ex.  2      A  lar  d  placed      th    ta      m    eating  on  a  perfectly  rough 

horizontal  t  bl        1       p       vitl  g  1         1     ty  P  about  the  diameter  through 

the  poi  t    f         t    t     F  th  teady  m  t        the  centre  is  at  rest  at  an 

altitude  i  fi  /j7    lio      th    h  t  I  pl  '        I      the  radius  of  gyration  about 

a  diam  t  d    f     be  th         It         f  th    pi        t    the  horizon,  the  point  of 

ae  27rsino/li.     If  the  disc  be  slightly 
w  that  the  time  of  a  small  oscillation 
If        (f<-»-).m.      |i 

Ex.  3.  An  infinitely  thin  eiroular  disc  moves  on  a  perfectly  rough  horiKoatal 
plane  in  such  a  manner  as  to  preaerve  a,  constant  inclination  a  to  the  horizon. 
Find  the  condition  that  the  motion  may  be  steady  and  the  time  of  a  small  oscillation. 

Let  the  radius  of  the  diac  be^n,  and  the  radius  of  gyration  about  a  diameter  k. 
Let  Uj  be  the  angular  velocity  about  the  axis,  /i  the  angular  velocity  of  the  centre 
of  gravity  about  the  centre  of  the  circle  described  by  it,  r  the  radius  of  this  circle, 
then  in  steady  motion 

(21i!2+«^a.,=  ts>icosa-^ooto,       (2^=  +  a^  !■  =  -  t=a  COS  a  +  ^  cot  a. 

If  T  be  the  time  of  a  small  oscillation 

('^\V  +  a'J=''H*'(l  +  3coai''l  +  <'''ein'a}-7if(Bosa(6ft=  +  a=]  +  2»i^(2fc'^  +  a')-HaBina. 

Es.  4.  A  homogeneous  right  eireular  cylinder,  whose  altitude  is  twice  the  radius 
of  the  baae,  rolls  on  a  rough  horizontal  plane  with  its  axis  inclined  at  an  a^gle  45° 
to  the  vertical.  II  n  be  the  angular  velocity  about  ts  asie,  prove  that  in  steady 
motion  the  vertical  plaiie  through  its  aiia  turns  round  a  fised  vertical  line  with  an 
angular  velocity  fi  — » ■  30^2/31.  Show  that  the  instantaneous  axis  divides  the  axis 
of  the  top  in  the  ratio  31  ;  29.    Prove  aiao  that  the  period  27r/\  of  the  small  oseil- 
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latioDS  about  the  sleadj  motion  ia  given  by  ^^  +  —^i—]  =  (aTia"^  where  7i  is  tha 
radiiiB  of  the  base. 

The  motion  of  a  oylindet  lolling  on  its  e^e  mas'  be  deduoed  from  that  of  the  ^ohd 
of  revolution  by  putting  the  radius  of  curvatnte  /i=0.  The  general  i-eaults  for  tha 
oylinder  are  rather  long,  but  when  a=i5,  |=  -  ft,  ij^ft  wehaveji  =  ftJ2  and  3=0; 
putting  also  C= Jft',  A  =  -^lfi  the  resuita  are  cousiderablj  simplifiecl. 

Ex.  5.  A  Burfaea  of  revolution  rolls  on  another  perfectly  rough  eurfaee  of 
revolution  vFith  its  axis  vertical.  The  centra  of  gravity  of  the  rolling  aurface  lies 
in  its  axia.  Find  tha  cases  of  steady  motion  in  which  it  is  poasible  for  the  nxaa  of 
both  tha  surfaces  to  lie  in  a  vertical  plane  throughout  the  motion. 

Let  e  be  tha  inclination  of  the  axes  of  the  two  anrtaoes,  P  the  point  of 
contaat,  GM  a.  petpeudioular  on  the  tangent  plane  at  P,  PN  a  perpendicular 
on  the  axis  OC  of  the  rolling  body;  F  the  friction.  It  the  reaction  at  P;  n  the 
angular  velocity  of  the  rolliog  body  about  its  axis  GC,  /i  the  angular  rate  at  which 
O  deeoribes  its  cironlar  path  in  space,  r  the  radius  of  this  circle.  Than  in  steady 
motion  M/i!iin.e(Ci!-AiiQOBe)=  -F.6M-Ii.MP, 

n.FN+fiSind.GN^-rii, 
where  M  is  the  mass  of  the  body  and  a  is  the  angle  the  normal  at  P  makes  with  the 
vartieal.     These  results  ware  set  by  the  author  in  an  examination  paper  ia  the 
University  of  London,  1860. 

245.  Qeneral  equations  of  motion.  A  surface  of  any  form,  l-oUs  on  a  fixed 
horUonial  plane  under  ike  action  of  gravity.     To  foi'ia  the  equations  of  motion. 

Let  GA,  OB,  00,  the  prmeipal  axes  at  the  eentve  of  gravity,  be  Uie  axes  of 


reference  and  let  the  masa  be  unity.  Let  ^(f,  ij,  ^}  =  0  be  the  equation  of  the 
bounding  surface,  (f,  i/,  f)  the  coordinates  of  the  point  P  of  contact.  Let  {p,  q,  r) 
be  the  direction-cosines  of  the  outward  direction,  of  the  normal  io  the  surface  at 

o..,.i..,t,„r)..h.n         »/|=./g='/|- 

Firstly,  let  the  plane  be  perfectly  rongk.  Lat  X,  ¥,  Z  be  tha  resolved  parts 
along  the  axes  of  the  normal  reaction  and  the  two  frictions  at  tlio  point  (^i  i/,  f), 
and  let  tho  mass  of  the  body  be  unity.    By  Euler'a  equations  we  have  " 

where  accents  denote  differentiations  with  regard  to  tbe  time- 
Also  the  equations  of  motion  of  the  centre  of  gravity  are,  by  Art.  5, 
■a'-va^  +  wiai=gp-i- 
i/-iocB,-ntui3=3g  + 
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Also  sinte  the  lino  {p,  q,  r]  remains  always  vertioal  (Art.  18]. 

/  =  5„j_fU2.         g'  =  ™i-pwa,         r'=pw5-3iiJi (3). 

Since  the  poiut  (f,  j(,  f)  which,  for  the  jnoiueuf,  is  fixed  relatively  to  the  moving 
axes  is  also,  foe  the  moment,  fixed  in  spaoe,  we  liare  by  Act.  17, 

where  17,  F,  W  are  the  resolved  pacta  of  the  velocity  of  the  poiut  of  contact  P  in 
the  positive  <liveetions  of  the  aiea. 

246.  Secondly,  let  the  plane  be  perfectly  aiaootk.  The  ettuationa  (1),  (2),  (3), 
apply  equally  to  this  caae,  but  equations  (4)  are  not  trae.  Since  tke  resultant  of 
X,  Y,  Z  is  ft  ceaotion  R  normal  to  the  fixed  plane,  we  have 

X^-pE,         y=-gB,        Z=-rR (5). 

The  negative  sign  is  prefixed  to  E  because  (p,  q,  r)  are  the  direction -cosines  of 
tire  outward  direction  of  the  normal,  and  it  is  clear  that  when  these  are  taken 
positively,  the  components  of  R  are  all  negative.  If  at  any  moment  S  vanishes 
and  changes  sign  the  body  will  leave  the  plane. 

Since  the  velocity  of  Q  parallel  to  the  fixed  plane  is  constant  in  direction  and 
magnitude,  it  will  usually  be  more  convenient  to  replace  the  equations  (2)  by  the 
following  single  equation.  Let  GM  be  the  perpendicular  on  the  fixed  plane  and  iet 
MG  =  3.  then  s"=-g  +  B   (6). 

It  is  necessary  that  the  velocity  of  the  point  of  contact  resolved  normal  to  the 
plane  should  be  zero,  this  condition  may  be  written  in  either  of  the  equivalent 
forms                                              Up  +  Vq  +  Wr^O                         I  , 

>='  +  (y,<^,-t'-,)p-i-{^<^,-S'-^q  +  {i<^3'V-',)r=0\    '  '' 

247.  Thirdly,  let  the  body  slide  on  an  imperfectly  rough  plane.  The  equations 
(1),  (2).  (3)  and  (7)  hold  as  before.  If  p  be  the  ooefGoient  of  friction  the  resultant 
of  the  forces  X,  Y,  Z  must  make  an  angle  tan"'  ft  with  the  normal  at  the  point  of 
™of«ct   bene.  (Xp  +  Yq  +  Zrl  _  _1_ 

Also  since  the  resultant  of  {X,  Y,  Z),  the  normal  at  P  and  the  direction  of 
sliding  must  lie  in  one  plane,  we  have  the  determinantal  equation 

X(qW ~rV)  +  Y (rV -pW)-YZ  (pV-^irj  =  Q (9). 

Since  the  friction  must  act  oppoiite  to  the  direction  of  sliding,  we  must  have 
JCI7-t-rF4-2ir  negative.  When  this  vanishes  and  changes  sign,  the  point  of  eon- 
tact  ce^es  to  slide. 

If  the  body  start  from  rest  we  must  use  the  method  explained  in  Vol.  r.  Chap.  iv. 
to  determine  whether  the  point  of  contact  will  begin  to  slide  or  not.  The  rule  may 
be  biiefiy  stated  as  foEows.  Assume  X,  Y,  Z  to  be  the  forces  necessary  to  prevent 
sliding.  Then  since  «,  v,  w,  ul^,  u,,  wj  are  all  initially  zero,  we  have  by  differentiat- 
ing (4)  and  eliminating  the  di^ereutial  coefficients  of  u,  v,  io,  ui,  Ug,  Uj  three  linear 
equations  to  find  X,  Y,  Z,  in  terms  of  the  known  initial  values  of  (p,  q,  r)  and 
{S,  It  f)-  Tii^  point  of  contact  will  slide  or  not  according  as  these  values  make  the 
left-hand  side  of  equation  (8)  less  or  greater  than  the  right-hand  side. 

In  this  way  when  the  point  of  contact  is  fixed  for  the  moment  the  equations 
(1),  (2),  aud  (4)  are  mjideiit  to  find  the  initial  values  of  X,  Y,  Z,  i.e.  the  components 
of  the  reaction  at  the  point  of  contact.  This  is  also  the  rule  given  in  Vol.  i.  Chap.  iv. 
under  the  heading  Initial  Motiojis  to  find  the  initial  value  of  a  reaction,  viz.  we 
differentiate  the  geometrical  equations,  and  substitute  from  the  dynamical  equa- 
tions. This  seems  the  simplest  method  of  proceeding,  but  we  may  also  adopt 
either  of  the  following  methods. 

The  equations  to  find  X,  Y.  Z  may  be  obtained  by  treating  the  forces  as  if  they 
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were  indefinitely  small  impulses.  In  the  time  dt,  we  may  regard  the  bodj-  as  acted 
on  by  aa  impulse  gdt  at  G  and  a  blow  whose  compoaents  are  Xdt,  Ydt,  Zdt  at  P. 
It  is  shown  in  the  chapter  on  Momentnm  in  Vol.  i,  that  we  may  consider  these  in 
Buocession.  The  eSeot  of  the  first  is  to  oommunioate  to  P  a  velooity  gdt  in  a 
direction  normal  to  the  fised  plane  and  outwards.  If  P  does  not  slide,  the  effect  of 
the  blow  at  P  must  be  to  destroy  this  velooity. 

In  the  chapter  on  Momentum  in  Vol.  i,  certain  formulae  have  been  deduced  from 
the  ordinary  equations  of  impact  by  which  we  can  find  the  resolved  initial  velocities 
of  the  point  of  application  of  any  impulse.  A  geometrical  representation  of  these 
formulae  is  also  given  by  the  help  of  an  eUipsoid,  .E  =  constant,  where  E  is  the  vis 
viva  generated  by  the  impulse.  To  avoid  Uie  repetition  of  this  investigation  wa 
may  use  these  fonnolae  to  find  X,  Y,  Z.  We  accordingly  wi-ite  !i]=ps,  «i=?0t 
v!i  =  rg  and  %,  %,  ic^  each  equal  to  zero  on  the  left-hand  sides  and  (to  suit  the 
notation  of  (iiiB  article)  change  j),  q,  r  on  the  riglit-hand  sides  into  J,  ij,  i". 
Geomettioallj  the  point  of  contact  will  not  slide  if  the  diametral  line  of  the  fixed 
plane  with  regard  to  the  ellipsoid  called  E  makes  a  leas  angle  with  the  normal  than 

In  any  of  these  cases  when  p.  g,  r  have  been  found,  the  inclinations  of  the  prin- 
cipal axes  to  the  vertical  are  known.  Their  motion  round  the  vertical  may  then  be 
dedaced  by  the  rule  given  in  Art.  19.  When  u,  ii,  w  and  the  motions  of  the  axes 
have  been  found,  the  velocity  of  the  centre  of  gravity  resolved  along  any  straight 
line  flsed  in  space  may  be  found  by  resolution. 

248.  Some  integrals  of  these  equations  are  supplied  by  the  principles  of  angular 
momentum  and  vis  viva.    If  the  plane  is  perfectly  smooth  we  have 

XiOiP  +  Bu^g  +  Cujji'  -  a, 
Au^-i-Bi,i^  +  Ca^-\-{dzldtf=0-2gz, 
where  o  and  ^  are  two  constants.     If  the  plane  is  perfectly  rough  we  have 

249.  Examples.  Ex.  1.  A  body  rests  with  a  plane  face  on  an  imperfecQy 
rough  horizontal  plane  whose  coefficient  of  friction  is  >i.  The  centre  of  gravity  of 
the  body  is  vertically  over  the  centre  of  gravity  of  the  lace,  and  the  form  of  Ihe 
face  is  such  that  the  raditis  of  gyration  of  the  face  ahout  any  straight  line  in  its 
plane  through  its  centre  of  gravity  is  7.  The  body  is  now  projected  along  the 
plane  so  that  the  initial  velocity  of  its  centre  of  gravity  is  v^  and  the  initial  rota- 
tion aboot  a  vertical  axis  through  its  centre  of  gravity  is  u„.  If  u„  be  very  smaU, 
prove  that  the  centre  of  gravity  moves  in  a  straight  line  and  that  its  velooity  at  the 
end  of  any  time  t  iiv^-itgt.    If  u  be  the  angular  velocity  at  the  eame  time,  prove 

that  plog  —  =  1  -—  ,  where  k  is  the  radius  of  gyration  of  the  body  about  a  vertical 
through  the  centre  of  gravity.  [Poisson,  TraiU  de  Micani^e. 

Ex.  2.  A  body  of  any  form  rests  with  a  plane  face  in  contact  with  a  smooth 
fised  plane  so  that  the  perpendicular  from  the  centre  of  gravity  G  on  the  plane  faUa 
within  the  face.  If  the  body  is  then  struck  by  a  blow  whioh  passes  through  G,  or 
begins  to  more  from  I'est  under  the  action  of  any  finite  forces  whose  resultant 
passes  throi^h  O,  prove  that  it  will  not  turn  over,  but  will  begin  to  slide 
along  the  plane,  even  if  the  line  of  action  of  the  force  cnta  the  plane  outside 
the  base.  [Coumot.     See  Ai't.  240. 

Ex.  3.  A  heavy  ellipsoid  is  placed  on  an  inolined  plane,  touching  it  at  a  point 
P  whose  coordinates  referred  to  the  principal  diameters  are  (J,  ij,  i).  Deduce  from 
Arts.  24T   and  248  the   initial  values   of  the  reaction   at  P  when   the  plane  is 
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(1)  perfeotij  rough,  and  (2)  perfeotij  amooth.     Tbenea  deduce  the  initiivi  directioa 
of  raotjon  of  the  centre  of  gravity. 

250.  OsoillationB  on  a  rougb  horizontal  plane.  Whatever  the  shape  of  a 
body  may  be  we  may  Buppoae  it  to  be  set  in  rotation  about  tlie  normal  at  the  point 
of  contact  with  an  angular  -relooity  n.  If  the  body  continue  to  rotate  about  that 
normal  as  a  permanent  asia,  the  normal  must  be  a  principal  axis  at  the  point  of 
contact,  and  yet  it  must  pass  through  the  centre  of  gravity.  This  cannot  be 
unless  the  normal  is  a  principal  axis  at  the  centre  of  gravity.  K  however  n  =  0, 
this  condition  is  not  necessary.    There  are  therefore  two  cases  to  be  considered. 

Oase  1,  A  body  of  any  forai'  is  placed  in  equilibrium  resting  with  the  paint  C  on 
a  TOUgh  horizontal  plane,  with  a  principal  axU  at  the  centre  of  gravity  vertical,  and 
is  then  eet  in  rotation  with  an  angtiiar  velocity  n  about  GG,  A  sToall  disturbanee 
being  given  to  the  body,  it  is  required  to  find  the  motion, 

Oase  2.  A  body  of  any  form  is  placed  in  equiUbrium  on  a  rough  horizontal  plane 
vriththe  centre  of  gravity  over  tlie  point  of  contact.  A  small  diHurbame  being  given 
to  tlie  body,  it  is  required  to  find  tlu  motion. 

261.  Case  I.  Supposing  the  body  not  to  depart  far  from  its  initial  position, 
all  theqnantitieay,  q,u,v,v;,  w,,  wj  are  small  and  i=l  nearly.  Hence,  by  (3),  when 
we  neglect  the  sq^uares  of  small  quantities,  we  see  that  X,  Y  are  also  small,  aad 
that  Z=  -  g  nearly.  It  follows  by  (1)  that  uj  is  constant  and  -■.  =  n.  Also  |  and  ij 
are  small  and  f  =  k  nearly,  where  li  was  the  attitude  of  the  centre  of  gravity  above 
the  horizontal  plane  before  the  motion  was  disturbed.  The  equation  of  the  surface 
way,  by  Taylor's  theorem,  he  written  in  the  form 


i-^--A-a^-b-^-cy 


where  [a,  b,  c)  are  eoine  constants  depending  on  the  curvatures  of  the  principal 
sections  of  the  body  at  the  point  C. 

The  aqnares  of  all  small  quantities  being  neglected,  the  equations  of  Art.  245 

u'-m>=gp  +  X,        v'^wi^gq  +  Y, 

p'  =  nq-a^,         q'^a^-np, 

li-ni,  +  ;iu,=0,        u-;!Ui  +  «^  =  0, 

Eliminating  X.  Y.  u,  v,  w^,  a^  from  these  equations,  ire  get,  as  in  Art.  15, 
{A  +  h^)q"  +  {A  +B  +  2h^-  C)np' -  {{B  -Cjn^+hg  +  h^n^]  q=  -  iff  +  lm^)yi  +  h>ie, 
-(B  +  ftS)p"  +  (A  +  B  +  2ft=-0)ris'+({.l-C)«-^  +  Jiff+ftW|p  =  (j)  +  ftn*)f  +  fen^'. 

It  will  be  found  convenient  to  eipress  f,  !j  in  terms  of  p,  q.  The  right-hand 
sides  of  each  of  the  equations  will  then  take  the  form 
Lp-i^Mq  +  Ljp'  +  M^q'. 
To  solve  the  equations,  we  write  p^Pe^.  q  =  Qe'^  vshere  P  and  Q  are  two 
constants  (Art.  112).  Subetituling  in  the  equations  and  eliminating  PjQ  we  obtain 
an  equation  of  the  fourth  degree  to  find  \.  The  values  of  \  thus  fonnd  must  be  of 
the  form  ^/i^f  -Hi  the  motion  is  to  be  wholly  oscillatory.  Wheu  this  happens  the 
body  will  have  two  simultaneous  oscillatory  motions  whose  periods  are  2jr/(ij  and 
3ir^2(Art.  115], 

If  the  tangents  to  the  iiuea  of  curvature  of  the  moving  body  at  C  are  pai'aUel  to 
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tha  principal  ases  at  the  centre  of  gravity,  these  equations  admit  of  oonsiderable 
siraplification.     In  that  ease  the  equation  ot  tbe  aucfaoa  may  bo  written  in  the  fonn 

where  a  and  c  are  tlie  radii  oi  curvature  of  the  lines  of  curvature.     Tlie  right-hand 
sides  of  the  equations  then  become  respectively 

-{g  +  hn^)cg-i-}atap'  and  ig  +  lM^)ap  +  lmc(j'. 

To  satisfy  the  equations,  it  will  be  EuHUcient  to  pub 

p=Fco3{\t+f),        q  =  Gam(\t+f). 

This  simplification  is  possible  because  we  can  see  betoi'ehaiid,  that  if  we  substi- 
tute these  Talnes,  the  first  equation  will  contain  only  sin  (M  +/)  and  the  second  only 
oos(\(+/).  These  tjigonometrioal  terms  may  then  be  divided  out  of  the  equations, 
leaving  two  relations  between  the  constants  F,  G  and  X.  Eliiijinatiog  the  ratio  FjG, 
we  get  the  following  qaadratie  to  determine  X^ : 

=  \^^{A-i-B  +  2h^-  G -  ha]  {A  +  B  +  2h^-  G -hc\. 
If   X|,  \  are  the  roots  ot   this  equation,  the  motion  is  represented  by  the 
equations  p  =  ii',eo8(\,(+/,)  +  F50os(V+/5)| 

g=GjsinlV+/,)-l-G,sin{M+/jl|  ' 
where  GJF,,  Ga/P,  are  Imown  functions  of  Xj,  Xj  respectively,  anA  F„  F^ ,  f„  f^  aio 
constants  to  be  determined  by  the  initial  values  of  p,  q,  dpjdt,  dgldi. 

In  order  that  the  motion  may  be  stable,  it  ia  necessary  that  the  roots  ot  this 
quaSratio  should  be  real  and  positive.     The  conditions  may  be  easily  expressed. 

252.  Exam^as,  Ex.  1.  A  solid  of  revolution  ia  placed  with  its  axis  vertical 
on  a  perfectly  rough  horizontal  plane,  and  is  set  in  rotation  about  its  asis  with  an 
angular  velocity  n.  It  c  be  the  radius  of  ourvatnre  at  the  vertex,  ft  the  altitude  oi 
the  centre  of  gravity,  1:  the  radius  ot  gyration  about  the  axis,  k'  that  about  an  axis 
through  the  vertex  perpendicular  to  the  axis  of  figure,  show  that  the  position  of  the 

J^  +  te      ■ 

Ex.  2.  An  ellipsoid  is  placed  with  one  of  its  vertii 
horizontal  plane.  What  angular  velocity  of  rotation  n 
axis  in  oi'der  that  the  equilibrium  may  be  stable  1 

Result.     Let  a,  b,  c  be  the  semi-ases,  e  the  vertical  axis,   then  the  angular 

velocity  must  be  greater  than  w'-^-^ .  ■      ""1^^'^"''* ■        ■  [Puiseux.     Art.  9iO. 

Ex.  3.  A  solid  of  any  form  is  placed  in  equilibrium  with  the  point  C  on  a 
smooth  horizontal  plane,  a  principal  axis  GG  at  the  centre  ot  gravity  being  vertical, 
and  an  angular  velocity  n  is  then  communicated  to  it  about  GG.  A  small  disturb- 
ance being  given,  show  that  the  harmonic  periods  may  be  deduced  from  the  quad- 
ratic {A\^.i.  E)(B\^i-F)  =  [A +B-G)n^'  +  g^(p'-pf  sm^Seoe:'}, 
where  E  =  (13 -  C)ii^  +  g  {{h- p)  sin^ S  +  {h- p')eos^ d}, 
F=(A-C)n^  +  g{{h-p)oos.^S  +  (h-p')BixiH). 

Also  h  is  the  altitude  of  the  centre  of  gravity,  p,  p'  are  the  principal  radii  of 
curvature  at  the  vertex,  and  3  is  the  angle  the  principal  axis  GA  makes  with  the 
plane  of  the  section  whose  radius  of  curvature  is  p.  [Puiscus. 

Ex.  i.     A  heavy  rigid  body  witli  a  plane  base  rests  in  equilibrium  on  the  summit 


body  will  be  stable  if  n 
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of  a  toagi  fixed  sphere,  the  principal  axis  GC  at  the  centre  ol  gravity  G  being 
vertical.  It  is  then  set  in  rotation  about  the  axis  GC  with  an  angular  velocity  n,  it 
is  rei^uired.  to  determine  the  periods  of  the  oscillations  abont  this  steady  motion. 

In  the  general  case  the  result  ia  ratheclong,  but  it  is  simplified  when  ji  =  B.  Let 
(^1  9.  -  «)  be  the  coordiiiatea  of  the  point  of  contact  referred  to  ases  GA,  GB,  GC 
fixed  in  the  body.  Let  a  be  the  radius  of  the  sphere  and  let  the  mass  of  the  body 
be  unity.     We  then  have  j)  =  P sin  pt,  q  =  Q<ioapt,  where  p  ia  determined  by 

One  factor  is  obvionsly  p±n. 

H  (J,  Ti)  be  the  coordinates  of  the  point  of  oantaet  referred  to  aseu  fixed  in  space, 
wehavef=Psin(p  +  n)t,  >,  =  <acos(p  +  H)(. 

Ex.  S.  A  solid  cube  is  in  neutral  equilibrium  on  the  smnmit  of  a  rough  fixed 
sphere  of  radios  c.  It  is  then  aet  in  rotation  about  a  vertical  axis  through  its 
centre  of  gravity  with  angular  velocity  n.  Prove  that  this  state  of  steady  motion 
will  not  be  stable  unless  Ji' =-(55  + 7\/70)s/4c. 

In  this  ease  the  cubic  obtained  in  the  last  question  reduces  to 

The  roots  are  real  if  the  condition  given  is  satisfied. 

253.  Cate  2.  Betnming  now  to  the  general  problem  enunciated  In  Art.  250, 
we  proceed  to  disouss  the  oecillatioiis  about  equilibrium  of  a  heavy  body  resting  on  a 
rough  horinontal  plane  mith  the  centre  of  gravity  over  the  point  of  contact. 

Supposing  ilie  disturbance  to  be  small,  all  the  quantities  W[ ,  isg.  u/^,  u,  v,  w  are 
small.  Hence,  when  we  neglect  the  squares  of  small  quantities,  the  equations 
(1)  and  (9)  of  Art.  245  become  respectively, 

Jwi'  =  i)Z-fr,        BB,i'  =  i-Z-?Z,        C(^s'^iY-7,X   (i), 

n-=gp  +  X,         v-=gq-i-r,         w'  =  g  +Z  (n| 

Let  I,,  i(j,  fu  be  the  coordinates  of  the  point  of  contact  in  the  po  ition  ot 
eqailibrium,  and  let  i  =  £o  +  ii'  1  =  'Jo  +  ''i'  f— fo  +  fi-  Then  m  the  small  terms  ot 
equation  (1)  we  may  write  |„,  ?;„,  f„  for  J,  ij,  f.  Hence  differentiating  tbeie  ani 
eliminating  X,  Y,  Z,  u,  v,  hj  by  help  of  equations  (i)  and  (n)  we  j,et 

('l  +  V  +  W)"i'-Eo'!o<-Uo"5'=-  '(l'-fi)  (m) 

and  two  similar  equations. 

Let  pj,  q^,  i-Q  be  fiie  values  of  j),  q,  r  in  tbe  position  ot  eqnihbnum  Then 
Wi'o  =  '?o/9o  =  fo/''o— Pj  where  p  is  the  radius  vector  from  G  to  the  point  of  co  itact 
Nowinthe8malltennsofequationK(S)  we  may  write pj)(,,pju,pj(toi4o,5j(„  fj.  Henoe 
equations  (iii)  become  by  substitution  from  the  second  and  third  of  equations  (3) 

'i'^'  =  V«P'-"-hPi"-S{V-^) ("), 

and  two  similar  eqaations.    At  the  time  1  letp~p^+x,  g=So+^i  ^'"^  T=r„+z. 

Then  smoe   {Ve  +  ^f  +  {9(,  +  yT  +  (U  +  e)^=l,   we  have  p„x  +  q„y+r„i^O.     The 
form  of  the  surface  being  known  we  can  find  x,  y,  a  in  terms  off, ,  ij^,  f,,  and  thus 
express  ijr-f^,  fp-SiiS-IP'"  *be  form  -g  iyjr- l;q)=.Lx  +  My. 
The  equations  (Iv)  now  become 

-J«i'  =  iio(w"-i'„P!/"  +  La;  +  iK?/   (v|, 

and  two  similar  equations. 

Differentiating  equations  {3),  and  substituting  for  da^jdt,  dajdt,  dui^jdl,  from 
(v),  and  for  z  and  t"  from^o''  +  9o3/  + V=0,  we  get  equations  of  tbe  form 
Fx"-i-Gy"  =  Hx+Ky   1 
F,x"  +  0^"^H,x  +  K,y\- 
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To  solve   these   we  put  ie^Peos{M+f),  ;/  =  Qco3  (M+/) ;   substituting,    and 
eliminating  the  ratio  FjQ,  we  liave  tlie  following  quadratic  to  determine  \^  : 
j  F\^  +  H,       a\'  +  K   I  ,.. 

\F,\^  +  H^,     Gi\'  +  K,\  ' 

Thus,  by  vivtiie  of  the  relation  existing  between  x,  y,  z,  eaoh  of  these  may  be 
represented  by  an  expression  of  the  form. 

P,oos(V+/J  +  P2«>s(M+/d- 
Substituting  theae  values  in  equations  (v)  we  see  that  Wj,  u^,  «3  ean  each  be 
repreaented  by  an  expresaion 

J)i+EiOOS(X,(+/,)+£3COb(X5(+/,), 

where  E, ,  £2  are  knowa  tunctions  of  Pj,  Pj...  and  Xj,  Xa,  but  S)j,  il.^,  Qj  are  small 
arbitrary  quantities.  By  substitnting  in  equations  (3)  and  equating  the  ooefficiants 
of  coa(V+/i)  and  coafXjf+/s),  we  may  find  the  vs.lnes  of  Ej  and  E^  ^''^o"' ^i*''- 
oulty.  And  we  also  see  that  we  moat  have  Q-i!n  =  ^^1t,  =  ^^'^0'  ^  that,  of  the  three 
O,,  O5,  Jij,  only  one  is  really  arbitraj;y.  We  have  therefore  but  five  arbitrary 
Constanta,  via.  P-^.F^,  f,,fi,  and  Q^.  Those  are  determined  by  the  initial  values 
of  Q),,  bij,  Wj,  ic  and  ^■ 

To  find  the  motion  of  the  principal  axes  round  the  vertical,  let  ^  be  the  angle 
which  the  plane  containing  GC  and  the  vertical  makea  with  the  plane  of  AC. 
Then,  by  drawing  a  figure  for  the  standard  caae  in  which  p,  q,  r  are  all  positive,  it 
will  he  acen  that,  if  /i  be  the  rale  at  which  GC  goes  round  the  vertical, 

^  Vr^  =  oil  coa  ^  +  uj  sin  «  =  (p„Ui  +  3oU2J/>/l  -  V- 
Suhatituting  for  <i>j,  u^,  this  takes  the  form 

N       (\  +;)  +  w       (\  +0 
where  n^,  N     N  11  kn  t     t 

In  order  th  t  th     q    1  bn  m  m  y  b      tabl     t  y  th  t  I   tl    1  t 

of  the  quad  -at     (    )    h     hj  b         1      d  1      t  Th  d  m  j         ly  b 


The  oond  t         b  pp      d  fi  d    th        p  i  1/  H      ly 

contain  pen  d     1  t   -m         d    1       th         It  f  th    p        paJ  t     th 

vertical  will      t  b    se      hly  alta    dBtthp  C  y    -th 

contMn  anop       diltm       df       th        tetwhihthp         pi  ill 

go  round  th         ti    1  w  11    1  t  pe     dical  te  m       Tl     bodj    I  er  / 

may  gradually  h        !  d    1  I         ^    P  J 

The  express!       f  w  11        ta  Ij  p       di    t    m  tl    t  tl     1    d    w  11 

have  no  mot         f  ti      1  t  p 

Bodies  u  I    h   p  d  iy     W    m  3  m      f  th  It      f 

th        th       m    to      p!        tl     p    p    ty  p    se  ae  1  by         y     It  t 

h  t  h  t      t    p      m      t  ad  ly  h  t  1  t  hi    m  d   eoti        nl        Th 

1       1       bh        urfl       Ikbd         a^fitptedtby        TWlk  d 

h    dy  1  th    ry  w      g         b3  him       th    Q      t    Ij  Jim      I    f  M    I 

18J6      8     JhE  hbtdtthJ        mtgfthEylSoety   ItrtG 

bom      leo  wl    h,    f    p  li  eot        {th       lea  t  b  mg      rteal) 

1     1  in      pe  f    tiy  m  b  t    f    p  th      tl       di  ett  t 

beca       agit  td      deadpnng      Bf       hw         thy      mfinUyt         t 
th  y      m  t  beg       to         1  th      pp      t    dueoti      to  th  t  h   1  th  y 

L  t  I  dy  be  pi  ced  011  a  horizontal  table  and  spun  in  the  manner  deacribed  in 
Case  1,  Art.  351.  When  the  tangents  to  the  lines  of  curvature  are  parallel  to  the 
principal  axes  the  quadratic  which  gives  the  values  ol  X'  ia  seen  to  involve  only  ^ven 
potiiers  of  n.     The  values  of  \^  are  not  allectcd  by  changing  the  direction  of  rotation, 
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1  e  wntinR  -n  Soi  n  TJie  body  will  spm  ia  a  stable  manner  in  either  direotion, 
if  it  can  ^pm  at  all  Bat  when  the  tangents  to  the  lines  of  curvature  are  not 
parallel  to  tbe  piinoipal  axes,  the  eq.uution  which  gives  the  values  of  X'  or  ^t" 
contains  also  odd  potceis  of  n  Thus  the  equation  is  altered  by  ehaoging  the  sign 
of  ?i,  and  though  all  the  penoda  may  be  real  for  one  sign  o£  n,  this  may  not  hold  for 
the  other  s^n.  The  oscillations  may  be  peiinanent  with  one  direotion  of  rotation 
while  with  the  other  real  exponentials  may  occur  whose  presence  would  agitate  the 
motion.  Wlien  the  rotatory  motion  has  become  evanescent  the  motion  assumes 
the  tjpe  of  an  osoillatioa  about  a  position  of  equilibriam.  We  learn  from  Case  2 
(Art.  253)  that  a,  new  rotation  may  be  produced  which  is  not  neoessariiy  in  the  same 
direction  as  that  of  the  original  angular  velocity  n. 


Alotion   of  a  Ro<l 

254  When  the  bcdy  iilinae  motion  is  to  be  deiermiued  is  a  loi,  it  ii,  often 
more  oonvenient  to  leoui  to  the  orii,inal  equations  ot  motion  supphed  by 
D'Alembbits  principle  The  equations  ot  Lagrange  may  also  be  used  with 
advantage      These  methods  wiU  be  illastrated  by  the  following  pioblemg 

Ex.  1.  A  uiafona  heavy  rod,  suspended  from  a  Jixed  point  O  by  a  string,  make 
siimll  o$ciliaUons  about  the  vertii;al.     Determine  the  motfon. 

Let  O  be  taken  as  origin,  and  let  the  asia  of  a  be  measured  vertically  downwards ; 
let  2a  be  the  length  of  the  rod,  b  the  length  of  the  string.  Let  {I,  m,  n),  {p,  q,  r) 
be  the  diceotiou-eoaineE  of  the  string  and  rod.  Then  I,  m,  p,  q  are  small  quantities 
whose  squares  are  to  be  neglected,  and  we  may  put  n  and  r  each  equal  to  unity. 
Let  u  be  the  distance  of  any  element  du  of  the  rod  from  that  extremity  A  of  the 
rod  to  which  the  string  is  attached.  Let  {x,  y,  z]  be  tbe  coordinates  of  tbe  element 
dti,  then  we  have  x  =  bl  +  up,    y^bm  +  wq,    s~b  +  ti    -..(1). 

Let  il/  be  Hie  mass  of  the  rod,  MT  the  tension  of  the  stnng.  The  equations  of 
motion  of  the  centre  of  gravity  will  be 

bl"  +  ap"=-TI.        bm"  +  aq"=.-Tm,        0-g-T  (3), 

where  accents  denote  differential  coefficients  with  regard  to  (. 

By  D'Alembert's  principle  the  equation  of  moments  round  x  will  be 
Srfu  f!/s"  -  sy")  =  2d«  (tf2  -  s  r)  =  2*(  (jfS). 

By  (])  this  reduces  to  j     du  {-{b  +  u]{bm"  +  ttq")}=2ag  (bm  +  aq). 

Integrating,  we  get       -  &ab  {bin," +  aq")-6biAii" -8a\'  =  &as  {bm  +  aq), 
which,  by  (3),  reduces  to  Sbm"  +  iaq"  -  -  Bnq  (3). 

Therefore  by  (2)  and  (3)  the  four  equations  of  motion  are 

bl"  +  ap"—-gl,  3bi"  +  iap"--Sjip     (4), 

and  two  similar  equations  for  hi,  q.  These  equations  do  not  contain  »t  or  q,  and 
on  the  other  hand  the  equations  to  find  m  and  q  do  not  contain  I  or  p.  This  shows 
Uiat  the  oscillations  in  the  plane  aa  are  not  afieoted  by  those  in  the  perpendicular 
plane  yn. 

To  solve  these  equations,  put    i^Fsiii  (\(  +  o),    p  =  Gsin(M  +  a), 
we  have  b},'F  +  a\^0=gF,         bW  +  ^aX^Gr^gG; 

a6X*-{4a  +  36)3AH3ff^=0, 
and  the  values  of  \  may  be  found  from  this  equation. 

In  order  to  make  a  comparison  of  different  methods,  let  us  deduce  the  motion 
from  Lagrange's  equations.     In  this  ease  we  must  determine  the  semi  vis  viva  2' 
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tme  to  tlie  squares  of  the  amall  qnantities,  jj,  ij.  I,  vi,  we  canoot  tberfifore  put  r^l, 
n  =  l.     Since  p^+3^  +  r^=l,  P  +  m^+n^=l,  we  have 

we  mnst  therefore  replace  the  third  of  equations  (1)  by 

We  have        2jBa^=Sm(6=i''+2(.rjl'»+p'%^=JB"(W  +  26iyn  +  f  rtV). 
The  yalue  of  Swy'^  may  he  found  in  a  similar  manner.     The  valae  of  Sms'^  ia  of 
the  fourth  order  and  may  be  neglected.     Heuoe  the  lis  viva  is 

Also  we  have  U=  ~436{P4-m*)-^ga(p^  +  g^)+eonstant. 

d  dT     dT     dU  ^ 
The  equation  jT  377  ~  ^y  —  ■jT  beeomes  bl  +ap   =  -gl ; 

similarly  we  get  bl"+^ap"=  ~gp. 

These  equations  are  the  same  as  those  deduced  from  D'Alembert's  principle, 
and  the  solution  may  be  continued  as  before. 

255.  Ei.  S.  Impossible  motions.  At  the  entremities  A  anfl  B  and  at  the  centre  C 
of  a  finite  rod,  without  taasa,  are  attached  three  particles  of  equal  maGa.  The  rod 
is  oonstrained  to  move  on  the  suiface  of  a  smooth  fised  right  cone  and  the  system 
ia  not  acted  on  by  any  impressed  forces.  Any  initial  conditions  being  givea  it 
is  required  to  find  the  subsequent  motion. 

In  this  problem  the  rod  is  constrained  to  lie  on  a  generating  line  oi  the  cone, 
but  there  is  no  geometrical  reason  why  tlie  rod  should  always  remain  on  the  same 
generator.  We  shall  now  show  that  it  is  impossible  for  dynamical  reasons  that 
the  rod  should  change  from  one  generator  to  anolfter.  This  example  is  given  by 
MM.  A.  de  Saint-Germain  and  L.  Lecornu  in  Vol.  oxiv,  of  the  Camptet  Bendiia,  1892 
to  illastrate  the  general  principle  that  a  motion  geometrically  possible  may  be 
dynamically  impossible. 

Let  the  axis  of  the  cone  be  the  axis  of  z,  a  the  semi-angle,  and  r,  a,  ip,  the  polar 
coordinates  of  O.  Let  2a  be  the  length  of  the  rod.  By  using  the  principle  oi  vis 
viva  and  taking  moments  about  Os,  we  have 

3,^  +  (3^  +  2„s)Bin^„^'^^j, 

(3)-V3a=)*.'  =B\     *  '' 

where  accents  denote  differentiation  with  regard  to  the  time.     Since  the  centre  of 
gravity  moves  as  it  all  the  forces  were  applied  there,  we  also  have 
3/=-fSr=sin^a^-=C) 

3jV  =bS  ^  ' 

Keeolving  along  the  radius  vector  we  have 

r"~r<i,'^sm'a  =  0 fS). 

The  equations  {!],  (3)  and  (3|  require  that  either  ,J.'  =  0  and  r' is  constant  or  )=0 
and  ^'  is  constant.  If  then  the  centre  of  the  rod  ia  not  at  the  vertex,  the  rod  moves 
with  uniform  velocity  along  the  same  generator. 

To  constrain  the  rod  to  i-emain  on  the  cone  we  may  suppose  that  it  is  included 
hetween  two  very  close  co-axial  cones.  In  this  construction  if  the  initial  value  of 
f'  ia  not  zero,  the  rod  would  begin  to  place  itself  across  a  generator.  An  im- 
pulsive couple  would  immediately  act  on  the  rod,  with  the  result  that  the  rod  would 
move  along  the  generator. 

Another  way  of  introducing  the  constraint  is  to  mate  the  rod  pass  through  a 
amall  ring  O  at  the  vertex  and  also  pass  hetween  two  close  concentric  circular  wires 
fixed  in  a  plane  perpendicular  to  the  axis  of  the  cone.     In  this  oonstrnction  the 
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reaction  at  0,  though  perpendicular  ta  the  lad,  is  uot  neooEsarily  uocmal  to  the 
cone,  The  equations  (2)  cease  to  be  necessarily  true,  because  the  force  at  0  when 
transferred  to  C  may  do  work  aud  ma;  have  a  moment  round  the  axis  of  the  cone. 
There  is  now  no  dynamical  reason  why  the  rod  should  not  revolve  round  tlie  vertei 
while  remaining  on  the  cone. 

EXAMPLES'. 
1.    A  uniform  rod,  moveable  about  one  extremity,  moves  in  such  a  mauuer  &i 
to  make  always  nearly  the  same  angle  i  with  the  vertical;  show  that  the  time  of  a 

Bmall  oscillation  is  ir  * /g-  ■  Y~~?~r  ■  '*  '"^'"8  '''*  leogtli  of  the  rod. 

a.  If  a  rough  plane  inclined  at  an  angle  a  to  the  lioiison  be  made  to  revolve 
with  unitoim  angular  Telocity  n  about  a  n  irmal  O  and  a  sphere  be  placed  at  reat 
upon  it,  show  that  the  pat  be 

cnrtate  cycloid,  according  po 

without,  upon,  or  within 
axis  Oy  being  horizontal. 

When  the  sphere  is  p 
that  a  velocity  is  suddenly 

3.    A  circular  disc  cap  ca 

perpendicular  to  its  plan  oc       0 

uniform  sphere  is  gently  p  oe 

the  sphere  will  describe  a 
angular  velocity        ''^*°       n  „  ^ 


4.     A  sphere  is  pressed 
laade  to  revolve  with  the  ii         m 
peadiculat  to  their  plane.'. 

about  an  aiis  which  is  in  the  same  plane  as  tlie  aies  of  revolution  of  the  boards  and 
whose  distances  from  these  axes  are  inversely  proportional  to  the  angular  velocities 
about  them. 

Show  that  when  the  boards  revolve  about  the  same  axis,  their  points  of  coutoct 
will  trace  on  the  sphere  nmalt  circles,  the  tangents  of  whose  angular  radii  will  be 


<»    n  +  ft" 


I  being  the  radius  of  the  sphere  and  c  that  of  the  circle  describ< 


centre.  [Math.  Tripos,  1861. 

5,  A  perfectly  rough  circular  cylinder  is  fixed  with  its  asis  horizontal.  A 
iphei*  being  placed  on  it  in  a  position  of  unstable  equilibrium  is  so  piojected 
that  the  centre  begins  to  move  with  a  velocitj-  r  parallel  to  the  axis  of  the  cylinder, 
It  is  then  slightly  disturbed  in  a  dii'eclion  perpendicular  to  the  axis,  if  S  be 
the  angle  the  radius  through  the  point  of  contact  makes  with  the  vertical,  prove 
that  the  velocitj  of  the  centre  parallel  to  the  axis  at  any  time  1  is  1'  cos  ^|e, 
*nil  that  the  sphere  will  leave  the  cylinder  when  eoag^'f. 

fi.  A  uniform  sphere  is  placed  in  contact  with  the  exterior  surface  of  a  perfectly 
rough  oone.  Its  centre  is  acted  on  by  a  force  the  direction  of  which  always  meets 
the  asia  of  the  cone  ot  right  angles  and  the  intensity  of  which  varies  inversely  as 

*  These  Examples  are  taken  from  the  Esaminatiou  Papers  which  hai'e  been 
set  in  the  University  iind  in  the  Colleges, 
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tbe  cube  of  the  distance  from  that  axis.  Prove  that  if  the  sphere  be  propetl* 
gtttcted  the  path  described  hy  its  centre  will  meet  every  generating  line  of  the  cong 
on  which  it  lies  in  the  same  angle.  See  the  Solulioiis  of  Cambndge  Problemt  tor 
1860,  page  9'2, 

7.  Every  particle  of  a  sphere  of  radios  a,  which  \s  placed  on  a  perfectly  coogh 
sphere  of  radius  c,  is  attracted  to  a  centre  of  force  on  the  surface  of  the  fixed  sphere 
with  a  force  varying  inversely  hb  the  square  of  the  distance  ;  if  it  be  placed  at  the 
estremity  of  tbe  diameter  through  the  centre  of  force  and  be  set  rotating  about  that 
diameter  and  then  slightly  displaced,  determine  its  motion ;  and  show  that  when  it 
leavea  the  fixed  sphere  the  distance  of  its  centre  from  the  centre  of  force  is  a  toot 
of  the  equation  201^  -  13  (2c  +  a)  I'  +  Tn  (2c  +  aj^^O.  [Malh.  Tripoa,  1867. 

8.  A  perfectly  rough  plane  revolveB  nnitormly  about  a  vertical  axis  in  its  o»n 
plane  with  an  angular  velocity  »,  a  sphere  being  placed  in  contact  with  the  plane 
rolls  on  it  under  the  action  of  gravity,  find  the  motion. 

Take  the  axis  of  revolution  as  asis  of  a,  and  let  the  asig  of  x  be  fixed  in  the 
plane.     Let  a  be  tbe  radius;  the  mass  unity;  F,  F'  the  frictions  resolved  parallel 
to  the  axes  of  x  and  i,  and  R  the  normal  reaction.     The  motions  of  the  axes  (Ajt.  6) 
are  given  by  fli  =  0,  e^^O,  e^-n.     The  equations  of  motion  (Arts.  5,  10)  are 
u^dxjdt~an,  v^xii.  io  =  dzjdt. 

dujdt-vn^F,  dvldt  +  un  =  R,  du>ldt=  -g  +  F\ 

diijdt-nu^^  -F-ajk".  dtu,/if(  +  Hui^=0,  duJdt^FajkK 

Since  the  point  of  contact  has  the  same  motion  as  the  plane  the  geometrical 
equations  are  u  +  aui,=0,  w^aui^-O.  Solving  these  equations  we  find  that  the 
sphere  will  not  fall  down.  If  the  sphere  start  from  relative  rest  at  a  point  in  the 
axis  of  X,  we  have  jA=  - |jf (1 -cos (hI^HJ.  The  sphere  will  therefore  never 
descenit  more  than  Sglii'  helow  its  origiuHl  position. 

9.  A  perfectly  rough  vertical  plane  revolves  with  a  uniforra  angular  velocity  fi 
about  an  axis  perpendicular  to  itself,  and  also  with  a  uniform  angular  velocity  Q 
about  a  vertical  axis  in  its  own  plane  which  meets  the  former  axis.  A  heavy  uni- 
form sphere  of  radius  e  is  placed  in  contact  w^th  the  plane ;  prove  that  the  position 
of  its  centre  at  any  time  f  will  be  determined  by  the  equations 

7?"  -  SSl'f  -  2;ij'=0,  7j'"  +  2fiV  +  3/i(f'  +  i2aj)  =  0, 

z  denoting  the  distance  of  the  centre  from  the  horizontal  plane  through  the  hori- 
zontal axis  of  revolution,  and  {  that  from  the  plane  through  tlie  two  axes. 

Prove  also  that  lu  =  lcSl  +  ifib,  7ii  +  2,mu  =  0,  if  a  and  li  be  the  initial  values  of 
f  and  z,  H  and  v  those  of  rf^/rft  and  dzjdt. 

10  ^hoop  J  trUF  revolves  about  ifl  its  diameter  as  a  fixe!  vertical  axis  OF 
13  a  1  orizontal  diameter  of  the  iiame  circle  wh  ch  is  i^ithout  mais  and  \hich  is 
rigidlj  connected  to  the  circle  DC  is  a  smaller  concentric  hoop  wh  ch  can  turn 
freely  about  GF  as  diameter  If  1  ti  u  u  be  the  greatest  and  least  angular 
velocities  about  AB    <"!■  respectively   prove  thai  0   f)  -lu      u 

11  Oi  OB  OC  are  the  principal  axes  of  a  riiji  1  bodv  which  s  in  notion 
abotit  a  fixed  pomt  O  The  axis  OC  has  a  constant  inclmat  on  a  to  a  hue  OZ 
fixed  n  t\.&ce  and  revolves  with  uniform  angular  velocity  SI  round  it  and  the 
axis  OA  alnaya  !  es  in  the  plane  ZOC  Prove  that  tl  e  con'traii  ing  couple  has  its 
axis  coincident  with  OJJ  and  that  its  moment  is     [A     C}ii  snacoso 

13.  A  ring  of  wire,  of  radius  c,  rests  on  the  top  of  a  smooth  fixed  sphere  of 
radius  a,  and  is  eet  rotating  about  the  vertical  diameter  of  the  sphere  with  an 
angular  velocity  n.  If  the  ring  is  slightly  displaced,  prove  that  tbe  motion  is 
unstable  if  n'c'  is  less  than  ^g{2(i^-e')^{a'~c').  [Math.  Tripos,  1885. 
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Sinoe  the  ting  is  rigidly  connected  with  the  centre  of  the  fixed  sphere  it  may  be 
regarded  as  a  top  having  tho^t  point  for  vertex.  The  condition  of  stability  for  a 
top  has  been  shown  in  Art.  205  to  be  (flii''>4Agl.  Substituting  the  raiuea  of  A 
and  C  for  a  ring  the  raault  follows  at  once. 


13.    A  uniform  right  circular  cone  of  i 

nass  M'  is  capable  of  turning  freely  about 

its  vert        h   h      fi  ed   b                ghb 

IB     t  It  hi        wl    h           ih        fm 

M  and   -ad              Th                 11          H 

aph       vih             t          d        bmg  w  th 

velocity  1             1      f      di      6     h  se  ee 

t               t  colly  bal  w  th         t        f  th 

none;  p         th  t        th      t    d         t 

f  th                  d  th      ph        th            lar 

velocity  i!    f  th                b     t    t             m 

[n^6s     ^       ^     T  (                  J3       T    6 

y     b         milHI>+           (5)   m/] 

and  that  the  condition  that  such  .teady  motion  maj  be  possible  is 

wliere  y  is  the  semi-vertical  angle  of  the  cone,  a  the  inclination  of  its  ttsis  to  the 
vertical,  j3  =  a-7,  and  ft,,  ftj  are  the  radii  of  gyration  of  the  cone  about  its  axis  and 
a  perpendicular  to  its  axis  througb  the  vertex,  and  h  is  the  distance  of  the  centre  of 
gravity  of  the  oone  from  ita  vertex,  and  n  the  spin  of  the  sphere  about  the  vertical, 

[Math.  Tripos.  1889. 
14.  A  rough  sphere  of  radius  a  and  radius  of  gyration  K  capable  of  moving 
about  its  centre  is  initially  at  rest;  another  sphere  of  Ijn  the  mass  and  of  radius  6 
and  radius  of  gyration  k  is  placed  gently  on  it,  having  initially  an  angular  velocity  u 
about  the  common  normal  which  makes  an  acute  angle  a  with  the  vertical  drawn 
apwards.    Prove  that  the  second  sphere  will  not  roll  oft  provided 

'-=>^|^[|{(3/'  +  l)="V<!os2a}seca,  where  ^^a^/^^HiV-t^- 

[Math.  Tripos,  1388. 
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CHAPTER   VI. 

NATlIEli;  OF  THE  MOTION  GIVEN  BY  LINEAR  EQUATIONS 
AND  THE  OONDITIOKS  OF  STABILITY. 

Linear  Differential  Equations. 

256.  It  has  been  shown  in  Chap.  III.  that  the  problem  of 
determiniog  the  small  oscillations  of  a  system  about  a  state  of 
steady  motion  is  really  the  same  as  that  of  solving  a  corresponding 
system  of  linear  differential  equations.  In  that  chapter  the  forces 
were  assumed  to  have  a  potential,  so  that  the  differential  equations 
had  a  certain  symmetry  which  simplified  the  solution.  We  now 
propose  to  remove  this  restriction.  Taking  the  differential  equa- 
tions in  their  most  general  form,  but  still  with  constant  coefficients, 
we  shall  briefly  discuss  any  peculiarities  of  their  solution  which 
appear  to  have  dynamical  applications. 

The  chief  object  of  this  chapter  is  to  determine  the  conditions 
that  the  undisturbed  motion  should  be  stable.  This  resolves 
itself  into  two  questions  (1)  under  what  inrcumstanoes  do  positive 
powers  of  the  time  enter  into  the  expressions  for  the  coordinates, 
and  what  is  the  highest  power  which  presents  itself?  (2)  when 
the  roots  of  the  fundamental  equation  cannot  be  fownd,  what 
conditions  must  be  satisfied  by  the  coefficients  of  that  equation 
that  stability  may  be  assured?  In  oi'der  to  make  our  remarks  on 
these  two  questions  intelligible  it  will  be  necessary  to  sum  up  a 
few  propositions  which  belong  rather  to  the  theuiy  of  differential 
equations  than  to  that  of  dynamics.  The  discus&ion  of  the  first 
question  begins  therefore  at  Art.  26S  though  alluded  to  before 
that  article.  The  second  question  will  occupy  the  ne\t  ■section, 
257.  roUowine  the  same  notation  as  in  Art,  ill,  let  0,  (6,  &Q  be  the  co- 
ordicatflB  of  the  sysiem.  Let  the  eyatGm  be  moving  m  any  known  manner 
determined  by  8=f{t},  <Ji  —  F(t],  &a.  We  now  suppose  tiie  system  to  be  siightly 
disturbed  from  this  state  of  motion.  To  discover  the  subfeequent  motion  we  put 
e—f(t)  +  x,  'ji  —  F{t)  +  y,  &a.  Tiiese  quantities  ar,  y,  &a  are  in  the  first  mstanoe 
very  small  because  the  disturbance  ia  small.  The  quantities  j;,  y,  &c  are  said  to 
be  tmall  when  it  is  possible  to  choose  some  quantity  numerically  greate)*  than  all  of 
them  ■which  is  suoh  that  its  square  can  be  neglected.  This  quantity  may  be  called 
the  standard  of  reference  for  small  quantities. 
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2  8      T    de     m  &       emaiii  small,  we  substitute  these  new 

\         I  8  ij>  &  li  m     on.    Assuming,  for  the  moment,  that 

J    &c       main    msJ  m  g  heir  sijuares,  and   thus  the  resulting 

5     t         w  U  b  T  ffi  X,  dxjdt,  ri=ic/(Jt=,  y,  dyjdt,  &a.  in  these 

H     t  m  J  h  notions  of   the   time.    Following  the 

d  fi    t  n  Art  h         d      n't      motion  in  the  former  case  is  said  to 

b      t    dy 

E9     W  pr  po«e  der  h       h       se  in  which  the  system  depends  oa  two 

d  p     d    t     o  d  (as  mes  called)  has  two  degrees  of  freedom. 

Th  which  ocoors  very  frequently,  and  as  the  lesults  are  comparatively 

mjl     t    eema  woithy  ol  a  aeparate  disouhsion     We  =hall  then  proceed  to  the 

g  1  n  which  the  system  has  any  number  of  coordinates 

bO  Tw  desrecB  of  freedom.  The  equations  of  motion  of  i  dynamical 
t  m  p  f  ming  its  natuial  osoillatiuns  with  two  di^grees  of  treedom  may  be 
tt  th    foim 

To  solre  these  equations  we  put 

the  e   aupp  s    ons  ev  dently  satisfy  n     the   b  st   equation  whatever  V  may  be. 
bul  nfc   n  t  e    eoo   i   and         g  the  a  mbol  5  to  repiesent  ~  for  the  sake  of 

b        y  we  fi   d 

\iSBS  AS'     B5  +  (,  f  F=0. 

I  JlO'  +  Fo  +  tr  ho'^  +  Fo  +  li  I 
This  is  an  equation  to  find  V  in  terms  of  (.  Since  6  enters  into  tlie  determinant 
in  the  fourth  power,  the  value  of  V  when  found  will  contain  four  arbitrary  oonstanta. 
Thence  we  find  both  x  and  y  \is  means  of  the  formulae  given  above.  It  will  be 
observed  that  these  require  no  operation  to  be  perfovmed  except  dijffermitiation.  Thus, 
no  matter  how  complicated  V  may  be,  the  values  of  x  and  y  readily  follow. 

261.     Let  4  (S)  represent  the  determinant  which  is  the  operator  on  V.     Then 
making  A  (S)  =  0  we  have  a  biquadratic  to  find  8     If  the  roots  of  this  biquadratic 
n,  w   k     wb    th       If         1      gdft        t   1    i  th  t 

yih       L    L    L     L  thf  btry         tat 

If     II  th          t      f  th     b  q  adr  ti                 1  and         q  al    th          th    p    p 
I               t       se  f      I      B  t    t  tak                   ti     f  diff        t  f    m       i        th 
bqdtoota        mgmy         ql        t       Tlsehw                 d        bed 
th    th            ftiifi        tal     1     t               1      11  b        mm  1    p        Ait      64 
362     K     V      greea      fr         nu    Th     q     t           h   h                Dy     m 
%          i    11    t  th       CO   i      d      b  t        tl           t     t                t  h  t 

fll                 hU]i        thqt         t          t        dff        ti        fli       tfy 
d 
Ltth       b         Ipedt           hies      i          t  1  b         J        &         A  md 

p    d    t          hi       1          til           If  tl       y.  b  1  3      p    se  t  d  fl        tiat        w  th 
regard  to  (,  the  n  equations  to  find  x,  y.  Sue.  may  be  wiitten  ; 
/ii(3)^+/i3(5)!/+A3(3lJ+.-.=01 
/,.(3).T+/„(5)!/+/s3{5l2+...=0V (1).  . 

=o) 

H— 2 
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To  Bolve  these,  we  use  the  analogy  which,  esista  between  the  rules  for  combining 
symbols  of  differentiation  and  those  of  oomraon  algebra.  Omitting  for  the  moment 
any  one  equation,  say  the  ficat,  and  pcoceeding  to  solve  the  remaining  n-  1  equations 
by  the  rules  of  common  algebra,  we  find  the  ratios 

where  eaeh  of  the  equalities  has  been  pat  equal  to  7.  Here  we  have  used  the  letter 
I  to  stand  for  the  lujnors  of  the  determinant 

■l(')-|/B(»)./r.(«),/>.(»),...  I   »)■ 

/„(»)./,.  m.Aii),- 

The  snffis  of  the  letter  I  indicates  the  number  of  the  column  in  which  the  oon- 
stitaent  of  the  omitted  equation  lies  whose  minor  is  required. 

Substituting  these  values  of  x,  y,  z,  &c.  in  the  equation  previously  omitted,  we 
obtain 

A(5)F=0 (4). 

This  is  au  equation  to  determine  a  single  quantity  Fas  a  function  of  t.     We 
may  call  V  the  type  of  the  solution.     Supposing  this  equation  to  be  solved  by  the 
usual  rules,  the  values  of  x,  y,  z,  &e.  are  found  by  equations  (2).    Thus  we  hare 
a:  =  /i(8)r,     y=I^{S]V.&a (E). 

These  operators,  Jj  (3),  Zj  (S),  *e.,  are  all  integral  and  rational  fimctiani  of  J  ; 
so  that,  wlien  V  is  once  knoiim,  all  the  other  operations  neoessary  for  the  complete 
solution  of  the  equations  are  reduced  to  the  cjw  operation  of  continued  diffei  eatiatioii 

263.  This  arrangement  of  the  solution  of  the  differential  equations  (1)  has  the 
advantage  of  expressing  the  results  by  means  of  integral  and  rational  functions  of 
the  symbol  5.  In  practice,  this  will  be  iouni  to  intioduoe  a  great  simplification 
into  the  solution.  The  type  V  can  alwayj  le  immediately  written  down  by  the 
UBUfl)  rules  for  solving  equation  {i).  It  is  somttime^  verj  oumpheated  and  in  such 
cases  it  is  very  convenient  to  be  able  to  deduce  the  forms  cf  i,  y,  ;,  &i.  without 
having  to  perform  any  inverse  operation. 

264.  SUCecent  types  of  the  solnUoii.  If  the  roots  of  the  determinautal 
equation  A(5)  =  0bemi,  m^,  &c.,  the  type  F  is  known  to  tie 

F=t,e™''  +  Lae'"'^+ (6), 

where  Z-j,  L^,  &a.  are  arbitrary  constants.  When  a  pair  of  imaginary  roots  of  the 
form  r^pfj -1  occurs  we  replace  the  two  corresponding  imaginary  esponcntiaJs 

by  the  terms  r=c'''(L  cofi^i  +  ilf  ainpS)  (7)- 

E  equal  roots  occur,  the  value  of  V  thus  given  has  no  longer  the  full  number  of 
constants.  Supposing  that  we  have  a  roots  each  equal  to  mi,  the  type  of  the  solution 
which  depends  on  these  roots  is 

F=(I,9  +  Lit  +  ...+Z,^_j('''"^)e"" (8) 

where  the  L's  are  a  arbitrary  constants.     This  may  be  put  into  the  form 

If  we  have  o  equal  pairs  of  imaginary  roots  of  the  form  r  ±p  ^/  - 1  we  replace 
the  a  pairs  of  terms  by 

f'-'(ir.„oosp(  +  il/„3inpt|+  ^-e'-^  [LtaQipt  +  M^smpt)+&ti .(10], 
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Here,  if  we  please,  we  may  replace  the  differentiation  with  regard  to  r  by  a  differen- 
tiation with  regard  to  p. 

The  peculiarity  of  the  case  of  equal  roots  is  the  presence  of  terms  containing 
some  power  of  t  as  a  factor.  The  occurrence  of  a  equal  roots  in  general  indicates 
the  p'esenoe  of  terms  containing  all  the  integral  powers  of  t  up  to  (""  . 

265.  In  order  to  deduce  the  correapondinB  values  of  a;,  y,  ifeo.  from  these  types, 
ne  shall  have,  in  the  ahsenoe  of  equal  roots,  to  operate  with  sortie  integral  and 
rational  function  of  S  such  as  I  [S]  on  an  csponential  real  or  imaginary. 

I.  We  have  the  theorem        I  (5)  «""*  =  I  {m)  e™', 

BO  that  when  the  coots  of  the  equation  !i(3)  =  0  are  all  real  and  unequal  we  have 
immediately  x  —  L,I,  (m,)  e   '  +^3^^]  (%)  K  ''  +ite., 

y  =  LJ^  K)  «*"''  +  L/s  (ma) «™''  +  *c. , 

e=*c. 

II.  If  X  be  any  function  of  (,  we  have  the  theorem  I  (3)  £■■«  X^e''' I  (S-f-f)  X, 
so  that  when  a  pair  of  imaginary  roots  oeoura,  and  we  have  to  operate  on  the 
product  of  a  real  esponentlal  and  a  sine  or  cosine,  we  can  immediately  remove  the 
real  exponential,  and  reduce  the  operator  to  that  of  continued  differentiation  of  the 

III.  We  have  the  theorem        /(8^  sinm(=/(-m^)Binmt. 

Hence  if  we  have  to  operate  with  F{S),  we  arrange  the  operator  in  the  form 
<li{^)  +  8i^  {S') .    We  then  have  F  (5)  sin  ml  =  ^  ( -  nt=)  sin  ni(  +  jt  ( -  vi^)  jit  cos  m(. 

266.  When  the  determinantal  equation  A(5]^0  has  equal  roots  we  have  to 
operate  on  expressions  which  contain  some  powers  of  t.  But  since  the  operators 
d/d(  and  dfdm  or  djdr  are  independent  we  may  use  the  theorem 

dm  dm 

Thus  when  the  equation  A  (5)  =  0  has  o  roots  each  equal  to  ni  we  may  write  the 
solution  given  by  equations  (5)  and  {9)  of  Ai'ts.  262,  264  in  the  form 

267.  Ex.  1.  If  there  be  two  roots  of  the  determinantal  equation  A  (5)^0  each 
eqnal  to  la,  sliow  by  an  actual  comparison  of  the  several  terms  that  we  have  the 
same  solutions  for  ic,  y,  &c.  whether  we  nse  as  operators  the  minors  of  the  first  or 
the  minors  of  any  other  row  of  the  determinant  A  {S). 

Ex.  2.  The  values  of  x,  y,  &e.  are  obtained  from  Vby  operating  with  certain 
functions  of  S,  via.  Ii{B),  I^iS),  Sea.  If  instead  of  these  operators  we  use  /il^  (5), 
IJ.I2  (S)i  &c.  where  fj.  is  some  function  of  5  such  as  /i=/(i),  show  (hat  the  effect  is 
merely  to  alter  the  arbitrary  constants  i^,  Z,,  dto.  Thenoe  show  that  the  solutions 
are  the  same,  whether  there  be  equal  roots  or  not,  whatever  set  of  first  minors  of 
A  (S)  are  used  as  operators. 

263.    An.  indeterminate  ease.    If  the  roots  of  tlie  determinantal  equation 
A(i)  =  0  are  m^,  m^,  &c.  we  have  shown  that  the  values  of  x,  y,  &o.  are  given  by 
x=ZLIi{Mi)d^,    y  =  XLI^{m)e'^.&:a. 
But  we  see  at  tmce  that  there  is  a  case  of  failure.    If  one  of  the  roota  of  the 
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equation  A  (3)  =  0  makes  all  the  minora,  Ji  (m),  Ij  (m),  &e.  eqnal  to  zero,  the  solution 
becomes  incomplete,  for  then  one  of  the  oonstantB  called  L  ffieappears  from  the 
solution.  If  all  the  minora  of  only  one  row  vaniehed,  we  oould  find  the  values  of 
a.  y,  !,  &o.  by  choosing  as  our  operators  the  minora  of  some  other  row.  But  this 
cannot  be  done  if  all  the  minora  of  ali  the  tows  are  zero. 

260.  Wo  shall  now  prove  that  this  indeterminate  case  cannot  occur  unless  the 
deterniinantal  equation  A(i)  =  0  has  equal  roots.  To  show  this,  we  differentiate 
equation  (3)  of  Ai't.  362.    We  find 

where  the  letter  I  stands  for  the  minor  of  that  coastitnent  of  the  determinant  A  (5) 
which  is  indicated  by  the  suffis.  We  notice  that  the  right-hand  side  of  this  eyua- 
tiou  vanishes  when  all  the  Qrst  minors  are  aero.  Thus  the  equation  A(S]  —  ()  must 
have  at  least  two  equal  roots.  In  the  same  way,  if  the  second  minors  are  all  zero 
also,  any  first  minor  h^  two  equal  roots,  and  therefore  the  original  equation  has 
three  eqnal  roots,  and  so  on. 

270.    We  may  notice  two  obvious  results.      (1)     If  all  the  first  minors  of  a 
determinant  have  a  root  a  times,  the  determinant  has  the  root  a  +  1  times  at  least. 
(3)    If  a  determinant  have  r  equal  roots,  and  ali  Its  first,  second,  &c.  minora  vanish 
for   '  '  ....  ...     gqna]^  joot  ^_  ]^  tJi^gg^  g^jt,  gf 

the 

ge's   determinant  to  find  the 
per:  at  a  position  of  equilibrium. 

Art  lai  roots,  then,  by  Art.  366,  we 

ma;  a  term  of  the  form  {A  +Bt)e^. 

Thi  wers  of  the  time. 

By  Art.  61  we  know  that  every  first  minor  of  Lagrange's  determinant  also  con- 
tains this  root,  BO  that  the  solution  given  bj  Art.  266  fails.  Aooordingly  we  shall 
find  in  Art.  373  that  the  solution  does  not  contain  any  powers  of  the  time,  but  that 
the  independent  constants  arrange  themselves  in  another  manner  which  may 
be  conveniently  represented  by  using  a  double  type  of  solution.     See  also  Art.  281. 

273.    We  may  now  consider  the  following  general  problem : — 

Let  tlie  determinaia  A{S)  have  a  roots  each  equal  to  m.  Let  p  of  these  roou  make 
every  first  minor  o/A(8)  equal  to  zero.  Let  y  of  these  last  make  every  lecond  minor 
equal  to  zero,  and  to  on.  It  i>  required  to  state  the  general  form  of  the  lolution  and 
to  explain  hom  the  a  constants  in  that  solution  are  to  be  found. 

OoltMoa  with  a  single  tjrpOi  First,  let  us  consider  the  a,  roots  which  are  equal 
to  Ml.  It  has  been  proved  in  Art.  966,  that  the  part  of  the  solution  which  depends 
on  these  may  be  written  in  the  form 

with  similar  espressions  for  y,  z,  &o. 

If  these  first  minors  are  finite,  these  formulae  contain  powers  of  t  from  t"  to  f-l, 
and  thus  supply  the  o  constants  which  belong  to  tiie  a  equal  roots.  It  tlie  first 
minors  have  j3  roots  equal  to  m,  J,  (m),  7j  {m),  &t.,  and  their  differential  ooefiicients 
up  to  the  (^-I)th  are  all  zero.  In  this  case  the  powers  of  (  es;,end  only  to  1""^"^ 
and  thus  these  formulae  do  not  supply  the  full  number  of  constants. 

When  all  the  first  minors  have  the  root  o  times  and  all  the  seeond  minors  have 
the  root  p  times,  we  know  by  Art.  270  that  o  -  ^  - 1  cannot  be  negative. 
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278.  Bolutioii  nritli  a.  double  typa.  To  And  the  proper  forms  for  x,  y,  &c. 
when  the  lirat  minors  are  all  zero,  we  return  to  the  analogy  between  operations  and 
quantities  alluded  to  in  Art.  262.  We  now  reject  acy  two  of  the  equatiooa  (1),  say 
the  first  two.  Solving  tbe  remaining  it- 2  equations  we  can  express  all  the 
ooordinates  s,  u,  Sen.  in  terms  of  x  and  y,  thus  obtaining  a  series  of  equations  of  the 

where  the  functional  symbols  are  really  second  minors  of  the  determinant  A  (5). 
We  now  substitute  these  expreasions  for  z,  u,  &o.  in  the  two  omitted  equations. 
These  two  equations  will  be  satisfied  provided  x  aad  y  iiave  any  values  which  make 
J  (5)  3!  =  0  and  7(5)  ^  =  0,  where  I  (S)  is  any  first  minor  o£  A(a). 

We  notice  also  that  these  two  equations  are  satisfied  by  the  separate  parts  of 

these  values  of  s  «  &0   which  arise  from  x  and  from  y.    We  may  therefore  arrange 

th        it  t    t.  cl  th        t       p    t       parately,  and  then  finally  add  the 

It       Th    f  il  wing  m    t      11  be  found  convenient  in  practice. 

Wh      tl     fii  t  m  aa      II  ]    t  some  one  of  the  given  differential 

qtn(l)        ythhtWh  H-1  equations  to  determine  the  re 

du  ate       P  ttin    y  —  O      th         q     t  ve  find  x,  z,  dfeo.  in  terms  of  a  single 

type      wh  t  th      q     t    n  Z  (  )       0.     Here  J,  represents  the  minor  of 

th    sec     d  1 1    ct    f  tl     fi    t  1         t    he  detei-minaut  A  (B).    We  write  the 

It        th      f        1    a  th    f    m 

=  J     (S)|  J  =  0  1=723(3)1,  &o. 

wh       th      [       t       a     tl  d      no       !  the  constituents  in  the  first  two  lines 

of  A(S),  Nest,  putting  a=0  instead  of  y  in  the  equations  after  the  first,  we  obtain 
another  solution,  by  which  x,  z,  &o.  are  expressed  in  terms  of  another  single  type  i/. 
Here  ij  satisfies  the  equation,  Zj  (8)ij=0,  where  Zj  is  the  minor  of  the  fiiet  oonstltueat 
of  the  first  line  of  A  {S).     We  write  the  solution  thus  found  in  the  form 

x  =  0,        y  =  J,s{S)il'        ^=-^i3{S)v,  fee. 
Adding  these  two  solutions  together,  we  have  Uie  following  values  of  x,  y,  z,  &c. 

a^— '"ii  (5)  i,        y='fi^  (S)  V,        2  =  Jss  (S)  f  + J,,  (B)  1,,  &c. 
These  evidently  satisfy  all  the  equation  pt  th      n       j    t  d     But  this  equation 

also  is  satisfied  because  by  hypothesis  w  tak  th  [  t  nly  f  these  solutions 
which  make  all  the  first  minors  eqnal  t 

The  types  |,  t)  have  the  same  expon  nt  al  1  t  w  th  diff  nt  constants,  the 
operators  also  are  diSerent.  Suppose  t  ampl  th  d  te  m  n  at  A  (B)  had  two 
roots  only  equal  to  nt  and  that  these  mak  7  h  t  min  f  A  (S)  equal  to  zero. 
The  terms  of  x,  y,  i,  &o.  which  depend    n  tb  t      th     tl  an    t  are  found  each 

from  its  own  exponential  hy  the  m!e  given  in  Art.  262  for  a  single  type.  The  terms 
of  ic,  y,  s,  &a.  which  depend  on  the  root  m  are  found  by  putting  l—hje"",  ij  —  L^e''^ 
where  Z,,  and  L^  are  two  diSerent  arbitrary  constants.  The  portions  of  the  solution 
due  to  these  are  respectively 

iC^ii/gj(TH,)e'"'.        H  =  0,        2=£,J,3(m)e"«.  &o. 

where  <r„j  is  a  seoond  minor  which  may  be  deduced  from  A  (3)  by  rejecting  the  ath 
and  6th  columns  and  the  two  first  rows,  giving  the  second  minor  thus  left  its  proper 
sign.  The  suffii  2  occurs  in  every  J  in  the  first  line  and  the  suffix  1  in  every  J  in 
the  seoond.  The  complete  solution  due  to  the  root  m  is  the  sum  of  these  two 
partial  solutions.  We  notice  that  the  two  arbitrary  constants  Lj,  L^  so  enter  into 
the  values  of  3;,  y,  s,  &c.  that  the  esponential  e'"'  is  accompanied  by  two  arbitrary 
constants  instead  of  one  and  these  are  not  separated  by  the  presence  of  powers 
of  t. 
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274.  If  the  minors  whioh  the  types  J  and  if  are  to  satisfy  oontiiin  the  root 
S  =  m,  ^  times,  we  have  therefore 

i7  =  (ff„  +  H-jH-,„+fl-g_ll^"V™'. 
The  oovresponding  values  of  i,  y,  &c.  are  found  by  substitution,  and  may  be 
written  in  the  form 

with  similar  espressious  for  y,  &t. 

The  peouiiaritj  of  the  solutious  which  are  derived  from  the  double  type  f,  ij  is 
that  the  eorrespondicg  terms  in  the  expressious  for  x  and  y  have  independent 

If  the  second  minors  which  form  the  operators  are  all  finite,  these  formulae 
eoutaiu  powers  of  t  up  to  t^~^  and  supply  2(3  ooustants.  But  if  these  second 
minors  contain  7  roots  equal  to  m,  the  powers  of  (extend  only  to  t^'"'~  ,  and  thus 
the  full  number  of  constants  has  not  been  found. 

27s.  Bolutlaii  vrlth  a  triple  type.  Thirdly,  we  have  to  find  the  solution  when 
the  second  minors  are  zero  as  well  as  the  first  minors.  In  this  case  the  solution 
just  found  beeomes  again  insufficient.  To  determine  the  proper  forms  of  i,  y,  s,  ito. 
we  now  reject  any  three  of  the  differential  equations  (1)  o£  Art.  263,  and  proceed 
as  before.  We  thus  have  m-S  equations  to  find  the  n  coordinates.  "We  see  at 
once  that  we  can  express  all  the  coordinates  in  terms  of  any  three  we  please  say 
X,  y,  z.     We  thus  have  thti  ybtrytttl  t 

equal  to  Hi. 

In  the  same  way  asbt  1         tl        It  fmftpltp 

J,  )j,  f.    Putting  y  and        q     I  I  fi   I  th       m         g         di     t 

X,  u,  &<:.  in  terms  of  a    int;l    typ  Pttg         deqlt  (      tead    f  y 

ande)  in  theee  11- 3  equ  t         w      bt  see     d  ho!  1  p     di  fe  th 

single  type  ?;.     Lastly,  p  ttm  d^eqlto  wbt  hdlt 

depending  on  f.    Adding  t      th      th  se  th  ea      It         w    fi  d  th  t    H  th 
ordinates  may  be  expre  sed  by  m  f    p      t  hi  h  Uy  th   d  m 

of  the  detanninsmt  A  (3)      Th        bj    t      t     pe    t  tl      three       l  p    d    t 

functions  f,  ij,  f.  These  are  such  that  if  I  {S)  be  any  of  the  second  mmors  of  the 
constituents  of  the  three  omitted  equations  I(S)e=0,  Z(B),,  =  0,  Z(3)f=0.  If 
these  contain  the  root  S=m,  y  times,  each  of  the  three  J,  -q.  f  will  be  expressed  by 
a  aeries  of  the  form  (Ea-\-Kjt-\-  ...  +  Ky-it'~^)g^, 

but  with  independent  constants. 

276.    The  tiiunber  of  constantB.    Ba  h     f  th        ts     f    al  f        y    k 

given  in  Arts.  272,  273,  and  275  is,  of  course  !  Th        mpl  te       1  tl 

really  the  sum  of  these  partial  solutions,  p       ddth       thji  ml        f 

constants.    We  appear,  however,  to  have  too  m  t     t       W    m       th      f 

examine  these,  and  determine  what  terms  b    I  t  ly  d  wh  t  t 

repeated  in  the  several  partial  solutions. 

We  begin  with  the  solution  derived  fror  th  tvp  I  A  t  2  by  th  h  Ip  f 
the  first  minors.     Since  the  first  minors  ba      /^        t     ach    q     1  t  tl  t  ^ 

temifl  of  each  of  the  expressions  tor  a,  ?/,  <£o  ar      a   ly  t    b  C        d 

the  solution  derived  from  any  term  ij ,  where  k  lies  between  fi-l  and  2^.  In  the 
case  of  the  variables  x  and  y  they  are  expressions  of  the  form 
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All  these  are  evidently  included  amongst  the  teems  derived  from  |,  ij  by  the  help 
ftl  dm  Th  idgtmiaz,  u,  &o.  Mast  be  related  to  the 

tm  ybjthf-mlg  At  STd  and  are  therefore  aleo  iuolnded  in 

thee        d         df         J         Ltly  d      the  solalion  derived  from  the  terms 

t  m  L  s  t    L  Thy       Id    pow         f      from  i^  to  f~^~^.     These  a-2^ 

tm  t       Idd       thtemd         IfmJ  and  ij,  and  they  supply  a  ■-  2^ 

5        dly   w    t  tl     t       t    th       1  tion  derived  from  the  double  type 

I       by  th    h  Ip    f  tl  d  (At       73  and  274).    Each  of  these  Beoontl 

m  h')t         Iqlt  h  ly  the  same  reasoning  as  before,  the 

firtytmfth  f  dyaiei     and  the  higheei  power  of  ( is  ^  - 1  -  v 

instead  of  (3-1.  In  nonsequence  of  this  the  terms  ot  the  series  derived  from  the 
single  type  V,  and         in  fi  m         3  ype  now 

extend  their  powers  m  T  ^  +  y 

suoh  terms  instead  o         2^ 

The  same  reason  ug    pphes         Uhhpia  dnd  the 

triple  and  higher  tjpea      W       er   or     onclude    ha      he  d  rived 

from  a  single  type  hy  pnat      w   ft       Ji      m  mrs       h  Ji  nda  tental 

determinant  eappliee  a  2^-1-7  tertru  not  included  m  the  soltittons  whii-k  follow. 
These  tupply  as  many  arbitrary  conetants.  The  partial  tohition  derived  from  a 
double  type  by  operating  with  the  second  minora  of  the  two  first  rows  of  the  funda- 
mental determinant  supplies  ^  -  2y  +  S  terms  not  included  in  the  solutions  lehieh  follow. 
These  supply  twice  as  many  consta,nts.  The  partial  solutioti  derived  from  a  triple 
type  by  operating  with  the  third  minors  of  the  three  first  rows  suppHeey~2S  +  e  terms 
and  twice  as  many  constants,  and  so  on. 

Svppose  {for  example)  that  the  fourth  minors  are  not  all  zero;  the  number  of 
constants  s  pplied  bj  h  f  he  several  partial  solutions  is  indicated  by  the  tei'ms  of 
Die  series  {a    3;3  +7)  +  2  (j3  -  2v  +  8)  +  3  (7  -  23}  +  4S. 

It  none  of  the  terms  of  this  series  are  negative,  we  have  obtained  a  series  of 
partial  solut  n  oonfa  ng  the  proper  namber  of  constants.  This  point  we  now 
proceed  to  d         s 

977.  I£  a  d  t  am  nt  ontain  the  root  jnat  a  times,  if  the  first  minors  of  the 
two  first  c  n  t  tu  nts  f  th  two  first  rows  contain  the  root  just  §  times,  it  the  second 
minor  ot  these  four  constituents  contain  the  root  juat  7  times,  then  a  -  2j3  +7  is 
positive. 

To  prove  this,  let  A  be  the  determinant,  /;,  f,,  J,,  J^  the  four  first  minora,  A3 
the  second  minor.  Then  we  know  that  ^A^  =  IyJ^~I^Jf  The  left-hand  side 
contains  the  root  just  a-1-7  times,  the  right-hand  side  contains  the  root  at  least  3^ 
times.     Hence  a+7-  2,8  ia  positive. 

In  the  same  way  we  may  show,  on  similar  suppositions,  that  (9-  27-fS  is  positive. 

278.     Example.     Solve  the  differential  equations 

(a-i)^(;-i-i)^-(s-i)  (5-2)  J, +  {3-1)^=01 

3(5-^:)=a-(S-l)[5-3)j;  +  9(3-l)2  =  0l. 
(3-l)=:c+(S-l)y-f-(3.-lJ3-0J 
Tho  fundamental  determinant  (Art.  262)  is  A  (3)  =  -  (3  - 1)".  This  determinant 
(Art.  279)  haa  six  equal  roots  (a  =  6),  every  first  minor  has  the  root  three  times 
()3  =  3),  and  every  second  minor  has  the  root  once  (7=1).  The  part  of  the  solution 
depending  on  a  single  type  (Art.  276)  will  supply  0-3^-1-7  (i.e.  one)  constants. 
These  accompany  the  highest  powers  ot  (  which  ooeur  in  the  type,  one  constant  for 
each  power  (Art.  272).     The  part  ol  the  solution  depending  on  a  double  type  will 
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supply  a^S-a-y)  (i.e.  two)  Constants.  These  accompany  the  highest  poweia  of  ( 
which  occur  in  this  type,  two  cooBtants  to  each  power.  The  part  of  the  solution 
depaniiing  on  a  triple  type  will  supply  3y  (i.e.  three)  oonstanta  which  again  accom- 
pany the  highest  powers  of  (,  three  constants  to  eacli  power.  To  obtain  the  full 
number  of  constants  it  is  neceasaty  in  this  example  to  letain  only  the  one  highest 
power  of  ( which  occurs  in  each  type. 

The  single  type  is  f=  (Ac. +.![=)  e'  by  Art.  964,  Taking  the  minors  of  the  first 
row  of  A  {S)  we  have  by  Art.  262  i  =  -  (S  - 1)'  |, »/  =  -  (8  - 1)'  I,  s  =  5  (S  - 1)'  f. 

To  find  the  part  of  the  solution  which  depends  on  a  double  type  we  reject  the 
first  equation  (Art.  373).  Putting  x^O  we  find  !/  =  (8-I)f,  2=-(3-l)f  where 
(B-l)»j  =  0.  Pntting  i;  =  0  we  find  :c  =  {S~1]ji,  s=-(5-1)!ji  where  (3-1)^  =  0. 
Thedonble  type  is  therefore  |=(&o.+Bt=)e',  tj  =  (&c.  + W)e',  The  values  of  the 
eoordinatea  are        x  =  {S-l)yi,    y  =  {S-l)^,    j  =  -  (d  -  1)  f  -  (3  - 1)=  ^. 

To  find  the  part  of  the  solution  which  depends  on  a  triple  tyj)e  we  reject  the  two 
first  equations  (Art.  275).  The  three  partial  solutions  are  then  first,  x  —  0,y  =  0, 
z^De';  secondly,  1  =  0,  ij  =  Ee',  z  =  0,  thirdly,  x  =  Fe>,  ij  =  0,  z-0.  The  sum  of 
these  is  the  solution  derived  from  a  triple  type. 

Adding  up  the  solutions  which  are  derived  from  all  (he  different  types  and  sim- 
plifying the  constants  we  hare 

!>:  =  {F+Gt  +  At')e',        y  =  {E  +  Bt  +  Ai^^,        z  =  {D-Bt-A{fi  +  2t)}  e<. 

270.  Conversely,  suppose  it  is  given  that  we  have  svch  a  solution  as  that  descriied 
in  Art.  276,  let  us  enquire  ivhat  nUaors  must  be  zero. 

Let  it  be  given  that  the  solution  contains  terms  depending  on  a  triple  type  con- 
taining ('y-I)  powers  of  t  accompanied  by  independent  constants  in  some  three 
coordinates.  Putting  any  two  of  Ih^e  coordinates  equal  to  zero  the  differential 
equations  are  satisfied  by  a  solution  depending  on  a  single  type.  Thus  we  have 
n  equations  containing  ri-2  coordinates  all  satisfied  by  values  of  the  coordinates 
which  contain  powers  of  t  np  to  the  (7-l)th.  This  shows  that  all  the  second 
minors  which  can  be  formed  firom  these  equations  must  be  zero  and  each  of  these 

From  this  we  infer  by  Art.  270  that  every  first  minor  must  contain  the  root  v  +  1 
timee.  But  let  us  suppose  that  the  given  solution  contains  also  terms  derived  from 
B  double  type  which  have  powers  of  t  extending  up  to  the  (jS-v- l)tli  with  inde- 
pendent constants  in  some  two  of  the  coordinates.  Reasoning  in  the  same  way  as 
before,  we  see  that  every  first  minor  must  have  the  root  ((3-7-1)  times.  These 
must  be  in  addition  to  the  7  +  I  roots  already  counted,  because  we  may  regard  the 
given  solutions  derived  from  the  double  and  triple  types  as  solutions  which  depend 
on  unequal  roots,  and  then  make  these  roots  become  equal  in  the  limit.  It  follows 
therefore  that  every  first  minor  has  the  root  {3  times. 

We  now  infer  by  Art.  270  that  the  determinant  (4)  of  Art.  262  must  have  the 
root  ^-1  times.  But  if  the  given  solution  also  contains  terms  derived  from  a 
single  type  with  powers  of  (  extending  to  the  (o  -  j3  -  l)th,  we  deduce  by  the  pre- 
ceding reasoning  that  the  determinant  (4)  must  have  the  root  o  timee. 

380,  We  may  notice  as  a  corollary  of  this  theory  that  the  solution  cannot  contain 
terms  in  which  tlie  high  powers  of  t  depend  on  a  larger  type  than  the  low  powers 
of  (.  For  esample,  if  the  term  fe™'  occur  accompanied  by  h  Independent  con. 
stanta,  this  term  must  be  part  of  a  solution  derived  from  a  kth  type.  It  follows 
that  all  the  lower  powers  of  (  which  multiply  the  same  esponcntiaL  will  be  part  of 
the  same  type  and  must  be  accompanied  by  at  least  £  independent  constants. 

281.  Condition  that  all  powers  of  t  are  absent.  In  some 
dynamical  problems  it  is  well  known  that,  though  the  fundamental 
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determinant  has  a  equal  roots,  yet  there  are  no  terms  in  the  solution 
wUh  powers  of  t.  We  may  now  determine  the  condition,  that  this 
mo/y  occur. 

We  see  by  Art.  272  that,  unless  every  first  minor  has  the  root 
«— 1  times  at  least,  a  solution  can  be  deduced  from  the  first  minors 
which  has  some  power  of  t  greater  than  zero  in  the  coefficient. 
Again,  unless  every  second  minor  has  the  root  a  — 2  times  at  least, 
a  solution  can  be  deduced  from  the  second  minors  with  some  power 
of  (  in  the  coefficient.  On  the  whole,  we  infer  thai,  when  a  equal 
roots  occur  in  the  determinant,  and  the  terms  in  the  solution  with  t 
as  a  factor  are  to  be  absent,  it  is  necessary  as  well  as  sufficient  that 
all  the  first,  second,  t&c.  minors  up  to  the  {tx  —  l)th  should  be  zero. 

282.  Dynamical  Meaning  of  the  Types.  We  shall  now 
consider  how  the  three  different  types  of  solution  given  in  Art.  264 
indicate  different  kinds  of  motion.  Let  us  begin  with  a  real  root. 
In  this  case  every  coordinate  has  a  term  of  the  form  Me"^.  If  m 
be  positive  this  term  will  become  greater  as  time  goes  on,  and  the 
system  may  therefore  depart  widely  from  its  undisturbed  state, 
and  our  equations  will  represent  only  the  manner  in  which  the 
system  begins  its  travels.  Ifmbe  negative  this  term  will  gradually 
dwindle  away  and  the  motion  will  finally  depend  on  the  other 
terms  in  the  solution. 

Similar  remarks  apply  whenever  we  have  a  real  exponential, 
whether  multiplied  by  a  trigonometrical  function  or  not.  We  may 
therefore  state  as  a  general  principle,  subject  to  some  reservations 
in  the  case  of  equal  roots  which  will  be  presently  mentioned,  that 
the  necessary  and  sufficient  conditions  of  stability  are  that  the  real 
roots  and  the  real  parts  of  the  imaginary  roots  should  be  all 
negative  or  zero.  A  simple  rule  to  determine  whether  this  is  the 
case  or  not  will  be  given  in  another  section  of  this  chapter. 

283.  Effect  of  equal  roots  on  stability.  When  there  are 
equal  roots  in  the  determinantal  equation  we  have  seen  that  the 
solution  in  general  has  terms  which  contain  powers  of  i  as  a  factor. 
The  important  question  for  us  to  determine  is  the  effect  of  these 
terms  on  the  stability  of  the  system.  If  m  be  positive  the  presence 
of  a  term  Mt^e'^'  will  of  course  make  the  system  unstable.  But  if  m 
be  negative,  this  term  can  never  be  numerically  greater  than 

M  M-]  .     If  m  be  very  small  the  initial  increase  of  the  term  may 

make  the  values  of  x,  y,  &c.  become  large,  and  the  motion  cannot 
be  regarded  as  a  small  oscillation.     But  if  the  system  be  not  so 

disturbed  that  M\—\   is  large,  the  term  will  ultimately  disappear 

and  the  motion  may  be  regarded  as  stable.  If  m  be  wholly 
imaginary  and  equal  to  w  V  —  Ij  this  term  will  take  the  form 
ifi&innt  and  will  of  course  cause  the  system  to  be  unstable. 
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Thus  equal  roots  do  not  disturb  the  stability  if  their  real  parts 
are  negative,  but  do  render  the  system  unstable  if  their  real  parts 
are  zero  or  positive. 

284.  It  is  clear  from  this  that  the  whole  charaxster  of  the 
motion  depends  on  the  nature  of  the  roots  of  the  determinantal 
equation  A(8)  =  0.  If  we  can  solve  this  equation  and  find  the 
roots,  we  of  course  know  immediately  the  nature  of  the  motion. 
But  if  this  cannot  be  done,  we  must  have  recourse  to  the  theory 
of  equations  to  determine  whether  the  roots  are  real  or  imaginary, 
and  whether  any  roots  are  equal  or  not.  The  theorems  of  Courier 
and  Sturm  will  be  of  use  in  the  equations  of  the  higher  orders, 
but  in  many  dynamical  problems  we  have  only  to  deal  with 
two  coordinates.  We  shall  therefoie  examine  the  roots  of  the 
biquadratic  in  Art.  260. 

Rules  by  which  the  analysis  of  a  biquadratic  ib  made  to  depend 
on  the  solution  of  a  cubic  are  given  in  most  treatises  on  the 
theory  of  equations ;  but  as  these  are  not  convenient  in  practice, 
a  shoi't  analysis  will  be  given  here  for  reference  The  criteria  of 
the  nature  of  the  roots  of  the  biquadiatic  aie  very  conveniently 
summed  up  in  Art.  68  of  the  Tkeoiy  of  Equations  by  Eurnside 
and  Pan  ton,  1892. 

26^.     JLnalyslB  of  a  biquadratic.    Let  the  biquadratn.  he 

SO  that  the  iEYariants  are  I^ae-ibd  +  Sc^,  aad  J=  nik,  +  2ferf  -  utJ=  -  ^6^  -  c».  This 
last  may  also  be  written  ae  a  detemiinant.  It  will  generally  be  found  convenient 
to  clear  the  equation  of  the  second  term.    Let  the  equation  so  transformed  be 

where  o=JJ=3(6=-ae)  and  a'G  =  4{2l;*-3a6e  +  a^),  By  naing  the  invariants  or  by 
actual  transformation  it  is  easy  to  see  that 

I=iam^~a'F  and  J-^am^-^^G^-ialH. 

Let  A  be  the  disoriminant,  i.e.  A=I'-27J^,  then  it  is  proved  in  all  books  on 
the  theory  of  equations  thai  if  A  ia  negative  and  not  zero,  the  biquadratic  has  two 
real  and  two  imaginary  roots.  If  A  is  positive  and  not  aero  the  roots  are  either  all 
real  or  aU  ima^ary. 

When  A  is  positive  we  can.  distinguish  between  the  two  oases  by  ascertaining 
if  the  biquadratic  has  or  has  not  a  real  root.  Thus  if  a  and  e  have  opposite  signs, 
one  root  is  real  and  therefore  all  the  roots  are  real.  We  can  also  use  the  following 
criterion.  Having  cleared  the  given  biquadratic  of  the  second  term  we  may  wi:ite 
the  resulting  equation  in  the  form  (^-H)'+  0^=K. 

If  S^  be  the  atilhmetio  mean  of  the  mth  powers  of  the  roots,  we  have  by 
Newton'stheoremon  the  sums  of  powers,  Si  =  0,S5=if,  48,=  -3(5  and  K^S^-S,\ 
If  all  the  roots  are  real  we  have  Sa  positive  and  by  a  known  theorem  in  "in- 
equalities"  Sf  is  greater  than  Sj^.  Hence  H  and  K  are  both  positive.  If  all  the 
roots  are  imaginary,  let  them  beripV-l  and  -r±gV-l.    Then 

If  H  is  positive  or  zero  we  sea  that  K  is  negative.    The  criterion  may  tlierefore  be 
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stated  thus.  If  S  and  K  are  both  positive  the  four  roots  are  real.  If  either  is 
negative  or  zero  the  four  roots  are  imagiiwry. 

If  the  discriminaTtt  A  is  zero  the  biqnadratio  haa  equal  roots.  If  two  roots  ace 
real  and  two  imaginar)'  tbe  equal  roots  moat  be  real,  and  me  see  (by  putting  9  =  0) 
that  if  H  is  positite,  K  must  be  negative.  If  all  the  four  roots  are  imaginary  tbera 
must  be  two  pairs  of  equal  roots  given  by  r=0,  p  =  q;  henoe  K=0,  <?  =  0.  The 
oriterioQ  therefore  is,  if  H  and  K  are  both  positive  all  the  jvots  are  real,  if  H  or  K 
is  negative  or  iero,  two  roots  are  real  and  two  are  imagliiari/,  except  0  =  0. 

Since  the  eqaal  roots  eatisEj  the  derived  equation  we  see  that  when  0  =  0,  the 
equal  roots  are  J'  =  ff  or  |=0.  The  former  makes  £=0, 1-ia'H^  and  there  are 
two  pairs  of  eqaal  roota  given  by  £=  ±^/II.  In  the  latter  case  the  ecLual  roots  are 
^^0  and  the  unequal  roots  ^'JiH. 

When  there  are  three  equal  roots,  all  the  roots  are  real.  Let  the  four  roots  be 
a,  a,  a,  -3o,  then  if— 3a^,  G=8a',  JE=13b*.  The  two  necessary  conditions  are 
therefore  7=0,  J—0  and  these  give  aha  A==0.  If  II  is  also  zero  the  font  roots  are 
all  equal  and  real. 

Conditions  of  Stability. 

286.  It  has  been  shown  that  the  determination  of  the  oscilla- 
tion of  a  system  can  be  reduced  to  the  solution  of  a  certain 
determinantal  equation,  which  has  been  represented  in  Art.  262, 
by  A=/(S)  =  0.  In  many  cases  it  is  impracticable  to  solve  this 
equation  and  thei'efore  the  motion  cannot  be  properly  found.  If 
however  we  only  wish  to  ascertain  whether  the  position  of  equili- 
brium or  the  steady  motion  about  which  the  system  is  in  oscillation 
is  stable  or  unstable  we  may  proceed  without  solving  the  equation. 

It  is  clear  from  Art.  282  that  the  conditions  of  stability  are 
that  the  real  roots  and  the  real  parts  of  the  imaginary  roots  should 
all  be  negative.  It  is  now  proposed  to  investigate  a  method  to 
decide  whether  the  roots  are  of  this  character  or  not. 

287,  Taking  first  the  case  of  a  biquadratic ;  let  the  equation 
to  be  considered  be 

f{z)  =  as^  +  W  +  cs''-\-dz  +  e  =  0, 
where  we  have  written  z  for  S.     Let  us  form  that  symmetricai 
function  of  tho  roots  which  ie  the  product  of  the  sums  of  the  roots 
taken  two  and  two.     If  this  be  called  Xjo?,  we  find* 
X  =  hcd-ad^-eh''  =  l  I  2(t     6     c 
\     h    0    d 
j     c     d  2e 
'  The  value  of  X  may  be  found  in  several  ways  more  or  less  eleml 
substitute  z—E±Z  in  the  given  biqnadratio  and  equate  to  zero  thf 
powers  of  Z,  we  have 

(4(i.E  +  J)  Z>  +  (4aE5  +  36E»  +  2cE  +  d)  2  =  of  ' 
llejecting  the  root  Z  —  d  and  eliminating  Z  we  have 

64a'B=  + +6cd-ad'-e6'=0. 
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It  wili  be  convenient  to  consider  first  the  case  in  which  X  is 
finite.  Suppose  we  know  the  roots  to  be  imaginary,  say  a  +  p  V  —  1 
and^i^V^I.     Then 

Thus,  a0  always  takes  the  sign  of  X/a,  and  a  +  /3  always  takes  the 
sign  of  —  hja.  The  sign  of  both  a  and  /3  can  therefore  be  deter- 
mined ;  and  if  a,  i,  X  have  the  same  sign,  the  real  parts  of  the 
roots  are  all  negative. 

Suppose,  next,  that  two  of  the  roots  are  real  and  two  imagi- 
nary, Writing  g'  V  —  1  for  q,  so  that  the  roots  are  a  +^  V  —  1  and 
/9  +  q',  we  find 

X/a'  =  4a&  {[{a  +  0)'  +  p'-  q"f  +  4py  j. 
Just  as  before,  a^  takes  the  sign  of  Xja,  and  a  +  ^  takes  the  sign 
of—  bja.  Also,  jS'  —  q'^  takes  the  sign  of  the  last  term  e/a  of  the 
biquadratic.  This  determines  whether  (5  is  numerically  greater  or 
less  than  q'.  If,  then,  a,  b,  e,  and  X  have  the  same  sign,  the  real 
roots  and  the  real  parts  of  the  imaginary  roots  are  all  negative. 

Lastly,  suppose  the  roots  to  be  all  real.  Then,  if  all  the 
coefficients  are  positive,  we  know,  by  Descartes'  rule,  that  the 
roots  must  be  all  negative,  and  the  coefficients  cannot  be  all  posi- 
tive unless  all  the  roots  are  negative.  In  this  case,  since  X  is  the 
product  of  the  sums  of  the  roots  taken  two  and  two,  it  is  clear  that 
Xja  will  be  positive. 

Whatever  the  nature  of  the  roots  may  be,  yet  if  the  real  roots 
and  the  real  parts  of  the  imaginary  roots  are  negative,  the  biquad- 
ratic must  be  the  product  of  quadratic  fiictors  all  whose  terms  are 
positive.  It  is  therefore  necessary  for  stability  that  every  coeffi- 
cient of  the  biquadratic  should  have  the  same  sign.  It  is  also 
clear  that  no  coefficient  of  the  equation  can  be  zero  unless  either 
some  real  root  is  zero  or  two  of  the  irnaginary  roots  are  equal  and 
opposite. 

Summing  up  the  several  results  which  have  just  been  proved, 
we  conclude  that  if  X  and  e  are  finite,  the  necessarii^and  sii^^e^^ 
conditions  that  the  real  roots  and  the  reaQgoHsjif  iRe' imaginary 

where  only  the  firet  and  last  teims  of  the  equation  are  retained,  the  others  not 
being  required  for  our  present  putpose,  Since  j  =  E  ±  Z  it  is  clear  that  each  laiue. 
of  E  is  the  arithmetic  mean  of  two  values  of  z.  We  have  an  equation  of  the  sixth 
degree  to  find  E  beoause  there  are  ais  ways  of  combining  the  four  roota  of  the 
biquadratic  two  and  two.  The  product  of  the  roots  of  the  equation  in  E  ■ms.y  be 
deduced  in  the  usual  manner  from  the  Scst  and  last  terms,  and  thence  the  value  of 
S  is  seen  to  be  that  given  in  the  text. 

If  we  eliminated  E  we  should  obtain  an  equation  in  Z  whose  roots  are  the 
arithmetic  means  of  the  difierences  of  the  roots  of  the  given  equation  taken  two 
and  two.  If  we  put  ilZ^^f,  we  obtain  by  an  easy  process  the  equation  whose  roots 
are  the  squares  of  the  differences  of  the  roots  of  the  given  equation  /  (z)  — 0. 
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roots  should  be  negative  are  that  every  coeificient  qf_tke  biffuadratic 
S^W'SQ'X  sh:ouldiiaMMe's'^e^^ 

288.  The  ease  in  which  X  =  0  does  not  present  auy  difficulty. 
It  follows  from  the  definition  of  X,  that  if  X  vanishes  two  of  the 
roots  musb  be  equal  with  opposite  signs,  and  conversely  if  two 
roots  are  equal  with  opposite  signs  X  must  vanish.  Writing 
—  s  for  s  in  the  biquadratic  and  subtracting  the  result  thus 
obtained  from  the  original  equation  we  find  bz'+de==0.  The 
equal  and  opposite  roots  are  therefore  given  by  s  =  ±  v  —  d/b.  If 
6  and  d  have  opposite  signs  these  roots  are  real,  one  being  positive 
and  one  negative.  If  b  and  d  have  the  same  sign,  they  are  a  pair 
of  imaginary  roots  with  the  rea!  parts  zero. 

The  sum  of  the  other  two  roots  is  equal  to  -  bja  and  their 
product  is  be/ad.  We  therefore  conclude  that,  if  X  =  0  the  real 
roots  and  the  real  parts  of  the  imaginary  roots  will  be  negative 
or  zero,  if  every  coefficient  of  the  biquadratic  is  finite  and  has  the 
same  sign. 

289.  If  either  a  or  e  vanishes,  the  biquadratic  reduces  to  a 
cubic,  see  note  to  Art.  105,     Putting  e  zero,  we  have 

Xja^d  =  bc-  ad. 

If  the  coefficients  have  all  the  same  sign  it  is  easy  to  see  that 
it  is  necessary  for  stability  that  be  — ad  should  be  positive  or  zero. 

If  a  and  e  be  not  zero  and  one  of  the  two  b,  d  vanish,  the  other 
must  vanish  also,  for  otherwise  X  could  not  have  the  same  sign  as 
a.  In  this  c^e  X  vanishes,  and  the  biquadratic  reduces  to  the 
quadratic  az'  +  cz^+e  =  0. 

As  this  equation  admits  of  an  easy  solution,  no  difficulty  can 
arise  in  practice  from  this  case.  It  is  necessary  for  stability  that 
the  roots  of  the  quadratic  should  be  real  aud  negative.  The  con- 
ditions for  this  are,  firstly  the  coefficients  a,  c,  e,  must  all  have  the 
same  sign,  secondly  that  c^  >  iae. 

290.  Equation  of  the  mth  degree.  When  the  degree  of 
the  equation  is  higher  than  a  biquadratic  the  conditions  of  stability 
become  more  numerous.  A  very  simple  rule  will  now  be  proved 
by  which  these  conditions  can  be  calculated  as  quickly  as  they  can 
be  written  down.  Besides  this  we  propose  to  give  an  extension  of 
this  rule  by  which  we  may  determine  how  many  roots  there  are, 
real  or  im^inary,  which  have  their  real  parts  positive.  If  there 
are  no  such  roots  the  conditions  of  stability  are  supposed  to  be 
satisfied.  The  number  of  roots  with  their  rea!  parts  equal  to  zero 
is  also  found. 

291.  To  discover  this  rule  we  have  recouree  to  a  theorem  of  Cauehy.  Lei 
n  —  x  +  y  ij  -  Ihe  any  root,  and  let  us  regard  x  and  y  as  the  coordinates  of  a  point 
referred  to  rectangular  axes.    Substitute  for  z  and  let 
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Let  any  point  whose  coordinates  are  auch  that  P  and  Q  both  vanish  be  called  a, 
radical  point.  Deaocibe  any  contour,  and  let  a  point  move  round  this  contour  in  the 
positiye  direction,  and  notice  how  often  P/Q  passes  through  the  value  aero  and 
changes  its  sign.  Sappose  it  changes  a  times  from  +  to  -  and  p  times  from  -  to 
+ .  Then  Cauchy  asserts  that  the  number  of  radical  points  within  the  contour  is 
i(a-(S).    It  IB  however  necessary  that  no  radioaJ  point  should  lie  on  the  contour. 

Let  us  choose  as  our  contour  the  infinite  semicircle  which  bounds  space  on  the 
positive  side  of  the  asis  of  )/.    Let  us  first  tiavel  from  y=  -  co  toy— +11  along 

the ciroumferenoe.    If  f{^]=Pii'''+Pi^"~'  +  --+Vii    W< 

we  have,  changing  to  polar  coordinates, 

/(s)=i>„r-(oos«fl  +  BmMV^)  +  ... 

Hence  P=ji,i'"cosiifl+P[r»-icos()i- 1)  fl+ ...1 

(3=p„!-~sinne+y,r''-'eJn{n-l)e  +  ,.,f     '' 

In  the  limit,  since  r  is  infinite,  P/Q  =  cot«0. 

P/Q  vanishes  when  e=ii|.     ±^|,     *|| (A). 

P/OisinfiuitewhenP^O,  ±^^|,     *^| (B). 

The  vaineB  of  B  in  series  (B),  it  will  be  noticed,  separate  those  in  series  (A). 

When  $  is  small  and  very  little  greater  than  zero,  P/Q  is  positive  and  therefore 
changes  sign  from  +  to  -  at  every  one  of  the  values  of  S  in  seiies  (A).  If  there- 
fore n  be  even  there  will  be  n  changes  of  sign. 

It  n  be  odd  there  will  be  n-1  changes  of  eign  excluding  5=±Jir,  in  this  case 
PjQ  is  positive  when  ^  is  a  little  less  than  Jir  and  negative  when  0  is  a  liUle  greater 
than  Jtt,  but  this  result  will  not  be  wanted  in  the  seqnel. 

Let  us  cow  travel  along  the  axis  of  y,  still  in  the  positive  direction  round  the 
contour,  viz.  froni  i/=-|-tB  Co  ^=-00.  Substituting  i  =  x-i-yj -1  in  (1)  and 
remembering  that  a:  —  fi  along  the  asia  of  y,  we  have,  when  n  is  even, 

-P=i'«-i'«-s^^+J'n-4!'^--  +  (-l)*"ro!'''    I  (3). 

Q    i'iy"""^-P!^r-'+.--    '  '■ 

Let  e  b    tl  ft!  b        f    h  f     g     f  to  +  over  that 

from  4-to-nft         [  t        \  i    m  j—     ■/!         j=:  -tc,  then  by 

Cauchy'8  th  m  th  h  I  n  mb  f  -adi  Ij  t  nthp  te  side  of  the 
axis  of  y  is  -i  (   +  )      Th       f  p  ti     n  mbe      f        tt  which  have 

their  real  p    t    p     t 

292.    T  nttl         lang       f    g  se  SI     m    th       m      T^Kng 

/2(!')=J'i!'"""'-Ps!/''"'+-f    * 

we  perform  the  process  of  finding  the  greatest  common  measure  of  /,  {y)  and  /j  (y) , 
changing  the  sign  of  each  remainder  as  it  is  obtained.  Let  the  series  of  modified 
remainders  thus  obtained  be  /sfy),  ft{y),  *e-  Then,  as  in  Sturm's  theorem,  we 
may  show  that  when  any  one  of  these  functions  vanishes  the  two  oa  each  side  have 
opposite  signs.  It  also  follows  that  no  two  successive  functions  can  vanish  unless 
/j(j/)  and/j(i;j  have  a  common  factor.  This  exception  will  be  considered  presently. 
Taking  then  the  functions  fi(y),  /a(!/l:  iS^c..  and  using  them  as  in  Sturm's 
theorem,  we  see  that  no  change  of  sign  can  be  lost  or  gained  except  at  one  end  of  the 
series.    Now  the  last  is  a  constant  and  cannot  change  sign,  hence  changes  of  sign 
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can  be  gained  or  lost  onlj  by  the  vaniahing  of  the  function  /i  {y)  at  the  beglaning 
at  tbe  eerieE. 

Con^dec  now  the  beginning  of  the  eeries  of  funetiQi]B/j{i/),  f,{y).  Ac,  and 
nfting  them  in  Sturm's  manner  let  y  pcocead  from  +os  to  -co.  We  see  that  a 
change  of  sign  is  lost  when  the  first  two  change  from  unlike  to  like  signs,  i.e.  when 
the  ratio  of  /,  (y|  to  f^ly)  changes  from  -  to  +.  In  the  same  way  a  change  of 
aign  is  gained  when  the  ratio  changes  from  +  to  - .  Hence  e  is  equal  to  the 
number  of  varialions  or  changes  of  sign  lost  in  the  series  aa  we  travel  from  y=  +fo 

293.  When  y-iitc  ne  need  only  consider  the  coeffieients  of  the  highest 
powers  in  the  seriea  of  fuuctiona  /,  (y),  /,  (yl,  Ac.  Let  these  coefficients  when  y  is 
positive  be  called  pg,    p,,     g,,     q^,     &o. 

When  y  is  negaCire  the  signs,  since  n  is  even,  will  be  indicated  by 
Po:     -Pu    1s'     -94.     *=- 
I!beQ  we  have  just  proved  that  e  is  equal  to  the  number  of  variations  or  changes  of 
laga  lost  as  we  proceeil  from  the  first  series  to  the  second. 

294.  It  every  term  of  the  series  pj.  Pi,  q^,  &c.  have  the  same  sign,  it  is  evident 
that  n  changes  of  aign  wiil  be  gained  and  therefore  (=  -  n;  and  e  cannot  =  -n 
unless  all  these  terms  have  the  same  sign.  In  this  case  there  will  be  no  cadioul 
point  on  the  positive  side  of  the  axis  of  y.  We  therefore  infer  the  following 
tliBorem,  The  necestary  and  sufficient  condition!  that  the  real  part  of  evert/  root  of 
tlie  equation  /(!)  =  0  thoutd  be  negative  are  that  all  the  eoefficienia  of  the  highest 
powers  in  the  leries  /j  {g),  f^  (y),   de.  skovld  have  the  same  sign". 

'  Aa  these  are  the  conditions  of  stability  in  dynamics  (Art.  282)  it  ia  worth  while 
to  give  a  short  summary  of  the  argument  as  adapted  to  this  special  case.  Patting 
t  =  t  +  T/i,  let  f{z)-F+Qi,  Regarding  P  and  Q  an  functions  of  x  and  y,  let  us 
trace  the  curve  P  =  0,  Q  =  0;  it  is  evident  that  each  intersection  corresponds  to 
*  iroot  of  /{a)  =  0.  The  polar  forme  of  these  curvea  are  given  in  equations  (2)  of 
Am.  291.  The  P  curve  has  evidently  n  asymptotes  whoae  direotiona  are  given  by 
coBii«  =  0,  the  Q  curve  has  also  n  asymptotes  but  these  are  given  by  siniiS^O. 

We  shall  first  show  that  tbe  conditions  given  in  Art.  294  are  necessary,  if  there 
IB  to  be  no  radical  point  on  the  positive  side  of  the  asis  of  y.  Draw  a  circle  of 
infinite  radius,  and  let  it  out  the  asymptotes  of  the  P  curve  in  P^,  P.-...P„an6ithe 
asymptotes  of  the  Q  curve  in  §,,  Qj.,.Q„.  Thesg  points  a!l«rnate  with  each  other. 
Taking  only  those  points  which  lie  ou  the  positive  side  of  the  asis  of  j;,  the  P  and  Q 
corves  may  be  said  to  bej^in  at  these  infinitely  distant  points,  and  passing  towards 
the  negative  aide  of  the  asis  of  y  are  not  to  intersect  each  other  on  the  positive  side 
ot  that  axia.  The  branches  of  the  two  curves  must  therefore  remain  alternate  with 
BMh  Other  throughout  the  space  on  the  positive  side  of  the  axis  of  y.  Their  points 
o[  intersection  with  the  axis  of  y  must  also  be  alternate.  It  we  put  i  =  0,  in  the 
eqnationBP  =  0,  Q  =  0  we  have /,(i/)  =  0, /j(y)=^0,  {Art,  292),  and  these  equations 
niuet  therefore  be  such  that  their  roots  are  real  and  the  roots  of  each  must  separate 
or  lie  between  the  roots  of  the  other.  It  is  then  pointed  out,  in  Art.  302,  that  Ihe 
conditions  that  the  roots  of  one  equation  should  separate  those  of  the  other  may 
practically  be  found  by  Sturm's  theorem. 

Conversely,  we  may  deduce  from  Cauohy's  theorem  that  the  conditions  given  in 
Act.  292  are  sufficient.  For  suppose  that  the  intersections  of  the  F  and  Q  curves 
Wth  the  axis  of  y  are  known  to  be  alternate.  It  is  evident  that,  as  we  travel  round 
ti>«  contour  formed  by  the  infinite  semicircle  which  bounds  space  on  the  positive 
■ids  of  the  axis  of  y,  we  pass  over  each  P  braneh  and  each  Q  branch  twice,  croasing 
^sh  in  one  direction  on  tbe  semicircle  and  in  the  opposite  direction  on  the  axis  of 
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The 

and  therefore  on  the  whole  there  are  n  variations  and  permanencies.  Let  there  be 
jl;  Tiriationa  and  ii  -  J;  penuaiienoies  of  sign.  Now  every  pernmnencj'  in  tha  series 
y—  +rB  changes  into  a  variation  in  the  series  t)=  -  « ,  and  every  variation  into 
tt  permanency.  It  follows  that  there  will  be  ii-k  variations  and  A- permanencies 
in  tliis  second  series.  Hence  the  aumber  e  of  variations  lost  in  iiroceeding  from 
the  first  to  the  second  aeries  is  2k  -  n.  But  the  number  of  rodicftl  points  on  the 
positive  side  of  the  axis  of  y  iws  been  proved  to  be  =4(;i  +  e);  substituting  for  t, 
this  becomes  equal  to  k.  We  therefore  infer  the  following  theorem.  //  ice  form 
Ike  teries  of  coe^cienls  of  thi  hiyhett  powiri  of  Iht  functions  f,  {y),  /„  [y),  ctu.,  evenj 
variation  of  siyn  inipUea  one  radical  foint  viUliiu  llie  positive  coiilowr,  and  therefor-: 
one  roof  with  iti  real  part  poiitive. 

296.  We  rrqttire  tome  rule  to  conatriict  the  series  of  coyBciVnis  with  facility.  If 
we  perform  the  process  of  Greatest  Common  Measure  on  the  functions  /,  (y),  f„  (y) 
changing  the  signs  of  the  remainders,  we  find  that  the  tirst  three  functions  are 

f-i  in)  ^Pi'j"~'  -Fi'J"~'  +Pi!/''~^  -  *c., 

TbuB  the  eoefficietUs  of  f,  [y)  may  be  ohtaincd  froai  those  of  f,  {i/)  and  f,  (y)  by  ^ 
simple  cToas-multiplicatioii,  and  taay  therefore  be  writleii  dojoii  by  inspection.     Thi 
coefficients  otf^{y)  may  ha  derived  from  thoa 
multiplication,  and  so  on.    These  successive 
f auctions, 

297,  Flrat  fono  ot  tlitt  Bale.  Summing  up  the  preceding  arguments,  we  havi 
the  following  rule.     The  equation  being 

/i:)=P(,s''+Pi;"-i-hP3i"-'+,.., 
arrange  the  coefficients  in  two  rows  thus 


Form  a  new  row  by  cross- multiplication  in  the  following  manner 
P-iP^-PaP^         PjP±ZP«P<i  4c 

Pi         '  P\'      ' 

Form  a  fourth  row  by  operating  on  these  two  last  rows  by  a  similar  cross 
multiplication.  Proceeding  thus  the  number  of  terms  in  each  row  will  graduall 
decrease,  and  we  stop  only  when  no  term  is  left.  Then  in  order  that  there  may  I 
?io  I'ools  v>)iOie  real  parts  art  positive  it  ii  necessary  and  sufficient  that  the  tenas  i 
the  first  column  should  be  all  of  one  sign.  If  they  be  not  all  of  one  sign,  the  numbi 
of  variations  of  sign  is  equal  la  the  number  of  roots  with  their  real  parti  positive. 

The  terms  which  constitute  the  tirst  column  may  be  called  the  lest  functions. 

As  in  forming  these  rows  we  only  want  their  signs,  we  may  multiply  or  divic 
any  one  by  any  positive  quantity  which  may  be  convenient.  We  may  thus  ofte 
avoid  complicated  fractions. 

298.     Eitaatlinia  of  an  odd  degrta.    In  order  to  simplify  the  argument  we  liai 
supposed  the  degree  of  the  equation  to  be  even.     If  n  be  odd,  let  as  before 
/W=y^"+p,2''-i  +  ,,,+p„. 

y.  In  Art,  293  the  consequent  changes  of  sign  of  PjQ  are  counted  and  it  is  shon 
that  the  changes  of  sign  balance  each  other.  It  follows  by  Cauchy's  theorem  tb. 
there  is  no  radical  point  within  the  contour. 
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We  may  regard  this  equation  as  the  limit  of 

J)|^+'+yi2''+...+J)„S+J)„ft=0. 

If  ?!  be  positive  and  indefiiiitelj  small,  the  additional  root  ol  this  equation  is  real 
and  negative,  and  ultimately  equal  to  -  ft.  Those  roots  also  of  the  two  etinatione 
which  lie  within  the  positive  ooiitour  are  ultimately  the  same. 

Since  )i4l  ie  even  we  may  apply  to  this  equation  the  preceding  rule.  Tiie  two 
first  rows  are  pg ,        p.^  &o.,        j)„_j ,        j)„ft, 

jj,,        pi&c,        jv 

We  easily  see  by  calculating  a  few  rows  that  none  of  the  coefficients  in  the  sub- 
sequent rome  contain  ft  as  a  factor  except  the  extreme  coefficients  on  the  right-hand 
side.  Hence  in  the  general  case  all  the  test  functions,  except  the  two  last,  lemain 
Qnite  when  h  is  put  equal  to  zero ;  and  therefore  have  the  same  sign  as  if  the  roira 
had  been  calculated  before  the  addition  of  the  final  term  pji.  The  last  two  co- 
efficients  in  the  first  column,  when  onJj  the  principal  power  of  h  is  retained,  are  p^ 
and  p„Il  Bat,  since  h  is  positive  there  can  be  no  variation  of  sign  in  this  sequence. 
We  may  therefore  omit  this  final  term  p„h  altogether  as  giving  nothing  to  the 
number  of  variations  of  sign.  The  result  is  that  the  rule  to  calculate  the  number 
of  roots  jukose  real  parts  are  positive  is  the  same  whether  tlie  degree  of  the  eqtwtion 

299.  Bimpllfieatioii  of  tbe  rule  wben  teete  of  stability  only  are  ireiiulred. 

In  a  dynamical  point  of  view  it  is  generally  more  important  to  determine  the  con- 
ditions of  stability  than  to  eounc  how  many  times  those  conditions  are  broken.  If 
we  only  waiit  to  discover  tliese  conditions  we  rnay  infonaiag  tlie  siiecessim  tuheidtary 
fanetiow  by  the  rtile  of  aross-nmltipUcation  omit  tke  divisor  at  every  stage  provided 
thatp„  be  vmde  positive  to  begin  with,  lor  this  divlsorbeingoneof  the  test  funotiona 
must  in  every  case  be  positive. 

Supposing  the  conditions  of  stability  to  be  satiaSecl,  we  see  by  reference  to  Art.. 
292  that  the  proper  number  of  variations  cannot  be  lost  at  the  beginning  of  the 
series  unless  the  rooti  of  the  equation  fj  (y)  are  all  real  and  the  roots  o/^(j)  separate 
the  roots  of  fiiy)  and  Vierefore  are  all  real  also.  Then,  because  when  a  subsidiary 
function  vanishes  the  two  on  each  side  have  opposite  signs,  it  follows  that  the  ioo(s 
of  /j  (j()  are  real  mid  separate  those  of  f^  iy)  ajid  so  on. 

Supposing  the  roots  of  the  equation  /(s)  ^0  to  have  then'  real  parts  negative, 
the  real  quacin  tift  dpfth  t    must  h        their  terms  positive. 

Thus  every  tmfth      qt       f{)  =  0         tbpot  It  follows  from  the 

definitions  of  tl  f  t  f  (j)  if  (y)  At  92  th  t  the  signs  of  their  terms 
are  alternately  pb  degt  d        ceth       root    are  real  every  one  of 

those  roots  is  p     t  H  11  th        bseq       t  h       functions  /j  (y),  f^  (y), 

&c.  have  the      oot         1      d  p     t  Th       gn    th      1       of  all  their  terms  are 

alternately  p     t       and  t  d  by  4  t    297  th      oefficient  of  the  highest 

power  is  in        ry  ca      p     t 

In  this  wyw         lilt  tai        fthth       mm  Art,  297.     Supposing 

Pn  to  have  be  mdi  t  wsehythp  edig  as  Ding  that  though  it  is 
neoeasaiy  and  fB  tthtalltltem  tbfit  1  mn  should  be  positive, 
jet  it  is  also  true  that  tke  terms  in  every  column  must  be  positive.  Hence  as  we  per- 
form the  process  iridicated  in,  that  article  we  may  stop  as  soon  as  we  find  amy  negative 
term,  and  conclude  at  once  tbat/(a)  has  some  roots  with  (heir  real  parts  positive. 

300.  Ex.  1.  Express  the  condition  that  the  real  roots  and  the  real  parts  of 
the  imaginary  roots  of  the  cubic  t^+p,z'  +  psZ  +P3—O  shouH  bo  all  negative. 

ByArt.396  /i  (i/)  =  y"-Piy. 

15—3 


yGoosle 


228  CONDITIONS   OF  STABILITy.  [CHAP.  VI. 

Uaiog  the  methotl  nf  ovoss-multiplioatioa  given  in  Art.  397,   and  omitting  the 
divisors  as  shown  in  Art.  299,  wa  have 

f3(y)={ViPi-P3)y>  fi(y)={PiPi-Pi)Ps- 

The  neeeEaiuy  conditioas  are  thatyj,  Pipj-p,,  and  pj  ahonld  be  all  positive. 

We  have  retained  the  powers  of  y  in  order  to  separate  the  terms,  and  aleo  the 
negative  signs  in  the  second  column,  but  both  these  are  unneoesEary,  and  in  aeooid- 
ance  with  Art.  397  might  have  teen  omitted.  In  both  this  and  the  next  e^tample  all 
the  nnmariBal  oaleolations  are  shown. 

Ex.  3.     Express  the  oorrespondii^!  conditions  for  the  biquadratic 
1*  +PiZ^  +Ps^*  +ys*  +Pj  =  0, 

fi{y]=y'  ~Mf+Pi, 

fiiy)=P\y''  -P0' 

A{y)'=(PiPi-Ps)v^  -Tau, 
h{y)={[V\Pi-P3)i>3-?i^Pi\y- 

The  conditions   are  that  j),,  PiPj-pa,  ('PiVi''Ps)V'i-P^i  ^^tt  Pi  Ebonld  be  all 
positive.     These  ace  esidently  equivalent  to  the  conditions  given  in  Art.  387. 

801.  Seoond  fOrm  of  Oie  rale.  When  the  degree  of  the  equation  is  very 
considerable  there  is  some  labour  in  the  application  of  the  rnle  given  in  Art.  297. 
The  objecliou  is  that  we  only  want  the  terms  in  ths  first  oolamn  and  to  obtain,  these 
we  have  to  write  doWn  all  the  other  oolumna.  We  shall  now  investigate  a  method 
of  oblaimng  each  term  in  tlie  fint  colinanfrom  tlie  one  above  il  v>itltout  the  necessity 
of  writing  doain  any  expression  except  the  one  required. 

We  notice  that  each  function  is  obtained  from  the  one  above  it  by  the  same 
process.  Now  the  three  first  functions  are  written  down  in  Act.  297.  The  first 
and  second  lines  will  be  changed  into  the  second  and  third  by  writing  for 

I      Po,     I           Ih-           \    Pi<    I           Pa-           I     *c.      j 
the  value.  p,,     |     p.^-?S^,  p,.         p,-^%  &..  '^J' 

We  therefore  infer  the  following  rnle.  To  form  ike  test  fanotiom  of  Art.  397  v>e 
write  dojcn  the  first,  viz.  p^;  the  second  may  be  obtained  from  the  first  end  the  third 
from  tlie  second  and  so  on,  by  changing  each  letter  <is  indicated  in  the  schedule  (A) 
just  above. 

In  these  changes  we  always  increase  the  suffix,  hence  we  may  write  aero  for  any 
letter  as  soon  as  its  suffix  becomes  greater  than  the  degree  of  the  equation. 

We  thus  form  the  test  functions,  each  from  the  preceding,  and  we  stop  as  soon 
aa  we  have  obtained  the  proper  number,  viz.  (counting  pj  as  one  test  function}  one 
more  than  the  degree  of  the  equation. 

30a.     Example,    Express  tlte  test  fvnetions  for  the  qaintie 

f  (")  =Pi^''+Pil^+F^  +P3^°  +I>4S  +Pc  =  0. 

Here  we  notice  that  pj,  jjj,  dSo.  are  all  zero,  bo  that  any  term  which  has  the  factor  p^ 
will  become  Kero  in  the  next  test  function.     Following  the  rule  the  sis  test  functions 

P..        P,.        P.-'f', 

pAPiPi-P«P6>  _  W» (Pii'^-yafa)Va 

^'       PiPs-P<,Ps     '  ^     Pi       PiPs{PiPi-Pi,Pi)-Pi{PiPi-Pi,2h)' 

and  lastly,  p^ . 

If  we  regard  i  as  of 
several  coefficients  p^,  p,,  Ac. 
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correctness  of  our  arithmetic&l  procesees  by  counting  the  di 
'terms  in  each  of  tbe  test  functiona. 

303.  When  any  test  fuiiotion  vaDishel  this  procasg  oauaes  an  infinite  term  to 
appear  in  the  neit  function.  In  such  a  oaae  we  may  replace  the  vanishing  fgnotiOQ 
by  an  infinitely  smalt  quantity  a  and  then  proceed  as  before.  Thus  suppose  p,  =  0, 
writing  a  for  p,  the  six  functions  become  p„,  a,  -puPifa,  Ps,  Pi-PiPslPi+PaPblPti 
pf.  Consider  the  first  four  of  tliese  functions  ;  the  signs  of  p^and  p,  being  given,  it 
is  eaaj'  to  see  by  trial  that  there  will  be  the  same  number  of  variations  of  sign 
whether  we  regard  a  as  positive  or  negative.  Thus,  if  p^  and  j>,  have  tlie  same  sign, 
the  middle  terms  bave  always  opposite  signs  and  there  will  be  just  two  variations  ; 
it Po  and  pj  have  opposite  signs,  the  middle  terms  are  both  positive  or  both  negative 
and  there  will  be  just  one  variation. 

304.  TanUhlns  of  a  robaKUary  fimoUos.  In  the  preceding  theory  two 
reservations  have  been  made, 

1,  Id  applying  Cauchy'e  theorem  it  has  been  assumed  that  there  are  no 
radical  points  on  the  axis  of  y, 

2,  It  has  been  assumed  that  F  and  Q  have  no  common  factor.  In  this  case  as 
we  oontinne  the  process  of  finding  the  greatest  comntpn  measure  in  order  to  con- 
struct the  subsidiary  functions /j(j),  Ac, 
greatest  common  measure,  and  the  nest  fui 
warned  of  the  presence  of  common  factors  by  the  absolute  vanishing  of  one  ol  the 
Bubaidiary  functions. 

It  is  clear  that  if  /(!)  =  0  have  two  roots  which  are  equal  and  opposite,  the  even 
and  odd  powers  o(  z  must  separately         '  '       ■     -  ■,         -  ■      ..-■.. 

Art.  292  that  /,  {y)  and  /,  {y)  will  have 
common  measure  of  /i  (y)  and  /,{y) 
roots  of  /(i)  which  are  equal  aud  o 
meunr.  ol  /,  (,)  aid  /,  fe)  i,  oteirari 
powers  of  y',  and  if  it  be  equated  1 
opposite.     These  roots  must  obviouslj 

Now  if  any  radical  point  lie  on  the j. .,  i-,  , -  --  

*iV-  1-  and  these  are  equal  and  opposite.    The  two  reserved  cases  therefore  are 
Included  iu  the  one  case  in  vihioh/|(y)  and/j(y)  have  common  factors, 

a05.  Let  the  greatest  common  measure  of /,(-/!  and /j(i/)  be  ^K-/).  If  then  we 
put/(j)  =  ,t(-2S)^(i).  the  function  ^|j)  is  such  that  no  two  of  its  roots  are  equal 
and  opposite,  and  to  this  function  we  may  therefore  apply  Cauchy's  theorem  without 
ftar  of  failure.  By  Art.  295,  the  number  of  roots  of  ^  [s)  which  have  their  real 
parts  positive  is  equal  to  tbe  number  of  variations  of  sign  in  the  coefficients  of  the 
highest  powers  of  the  subsidiary  functions  of  ^  (i).  But,  since  ^  ( -  a")  is  real  whan 
wewritei  =  i/v'-I,  the  subsidiary  functions  of  ^  (z)  become,  when  each  is  multiplied 
by  ^(y'),  the  subsidiary  functions  of /(a).  The  presence  of  this  common  factor  will 
Hot  affect  Che  number  of  variations  of  signs  in  the  series.  Suppose  then  we  agree  to 
omit  the  consideration  of  the  factors  of  ^  (  - 1^),  we  may  test  the  positions  of  the 
remaining  radical  points  by  discussing  either  oi  the  functions /(j)  or  tpfz). 

We  may  therefore  make  the  following  addition  to  the  rule  given  in  Art.  297. 
1/  at  apply  that  ritU,  ruling  only  the  labiidiary  functions  which  do  not  whoUy  vaniah, 
"e  obtain  the  nuviber  of  roots  which  have  their  real  parti  poiitive,  excluding  thost 
rooti  which  are  in  pain  equal  and  opposite  to  each  other. 

'  It  p,  =  0,  we  have  an  additional  root,  viz.  i  =  0,  which  is  not  included  in  this 
Mmark.  But  this  root  may  be  either  divided  out  of  the  equation  f{i)  -0,  or  it  may 
Iw  inoiuded  in  the  following  reasoning  as  a  part  of  the  function  « (z). 
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These  omitted  roots  are  of  course  given  by  equating  to  zero  llie  last  subaidiaty 
function  which  does  not  wholly  vaniBh.  Putting  y^-1  — i,  we  may  deduce  tbe 
corresponding  roota  of  the  original  equation. 

It  will  be  seen  that  for  every  pair  of  imafiinary  roots  o[  y  there  wiil  be  one 
value  ot  !  which  has  ita  real  part  positive,  and  for  every  pair  of  real  roots  of  y  there 
will  be  two  values  of  ;  of  the  form  i=k^  -1.  The  former  indicate  an  unatable,  (h^ 
latter  a  atable  motion  according  to  the  rule  of  Art.  283, 

306.  Usually  we  may  best  find  the  nature  ot  these  roots  by  solving  the  equation 
formed  by  equating  to  zero  the  la^it  subsidiary  function.  But  if  this  he  troubleaoim 
we  may  conyeniently  use  Sturm's  theorem.  Since  the  powera  of  y  in  any  subsidiary 
function  decrease  two  at  a  time,  we  may  effect  Sturm's  process  of  finding  tba 
greatept  common  measure  exactly  as  described  in  Art.  297.  We  may  also  show  by 
the  same  kind  of  reasoning  as  in  Art.  295  that,  for  every  variation  of  sign  when 
y—  +  <"  in  Sturm's  functions,  there  will  be  a  pair  of  imaginary  values  of  y,  W^ 
may  thns  make  a  second  addition  to  the  rule  given  in  Art.  297. 

In  forming  ihe  luccnsive  subaidiary  function',  as  sooii  ai  we  aJTioe  at  one  v>hith 
Kholly  vaKiihes,  me  write  imtead  of  it  tht  differenliat  cof£kieMa  of  the  lait  mhieh  doe» 
not  vanith  and  proceed  to  form  the  lucceeding  Jknctioni  by  the  name  Title  ai  befitrt. 
Every  variation  of  lign  in'llie  Jirat  eolamn  viill  (Sen  indicate  one  root  Tcith  it$  real 
part  positiiip.     The  remaining  roots  will  !tave  their  real  part'  negative  or  zero. 

307-  Bqnal  Boots.  We  know  by  Art.  283  that  whether  a  aintjle  root  of  the 
form  n  +  6  y/  -  1  indicate  stability  or  instability,  several  equal  roots  will  indicate  the 
aame,  except  when  a  =  0.  In  this  latter  case  while  solitary  roots  of  the  form  ±(1^-1 
imply  stability,  several  equal  roots  indicate  instability.  It  is  therefore  generally 
important  to  determine  if  the  roots  ot  the  latter  form  are  repeati^d  or  not. 

When  the  equal  roots  are  ot  the  first  form  and  there  happen  to  be  no  othera 
equal  and  oppottite  to  them,  their  number  is  fully  counted  in  using  Cauchy's  theorem. 
When  the  equal  roota  are  of  the  second  form,  i.e.  ±  b^  -  1,  they  appear  in  the  com- 
mon  factor  ^(-i=|.  If  we  can  solve  the  equation  ^(-r-)— 0,  we  know  at  oooe 
whether  the  repeated  roots  are  of  the  Hist  or  second  forms.  If  we  analyse  the 
equation  by  Sturm's  theorem  (Art.  306)  and  stop  as  u9iia]  at  the  tirst  Sturmian 
function  which  does  not  vanish,  we  must  remember  that  these  equal  roota  will  be 
counted  as  it  they  were  one  root.  The  last  Sturmian  function  whioh  does  not 
vanish  gives  by  its  factors  the  sets  of  equal  roofs  with  a  loss  ot  one  root  in  each  get. 
If  we  difterentiate  this  function  and  continue  the  process  deacribed  in  Art.  297,  nre 
are  really  applying  Sturm's  theorem  anew  to  this  function,  and  will  arrive  at  another 
Sturmian  function  containing  the  Fcts  of  equal  roots  with  a  loss  of  two  of  each  set. 
Thus  by  continuing  the  process  the  number  of  repetitions  may  be  counted. 

nnmerleal  Bxamplai.    En.  1.    Determine  how  many  roots  of  the  equation 

have  their  real  parts  positive. 

Forming  the  iirst  two  rows  by  tbe  rule  of  Art.  297  we  have 

y"  1,         -1,  1,  1.         -I,         1, 

y"  I,         -2,  3,         -2,  I, 

where  we  have  written  on  the  left-hand  aide  the  highest  power  of  each  stibddiary 
function,  and  have  omitted  the  negative  signs  given  in  tbe  second,  fourth  and  sixtti 
columns  of  Art.  292.  We  may  notice  that  the  presence  of  negative  terms  sliows  that 
the  equation  indicates  an  unstable  motion  (Art.  299).  Hence  if  we  merely  wieh  to 
determine  the  question  of  stability  or  inetabilily  the  process  terminales  at  the  first 
negative  nign.     To  illustrate  the  other  rules  we  continue  aa  follows. 
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Oiierating  bj  the  ciile  of  Ai't.  297  we  have 

These  are  the  same  as  fhe  figures  in  the  last  line,  lience  the  next  subsidiary  function 
will  wholly  vanish.  Therefore  ^{-z^=z'~-2s°  +  3z*-2z^  +  l.  By  Art.  306  we 
replace  the  next  function  by  the  differential  ooefBcient 

,  IS,         - 13,        19,         -  i,  divide  by  i, 

'■'  (2,  -3,  ■!,  -1, 

j-h,        1,         -#,  1,  multiply  by  3, 

■'  1-1,        3,         ~3,  2, 

.  (3,         -a,  3,  divide  by  3, 

'■'         1:,       -1.         1. 

4  (2,         -2,  2,  divide  by  3, 

Here  agaju  the  next  function  vanishes.  There  are  therefore  equal  roots  given 
by  js'-  !'^  +  1=0.  The  nature  of  these  roots  may  be  found  by  solving  this  equation. 
Disregarding  this,  we  may  (Art.  307)  replace  the  next  function  by  the  differential 
coefficient  ,  (4,         -  2,  divide  by  2, 

'•     k    ^1. 

yt  -  1,  9,  after  miiltlplieatioo  by  2, 


Looking  at  the  first  column,  we  see  that  there  are  four  changes  ot  sign.  Hence 
there  are  four  roots  whose  real  parts  are  positive.  We  verify  this  by  remarMng 
that  the  given  equation  may  be  written  in  the  form  (i'-j'  +  lj^  (.^  +  i  +  1|  =  0. 
In  this  esample  we  have  exhibited  aU  the  numerical  calculations. 

Es.  2.     Show  that  the  roots  of  the  equations 

^  +  2!,'>  +  z''  +  l  =  l},  sS  +  9i'  +  4!«  +  4i'4-e3'  +  6^5-l-7!'  +  42  +  9  =  0, 

do  not  satiaiy  the  conditions  of  Etability. 

Eir.  3.     Show  that  the  roots  of  the  equations 

3^  +  3a'  +  533  +  4i  +  2  =  0,  :«  +  s'  +  6i*  +  5aHll2M-6J  +  6  =  0, 

do  satisfy  the  conditions  of  stability. 

The  conditions  ot  stability  given  in  this  section  are  taken  from  the  third  chapter 
of  the  author's  essay  on  Stability  of  Motion.  Other  methods  of  testing  the  roots  of 
the  equation  /  (s)  =  0  are  given  in  the  second  chapter  of  that  essay.  The  conditions 
for  a  biquftdratio  were  read  before  the  Mathematical  Society  in  1S71.  The  theory 
of  hnear  differential  equations  with  especial  reference  to  the  indeterminate  case  is 
abridged  from  a  paper  by  the  author  in.  the  Proceediitgs  of  the  Malhetaalical  Socieiy, 
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CHAPTER   VII. 

FREE  AND  FORCED  OSOILLATIONS. 

Free  Osdllations. 

308.     T      difi            b  t          t           d  t  d     b    t         w  11  b     J^!      ed 

next  sect         f  th      h  pt         Th   f  1]         g  i  d   t      t       w  11  b        ffi 

our  pres     t  p    p           Wl       tlf          whh  t             ytmdped    nly 

deviation      fth               Iptl      fmth  dist    b   1  m  t              ry  t 
the  etiiat           fmti       a.       pi      ed       At   267     ill        ta      th   h-st  p 

the  coord      te       Tlicqt           fmt           11  ih      tkthfmg  t 

Tt          11  t  f       h        y  t  m           all  d   ts 


function      fthtm         Im  t  hhth         tispli        t        dia 

imbed  p     ti  S    h  f  Uy        t  tb       gbt  h     d     d      f  tl 

equation      fmt         t        tun  te  th  t  tl         ii    t.  mi&t  b        1    1  ted  1  y  liff        t 
inles,  from  tl     f    m      f  Th      scdl  t         p    d       I  by  th  ee  f    ce    ar       11  d 

forced  OS   Uat 

809.     Intr     u    ory    umm  ry     Tl      p    p     t  tb      sp  t 

structed  fthpp         i         m        ytl       m  11     bo  11  t  f       ytmhli 

depends        m         ooltosBt        tly  !g       -aliplt        th 

here  pre      ted  f  h   h      p      ly  m    h  m  t      1     N       f  d    t 

any  dynam      1  p        pi        d    1       dy  il  t    m  d   t  Ij  t     th       k 

of  explai    t 

We  begin  by  taking  the  equations  jf  the  eeco  d  orde  th  i  d  p  ndent  vaiiabkH 
in  their  moat  general  forms,  thougb  such  general  forms  do  not  occur  in  dynamios. 
Two  typical  equations  are  then  deduced,  and  from  these,  the  chief  propositions  in 
the  section  are  derived. 

The  first  step  to  be  taken  in  solving  simultaneons  equationa  is  to  form  a  cer- 
tain determinant  (Art.  262).  The  general  form  of  the  solution  and  the  stability  of 
the  resulting  motion  depend  on  the  roots  of  this  detemuuant.  If  as  explained  in 
Art.  £82  the  real  parts  of  the  roots  ate  positive  the  motion  is  unstable.  Two 
propositions  are  sfiown  to  foliate  immediately  from  the  typical  equations.  If  three 
funetioni,  here  called  A,  B,  G,  are  one-eigned,  it  U  shown  (1)  that,  however  general 
the  equatioiis  may  be,  the  real  roots  of  the  determinant  eamtot  be  positive,  (2)  that, 
if  (fte  equationi  have  that  simpler  character  ichich  occurs  in  dyitamiei,  the  real  part 
of  every  imaginary  root  is  negative. 

When  we  apply  our  equations  to  the  case  of  a  system  oscillating  about  a  posi- 
tion of  Bqailihrium,  we  see  that  the  function  A  corresponds  to  half  the  via  viva,  B  to 
the  dissipation  function,  and  C  to  the  potential  of  the  forces  of  restitution. 
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The  iicsi  of  these  propositions  has  been  established  iy  Lagraiige  and  Lord 
Kelvin  when  the  equationB  represent  the  oscillations  of  a  ayatem  about  a  position 
of  eqnilibnum.  The  seconcl  is  to  be  found  in  the  author's  essay  on  the  Stability  of 
Motion  hut  en^tet&^i  in  ai  diSetent  form.  It  ia  also  given  in  the  last  edition  of 
Tliomson  and  Tait's  No,twal  Philosophy.  The  reader  is  also  referred  to  a  paper  by 
tlie  author  read  in  April  1883  before  the  Mathematical  Society  of  London, 

810.     The  roots  of  the  fiindamental  determinant.     Let 

there  be  any  number  of  dependent  variables  w,  y,  z,  &c.,  to  be 
found  in  terms  of  t  by  means  of  as  many  differential  equations 
of  the  second  order  with  constant  coefficients.  Whatever  these 
equations  may  be,  they  may  be  very  conveniently  written  in  the 
form 

\-I>i,S^-E„*-JPja/  y  +  D^S^  +  E^S  +  F^j 

\-D,,S'--E,sS-  FjJ        \-D^S'-E^S-F^) 

&c.  +  &o.  +&e.-0, 

where  the  symbol  B  represents  differentiation  with  regard  to  t,  and 
the  order  of  suffixes  is  immaterial,  so  that  A^^— A^,  and  so  on. 

We  see  here  two  sets  of  terms,  (1)  those  which  depend  on  the 
letters  A,  B,  C,  and  which  by  themselves  constitute  a  symmetrical 
determinant;  (2)  those  which  depend  on  the  letters  D,  E,  F,  and 
which  by  themselves  constitute  a  skew  determinant. 

311.  For  the  reasons  given  in  Chap.  ix.  of  Vol.  i.,  we  may 
call  the  terms  which  depend  on  the  letter  A  the  effective  forces, 
those  which  depend  on  the  letter  B  the/orces  of  resistance,  those 
on  0  the  forces  of  restitution.  It  generally  happens  that  the 
terms  which  depend  on  the  letters  I)  and  F  are  absent.  The 
terms  which  depend  on  the  letter  E  occur  when  we  consider  the 
oscillations  about  a  state  of  motion.  Chap,  in.,  Art,  112.  These 
we  shall  call  the  cenirifuffal  forces. 

If  we  write  A,  B,  0  for  the  three  functions 

A^^Aattf  +  A,^  +  ^A,^  + , 

B  =  ^B„^''  +  B,^y  +  iB^'+ , 

0  =  JO„^  +  t?,^  +  ^0^=+ , 

the  terms  in  the  several  equations  which  arise  from  A,  B,  C  may 

be  written 

^dA  ,  .dB     dC         ^dA  ,  .dB  ,  dC    , 

e^j—  +  8-J-+-J-,      S^-r-  +  S-j-  +  -j-,&c. 

dx         dx      dx  dy        dy      ay 

Hence  A.  B,  G  may  he  called  respectively  the  potentials  of  the 
effective  forces,  the  forces  of  resistance,  and  the  forces  of  resti- 
tution. 
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312.  When  we  compare  the  equations  of  motion  with  those 
given  by  Lagrange  for  the  oscillations  about  a  position  of  equi- 
nbrium  (Chap,  il),  we  see  that  the  function  A  cannot  be  otherwise 
than  positive.  So  also  these  oscillations  are  stable  if  the  function 
0  be  always  positive. 

Thus,  it  frequently  occurs  that  the  three  functions  A,  B,  C, 
or  some  of  them,  are  such  that  they  keep  me  sign  whatever  real 
quantities  we  write  for  x,  y,  z,  &e.,  and  do  not  become  zero  except 
when  X,  y,  &c.  are  all  zero.  Such  functions  will  be  referred  to  as 
onesigned  quadncs.     See  Art.  60. 

31S.  The  method  of  solving  the  differential  equations  in 
Art.  310  b^  been  explained  in  Chap.  VL  Let  TOi,  m^,  &c,,  be 
the  roots  of  the  fundamental  determinant,  which  we  need  not  here 
write  down.  This  determinant  is  the  same  as  that  represented 
by  the  symbol  A  (S)  in  Art.  262.  Let  us  suppose  that  these  roots 
are  unequal,  the  case  of  equal  roots  being  regarded  as  a  limiting 
case  of  unequal  roots.     The  solution  may  be  written  thus ; — 


y=y\e 


Ixldt  = 


&c.  =  &c. 


f  ?/3e  ■ 


where  a:^'  =  x,7ni,  j//  =  yinii,  &c.,  ic/  =  Xiin^,  &c. 

Here  x^,yj,  Si,  &c.  contain  as  a  common  factor  one  constant 
of  integration,  iCa,  y^.  &c.  another  constant,  and  so  on.  The  forma 
of  these  constants  are  not  wanted  here.  It  is  enough  that  we 
should  remember  that  the  coefficients  which  belong  to  real  ex- 
ponentials are  themselves  real.  On  the  other  hand,  if  m,,  m^,  be  a 
pair  of  imaginary  roots,  the  coefficients  {xu  x^),  &c.,  take  the  form 
-P  +  ^V-1. 

314.  The  first  equation.  If  we  substitute  the  first  terms 
of  each  of  these  values  of  x,  y,  z,  iScc,  in  the  equations  of  Art.  310, 
we  obtain  a  set  of  equations  which  differs  from  those  only  in 
having  mj  written  for  Z,  and  x^,  y,,  &c.  for  x,  y,  Sec.  Multiply 
these  respectively  by  «,,  y-^,  &c.,  and  add  the  results  together,  we 
then  have 

{AiiXi^  +  2A,^,yi  +  &c.)  m;^  +  (B,iXi^  +  281^1]/^  +  &c.)  m^ 

+  (C,ix/  +  2G,^,yr  +  &c.)  =  0. 
It  should  be  noticed  that  t}ie  terms  which  depend  on  the  letters 
D,  i/,  F  have  altogether  disappeared  from  this  equation. 

It  should  also  be  noticed  that  the  coefficients  of  the  powers  of 
m  are  twice  the  functions  A,  B,  C  with  x,,  y^,  Sc.  written  for 
X,  y,  (fee, 

315.  Prop.  I.  On  real  roots.  We  may  immediately  de- 
duce the  three  following  the 
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(1)  If  the  potentials  A,  B,  G  are  either  zero  or  one-siffiied 
fwnctions,  and  y^  all  three  have  the  same  sign,  the  fundamental 
determinant  cannot  have  a  real  positive  root. 

For,  if  m,  were  real,  the  coefficients  a:,,  y„  &e.  would  be  real. 
We  ehoold  thus  have  the  sum  of  three  positive  quantities  equal 
to  zero. 

(2)  If  there  are  no  forces  of  resistance,  i.e.  if  the  term  B  is 
absent,  and  if  the  potentials  A  and  C  are  one-signed  and  have  the 
same  sign,  the  fundamental  determinant  cannot  have  a  real  root, 
positive  or  negative. 

(3)  If  A,  B,  G  are  one-signed  fibnctions,  hut  if  the  sign  of  B  is 
opposite  to  that  of  A  and  C,  the  fundamental  determincmt  cannot 

"  e  root. 


These  propositions  are  true,  whether  there  are  any  terms  in  the 
differential  equations  which  depend  on  the  functions  D,  E,  F  or  not. 

We  may  also  notice  that,  unless  the  potential  G  can  vanish  for 
some  real  values  of  the  coordinates  other  than  zero,  the  fundamental 
determinant  cannot  have  a  root  equal  to  zero.  If,  for  example,  the 
coordinate  as  is  absent  from  G  (Art.  98),  then  G  vanishes  when  the 
other  coordinates  are  zero  and  ce  is  finite.  In  this  case  w-i  can  be 
equal  to  zero.  If  the  forces  depending  on  B  are  also  absent  the 
determinant  will  have  two  roots  equal  to  zero. 

When  two  zero  roots  occur  terms  sadb  as  lif  +  a  must  be  adcled  to  some  of  tbe 
expressions  for  the  ooordinates  given  in  Art.  313.  Unless  the  initial  conditions 
are  eueh  as  to  malie  the  oonstonts  n  and  a  equal  to  aero,  these  terms  should  be 
included  in  the  expressions  d=f{t),  <ji  —  F{t),  4c.,  whioli,  as  explained  in  Art.  257, 
give  the  steftdj  motion.  The  presence  of  these  terms  indicates  a  slight  change  in 
the  steady  motion  about  which  the  system  lias  teen  suppoaeii  to  oscillate. 

316.  The  two  ettuations.  Exactly  as  in  Art.  314,  let  ua 
again  substitute  the  first  term  uf  each  of  the  values  of  cc,  y,  &c. 
in  the  equations  of  motion.  But  let  us  now  multiply  these  by 
a^s,  )/2,  &c.,  and  add  the  results.     We  thus  obtain 

[A  asc^x^  +  ^  ,2  {m^y^  +  x^yi)  +  A^  (^,Zs  +  y^,)  +  &c.]  m," 
+  [BijXjX^  +  &C.]  Ttti  +  [GjjSr^a:,  +  &c.] 
=  [-Dia  («i7i  -  ^i)  -I-  -Dss  (yi^  -  y^i)  +  &C-]  mi= 
+  \_E,^  {a^y^  -  a^y,)  +  &c.]  m,  +  [F^  (a;,y,  -  w^,)  +  &c.]. 

To  bring  this  equation  within  bounds,  we   must   use   some 
notation  to  shorten  the  coefficients.     Let  us  represent  the  halves 
of  these  series  by  their  first  terms,  omitting  suffixes  to  A,  B,  &c. 
We  may  therefore  write  the  equation  in  the  form 
A  (w^x^) in^  +  B {a^x^ m,+  G (cc,a!s) 

=  D  {a;,y,)  m^  +  E  (x,y,)  m,  +  F  (a:,y-j. 
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In  the  same  way  we  have 

=  -  i>  {x,y,)  m,=  -  E  (a:,y,)  vi,  -  F  {x,y,). 
Also  we  deduce  from  these  two  equations 

A  (cc^xy)  rn^  +  B  (iCiic,)  m^  +  G{x^x^)  =  0 1 

A  (a^a^a)  Wig'  +  B  (a^g)  wig  +  (7  {x^  =  *i  I ' 

The  first  of  the'-e  is  the  same  as  that  diready  found  in  Art.  314. 

Here  we  may  notice  that  the  functions  A  {xx),  B  (xx),  G  (xx) 
are  really  the  same  as  those  we  have  already  more  simply  denoted 
by  A,  B,  G.  Me  also  notiCL  that  i>(a:,yO  =  0,  E{x,y")  =  Q,  and 
F{x,y,)  =  0. 

317.  Let  ua  now  suppube  that  there  is  a  pair  of  imaginary 
roots  in  the  fiindamental  determinant  of  the  form  mi  =  r  +  p  V  ~  1- 
m^  =  r  —  p-^  —  \.  The  values  of  x,  y,  &c.,  given  in  Art.  313, 
become         x^{x^+x^)e'''^<ii-<ii'pt-\-(x,  —  x^)'J  —  l  e^fnapt  +  &c., 

T/  =  (yj  +  2/g)e'^cosj>(  +  (i/i  — ^j)  V  —  1  e'^sinjif +  &C., 
which  may  be  conveniently  abbreviated  into 

x^  X^^GQspt+  X^e^mipt+x^e'"'*  -V  ...^ 
y=  rie'''cos^(+  Y.i^'''svapt  +  yse'"'*  ■{ 

If  Z/  =  rZ,  +pX,  and  X;  =  ~pX,-V rX.„  &c., 

ct»/c?(  =  Xi'e"cosyt +  Z/e'''sin^(  +  a^'e"^  +  ...  1 

dyjdt  =  Fj'  e'''  cospt  +  F,'  e'''  svapt  + )//  e"''*  +  . . .  c . 

&c.  =  &c.  J 

318,  Eeturning  now  to  the  two  first  equations  of  Art.  316, 
let  OS  divide  them  by  m,  and  iju^  respectively.  If  we  first  add  and 
then  subtract  the  results,  we  have 

A  [x^x^) r  +  B  Wx^  +  C  (x^x^)  ^  =  -Jd  (^.^J p~F (x,y,)  ^^  ^^. 

A  (^,^)  p  -  C  {x,x^)  ^„  =  {d  (.c,j/,)  r  +  E  (^,y,)  +  f  (^^g)  ^[  -^ . 

By  substituting        Xi  =  a^i  +  a^,     X,  =  (iCi  -  «s)  V  - 1 ,  &c. 
we  find  that         4X  (a^^a;,)  =  ^  (X,XO  +  A  (X,Xg)  | 

with  similar  results  for  the  other  letters.  We  also  infer  from  these 
equations  that,  if  A  is  a  one-signed  function,  A  {xtte^  is  not  only 
real,  but  has  always  the  saine  sign  as  A.  Similar  remarks  apply 
to  the  functions  B  and  C. 
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If  the  functions  D,  E,  F  are  absent,  the  two  first  equations  of 
this  Article  reduce  to 

except  when  p  =  0,  i.e.,  except  when  the  roots  {which  we  have 
supposed  imaginary)  are  real. 

These  equations  may  be  conveniently  written 

,5(X,X,)  +  g(XA)  ^_0(X,X,)  +  G(X,X,) 

^~     ^A{X,X,)  +  A{X^X,)'        ^'^-^      AiXVX,j+A(X,X,)' 
thus  giving  r  and  p  when  the  amplitudes  of  the  oscillations  are 
known. 

319,  Prop.  II.  On  imaginary  roots.  We  may  immediately 
deduce  the  following  theorems  from  the  equations  of  Art.  318. 

(1)  Let  the  fundamental  determinant  be  symmetrical,  i.e.,  let 
the  functions  D,  E,  F  be  all  absent.  Let  the  potentials  A  and  B 
he  one-signed  and  have  the  same  sign  (whether  G  be  a  one-signed 
function  or  not),  then  the  real  pari  r  of  every  imaginary  root  must 
he  negative  amd  "not  zero.  If  the  potential  B  is  absent,  then  the  real 
part  of  every  imaginary  root  is  zero. 

If  the  potentials  A  and  G  are  one-signed  and  have  opposite  signs, 
there  cwn  be  no  imaginary  roots. 

These  results  follow  by  simply  looking  at  the  two  last  equations 
of  Art.  318.     . 

(2)  If  the  terms  depending  on  D  and  F  are  absent  from  the 
equations,  whether  the  terms  depending  on  E  are  present  or  not,  and 
if  the  three  potential  ftmctions  A,  B,C  are  all  one-signed  and  have 
the  same  sign,  then  the  real  part  r  of  every  imaginary  root  is 
negative,  ami  not  zero.  If  the  forces  of  resistance,  i.e.  B,  are  also 
ahsent,  then  the  real  part  of  every  imaginary  root  is  zero. 

(S)  If  the  terms  depending  on  D  and  E  are  absent,  but  not 
necessarily  those  depending  on  F,  and  if  A,  B,  G  are  all  one-signed 
and  have  the  same  sign,  then  the  real  part  r  of  every  imaginary 
root  must  be  negative,  or,  if  positive,  must  be  less  than  p. 

320.  Ex.  1.  If  .i  ie  a  oae-signed  fonntion  prove  that  j^  (.i^ja^a)!^  is  always  less 
tlian  the  product  A  [x^p,] ,  A  {x^y^. 

Ex.  3.  IE  A  (m)  is  the  determinant  of  motion,  A^  (m)  the  minor  of  its  leading 
coDBtitueHt,  a^j)/,,  &o,  the  minors  of  the  first  row,  and  m  any  quantity  not  nceos- 
sarily  a  root  of  A  (m),  prove  tte  identity 

A  (x,x,)  m»  +  B  (x,x,)  m  +  C  feai,)  =  A  (m)  A.  (m). 

Kx.  3.     HWi,  i»2  are  any  two  quantities,  not  necessarily  roots  of  the  determinant 

.   .   -        ."  .   .=^s)'"l  +  C(3;i3:s)l 

-  D  (x^i)  m,"  -  E  (ijj;,)  m,-F  (s^iVj)/" 
4.    If  the  determinant  is  symmetrical,  and  if  the  potentials  A  and  C  a 


Aw,p,.™ih..       -^"ri-r-r:;  r!=^W' 
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one-eigned  and  have  opposite  sigus,  then,  whalevev  sign  the  potential  B  mny  have, 
the  roots  of  the  determinunt  ore  all  reSil. 

Sx.  5.  If  the  terma  depending  on  F  and  E  are  absent,  but  not  ceceasai'ily  those 
depending  on  D,  and  if  the  three  potentinls  A,  B,  C  are  all  one-signed  and  have  the 
same  sign,  then  the  real  part  r  of  every  imaginary  root  must  he  negative,  or,  if 
positive,  less  tlmnp. 

BiUatlons  about  a  position  of 
.3  position  of  equilibrium  under 
no  forces  of  resistance,  so  that  the  functions  B,  D,  E,  F  are  all  ecco.  We  also 
suppose  the  ftinotiona  A  and  C  to  be  one-aigned  and  to  have  the  same  sign. 

By  referring  to  the  equations  of  motion  in  Art.  310,  we  see  at  once  that  the 
determinant  of  the  motion,  viz.  A  (3),  contains  only  even  powera  of  S.  Tliis  deter- 
minant is  of  course  the  same  as  the  Lagrangian  determinant  disenssed  in  Chap,  ir. 
It  follows  either  fiom  Chap.  ii.  or  from  Aits.  315  and  SIQ  of  this  chapter  that  all 
the  toota  of  the  equation  A  (S|  =  0  are  of  the  form  =t])^- 1.  Any  coordinnte  there- 
fore ia  represented  by  a  series  of  the  form 

x  =  X-,cospt--rX^siu^t  + 

Let  now  some  small  forces  ot  reaistanoe  act  on  the  system,  we  therefore  intro- 
duce into  the  equations  of  motion  the  terms  which  depend  on  the  function  B.  Tie 
forces  thus  introduced  are  supposed  to  be  so  small  that  we  may  reject  the  si^uares 
ot  the  coefficients  of  the  function  B,  We  represent  thia  by  aupposing  every  co- 
efficient to  contain  a  factor  k  whose  square  can  be  neglected.  It  is  the  effect  of 
theae  additional  forces  on  the  formei'  motion  which  we  wish  to  discover. 

Beferring  again  to  the  eguationa  of  motion  in  Art.  310,  let  Aj  (5j,  A,  (S)  he  the 
determinanta  of  motion  before  and  after  the  introduction  of  these  forces  of  resie- 
tance.    The  defecminantal  equation  therefore  becomes 

ai(5)  =  Ai(3)  +  B„5I|i(5)+Ac.  =  0, 
where  the  symbol  I  indicates  the  minors  of  the  oonstituents  of  A,  [S]  as  explained  in 

This  equation  may  ha  written  in  the  form  A,  (S)  +  tta^  (5|=0,  where  ^(3)  con- 
taina  only  even  powers  of  S.  Since  pi  ia  a  root  ot  A^(S]  —  0,  wherei=^(-I)  we  let 
the  corresponding  root  of  this  new  equation  be  pi+r,  where  r  ia  a  small  quantity, 
real  or  imaginary,  whose  square  can  he  neglected.    We  find  hy  Taylor's  theorem 

Aj'{pi}r  +  ifpi<l>{pi)-0. 
Hence,  since  Aj'(B)  contains  only  odd  powers  of  5,  it  follows  that  )■  is  necessarily  real. 

We  have  thus  proved  that  the  correction  to  any  root  of  the  determinantal  equa- 
tion when  we  introduce  the  resiatances  is  necessarily  real.  This  means  that  the 
correction  to  the  imaginary  part  of  the  root  depends  on  the  iquare  of  the  resistances. 
The  addition  r  to  the  real  part  oftkeroot  introduces  a  real  exponential  factor  c"  into 
the  amplitude  of  any  oscillation.  The  addition  to  the  imaginary  part  alters  the 
period  of  the  oscillation  (Art.  317).  Thiia  tlm  periodi  of  the  oscillations  are  affected 
oidy  by  the  squares  of  small  quantities  when  we  introd^iae  the  reiUting  forces. 

322,    The  series  for  any  coordinate  now  takes  the  form  (see  Art.  317) 
X  — X^e"  cos  pt  +  X^e"  sin  pt  +  ... 
where  p  is  the  same  as  before  and,  by  Art.  310,  r  is  negative.    With  the  same  given 
initial  values  of  x,  y,  (fee,  dxjdt,  di/jdt,  &o.  the  coefficients  X,,  &a.  ai'e  changed 
only  hy  terms  which  contain  the  factor  u,  and  being  themselves  small,  these  changes 
may  be  neglected. 

The  value  of  r  may  be  deduced  from  the  expressions  given  at  the  end  of  Art.  313. 
If  the  forces  of  resistance  were  zero,  the  real  exponentials  would  be  absent  and 
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the  ratios  XJX^,  1\/Y^  would  rU  be  equal  (Arts.  SO  and  115).  With  small  forces 
of  resistance  these  ratios  differ  from  each  other  by  quantities  which  contain  the 
small  factor  a.  H  folhjwa  that  the  ratios  B{X^X,)|A  {XiX{l  and  B{XjXa|/^  (J,sy 
are  also  equal  when  we  reject  the  tqilare  of  the  small  quantity.  The  expression  for 
J'  therefore  reduces  to  the  simple  form 

B  {X^X,)  _       B„:fi'  + 25,3^1  ri  +  ... 

Translating  this  formula  into  English  we  see  by  Art.  73  that  the  numerical  value 
of  T,  fw  any  one  principal  oscillatii/ii,  is  true-half  the  ratio  of  the  nienii  value  of  the 
dissipation  fwicUon  to  the  meanwalae  qf  the  Kinetic  energy  for  that  oteillation, 


F&t'ced  OsGillatioHS. 

323.  We  may  suppose  a  system  to  be  moviug  in  a  given  state 
of  motion  defined,  as  explained  in  Art.  257,  by  the  coordinates 
$  =  0o,>})  =  ^6>  '^°-  where  df„<f>a,&G.  are  known  functions  of  the  time. 
This  motion  we  shall  call  sometimes  the  undisturbed  motion  and 
sometimes  the  steady  motion.  If  the  system  be  now  disturbed  in 
any  manner,  we  write  d  =  do+!B,  0  =  0o  +  y,  &c.  where  x,  y, &c.  are 
so  small  that  we  may  reject  their  squares.  This  disturbance  may 
have  been  made  by  some  small  impulse  and  the  system  may  then 
have  been  left  to  oscillate  about  the  undisturbed  motion. 

We  may  also  have  continuous  forces  acting  on  tljc  system 
tending  to  make  it  oscillate  about  the  undisturbed  motion.  As 
the  object  of  our  enquiry  is  the  oscillation  of  a  system,  we  shall 
suppose  that  these  forces  when  they  exist  are  periodic,  K  f{t} 
represents  any  one  we  may  suppose  this  iiinction  to  be  expanded 
by  the  kno^vn  processes  of  IVigonometry  in  a  series  of  multiple 
angles ;  thus 

/(*)  =  Pe  -  -"^  sin  (M  +  a)  +  P'e~-'«  sin  {\'t  +  a)  +  &c. 
Each  of  these  terms  is  called  a  disturbing  fo-rce.  The  coefficient  of 
the  trigonometrical  factor  of  any  term  is  called  the  magnitude  or 
amplitude  of  that  term.  The  angle  A,(  +  a  is  called  sometimes  the 
■phase  and  sometimes  the  argument.  The  coefficient  \  is  called  the 
frequency. 

It  frequently  happens  that  the  real  exponentials  are  absent 
from  the  expression  for  the  force.  This  case  will  therefore  be  more 
particularly  considered  in  what  follows.  When  we  wish  to  call 
attention  to  the  absence  of  the  real  exponential,  the  disturbing 
force  is  often  called  a  permanent  force.  When  the  real  exponential 
is  present  with  a  negative  index,  we  may  call  the  force  evanescent. 

Sometimes  instead  of  the  force  being  given,  some  point  of  the 
system  is  compelled  to  oscillate  in  a  given  manner.  We  then  have 
some  given  relation  between  the  coordinates  of  the  system  of  the 
form  (M.'  +  6y  +  C3  +  &c.  =  (?e-o*  sin  (vt  +  7) 

where  a,  h,  c  &c.,  G,  g  &c.  are  given  constants.     There  may  also  be 
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several  similar  relations  between  some  or  all  the  coordiaates.  In 
such  a  case  we  suppose  these  given  relations  to  be  included  amongst 
the  differential  equations,  though  they  cannot  be  derived  from  a 
La^rangian  function  as  in  Art.  111.  The  method  of  linding  the 
corresponding  forced  vibration  given  in  Art.  B26,  will  then  atill  be 
applicable. 

324.  The  general  equations  of  motion  of  the  second  order  are 
given  in  Art.  310,  but  in  dynamics  the  terms  which  depend  on 
the  functions  D  and  F  are  in  general  absent.  The  mode  in  which 
these  are  formed  when  the  resisting  forces  are  absent  is  explained 
in  Art.  111.  Including  these  resistances  we  may  suppose  that  the 
equations  of  motion  take  the  forms 

aiiS^  +  B„S4-C,0a^+M,,8'  +  B„8  +  C,A!/+...=Pe-"'sin(Xi+5) 

&c.  =  &c., 
where  we  have  written  on  the  right-hand  side  only  one  disturbing 
force  in  each  equation  as  a  specimen. 

For  the  sake  of  brevity,  it  will  be  foupd  oonvenient  to  dletlDguiab  the  eijaation 
ill  whieb  any  diatucbing  force  ocom'a  by  some  simple  phrase.  The  first  equation 
is  obtained  from  Lagrange's  equations  (Art.  Ill)  by  diSerentiating  with  regard  to  8 
or  iK.  The  second  by  difierentiating  with  regard  to  0  or ;/.  The  foroe  on  the  right- 
hand  side  of  the  first  equa,tion  may  therefore  be  said  to  act  directly  oa  the  coordinate 
x  and  indirectly  on  t/,  2,  iSo.  Bo  the  foc«e  on  the  right-hand  eida  of  the  second 
equation  acts  directly  on  the  coordinate  y  and  Indirectly  on  a:,  z,  &B. 

325.  The  solution  of  these  equations  leads  to  expressions  for 
the  coordinates  x,  y,  &c.  which  contain  two  sets  of  terms.  One  set 
is  called  a  particular  integral  and  consists  of  any  solution,  obtained 
by  any  process  however  restricted,  and  usually  contains  no  arbitrary 
constants.  In  dynamics  such  a  solution  is  called  a  forced  vibration 
and  represents  a  possible  motion  only  when  the  initial  conditions 
are  suitably  chosen. 

The  other  set  contains  all  the  constants  of  integration  and  is 
called  the  complementary  function.  These  terms  express  all  the 
possible  oscillations  of  the  system  when  not  acted  on  by  the 
disturbing  forces.  In  dt/no/mics  these  are  called  the  free  or  natural 
oscillations  of  the  system. 

The  term  "Complementary  Function"  is  used  by  Liouville  in  Vol.  13  of  the 
Jotii'nal  Polyteehnique,  1833,  in  a.n  article  on  fractional  differential  coeMcients. 
It  is  also  used  in  Gregory's  Examples,  1841.  The  distinction  of  Waves  into  "  free  " 
and  "  forced  "  may  be  found  in  Airy's  Tide)  and  Tfavei,  published  in  the  Eneyclo- 
piEdia  Meti-opolitana,  1812.    Art.  278. 

326.  To  find  the  Forced  Vibration.  To  find  a  particular 
integral  for   any  force   Pe""*sin(W  +  q)  we   follow   the  methods 
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already  explained  in  Chap.  vi.  If  A  (S)  be  the  determinant  of 
the  motion  and  /i(5),  /^(S),  &c.  be  the  minors  of  the  first, 
secoud,  &c.  terms  in  that  row  of  A  (S)  which  corresponds  to  the 
equation  in  which  the  force  occurs,  we  have 

^_-f,(8)f 

We  Khali  now  prove  that  these  operators  lead  to  two  trigono- 
metrical terms  in  each  of  the  coordinates.  These  two  terms 
constitute  the  forced  vibration  in  that  coordinate. 

327.  To  peiform  the  operations  indicated  by  these  tunotioas  of  d,  we  use  the 

following  simple  rale,     To  perfomi  the  cpej-ation  F{S)--^J-  on  Fe'"'  ^"^  (\t  +  a)  we 

wHte  S^  -K  +  \tJ  -1  and  reduce  the  operator  to  the  farm  L-^-M^  - 1.    The  required 

remit  is  then  Fe~'''(L  +  M-]  ^"^ {Xt  +  a). 
\  ^/  <^^ 

To  prove  this  rule,  we  notice  that,  by  Ait.  265,  F(5)e™'  =  (L  +  Jlf,/-l)s""  wheife 
m=  -K  +  \,y-l.  If  we  now  replace  the  imaginary  part  of  the  exponential  by  its 
trigonometrical  value,  and  eqaate  the  real  and  imaginary  parts  on  eaoh  side  of  the 
equation,  the  result  follows  at  once. 

328.  If  the  /lyrae  is  permanent  «=0  and  it  immediately  follows  that  the  coa- 
eequatt  forced  vibration  is  also  permanent. 

329.  If  the  determinant  d(8)  have  o  roots  each  equal  to  m,  i.e.  -k  +  X^J-I, 
the  reBult  assumes  an  inSnite  form.    In  this  ease  the  operator  may  be  replaced  by 

(■•i(s)+.i-'i'(si+...+ri>)};A-(j), 

where  the  coefficients  follow  the  binomial  law,  and  A  (5),  &c,  have  been  written 
to  express  the  oth  differential  coefEcient  of  A  (3),  &e.  Every  one  of  these  operations 
may  now  be  performed  by  the  rule  given  in  the  last  article. 

To  prove  thia,  we  replace  the  root  ni  by  m  +  h  where  ft  is  to  be  afterwarda  put 
equal  to  zero.     We  then  find 

The  firat  a  teems  of  this  series  in  each  coordinate,  though  infinite,  may  he 
absorbed  into  the  complementary  function,  see  Art.  266.  The  solution  is  therefore 
expressed  by  the  (o  +  l)th  term.  This,  by  the  theorem  of  Leibnitz  to  find  the  nth 
differential  ooefficlent  of  a  product,  reduces  to  the  operator  given  above. 

330.  Smooth  and  Tremiilous  Motion.  We  have  supposed  the  system  to  be 
capable  of  moving  in  some  state  of  steady  motion,  just  as  a  hoop  rolls  on  the  ground 
in  a  vertical  plaue.  But  owing  to  some  small  disturbances  the  system  really  oscil- 
lates on  each  side  of  tills  steady  motion,  the  amount  of  disturbance  being  always 
represented  for  each  coordinate  by  the  sum  of  the  natural  and  forced  oscillations. 
When  the  period  of  one  of  these  is  smaU  the  system  rapidly  ohangea  from  one  side 
to  the  other  of  its  mean  or  steady  motion.  The  mean  motion  then  appears  to  the 
eye  to  be  tremulous.  When  the  periods  of  all  the  oscillations  are  very  long  the 
obajige  from  one  side  of  the  mean  motion  to  the  other  takes  place  so  slowly  that 
it  is  hardly  perceived  to  be  an  oscillation.  The  mean  motion  is  then  said  to  be 
smooth. 

E.  D.    n.  16 
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331.  Disappearance  of  the  Free  Vibrations.  When  a 
system  is  set  in  vibration  by  any  continuous  permanent  disturbing 
force  we  have  seen  that  two  kinds  of  vibration  are  excited  in 
the  system,  viz.  the  tree  and  the  forced  vibrations.  If  there  are 
no  forces  of  resistance  both  these  continue  to  coexist  throughout 
the  motion.  But  if  there  are  any  forces  of  resistance  an  ex- 
ponential  is  introduced  into  the  free  vibration  which  causes  its 
amplitude  to  decrease  continually,  so  that  finally  the  free  vibration 
becomes  insensible  (Art.  319).  The  amplitude  however  of  the 
forced  vibration  is  not  similarly  decreased  (Art.  328).  Thus  the 
oscillation  of  the  system  is  ultimately  independent  of  the  initial 
conditions  and  depends  only  on  the  forced  vibrations.  The  forced 
vibration  produced  by  a  permanent  disturbing  force  is  therefore 
sometimes  called  the  permanent  vibration. 

33"2.  /(  is  sometimes  important  to  compai-e  the  rates  at  which 
the  different  free  oscillations  tend  to  become  extinct  under  the 
injluence  of  the  resisting  forces.  It  is  clear  that  this  depends 
«n  the  magnitude  of  the  negative  quantity  r  in  the  exponential 
factor  e"*  introduced  by  these  resistances.  Since  this  factor  is  not 
necessarily  the  same  in  all  the  terms,  it  follows  that  all  the  free 
vibrations  do  not  diminish  at  the  same  rate.  Some  may  become 
insensible  before  the  magnitudes  of  othei-s  have  been  much 
impaired. 

When  the  initial  amplitudes  of  any  one  principal  oscillation  aie  kaoffD  in  ftU 
the  coordinates,  the  value  of  r  for  that  oscillation  can  be  deduced  from  the  equationa 
given  in  Art.  318.  But  when  the  lystera  is  osoillatiDg  about  a  position  of  equiUbrium 
and  the  forces  ot  resistance  are  small  the  expieseion  for  r  takes  the  very  simple 
form  given  in  Art.  323.  If-X,,  r,,  Ac.  be  the  amplitudes  in  the  coordinates  i,  jr, 
4o.  of  any  one  free  principal  oscillation,  this  eipression  ia 

where  the  via  viva  and  twice  the  dissipation  function  are  given  by 

2A^Aj,x"'  +  2A,^x'y'  +  ...,     2B  =  B„a'=  +  2B„i'j)'  + .... 

The  use  of  this  espreasion  for  r  will  be  best  shown  by  a  tew  examples. 

333.  Ei.  1.  Let  us  regard  a  homogeneous  tight  chain  as  constructed  of  a 
aeries  of  very  small  tqual  particles,  each  of  mass  m,  connected  by  vary  short  strings 
without  mBEB.  Let  x,  y,  &c.  be  the  displacements  oi  the  particles  of  such  a  string 
vibrating,  say,  transversely.  Then  the  vis  viva  ia  given  by  2mi"'.  Suppose  the 
reeiatance  of  the  atmosphere  to  be  represented  by  a  Tttarding  fores  oit  each  particle 
which  variei  as  iti  actual  velocity.  Prove  that  the  dissipation  fanotion  B  may  be 
represented  by  2B-Ztx''.  Taking  jt  to  be  the  same  for  all  the  particles  it 
immediately  follows  that  r=  -  J«/m,  »o  that  the  proportional  effect  of  the  reiiatanet 
cj  the  air  on  all  the  free  vibrations  is  tlie  lame. 

Ex.  3.  If  the  particles  of  the  chain  vibrate  longitudinally  instead  of  transversely 
the  effects  of  the  resistance  of  the  air  will  be  leas  than  before,  while  the  effects  of 
viscosity  or  imperfect  elasticity  wiU  be  more  apparent.  Let  us  suppose  that  these 
may  be  represented  by  a  series  of  forces  resisting  compreaaion  ot  extension  between 
adjacent  particles,  each  force  being  proportional  to  tlie  relative  iielocitiei  of  the  (ico 
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particles  betioeen  which  it  acts  and  reacts.  Prove  that  the  disaipation  fuaotion  B 
may  be  represented  by  B  =  2ic(3:'-i/')'  where  a;,  y  are  the  absoissae  of  any  two 
adiftcent  particles. 

Speaking  in  general  terms,  me  infer  that  r  ia  greatest  for  that  kind  of  oscillation 
in  which  the  differences  of  the  velocities  of  adjacent  particles  are  greatest.  OiciUa- 
tions  of  this  Mnd  disappear  soonest,  while  those  in  which  the  adjacent  f  articles  move 
nearly  together  may  remain  pereeptihU  for  a  long  time  after. 

In  a  wave  motion,  the  longer  the  wave  measured  from  crest  to  crest  (other  things 
bemg  the  same)  the  more  nearly  eqnal  are  the  velocities  of  adjacent  particles.  We 
may  therefore  aaj  that  tite  effect  of  viicosiiy  is  to  extinffuiah  tlie  short  waves  before 
llie  long  waves  are  sensibly  afeeted. 

Ex.  3.  If  tibe  coordinates  are  so  chosen  that  the  disaipalion  function  and  the 
vis  viva  take  the  forms  iB—Bj^x'^  +  B^'^+ ...,  iT=Aiix'^  +  A^'^+ .,., 
then  the  value  of  r  for  every  principal  vibration  Ilea  between  the  greatest  and  leaat 
of  the  fractions  £,,/2.j„,  B^2A^,  &a.  It  may  be  nolioed  that  these  limits  are 
independent  of  the  force  faiKtion,  and  are  therefore  the  same  Jeliatever  the  forces 
may  be. 

Bi.  i.  The  membrane  which  forma  a  drum-head  vibrates  transversely  when 
struck.  If  the  resistance  of  the  air  be  slight  and  vary  as  the  actual  velocity  of  each 
particle,  show  that  all  the  free  vibrations  have  the  same  real  exponential  factor. 

Es.  5.  When  Buoceasiyc  notes  are  sounded  on  a  mnsical  instrument,  explain 
why  each  note  ia  not  sensibly  affected  by  the  preceding  one.     See  Art.  331. 

334.  Herschel's  Theorem  on  the  period  of  the  Forced 
Vibration.  On  comparing  the  terms  in  Art.  327  which  con- 
stitute the  forced  vibration  with  that  which  forms  the  disturbing 
force,  we  notice  that  the  period  of  the  forced  vibration  is  the  same 
as  that  of  the  force  to  which  it  is  due.  Thus  if  any  perioddo 
cause  of  disturbance  act  on  a  system  of  vibrating  particles  the 
forced  vibrations  folloiv  ike  period  of  the  exciting  caitse.  This 
important  theorem  is  due  to  Sir  J.  Herschel,  who  lirst  enunciated 
it  in  his  Theory  of  Sound  {Encyc.  Met.  1830).  His  demonstration 
however  is  totally  different  from  that  given  here. 

More  generally,  the  disturbing  force  and  the  resulting  forced 
vibration  have  not  only  the  same  period,  but  have  the  same  real 
exponential  also.  Thus,  when  the  fundameotal  determinant  has 
no  equal  roots  the  two  have  the  same  general  form  or  typo.  A 
permanent  force  produces  a  permanent  vibration,  an  evanescent 
vibration  follows  only  from  an  evanescent  force. 

In  the  proof  of  this  theorem  we  have  assumed  that  the  system 
of  vibrating  particles  is  such  that  the  squares  of  the  displacements 
can  be  neglected, 

The  theorem  also  only  applies  to  the  forced  vibrations.  If 
therefore  we  wish  to  apply  Herschel's  theorem  to  the  actual 
visible  motion,  a  time,  sufficient  to  allow  the  freo  vibrations  to 
die  away,  must  have  elapsed  since  the  initial  motion.  See  Art.  331. 
333.  Aa  an  example  of  this  principle  we  may  notice  that  when  a  sounding  body 
(such  as  a  drum)  excites  vibrations  in  the  air,  the  period  or  pitch  of  the  sound 
produced  in  the  air  and  in  the  ear  is  the  aame  as  that  of  the  sounding  body. 
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336.  As  another  example  we  may  take  one  given  by  Heraeliel.  Let  a  lay  of 
light  fall  on  a  refractiug  snbetanoe  like  glese.  The  vibLatioiie  of  the  iticideat  light 
muEt  excite  vibrations  Iceide  the  glass.  These  last  ae  long  as  the  exoltisg  cause 
continaes  and  therefore  constitute  the  toroecl  vibration.  The  periofi  of  the  refracted 
light  is,  b;  Hecsohel's  theorem,  the  same  as  that  of  the  incident  light. 

There  are  however  some  esoeptions  to  this  resalt.  Thus  in  the  Phil,  Trmis.  for 
1852  Sir  G.  Stokes  has  pointed  oat  that  liglit  bejoad  the  nltra-violet  hy  passing 
throngh  certain  substances  may  have  its  period  so  lengthened  as  to  become  visible. 
And  Prof.  Tyndall  by  means  of  the  ultra-red  rajB  heated  platinum  toil  to 
inoanilesoenoe  and  thus  so  shortened  the  periods  that  the  vibrations  became  visible. 
See  his  Rede  Lecture,  1S65. 

To  understand  the  cause  of  these  esoeptions  we  must  remember  that  the  forces 
of  restitution  have  been  taken  proporiioTud  to  the  first  povier  of  the  diaptaceaiente,  i.e., 
only  the  first  powers  of  x,  y,  &o.  have  been  retained.  Now  the  molecules  of  a  body 
may  be  componncled  of  smaller  atoms  closely  packed  together.  When  the  oscilla- 
tions under  consideration  are  such  that  only  the  moiecnles  move  amongst  each 
otbei',  the  displacements  may  he  so  small  compared  with  the  distances  of  the 
molecules  from  each  other  that  the  force  of  restitution/ (|),  dne  to  a  ilisplaoement  ? 
of  any  molecule,  may, be  replaced  by  the  first  power  whicb  occurs  in  M'Laurin's 
expansion.  But  when  tlie  oscillations  are  such  that  the  closely  packed  atoms  of 
each  moleoale  move  amongst  each  other,  the  force  of  restitution  may  no  longer 
vary  as  the  first  power  of  the  displacement.  Thus  the  eqaations  of  Art.  32i  may 
apply  to  the  former  hut  not  to  the  latter  kind  of  motion.  The  reader  will  find  more 
complete  explanations  in  Sir  G.  StoJtes'  paper,  see  pages  5i9,  650. 

It  is  obvious  that  the  motion  may  be  very  different  from  that  described  above 
when  the  squares  and  cubes  of  the  small  quantities  cannot  be  rejected.  This  wil] 
be  especially  noticeable  when  the  terms  of  the  first  order  are  absent.  An  elementary 
example  is  given  in  Vol.  I.  Art.  i50,  where  an  oscillation  leading  to  the  differential 
equation  S^B  +  aB'—O  is  discussed.  It  is  shown  that  the  period,  so  far  from  being 
constant,  varies  inversely  as  the  arc  of  vibration.  If  we  represent  a  disturbing 
force  by  the  term  P  sin  Xt  on  the  right-hand  side  of  this  equation,  it  is  clear  that 
the  equation  oajinot  be  satisfied  by  a  term  of  the  form  e=Q  sin  X(,  so  that  the 
period  oi  the  forced  oscillation  is  not  the  same  as  that  of  the  force. 

337.  How  a  disturbing  force  Is  magnified.  In  dynamical 
problems  as  they  occur  in  nature  we  often  have  a  system  oscil- 
lating freely  about  some  mean  position,  and  acted  on  by  a  crowd 
of  small  forces  which  tend  to  disturb  this  motion  Some  of  these 
forces  are  very  small  in  magnitude,  others  are  gieater  Mij  we 
reject  the  small  ones  as  compared  with  the  greater'  The  number 
of  forces  is  perhaps  too  large  for  us  to  consider  the  efte  ts  f  each. 
It  is  evident  that  we  require  some  rule  to  guide  us  m  choosing 
those  forces  which  produce  the  most  importtnt  eftecta  For 
instance,  in  the  Planetaiy  Theory,  each  planet  i^  pulled  ibiiut 
by  an  innumerable  number  of  causes  of  distuibance  It  w  uld 
be  impossible  to  determine  the  actual  motion  mthout  a  me  jiin- 
ciple  to  enable  us  to  reject  those  forces  which  pi  "Miuoe  insensible 
disturbance. 

Let  a  system  be  acted  on  by  two  permanent  disturbing  forces 
which  we  may  represent   by  the   two   terms   P  sin  (Xt  H-  a)  and 
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Q  sin  (id  4-  /S)  both  placed  in  the  first  equation  of  Art.  324.     The 
corresponding  forced  vibrations  in  the  coordinate  x  are  given  by 

'"■  si) -^  ™ '"+">+ ^  «''"<'"+ ^>' 

where  7" (8)  is  the  minor  of  the  x  term  in  the  first  line  of  the 
determinant  A  (S),  These  coefiicienta  contain  the  operator,  8,  and 
their  magnitudes  will  therefore  depend  on  X.  and  jj,.  We  therefore 
infer  that  the  effects  of  different  pervianent  disturbing  forces  acting 
under  similar  conditions  on  tiie  same  coordinate  are  not  simply 
'to  their  respective  magnitudes   but  depend  on  their 


338.  Without  however  restricting  ourselves  to  permanent 
disturbing  forces,  let  us  consider  the  forced  vibration  produced  by 
the  disturbing  force  Pe-'^'sinX^.  Writing  as  before  (Art.  327) 
m  =  —  K  +  Xs/  —  l,  the  resulting  forced  vibration  is  the  co- 
efficient of  V-1  ia  ^  Pe^  =  P  ^\  e™*. 

A  (o)  A  (m) 

If  m  is  nearly  equal  to  a  root  of  A  (S)  =  0,  the  denominator  of  this 
expression  is  very  small.  But  the  types  of  the  free  vibrations 
are  given  by  A  (m)  =  0  as  shown  in  Art,  262.  We  therefore  infei' 
that  a  distwrbing  force  whose  period  and  real  exponential  are 
nearly  the  same  as  those  of  any  one  free  vibration  produces  a  large 
forced  vibration. 

339.  Usually  a  disturbing  force  is  of  the  permanent  type. 
P  sin  {\t  +  a).  If  there  were  no  forces  of  resistance  there 
would  be  free  permanent  oscillations  in  the  system  of  the  form 
j1  sin  (p*  + /S),  and  we  have  just  seen  that,  if  X  were  nearly  equal 
to  any  value  oip,  the  disturbing  force  would  produce  a  magnified 
forced  oscillation.  But  the  resisting  forces  introduce  real  ex- 
ponentials as  factors  of  the  free  vibrations  (Art.  319).  Thus  the 
type  of  the  disturbing  force  is  no  longer  the  same  as  that  of 
any  free  vibration.  We  conclude  that  one  effect  of  the  resistances 
on  a  disturbing  permanent  force,  which  would  otherwise  produce 
a  magnified  forced  oscillation,  is  to  modify  that  oscillation  and  to 
keep  it  wiihin  bounds. 

340.  As  a  simple  example  of  thia  dynamical  principle,  let  us  consider  how 
easily  a  heavy  swing  can  be  set  into  violent  oscillation  by  a  uries  of  little  pnshee 
and  pulls  if  properly  (inierf.  If  we  pnsh  when  the  awing  is  ceoediag  and  pull  when 
it  is  approaching,  ttie  swing  is  coHtinaally  accelerated,  and  the  arc  of  oBoiUation 
is  greater  and  greater  at  each  saoeeeding  swing.  Such  a  series  of  alternations  of 
push  and  pall  ia  practically  what  we  have  called  a  permanent  disturbing  force 
whose  period  is  the  same  aa  that  of  the  free  vibration  of  the  swing.  But,  if  the 
period  is  very  unequal  to  that  of  the  free  vibration,  though  a  few  pushes  and  pnlla 
may  increase  the  arc  of  vibration,  yet  a  time  soon  cornea  when  the  effect  is  reversed. 
The  force  then  aota  opposite  to  the  motion  of  the  swing  and  the  oseillationa  deoreaee 
just  aa  they  before  ii 
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In  the  same  way  heavy  church  hells  can  Tie  easily  let  in  motion  provided  the 
palla  ate  properly  timed.  To  increase  the  osoillatioa  eaob  rope  should  be  pulled 
only  when  il  is  deaoending.  A  lavge  heavy  ship  can  be  made  to  roll,  when  its  natural 
time  of  oscillation  is  required,  by  running  a  gang  uf  men  to  and  fro  across  the  deck 
at  the  proper  times  ;  the  men  run  aphill. 

It  is  well  known  that,  when  a  piano  string  is  exposed  to  the  air  and  ia  acted  on 
by  TibratioQE  in  that  medium,  the  stiing  will  sometimes  appear  to  be  unaffeeted  by 
the  motion  and  at  other  times  will  sound  a  note.  The  reason  h  that,  though  tha 
string  is  always  set  ia  motion,  yet,  unless  the  aerial  impulses  on  it  are  property 
timed,  the  motion  produced  ia  too  s%ht  to  be  sensible.  If  however  one  of  the 
existing  nates  in  the  air  has  the  same  period  ae  one  of  those  of  the  string,  the  pressure 
of  the  air  on  the  string,  like  the  impttlees  on  the  pendulum  described  above,  will 
continually  tend  to  increase  the  motion. 

On  the  other  hand  the  intensity  of  this  particular  note  in  the  air  is  weakened 
by  the  amount  commuliioated  to  the  string,  while  the  intensitiea  of  the  other 
aSrial  notes  appear  to  be  nnaffeoted.  Thus  a  piano  string,  or  ajiy  vihraling  body, 
will  absorb  or  extract  from  tlie  sunoanding  niedittm  the  same  notes  mhich  it  would 
produce  in  the  air  if  independently  set  in  motion.  By  extending  this  theory  to  the 
vibrations  of  light.  Sir  0-.  Stokes  showed  how  a  body  may  be  at  the  sama  time 
a  source  of  light  giviug  out  rays  of  a  definite  perioci,  and  an  absorbing  medium 
extinguishing  rays  of  the  same  period  whi  h  t  t      I     this       y  h    g 
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to  which  the  pendulum  is  attached  and  should  this  not  be  perfectly  firm,  the 
motion  will  be  oommunieated  to  the  ^*ire  which  m  a  little  time  will  accompany 
the  pendulum  on   its  iibralions       This    ingenious   contrivance    appeared  fully 
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adequate  to  tho  purpose  for  which  it  was  employed,  and  afforded  a  satisfactory 
proof  of  the  stability  of  the  point  of  suspension.     See  Fhil.  Trans.,  1818. 

343  It  has  been  shonn  in  Ait  dSS  that  a  disturbing  force  may  prodace  a  large 
vibration  in  r  :i  iti,  period  is  snch  that  the  denominator  A  (5)  is  small.  But  this 
lesult  IS  aftpcted  by  the  opeiatoc  I  (S)  which  occurs  in  the  numerator.  If  for 
matancf,  llie  le&nlt  of  the  cpeiation  of  the  minor  I{5)  is  zero,  the  forced  vibration 
disappears 

Kow  these  minoia  aie  just  the  operators  used  in  finding  the  free  vibrations. 
Thns  in  Alt    202  we  have  c  =  7(S)  [type]. 

If  then  auv  one  ot  the  ftee  vibiations  is  absent  from  one  of  the  coordinates 
though  piesent  in  the  others  then  a  disturbing  force  of  nearly  the  same  period  does 
not  piodui-e  a  lat^e  foiued  vibration  m  that  ooorcUuate.  We  infer  that  a  diattirblng 
force  can  produce  a  large  Jul  ced  vibration  in  ant/  coordinate  only  if  tkere  be  in  that 
coordiiuiie  a  free  vibration  ofjiearly  tlte  same  period  and  containing  nearly  the  tame 
real  exponentioi, 

344.  If  the  force  is  nearly  equal  to  Pe~**ain(\£  +  a),  it  may  ooenr  that  the 
determinant  A  (6)  has  a  roots  equal  to  -k  +  X^-^i  while  the  minor  I {5)  has  none 
of  them.  Referring  to  the  expressions  for  the  forced  vibrations  in  the  coordinates 
if,  y,  &c  given  in  Art.  32ti,  we  see  that  in.  this  case  the  foroed  vibration  is  divided 
a  times  by  a  small  quantity  and  is  said  to  be  magnified  a  times.  Bat,  if  the  minor 
I  (8)  has  p  of  these  roots,  the  forced  vibration  is  magnified  a -^  times.  By  reference 
to  Art.  2T3  we  see  that  the  coordinate  x  has  in  this  case  powers  of  t  up  to  the 
(a-j3-l)th  in  the  coeifieients  ot  its  free  vibration.  We  infer  that  the  forced 
vibration  in  any  coordinate  !8  vtagmjied  ojiee  more  than  the  higheet  power  of  t 
vihieh  occurs  ia  that  coordinate  in  connexion  with  the  free  vibrations  of  nearly 
tliC  same  period. 

345.  As  an  example  let  ns  consider  the  case  of  apianet  describing  a  circle  about 
the  sun  considered  as  fixed  in  the  centre;  the  radius  vector  r  is  then  equal  to  a 
constant  and  the  longitude  ^  — nl  +  E.  It  slightly  disturbed  and  acted  on  only  by 
the  attraction  of  the  sun,  the  planet  describes  an  ellipse  of  small  eccentricity  e.  The 
consequent  changes  in  the  radius  vector  and  longitude  are  small  and  these  changes 
may  be  represented  by  what  we  have  called  a  and  y.  From  the  theory  ot  elliptic 
motion  we  know  these  are  approximately 

?;  =  bI  +  C  +  3esm(nJ  +  n), 
where  a,  i,  c  are  small  quantities  and  3jr/!i  is  the  period  of  the  planet.  These  are 
of  course  the  free  vibrations.  Comparing  these  with  the  type  Bin(Xt  +  a]  we  see  that 
two  free  vibrations  occur  in  ir,  viz.  \  =  nand  X  =  0,  There  are  three  free  vibrations 
in  the  expression  for  y,  viz.  \=n  and  two  equal  values  of  \  each  zero.  These  equal 
values  introduce  the  terms  with  powers  of  (  as  explained  in  Art.  26t>. 

We  i^er  that  any  small  permanent  periodic  foice  produces  a  magnified  disturbance 
both  in  the  radius  vector  and  longitude  of  a  planet,  if  its  period  is  nearly  equal  to 
that  of  the  planet  or  ia  very  long.  Since  there  are  two  equal  free  periods  in  the 
longitude  mhoae  type  is  \=0,  and  only  one  in  the  radins  vector,  those  small  dis' 
lurlnng  forces  whose  periods  are  very  long  are  twice  magnified  in  their  effects  on  the 
longitude  and  once  magnified  ia  the  radius  vector.  If  any  snoh  foroes  as  these  act  on 
the  planet  it  is  necessary  to  examine  into  their  efects.  Small  disturbing  forces, 
whose  magnitudes  are  less  than  the  standard  ot  small  quantities  to  be  retained, 
may  be  disregarded  only  if  their  periods  are  different  from  those  just  indicated. 

These  rules  are  ased  in  the  Lunar  and  Planetary  Theories  to  assist  us  in  esti- 
mating' the  values  of  the  disturbing  forces.     They  enable  ns  to  separate  from  the 
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crowd  of  small  forces  those  wbiek  can  produce  sensible  effects  on  the  motions  of 
the  planets,  see  Art.  337. 

Ex.  A  particle,  say  the  earth,  describes  a  nearly  eironlar  orhit  about  a  centre 
of  force  whose  attraction  varies  inversely  as  the  square  of  the  distance.  It  is  also 
acted  on  bj  two  disturbing  forces  represented  by  PsinXf  anil  QsinXf  acting  re- 
spectively along  and  perpendicular  to  the  radius  vector.  If  the  polar  coordinates 
r,  fl  be  given  hy  r=a  +  x,  8  =  nt  +  y,  prove  that  the  eqaaUons  of  motion  are 

show  also  that  the  forced  vibrations  are  given  by 
, P_.    ..  3»Q  ,._        2"P        ,„„,,,  (3"'  +  '^')g,;„,, 

We  notice  that  when,  the  period  of  the  force  is  either  nearly  equal  to  that  in  the 
oiroular  orbit,  or  is  very  long,  the  forced  vibration  becomes  very  large.  If  X=«, 
the  form  of  the  solution  is  changed,  see  Art.  366.  Anothet^  important  point  is 
noticed  in  Art.  351. 

346.  How  a  disturbing  force  is  diminished.  Let  ns  resumo 
the  expression  given  in  Art.  326  for  the  forced  vibration  due  to 
a  continuous  disturbing  force.  We  remark  in  the  first  place  that 
the  denominator  of  the  eoefiicient  contains  higher  powers  of  X 
than  the  numerator.  To  show  this  it  may  be  sufficient  to  notice 
that  the  determinant  of  the  motion  A  (8)  has  two  powers  of  fi  more 
than  any  of  its  minors.  We  therefore  infer  that,  in  the  limit, 
■when  X  is  very  great,  i.e,  when  the  period  of  the  distwrbmg  force  is 
much  smaller  than  that  of  any  free  oscillation,  the  forced  vibration 
produced  is  in  general  insignificant. 

S47.  When  the  type  of  a  continuous  disturbing  force  f(t) 
which  acta  directly  on  the  coordinate  a>  is  such  that  it  satisfies 
the  differential  equation  /i(S)/(()  =  0,  we  remark,  in  the  second 
place,  that  the  forced  oscillation  in  the  coordinate  tc  wholly 
vanishes.  Now  Z^  (8)  =  0  is  the  determinantal  equation  whose 
roots  give  the  free  vibration  when  the  cooi'dinate  x  is  constrained 
to  be  zero.  We  infer  that  when  the  type  of  a  distnirhing  force 
which  acts  directly  on  any  coordinate  x  is  nearly  the  same  as  any 
one  of  the  modes  of  free  vibration  when  x  is  constrained  to  be  zero, 
then  the  forced  vibration  in  x  is  very  small.     See  Art.  843. 

34S.  Es.  A  tight  string,  whose  eiLtremities  A  and  B  are  fixed,  is  acted  on 
transversely  at  any  point  C  by  a  permanent  disturbing  force.  If  the  period  of  the 
force  is  equal  to  any  one  of  the  periods  of  a  string  stretched  with  the  same  tension 
but  whose  length  is  either  AC  or  CB,  show  that  the  forced  vibration  does  not 
disturb  the  point  C.  If  the  strings  AC,  CB  have  no  free  period  in  common,  show 
that  one  string  is  not  moved  by  the  forced  vibration. 

We  may  also  deduce  this  result  from  some  elementary  considerations.  Let  the 
atriag  be  held  at  rest  at  C  and  let  the  part  AC  be  set  in  motion,  CB  being  at  rest. 
The  pressure  at  C  when  resolved  perpendicular  to  the  string  will  represent  a  per- 
manent disturbing  force  whose  period  is  equal  to  that  of  any  one  of  the  free  vibra- 
tions of  .JC.  Replacing  the  pressure  by  the  disturbing  force  we  have  AG  in  vibration 
and  CB  at  rest. 
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349.  How  an  Impulse  is  diminished.  When  a  system  of 
machinery  is  moving  in  some  state  of  steady  stable  motion  it  may 
be  liable  to  disturbance  from  sudden  jerks,  whose  effoets  it  may 
be  important  to  diminish  as  much  as  possible.  Let  us  consider 
briefly  what  means  we  have  to  abate  an  impulse. 

When  the  jerk  has  completed  its  work  and  has  ceased  to  act, 
the  system  is  displaced  from  its  proper  state  of  motion.  It  now 
begins  to  oscillate  about  this  state.  Thus  one  effect  of  the  jerk 
is  to  introduce  a  new  set  of  free  oscillations.  If  there  be  any 
forces  of  resistance  these  free  vibrations  will  begin  to  fade  away 
and  the  system  will  tend  to  assume  a  state  of  steady  motion. 
One  method  of  correcting  the  effects  of  a  disturbing  impulse  is  there- 
fore to  increase  the  resisting  forces. 

The  resistances  which  are  thus  intentionally  introduced  into 
the  machinery  should  be  properly  arranged.  They  should  be  such 
as  not  to  affect  the  steady  motion,  but  to  begin  to  act  only  when 
the  machine  deviates  from  its  intended  course.  An  example  of 
this  has  been  given  in  Art.  105,  where  the  motion  of  the  governor 


350.  The  actual  effect  of  a  jerk  X  on  any  coordinate  enoh  as  x  Is  easily  deduced 
from  the  equations  of  Art.  118.  If  A  be  the  diaorimmant  of  the  quadtia  A  where 
24=JjjiE'  +  2jl,ja;i/+  ...  and  J^  tlie  minor  of  the  coriBtitueat  A-i^,  we  have 

It  then  it  is  important  to  lessen  the  effects  of  the  impulBe  X,  we  may  mafee 
some  addition  to  tlie  machine  or  modify  the  arrangement  of  its  parts  so  as.ti;> 
increase  the  diseriminant  A  as  compared  with  I  as  maoh  as  possible. 

If  the  function  ^  is  a.  positive  one-aigned  function,  its  discriminant  A  is  positive. 
We  may  then  show,  as  in  the  next  article,  that  the  ratio  of  !„  to  4  is  in  general 
decreased  by  the  addition  of  the  square  of  any  linear  fnnction  of  x,  y,  Ac.  to  the 
function  A.  Now  the  quadrie  fnnotion  A  with  accented  ooordinates  is  part  of  the 
expression  for  tlie  yis  viva  (Ait.  120),  and  is  always  a  positive  tunelion.  Hence  if 
any  addition  is  made  to  the  vis  viva  tlie  corresponding  addition  to  this  function  is 
also  positive,  and  may  be  expressed  as  the  sum  of  a  number  of  squares  of  linear 
fonctions.  We  may  therefore  m  general  ineakert  the  direct  e_ffects  of  jerks  on  a 
system  by  increasing  tlie  vis -viva. 

The  mual  method  of  effectiitg  this  is  to  attach  a  jly-wheel  to  the  machine  The 
vis  viva  of  a  rotating  body  is  Mk^a',  where  MU  is  the  moment  tf  inertia  of  the 
body  about  the  axis  and  a  is  the  angular  velocity  The  advantage  of  u'iiiig  a  wheel 
is  that,  with  a  given  quantity  of  additional  matter,  the  additional  terma  may  he 
increased  to  any  extent  by  increasing  the  radius  of  gyiation 

361.  Ex.  If  the  coordinates  he  so  chosen  that  the  gquaic  factor  added  to 
the  quadrio  2A  is  of  the  form  ,uy^.  where  y  is  any  ooordinate  othet  than  i  shorn 
that  the  ratio  I„/4  becomes  (r]i  +  fiA;)/(A  +  >iIgj),  where  Aj  is  the  second  minor 
formed  by  omitting  the  first  two  rows  and  column'!,  and  the  snfSs  of  each  I  indi- 
cates as  usual  the  constituent  of  which  that  I  is  the  minor.  Show  aiso  that  the 
second  ratio  is  less  than  the  first  by  I,jV/A(A-(- (1/35).  Show  also  that  this  difference 
is  positive  or  sero  and  has  a  finite  limit  tcJisji  y.  is  infinite. 

352.  The  interval  at  which  any  phase  of  effect  followB 
the  same  phase  of  cause.     Any  disturbing  force  tends  alter- 
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nately  to  increase  and  decrease  the  deviation  of  the  system  from 
its  undisturbed  position,  but  I'i  is  not  necessarily  titie  that  this 
deviation  actually  increases  when  the  force  urges  an  increase  or 
decreases  when  the  force  urges  a  decrease.  To  examine  into  this 
point  we  notice  that  by  Art.  326  the  forced  vibration  produced  by 
a  disturbing  force  Fe~''  sin  (Kt  +  a)  is 

Pe-"'  [L  sin  {Xt  +  a)  +  M  cos  (Xt  +  a)} 

=  P  V  Z^  -1-  We-'*  sin  (\t  +  a  +  tan-'  M/L). 

In  this  transformation  it  is  clear  that,  if  the  square  root  in  the 
coefficient  be  regai-ded  as  positive,  the  angle  added  to  the  phase 
must  be  such  that  its  sine  has  the  same  sign  as  M  and  its  cosine 
the  same  sign  as  L.  The  consequence  is  that  all  the  possible 
values  of  the  change  of  phase  differ  by  multiples  of  2-n-. 

Comparing  the  expression  for  the  forced  vibration  with  that 
for  the  disturbing  force  we  see  that  their  maxima  do  not  occur 
simultaneously.  The  maximum  of  the  oscillation  occurs  later  than 
the  maximum  of  the  force  by  an  interval  equal  to— (l/X,}tan~^{if/ij). 
In  the  same  way  every  phase  of  the  oscillation  follows  the  corre- 
spondi/ng  phase  in  the  force  after  the  same  interval. 

The  change  of  phase  in  any  coordinate  thus  depends  on  the 
values  of  L  and  M  for  that  coordinate.  These  are  easily  ibund 
by  the  rule  given  in  Art,  327,  where  it  is  shown  that,  if  we  write 
S  =  —  K  +  XV  — 1  in  the  operator  7(S)/i(S)  for  that  coordinate,  the 
result  is  L+M ^—1. 

353.  U  the  disturbing  force  is  permanent,  i.e.  is  of  the  form  PsinjXl  +  a), 
and  if  the  forces  of  resistanoe  are  aegleetefl,  the  determinant  A  (3)  contains  only 
even  powers  of  S.  We  infer  tlierefore  from  Art.  336  that  if  the  minor  I{S)  also 
contains  only  enen  potners  of  S,  ihep1io,ee  of  the  forced  oscillation  is  th^  same  as  that 
of  the  force  or  in  greater  by  v.  If  the  minor  I  (3)  contaim  only  odd  powers,  the  phase 
of  the  oscillation  is  greater  than  that  of  the  force  by  ±4?r. 

If  we  consider  the  direct  effect  of  a  force  on  any  coordinate,  the  minor  I(S) 
ooutaius  only  even  powers  of  8,  as  well  as  the  determinant  A  (3).  If  the  centrifugal 
forces  are  absent,  as  when  the  system  oscillates  about  a,  position  of  equilibriuni, 
every  minor  contains  only  even  powers  of  8.  In  these  cases  the  forced  vibi-ation  is 
simply  a  jaiUtiplB  positive  or  negative  of  the  disturbing  force  without  furtlier  change 

354,  Es.  A  particle  desoribeB  a  nearly  circnlar  orbit  about  a  centre  of  force 
which  attracts  according  to  the  Newtonian  law,  and  is  acted  on  by  a  permanent 
disturbing  force  along  the  radius  vector.  Show  that  the  particle  at  any  moment  is 
inside  the  mean  circular  orbit  when  the  force  acts  outwards  and  outside  when  the 
force  acts  inwards,  provided  that  the  period  of  the  force  is  less  than  that  of  the 
particle  in  its  undisturbed  orbit  round  the  centre  of  the  force.  But  the  reverse  of 
thisisthecaseiftheperiociof  the  disturbing  force  is  greater  than  that  of  the  particle. 
Would  there  be  a  similar  distinction  of  cases  if  the  centre  of  force  attracted  accord- 
ing to  some  inverse  power  greater  than  3?    Sec  Art.  3i5. 
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Second  approaimaiions. 

355.  When  we  try  to  find  the  oscillations  of  a  dynamical 
system  we  generally  proceed  by  continued  approximationa.  We 
first  reject  all  the  squares  of  the  small  quantities  aud  thus  obtain 
a  set  of  linear  ditferential  equations.  Solving  these  we  substitute 
the  results  in  the  terms  of  the  second  order  and  treat  these 
functions  of  (  as  disturbing  forces.  Their  corresponding  forced 
vibrations  are  then  found.  The  operation  may  be  repeated  for  a 
third  approximation  and  so  on. 

It  has  been  sliowu  in  Art.  337  that,  when  the  forces  of  resistance 
ai-e  small,  a  permanent  disturbing  force  whose  period  is  nearly 
equal  to  that  of  any  one  of  the  free  vibrations  produces  a  magnifi&i 
forced  vibration.  It  follows  that  a  small  force  of  proper  period 
which  would  appear  in  the  differential  equations  only  when  we 
include  terms  of  (say)  the  third  order  may  produce  oscillations  in 
the  coordinates  which  are  of  the  second  or  first  order. 

If  therefore  we  wish  to  have  our  results  correct  to  any  given 
order  it  will  be  necessary  to  retain,  for  examination,  those  periodic 
terms  of  higher  orders  in  the  differetitial  equations  whose  periods 
are  nearly  equal  to  any  of  the  free  vibrations. 

We  also  see  the  importance  of  proceeding  to  a  higher  approxi- 
mation.    These   small   terms   which   produce   such    lai'ge   forced 


yn 


nay  b 


d  rs  . 


nak 

xan  n  d 

p  a 


app  a  a 
Th 


np 


yGoosle 


252  SECOND   APPROXIMATIONS.  [CHAP.  VII. 

those  small  lerms  of  the  higher  orders  which  maUTially  affect  the  motion,     TIte 
solution  of  these  modified  eqiiatione  {if  one  can  be  found)  is  lo  he  taken  as  oar  first 


Let  va  repeat  the  ai^imeat  in  a  alightly  different  form.  The  first  approximation 
comprises  all  the  largest  terms  in  the  espressione  for  the  ooordinatea,  anil  may 
generally  be  taken  to  represent  the  visible  motion  o£  the  system.  If  now  a  dietiirb- 
iDg  force,  such  as  that  we  have  just  described,  act  on  the  system,  it  greatly  modifies 
the  visible  motion  and  in  turn  its  own  period  is  modified  by  the  change  of  motion. 
Thus  the  system  takes  ap  some  new  state  of  steady  motion  with  oscillations  about 
that  steady  motion  This  obliges  us  to  abandon  the  former  first  approximation  in 
order  to  use  one  vh  ch     avleapenane  t  epreaentfttion  of  the  new  visible  motion. 

When  we  examme  th  s  i  ew  fir  t  approii  nat  on  as  in  the  following  examples, 
we  find  that  it  somet  me  hag  the  sa  ne  gene  al  cl  amcter  as  the  former,  but  with 
the  important  except  on  tl  at  tl  e  free  v  biat  on  whoae  period  was  the  same  as  that 
of  the  force  has  been  modified  We  the  efore  ufer  that  when  a  $iiiaU  di$tarbin() 
force  is  wholly  or  pa  t  a  f  t  onoft  e  oo  d  nates  and  has  the  same  period  as  a 
free  oeeillation  of  tie  eyi  e  ,  t  aj  la  e  tie  effe  t  of  removing  that  type  of  free 
oscillation  from  the  system  and  replacing  it  by  some  othm-  type  of  a  different  period. 

3aT.  Before  proceeding  to  the  general  theoi;  we  shall  illustrate  the  method  of 
proceeding  by  a  simple  example. 

A  particle  oseillates  in  a  straight  line  about  a  centre  offeree  whose  attraction  at  a 
distance  x  is  represented  by  pflx  +  ^x^.    Find  the  time  of  a  gmall  oscillation. 

The  equation  of  motion  is  clearly        s:"+p^3:=  -^^  (1), 

where  aceenta  represent  differentiations  with  regard  to  t. 

As  a  first  approximation  we  reject  the  term  on  the  right-hand  side  as  being  of 

the  third  order  of  small  quantities.     We  then  find         x  —  Msm{pt  +  a)   (2). 

Proceeding  to  a  second  approximation  we  substitute  this  in  the  term  previously 
rejected.    We  have        x"  +p^x~  - ^^HP  { 3  sin  (p(  +  a)  - sin3  {pl  +  a) }  (3) 

The  first  trigonometrical  term  on  the  right-hand  side  has  the  same  period  as  the 
oscillation  which  represents  the  first  approximation  and  therefore  modifieH  that 
approximation  (Art.  356).  To  include  its  effects  we  muit  altei  equation  (3)  This 
modified  solution  when  substituted  in  the  diff  nt  al  quat  n  must  make  the  left 
hand  aide,  not  equal  to  zero  as  before,  bat  eq  al  t  a  7  mail  quantity,  viz  the 
small  disturbing  force.  As  a  trial  solution  w  I  all  th  f  e  retain  the  same 
general  form.  The  letters  il/ and  a,  being  tin  1  t  m  d  w  II  till  serve  loi  ganeial 
aymbols,  but  we  shall  replace  p  by  p+/i.  wh  som       nail   quantity  to   be 

determined  by  the  disturbing  foroe.    We  shall  th      f        vi  te  the  hrat  approsima 
tion  in  the  form  jc  =  Jlf  sin  { ( j>  +  /()  I  (4) 

Proceeding  to  a  second  approximation  we  have 

s>"+p^x=-^^M3sm{ip-l-ii)t  +  a]. 
If  our  correction  is  suecesaful,  this  equation  must  be  satisfied  by  our  amended  first 
approximation.     Substituting  we  find  the  equation  is  satisfied  provided 

M  \  -(p +  /!)=+))=}=  -|j9M',     .-.  /i^^^ilfa  nearly. 

Thus  the  oscillations  of  the  particle  about  the  centre  of  force  are  very  nearly 
represented  by  equation  (4).  The  effect  of  the  disturbing  force  -^  is  to  shorten 
the  time  of  oscillation  by  a  q-aantitiy  which  depends  on  tlie  square  of  the  arc. 

368.  If  the  force  of  attraction  had  been  ^x  +  p[dxldt)^  instead  of  that  given 
above,  we  may  ehow  that  this  process  would  have  failed. 

Taking  the  first  approsimation  as  before  and  substituting  in  the  differential 
equation  we  obtain 
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Negleotiug  tha  second  trigonometrioail  tetm  as  before,  !et  us  try  to  iuolade  the  other 
in  our  first  approxxmatton.  Taking  the  amended  form  (4)  and  sabstitubiag  we  find 
that  WB  Bhoulii  have 

M{-(p  +  ^)=+P=(da{(j-  +  ^)(  +  a}=-S^af»ooB{(p  +  Mt  +  »}- 
But  this  equation  cannot  be  satisfied  b;  any  constant  lalue  of /i.     The  effect  of  this 
dUturbing  force  is  therefore  not  merely  to  altcT.the  time  of  oscillation. 

359.  Ex.  A  particle  describes  a  nearly  circular  orbit  about  a  centre  of  toiee 
whose  attraction  at  a  distance  r  is  represented  hy  fi(u^  +  ffu'<'),  where  w  is  the  re- 
ciprocal of  r.    If  ^  is  very  email,  show  that  the  path  is  nearly  represented  by 

«  =  a{l  +  ecos(c0-c.)), 
where  c^l-i&^^Hn-2)  {l  +  i{n-3){n-4,)e''  +  &i.}, 

provided  that  the  square  of  ^  oan  be  neglected.  This  example  is  a  modification  of 
a  eaao  which  occurs  iu  the  Lunar  Theory. 

3B0.  Qtnexal  Tlieory.  Having  illustrated  the  method  of  treating  the  terms  of 
the  higher  orders  by  eeveral  esamplea,  we  shall  now  consider  the  subject  more 
generally.  Our  object  is  to  so  modify  the  first  approximate  solution  as  to  include 
in  it  {when  such  a  thing  ia  possible)  the  effect  of  smallforces  whose  periods  are  tJie 
same  as  those  of  the  free  ■vlbratiom  (Art.  356|,  The  general  result  arrived  at  will 
be  given  in  the  summary  at  the  end  of  the  argument. 

We  shall  suppose  the  left-hand  sides  of  the  dlfierential  equations  to  contain 
all  the  first  powers  of  the  small  coordinates  a:,  y,  z,  &e.  These  therefore  tajte  the 
form  given  io  Art.  324  or  more  generally  in  Art.  263.  The  disturbing  forces  are 
placed  on  the  right-hand  sides  and  contain  powers  and  prodacts  higher  than  the 
first  of  the  coordinates  x,  y,  Sic,  and  their  differential  coefficients.  Thus  aU  Ibese 
disturbing  forces  would  be  neglected  if  we  took  into  account  only  the  terms  of  the 
first  order.  We  shall  also  suppose  that  these  disturbing  forces  are  not  esplieit 
functions  of  the  time.  If  this  condition  is  not  satisfied,  the  following  analysis 
must  be  slightly  modified. 

301.  To  avoid  a  complication  of  symbols  lot  us  resume  the  exponential  values 
of  the  sine  and  cosine.  Let  then  the  first  approximation  obtained  by  neglecting  in 
the  differential  equation  all  terms  beyond  the  first  order  be 

x  =  M        +M  J=]S  V        +  &o.  =  &e fl), 

where  m,,  &  th         tseal  mnyftle  determinant  A(i)  =  0 

(Art.  262).     Op       edgto  "Ipp       nit       w    substitute  these  values 

t      y  &         th  1    m  11  t  m    wU   h  w       bef         egleeted.     Taking  some 

tmhh        t         thpdt        dporsfth  ables,  the  result  of  the 

bttt        lodoedtbgt  fthfm        p  (j^.-h»K+-.)i (2), 

wh       th       d        f  th    t    m       f+    +  If  th       q       titles  /,  g,  &b.  are  such 

th  t  mbe      f     1  ti        h  Id    f  th    f  /     -K;  lij-f  ...  =  m, (3), 

th  t       myfth       ditbistre        Ih  take  the  type  Fe'^<'.     The 

t       dbt         d         dfimthse  bt        dbyinthe  operator  Z(3)/A  (S), 

and  are  evidently  infinite.  To  include  these  in  the  first  approximation  we  replace 
the  equations  (1)  by 

x~Mie'"'  +  M3e'^^  +  ...,       y  =  N,e''^^  +  Nse''^  + ...,        te.  =  &o (4), 

where  the  M'a,  N'b,  &a.  are  not  necessarily  the  same  as  before,  and  eaoh  n  only 
differs  slightly  from  the  corresponding  iji.  Substituting  aa  before,  we  of  course 
obtain  a  disturbing  force  of  the  form  (2),  but  with  n's  written  for  the  m's.  If  we 
assume  the  same  relations  to  hold  as  before  between  the  exponents,  via. 

//i,-)-snj+,..  =  jii (6), 
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tbis  force  takes  the  type  Pe"!'.  Theie  way  also  be  othei  lelations  amilai  to  (5) 
bat  nith  iig  OF  71^,  &c.  written  for  it,  ou  the  ngbt  baud  side  and  tbese  mtiodace 
otber  distarbing  loroes  whose  effects  have  also  to  be  included  in  the  aew  first 
approximation. 

Including  these  forces  we  maj  wnte  the  iJiffeiential  equations  m  the  foim 

f^iS)  s:-i-f^{S)y  +  ...  =  Q^^i+  Q^e«''+  ...[     (6), 

&e.  =  &e.  ) 

where  the  functional  Bymbola /„  (3)  &c.  have  been  used  for  the  sake  of  brevity.  It 
we  have  been  Euooessful  ia  including  the  effects  of  these  disturbing  forces  in  our 
new  first  appraxinia,tion,  these  diflerential  equations  must  be  satisfied  by  the  values 
of  X,  y,  &V.  given  in  (4).     Substituting  we  have 

/ii(".)J^.+^K)A',  +  -.=Pi  ] 

/3iK)i'^.+^K)^,  +  -=Qi     i% 

&c.^kc.] 
with  similar  equations  for  each  of  the  other  disturbing  forces. 

In  these  equations  the  M's  are  to  lie  r^arded  as  arbitrary,  their  values  being 
reserved  to  satisfy  the  initial  conditions  of  the  motion.  Our  object  is  to  find  the 
values  of  the  remaining  ooelEeients,  viz.  the  We  and  also  the  values  of  the  'a  "n 
terms  of  the  M's.  These  values  of  the  n's  wmet  alio  satisfy  the  eUit  ons  (6). 
Supposing  this  test  to  be  satisfied  we  have  found  values  of  the  coord  nates  vh  oh 
satisfy  the  difierential  equations  to  the  first  order,  and  include  the  distuib  ng  forces 
which  appeared  to  threaten  the  stability  of  the  system. 

362.  The  forces  F,  Q,  &a.  may  each  consist  of  several  terms  of  J  fferent  o  ders 
of  smallness.  But  the  lowest  is  supposed  to  he  of  a  h^ec  order  than  the  coeflio  ents 
M,  N,  &o.  Taking  odIj  the  lowest  powers  which  occur  in  P,  Q,  Ac,  we  may  easily 
find  a  first  approximation  to  the  values  of  n^,  n^i  &e.  Solving  the  eqnations  (7),  we 
find  M,A  (J'l) =Pir,i  t'li)  +  QA  ("i)  +  *e-  > 

whereI„(K),  Ac.  are  as  osual  the  minors  of  the  determinant  A(!!|.  Let  iii=Wj  +  ^, 
nj^^wij  +  zij,  &C.  Since  all  the  terms  on  the  right-hand  side  are  smaller  than  Jifj,  we 
may  in  these  terms  write  ni=mi,  n^^rn^.  Sic.   Bemembering  that  A(mi)  =  0,  wehave 

I)fj^^!Bj^^PjIjj(m,)  +  5ir2,(mi)  +  &c (8). 

"In  the  same  way  we  have  ltl^~^-^^  l'3-P%Iu{^)  +  Ql^^l{"h)  +  ^•^■ 

The  forces  P],  &c.  are  functions  of  ilfj,  W,,  Ac,  Mj,  W^,  &c.  But  looking  at 
equations  (7)  we  see  that  the  ratios  of  M,,  Wj,  &o.,  difier  &om  the  ratios  of  the 
minors  Z„  (m,),  I,i{mi),  to.,  by  quantities  of  the  order  PjM.  We  may  therefore  in 
■calculating  the  values  of  P,,  &b.,  suhstihite  for  Wj,&c.,  A'j.&c.  by  the  help  of  thiese 
ratios.  Thus  the  right-hand  sides  of  the  equations  (8)  are  all  known  functions  of 
the  arbitrary  Jlf's  and  of  the  roots  of  the  detei'minantal  equation  A{5)  =  0. 

The  quantities  /,  g,  &c,,  are  usually  positive  integers.  In  this  case  the  orders  of 
the  quantities  P,  cfto.  are  not  less  than  f+g  +  &c.  It  foUofrs  that  the  corrections 
fi,,  (Ua,  &o.,  are  of  the  order  f+g-i  &a.  —  1  at  least. 

363.  Sammary  of  reaultB.    We  may  embody  these  results  in  a  rule. 
Taking  the  first  appioximation,  viz.  :c  =  M,£"'i*  +  4Sc.,  found  by  rejecting  all  terms 

of  the  higher  orders  ia  the  differential  equations,  we  proceed  to  a  second  approxi- 
mation.    Suppose  that  in  consequence  of  some  relations  such  as 
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wc  arrive  at  disturbing  forces  Pj^™'',  P^e'"!',  &c.  These  would  produce  infinite 
tenns  in  tiie  coordinate  jc,  if  we  emplojed  the  operators  /(S]/A(S),  *o.  as  usual 
(Art.  326).  Instead  of  these  let  us  employ  the  operatore  7(5)/A'(B),  &e.,  simply 
replacing  A  (3)  by  A' (6).  Let  the  rcsnlt  be  x=He'^''  +  Ks'»i'  +  &6.,  where  W  and  X 
contaia  powers  of  M^,  i/j,  &o.  above  the  first.  Tiien  the  effects  ot  these  disturbing 
forces  may  be  taken  account  of  to  the  next  approximation  by  replacing  the  first 
approsimation  by  a;  =  Jliiel"'i+l'>)'  +  M2eI™f+*'l'  where  ^=HIM„  ij^=KjM,,  &B., 
provided  that  these  new  indices  satisfy  the  relaljons //ii  +  ff/i^  +  rSo.  =(i[,  ifto. 

Supposing  this  condition  to  be  satisfied,  wa  see  that  a  disturbing  force  ot  the 
same  type  and  period  as  a  free  vibration  has  the  effect  f  m  '  g  that  t  'pe  from 
the  system  and  replacing  it  by  some  other  type  of  vibmti  n    h   h  and  more 

remote  from  the  original  type  the  greater  the  amplitude  b         n 

364.    Examples.    A   fpenduluia  iwings  in  a  mediu  g  p       y  a$  the 

velocity  and  partly  as  the  square  of  the  velocity;  to  _find    he    w   m 

Let  e  be  the  angle  the  straight  line  joining  the  point  0         up  he  centre 

ot  gravity  G  of  the  pendulum  makes  with  the  vertical      Le    e  wh    e  i  is  the 

length  of  the  simple  equivalent  pendulum.     Then  the  equation  of  motion  is 

0"  +  n^Biae^-2Ke'-ii.e^ (1), 

where  3k  and  n  are  the  ooefEcients  of  the  resistance  divided  by  the  moment  of 
inertia  of  the  pendulum  about  the  axis  of  suspension  and  accents  denote  difleren- 
tiatiouB  with  regard  to  (.     Since  6  is  small  we  may  write  the  etiuation  in  the  form 

Since  «  and  e  are  very  small,  we  might  at  first  suppose  that  it  would  be 
sufilcient  as  a  first  approximation  to  reject  all  the  terms  on  the  right-hand  side. 
This  gives  fl  =  osiniii,  the  origin  of  measurement  of  t  being  so  chosen  that  (  and  8 
vanish  together.     If  we  substitute  this  in  the  small  terms  we  get 

$"  +  n^e-  -2Kn.a  Cos  nt  +  in^a'  sin  nt  +  &e. , 
which  gives  e  =  asin)i(-™(siniil  +  ^na^t  oosnf  +  ifeo. 

These  additional  terms  contain  I  as  a  factor,  and  show  that  our  first  approximation 
was  not  snfliciently  near  the  truth  to  represent  the  motion  except  for  a  short  time. 
To  obtain  a  sufficiently  near  first  approximation  we  must  include  in  it  the  small 
term  ^KdSJdt  (Art.  356).     We  have  therefore 

Thisgivesfl  =  ne~     .  sin  mt,  where  for  the  salie  of  brevity  we  have  put  n^-K'=ni'. 
In  our  second  approximation  we  reject  all  terms  of  the  order  a'  or  o^k,  unless 
they  are  such  that  after  integration  they  lise  in  importance  in  the  manner  explained 
in  Art.  344.     We  thas  get 
e"  +  2iie'  +  n^e-  -  lnj.a.^m'e'^'*  (l  +co&'imt)  +  ^\^e~^* {Sslnmt-  sinSmt) 

-  inAe''^"'  {-K  +  K  COS  2ra(  +  2m  sin  2mt), 
where  all  the  terms  on  the  riglit-hand  side  after  the  first  are  of  the  third  order,  and 
are  to  be  rejected  unless  they  rise  in  importance.    To  solve  this,  let  us  first  consider 
the  general  case                              $"  +  2x6' +  11^9^6'^"*  .{A  Bmrmt  +  Boosrnit). 
Put  S-e~^''*{Lsiartnt  +  McoBrmt).     Suhstitutiug  we  get 
L{{p~lfK''+m''{l-l^)}+2{p-l)KrmM^A\ 
M{(j)-l)V  +  m'(l-r=)|-2(j)-l)mBZ,=Bi" 
Now  K  is  very  small;  if  then  r  he  not  equal  to  unity,  we  have  L=  — g— j ^  , 
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The  case  of  jj  =  l  does  oot  ooenc  in  our  problem.  It  appears  that  tlioae  terms  only 
in  the  differential  equation  whioh  have  r  =  l  give  rise  to  terms  in  the  value  of  a: 
which  have  the  small  quantity  k  in  the  denominator.  Hence  in  the  differential 
equation  the  only  term  of  the  third  order  ^hich  ehould  be  retained  is  the  tirst. 
We  thus  find,  putting  BaeoeBsivelj  )'=0,  r=i,  r  =  l. 


amt-f^^-'''"+f^e'"00B2mt  + 


This  equation  determines  the  motion  only  during  any  one  swing  of  the  pendu- 
lum; when  the  pendulum  turns  to  go  back  li  changes  sign.  Let  us  suppose  the 
pendulum  to  be  moving  from  left  to  right,  and  let  us  find  the  lengths  of  IJie  arcs  of 
descent  and  ascent.  To  do  this,  we  put  dejdt^O.  Let  the  equation  be  written 
in  the  form  S=/((),  then,  it  we  neglect  all  the  small  terms,  dSjdt  vanishes  when 
mt~  AJir,  say  when  t—d=T.  Putting  (=  -T+x,  where  a  is  a  email  quantity,  we 
have  /'(t)=/'(-T)+/"(-IV  =  0. 

Now   /'(()  =  M"'"'(mcosmt-«Binmt)-^«"^*(-3'!  +  ^oos2m(  +  ^8in2mA 

+  :^^  c  "^'^  (  -  M  sin  mt  -  Sk  oosmt). 

A  sufficiently  near  approximation  to  the  value  of  /"  (()  may  be  foaud  by 
differentiating  the  first  term  of /' (<).  We  thus  find  nt^x—  - «  -  J/ian  -  ^hV/k  ; 
the  second  of  these  terms  being  emailer  than  tlie  other  two  may  be  neglected.  We 
also  find  as  the  arc  of  descent 

To  find  the  arc  of  ascent  we  pat  t  =  T  +  y.  This  gives  ni^y  =  -  ic  -  -^^a^jx  and 
the  arc  of  ascent  is  S  =  ae~'^-if^<i!'e~^'^-my{Kae~^'^+-hnH''e~^^licm). 

In  these  expressions  for  the  arcs  of  descent  and  Bsceol  the  terms  containlcg  x 
and  y  are  very  small,  and,  assuming  k  not  to  be  extremely  small,  these  terms  will 
be  neglected*. 

Now  a  is  different  for  eveiy  swing  of  the  pendulum,  we  must  therefore  eliminate 
a.  Let  «„  and  u,^^  be  two  successive  ares  of  descent  and  accent,  and  let  X  =  fl~''  , 
so  that  Ms  a  little  less  than  unity.    Then  we  have 


uinttting  a  wc  have  very  nearly ''  ~  ^  P  ( ii""  '''  c  ) 


where  c=s-  T-^r^=  i — nearly,  and  T=zr-  . 

The  succeseive  arcs  are,  the^-efore,  such  that  Ifu^+ljc  is  the  general  term  of  a 
geontetrical  aeries  tuliose  ratio  i$  e"'™.    The  ratio  of  any  arc  u„  to  the  following  arc 

iV+iis  ~~^      +7(e      -1). 

wkieh  continually  decreases  with  tlie  am.    In  any  series  of  o 
at  first  greater  and  afterwards  less  than  its  mean  valiK 
agree  with  experiment. 

*  If  these  terms  are  not  neglected  the  equation  connecting  tl 

.J           ^1               1        ''^          2    ,,     ,,,     «%     1-M     ^,      ,     ,,     2™ 
descent  and  ascent  becomes —  -^jUll  +  A  )  +  ss~ ^ — ■    Now  1- a*^ 

nearly,  so  that  this  additional  term  is  very  small  compared  with  that  retained. 
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OSCILLATIONS  OP   A   PENDULUM, 


:c  of  oEcillation.     Then 


it  whicH  the  pendulum  i$ 


-iSi-    •"•—2 

ne  eitreme  poBitioi 


The  time  of  OBoillation  from 
equal  to  Trjm.    This  result 
remains  conetant  thioughout  the  mol  1h 

same  as  in  vaouo,  bat  is  a  little  longer    th    d  if 
the  small  qaantity  k.     See  Art.  321, 

That  the  time  of  osoillatioa  from  on    p     t         t 
is  independent  of  the  are  has  been  proved  by  P 
as  the  velooity  and  (9)  when  it  varie         th      j 
Micanii^ae,  Art.  186,  die. 

Es.  2.  A  rigid  body  is  suspended  b  tw  q  1 
to  it  at  two  points  symmetrically  sitnated  th  i 
the  centre  of  gravity  which  is  vertical,  d  1  ing  t 
small  angle  is  left  to  perform  small  jin  11  t 

infinitely  small  oscillations. 


m     32njjf' 

;o  the  other  is  t^-t„  which  ia 

th  I  th   time  of  oscillatlou 

not  exactly  the 

;    n  the  square  of 


dp 


u  rest  to  the  next 

th     eaistance  varies 

1  city ;  TraiU  de 

11  1  threads  attached 
I        pal  axis  through 

d  tl    t  axia  through  a 

]      t   the  reduction  to 

[Smith's  Prize. 
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CHAPTER   VIII. 

DETERMINATION  OF  THE  CONSTANTS  OE  INTEGRATION 
IN  TEEMS  OE  THE  INITIAL  CONDITIONS. 

Method  of  Isolation. 

365.  Our  object  in  this  chapter  maj  be  very  briefly  stated. 
Given  any  number  of  simultaneous  differential  equations  with 
constant  coeiScients,  it  is  known  that  the  dependent  vai-iables 
a.',  y,  z,  &c.  can  be  expressed  in  terms  of  the  independent  variable 
(,  by  means  of  a  series  of  exponentials  real  or  imaginary.  Let  one 
of  these  exponentials  be  a!  =  Me™*,  then  Jlf  is  a  function  of  the 
initial  values  of  the  variables  x,  y,  &c.  and  of  their  differential 
coefficients.  /(  is  here  proposed  to  exhibit  this  function.  Thus, 
without  solving  the  equations,  any  one  term  of  the  solution,  if  its 
exponent  be  knoum,  cam,  he  separated  from  the  otfiers  and  have  its 
value  written  down,  without  finding  those  other  terms. 

When  the  differential  equations  are  not  of  a  high  order,  we 
can  generally  solve  the  determinantal  equation  and  find  all  the 
possible  values  of  m.  It  is  then  merely  a  question  of  algebra  to 
find  the  constants  in  terms  of  the  initial  values  of  the  variables, 
We  may,  however,  effect  this  more  briefly  and  simply  by  using 
the  rule  here  given.  Sometimes  it  is  impossible  to  solve  the 
determinantal  equation.  We  may  find  one  or  more  roots,  but  the 
rest  remain  unknown.  In  such  a  case  we  cannot  proceed  by  the 
processes  of  common  algebra,  for  the  equations  cannot  be  written 
down.  Our  object  is  to  find  the  constants  which  accoinpany  these 
known  terms  without  the  knowledge  of  the  remaining  ones. 

The  method  is  easy  of  application  when  the  exponential  to  be 
separated  from  the  others  is  connected  with  a  solitary  root  of  the 
fundamental  determinant.  But  it  may  be  used  even  though  the 
root  is  repeated  several  times.  The  complication  arises  from  the 
fact  that  the  exponential  is  then  accompanied  by  as  many  constants 
as  there  are  equal  roots.  Each  of  these  requires  a  separate  opera- 
tion to  find  its  value. 
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The  method  is  generally  applicable  whateve]'  be  the  order  of 
the  equations,  but  there  is  considerable  siniplification  when  the 
order  is  not  higher  than  the  second.  This  ia  of  course  the  most 
important  case,  as  the  equations  may  then  be  such  as  occur  in 
dynamics. 

In  some  cases  the  rule  can  be  put  into  another  form,  which 
leads  to  the  Method  of  Multipliers.  When  the  number  of  depen- 
dent variables  is  iniinite,  we  have  an  example  in  Fourier's  rule  for 
the  expansion  of  any  function  in  a  series  of  sines  or  cosines. 

366.     Tlie  Determlnaiit  of  Isolation,    BesDmiug  the  notation  o£  Art.  262,  we 
let  thii  )i  eqnationa  to  find  x,  y,  z,  &a.  be  written  in  the  form 
^(«|a:+^(3)y+/.,(5J^+..,=0l 


a  before  atanda  for  d(dt.     To  solve  these  we  foi 
/.,(S).    U{S),    f^{h): 


1  the  determinant 


K  we  equate  this  determinant  to  zero,  we  have  an  equation  to  find  5.  Let  its  roota 
bem,  Ufa,  &a.  omitting  theBufiis  of  the  first  ior  the  sake  of  brevity.  Then  wg  know 
that  X  =  Mei"t  +  M^'  + , . , . 

It  is  our  present  object  to  find  any  oae  of  these  ooefBoJeats,  say  M,  without  finding 
any  of  the  others. 

To  effect  this  we  deduce  from  the  determinant  A  {&)  another  determinant,  which 


n.{m)-\      &-m  S-m 


m     "■* 


ic.,/,,H,/s,Hto. 


We  torm  this  determinant  by  the  following  rule.  Erate  any  column  of  lite 
del^iiidnmit  A{S},  say  the  Jirat  column.  To  replace  it  we  divide  the  first  equaHonby 
3-m,  an4  r^ec^ng  the  remainder  place  the  quotient  in  tite  first  row  of  the  erased 
eol-amn.  We  divide  the  second  eqtiation  by  S-m  and  place  the  quotient  in  the  second 
row,  and  so  on.    Finally  we  put  S=m  in  the  remaining  cobmuts. 

If  we  erase  the  second  colomu  of  the  determinant  A(3]  or  A{m)  we  obtain  a 
alightly  different  determinant,  which  we  may  write  lla{»t),  the  suffis  indioatiag 
which  column  of  A(m)  we  eraaa. 

The  determinant  Him)  is  evidently  a  function  of  x,  y,  &o..  S^,  Sy,  &e.,  S^j^, 
S^,  to.,  up  to  one  less  than  the  highest  power  3  in  the  given  differential  equations. 
For  all  these  we  write  their  given  initial  values.    We  then  have 

where  A'  (m)  menna  as  usual  the  differential  coeffloient  of  A  (in)  with  regard  to  m. 
In  the  same  way  if  iW"'  be  the  oortMponding  term  in  the  value  of  y,  we  have 

367.     Bxamples.    Before  proceeding  to  the  demonstration  of  this  theorem  let 
ime  examples.    Ex,  1.     Taking  the  equations 
(js_4j)j_(S_l)i,  =  0,  (S  +  6)3!  +  (3=-i)!/=0, 

17—2 
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we  see  that  the  fnndaaieiita!  dtetetm'mant 

A(mt  =  |m'-4m,    -(m-l)|  =  m''-Sm»  +  o'B.H5m-e. 

|m  +  6,  m^-m\ 

EquBtiug  this  to  aero,  we  find  that  one  value  of  m  is  m=  - 1,     Lh  us  find  tlm 

!oe_gicient  of  e~'  in  the  vahie  of  .v. 

Dividing  the  equations  by  5  +  1  and  rejecting  the  remainders,  we  form,  at  once 

n(m)  =  I(B-S)^-!,,  2[ 

\^  +  {S-2)y,2\' 

the  second  oolnmn  being  obtained  by  putting  m—-l  in  the  second  column  ot  A(jh). 

Bspimding  and  noticmg  that  A  (m)= -it  when  m=: -1  we  fii  i 

-12M=B),-ori    bi.  +  y 

where  1/  la  the  required  eoeffieieut      Here  c    /   Sj   Sii  aie  b  ipposeJ  tu  I  a  e  their 

known  initial  values 

"We  mav  fhow  in  the  same  waj  tliat  there  is  i  teim  31  e^  ra  the  Milne  of  x 

viheie      3M  —2Sj!  +  oy-3i:-y 

Es  3      Let  ms  take  anothei  example  m  which  the  diffeientiaJ  coefboients  rise 

to  a  higliEi  Older   but  let  us  still  restrict  omselvet.  to  two  dependent  raiiables  to 

^ave  ipace     Taking  the  equations 

(5=  +  2r  +  ff+l)i  +  (3'  +  23  +  l|!(-0l 

(5^+23  +  2)J-  +  (i'+   S+i)y  =  Ol   ' 

we  see  by  inspection  that  the  determinantal  equation  is  satisfied  fay  ni  =  l.     Thus 

x  —  Me'  is  a  part  of  the  sointion     Let  it  be  requiied  to  find  M  when  the  initial 

values  of  Sx,  5^x,  Sy,  Shj,  S^j  are  aJl  aero,  and  the  initiil  values  of  ^  and  y  unity. 

Constructing  ihe  function  II  by  dividing  each  equation  by  o  - 1,  and  putting  5  =  0 

as  we  proceed,  we  have  '     L       „      , 

■  \3x  +  2y,  i\ 

But,  differentiating  the  determinant  without  expanding  it,  and  putting  m~l.  we 

have  A'  (m)  =  16.     Hence,  putting  x  and  y  each  equal  to  unity,  we  immediately  find 

368.     We  now  proe^ed  to  the  I   oof  }  th       I 

Let  p  be  some  quantity  whi  h  we    hall   vr  t    f  u  the  definition  of  the 

determinant  II  (m)  in  order  to  caU  attent  n  t  th  fa  t  that  p  is  not  necessarily  a 
rootof  A(3)=0. 

Taking  the  general  expression  [  the  d  t  mnant  n  (p|  given  in  Art.  366,  we 
may  resolve  it  into  the  difference  f  tw  d  te  n  nant  th  first  rows  of  each  of 
which  may  be  written  as  follow 

n(r).jij  /„(i)n-f„{ij,-n,<,.,f„ff),li>. 
-  jlj  I ■'■■  W  •+-f»  W »  +  *•••  A '*  *"■  I  ■ 

Consider  the  determinant  in  the  first  line,  the  first  column  is  oceapied  by  the 
functiODB  which  form  the  differential  equations.  Hence  this  determinant  vanishes 
whenever  x,  y,  &c.  have  values  which  satisfy  the  differential  equations. 

Conoider  the  determinant  in  the  seecnd  Une,  it  may  be  made  into  the  smn  of 
as  many  determinants  as  there  are  teims  in  the  leading  constituent.  All  these 
dettrmmants  have  two  columns  the  same  except  the  first  and  this  determinant  Ih 
clearly  A  (jj|  x.    It  immediately  follows  that 

{B~p)IHp)=~A{p)x. 
Sulvine  thii  linear  diSereutial  equation  in  the  usual  way,  we  have 

n(p)  +  A{p)ei«JJeTiia;iJ[  =  CeW (1). 
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Here  p  is  any  quaatity  at  our  disposal  and  x,  y,  &o.  liaye  anj  values  whicii 
satisfy  the  differential  equations. 

To  find  the  value  of  the  constant  C,  we  pnt  (  =  0.  The  second  term  on  the  left- 
hand  Bide  is  then  aero  beoause  the  limits  ooiBCJde.  It  follows  that  C  is  the  ralue 
of  n  (p)  when  we  write  for  x,  y,  &e.,  8x,  Sy,  &e.  their  initial  valnes. 

Since  p  is  arbitrary,  we  may  differentiate  the  eqnatiou  partially  with  respect  to 
p.    Differentiating  and  patting  p=m,  where  m  is  a  wKtor^  root  of  the  equation 
dTi  H  .  _ 

dm    ■^'^  ^"'''     J"'       ■""'     ""     '^dm" 

Let  UB  now  substitute  3:  =  Me^  +  M,j^^'  +  &o.  with  the  corresponding  values  of 
y,  I,  &e.  in  the  left-hand  side  of  thie  equation  and  let  ua  search  for  terms  of  the 
form  te'"*.  The  operator  cin  (itijidm  is  a  linear  function  of  x,  y,  etc.,  Sx,  &c.,  and 
can  dearly  give  rise  to  no  term  of  the  reijuired  form.  The  remaining  portion  of 
the  left-hand  aide  gives  only  the  single  term  A'  (m)  MW^  of  the  required  form. 
Equating  this  to  the  corresponding  term  on  the  right-hand  side  we  have  A'{ia)M=C, 
Since  C  is  the  initial  value  of  11  (ji),  this  equation  ia  exactly  equivalent  to  that  givea 
in  Alt,  366. 

369.  On  Repeated  Soots.  Whan  the  root  p  =  m  ia  a  repeated  root  of  the  equa- 
tion A  (p)  =  0,  the  demonstration  just  given  no  longer  applies.  Since  ji  is  arbitrary 
we  may  differentiate  the  equation  (1)  as  often  ae  we  please,  and  after  each  differen- 
tiation we  may  write  y  =  m.  Sinoe4(m)=0,  A'  (m)~0,  &b.  the  successive  left-hand 
sides  reduce  to  II  («(),  dJl  (m)/dm,  &o.  On  the  aueeeasive  right-hand  sides  we  have 
only  [etms  which  contain  the  exponential  4'^. 

It  follows  that  if  A  (p)  =  0  have  a  roots  each  equal  to  m,  the  operators 

aim)    ''"'"'>     '''"W        f^^lM 

dm     '       dm^    ' dvi°'~^     ' 

all  proditce  zero  when  we  mbstitate  for  a:,  y,  (Se.  any  solutiona  of  the  d^erential 
equations  which  do  not  contain  the  exponentiai  e™*. 

Thus  it  appears  that  if  we  ealculate  the  results  of  these  operations  by  substitut- 
ing the  particular  parts  of  the  values  of  x,  y,  &a.  whioh  depend  on  the  root  m  of 
the  equation  A(3)  =  0,  the  results  will  be  general,  i.e.  will  be  the  same  as  if  we  had 
substituted  the  complete  values  of  x,  y,  &o. 

370.  It  is  required  Co  find  in  lenm  of  t}ie  initial  conditiom  the  values  of  the 
conetanls  which  enter  into  the  exprestion  for  any  one  of  Che  coordinates  when  the 
fundaitienlal  deterndnant  A  (p)  hag  a  j'oots  each  equal  to  m. 

In  this  case  the  value  of  x  contains  powers  of  t,  but  their  number  will  depend 
on  the  minors  of  the  determinant  A  (8)  being  zero  or  not.  Since,  however,  the 
highest  power  of  t  cannot  exceed  a-1  we  may  tahe  as  the  general  value  of  x 

W  =  {M^  +  M:yt+...+M^_je-^IL{a-l)]e'"'  +  2Nt'^' (I), 

where  the  terms  included  in  the  S  stand  foi'  those  portions  of  the  value  of  x  which 
do  not  depend  on  the  root  m  and  L(ii-l)  =  1.2.3,..(a-l).  There  are  similar 
expressions  for  y,  s,  &c,  also  containing  powers  of  (  not  h^her  than  the  (o  -  l)th, 
but  it  will  be  unnecessary  to  write  these  down. 

We  now  proceed  to  differentiate  equation  (1)  of  Art-  368  r  times  with  regai-d  to 
jj,  and  after  substitution  for  x,  y,  &c.,  we  shall  search  for  the  terms  containing 
("e""  where  r  and  k  are  any  integers  we  may  find  convenient  to  use.  The  rth  differ- 
„tl.l=odll™n.i,.l..,lj  ?S!!!>  +  «Mr.|.„,„ „, 

where  P^eWJJe-piairfl. 

We  notice  that  the  first  of  the  two  terms  on  the  left-hand  side  is  a  linear 
function  of  x,  j/.Ao.  and  their  differential  coefficients  with  regard  to  t.    Hence  no 
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term  o£  the  f  m  a  h  d  t  n  nte  auless  with  powers  of  (  less  than  a.  If 
then  we  teste   t    u  sel       t        1  t     greater  than  a- 1,  we  may  pay  ao  further 

attention  to  th     t    m 

This  second  t    m    a  th    1  ft  ha  d     de  of  (2)  may  by  Leibnitz's  theorem  be 

In  tins  series  all  the  differential  ooeffieients  of  A  {p)  below  the  ath  have  beeii  omitted 
because  the  situation  A  (p)  =0  has  been  supposed  to  have  a  roots  eaeh  equal  to  m. 

If  we  Bubatitate  in  the  eipreBBion  for  F  any  such  term  as  NPe^'  we  find  after 
integration  only  one  term  wbioh  is  free  from  the  exponential  e'',  and  this  one  term 
la  of  Hie  form  He"*.  Henoe  d'Pjdp'  contains  no  power  of  £  higher  than  the  sth. 
In  this  seiies  therefore,  when  we  put  p^m  and  search  for  the  terms  of  the 
foim  l'«™',  if  we  restrict  owselvee  to  valuoa  of  k  greater  than  r  -  a,  we  may  pay  no 
further  attention  to  suoh  terms  as  Ntk''^. 

We  have  next  to  find  the  value  of  d'Pjdp'  when  we  sabstitule  for  x  any  tei-m  of 

the  form         '"'-r  (""'e"^-    Now  whatever  x  may  be  we  have 
L(f[-1) 

dp'     dp'S-p        (S-pF'  '         '' 

wbereis  =  1.2.3,.,s,  Bubstituting  for  a;  and  writing  p^ni,  we  may  effect  the  inte- 
grations represented  by  3~'  without  difSoaltj.    The  eipoDentJal  disappears  and  we 

find  at  once  ^  =  ^-7^*-^  M,_,i"+'^^« 

No  oorrectioa  is  necessary  to  the  integration,  since  this  vanishes  witli  (. 

Supposing  then  k  to  be  greater  than  both  a-1  and  r- a  we  find  tor  the  coeffi- 
cient of  t'  e""  on  the  left-hand  side  of  the  equation  (3) 

-~  JA"  (m)  M..,  +  tA--  '  (m)  Jf,.,  ^  r  (,- 1)  A-^  (m)  M,_^  +  &o. j  . 

On  the  right-hand  side  we  find  the  eoeffioient  of  ("  e""  to  be — . . 

LkL  {r  -  k)   dia} 
Equating  these  two  we  have 

Lr        """'     L  (r  - 1)      "-^     ■ "  ■         La         "-'+"-1  ~  7.  ()■  -  *)  rf,„r-K  ■ 
Since  the  letter  C  aiands  for  the  initial  value  of  II  (m),  it  will  he  more  convenient 
to  replace  it  by  the  latter  symbol,  with  the  understanding  that  all  the  coordinates 
have  their  iniiial  values. 

Since  K  must  be  greater  than  a-1,  and  ill„  =  0,  the  only  useful  value  of  k  is 
K  =  a.  Since  k  must  be  greater  than  I'-a,  the  only  possible  values  of  r  are  r  =  a, 
a  +  1....2a-l.      Writing  these  in  succession  for  r,  we  obtain 


r."- 

-1=0  H, 

£h,"'- 

-'*rJ'- 

dn  {«.) 

■'       dm    ' 

S.,-^-.^,*- 

■.-S,"- 

1     <i'I 
■'"1.2  ~"6 

77(2^-1) '■'"-'""-^ij;:^-' 

We  have  here  jnst  the  right  number  of  equations  to  find  the  a  arbitrai-y   i 
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stants  vihUh  occur  in  the  val-ue  of  x,  witlioul  requiring  the  corresponding  values  of 
the  other  coordinates. 

If  all  the  fixsC  minora  of  the  determinant  A  (S)  have  0  roots  equal  to  m,  the  first 
(3  operators  on  the  right-hand  side  vacieh  whatever  s,  y,  *o.  may  be.  In  this  case 
therefore  the  coefficients  Jtfj,_j^...Jlf„„g  Qie  all  zero.  Thua  the  ej 
already  explained  in  Art.  273)  1< 


I     th 


ises  ^  of  it 
1  d  th 


it  powers  of  (. 
Mh 


th 
13 


call  d  n 
An  tber      i 

t     n(  ) 

t    1     q      t 


II  by 


th 


tte 


d     h  h 


f  th 


th 


1  wh       th 
f  gi 


tm         tntj-jmybe  wntte  th 

bteetdtm        tth  dfwhh  h      A[p)-0     L    k    g 

at  the  flrflt  determinant,  we  may  divide  all  the  oonatitnents  of  the  firet  column  by 
any  power  of  5  we  please,  provided  that  we  finally  multiply  the  deteiminant  Iij  the 
same  power  of  6.  But  tliese  oonstitaents  are  the  fnnetiona  whioh  form  the 
differential  equations.  We  may  therefore  modify  the  inle  given  m  Art  3b6  as 
foDowB.  First  divide  the  equatioTia  by  any  potoer  of  5  we  please  Then  fotm  11  (ni) 
from  these  modified  eqaations  by  the  rule  already  given  m  Ajt  36b  ami  finally 
jimlliply  the  conatituentt  of  the  first  column  by  the  same  poirer  of  S  It  this  modified 
operator  be  called  n'  (ni),  we  see  that  II  (m)  and  H'  (m)  differ  by  aome  multiple  of 
A  (ill).  If  A  (3)  =  0  have  a  roots  each  equal  to  m,  it  follows  that  all  the  differential 
coeflioients  of  11  (jii)  and  11'  {m)  up  to  the  (a  -  I)fh  are  equal  each  to  eaoli. 
372.     Thus  let  the  equations  be 

{AiiP  +  B„S  +  C,,}  X  +  {Aj^S'  +  B^S  ■\-C^)y  =  01 

(A^P  +  BaS+G^^-HA^'  +  B^S  +  C^}y  =  o\' 

taking  only  two  variables  to  shorten  the  results.    We  divide  eaoh  equation  by  5, 

then  to  form  n  (j«)  we  divide  by  3  -  m  and  rejeet  the  remainders.     Finally  we 

multiply  again  by  S.     We  thus  have 


II  («i) 


+  BisHi 


_C5j£+^ 


^,  A^i.^  +  B^ni  +  C^\ 

In  thiafoj'm  the  constituents  <ff  llie  first  column  (when  the  equations  are  of  the  second 
degree)  vtay  be  inritten  dmnn  by  copying  them  from  tlie  equation. 

373.     The  advantage  of  this  form  is  that  the  forces  of  resistance  which  depend 
on  the  potential  B  (Art.  311)  have  disappeared  from  the  symbol  n  (m).    It  also 
leada  to  the  method  of  multipliers  to  he  eicplained  in  the  next  aeotion.. 
(52-33  +  2)  a!  +  (B-l);;  =  01 
-{3-l)x+(^-5S  +  i)y-0\' 
The  fundamental  determinant  is 

A(m)=|«,=  -3,«  +  3        m-1       =  (m^  l)'(m- 3)=. 
I   -(m-1)     m^-5„i  +  4 
The  equation  A  (m)  =  0  has  therefore  two  roots  each  equal  to  3,  and  the  corresponding 
terms  in  the  value  of  a;  will  be        x  =  {M^  +  iIjt]e^'. 
It  is  required  to  find  M^  and  M,  in  terms  of  the  initial  values  of  the  coordinates. 

We  form  the  operator  11  (ni)  by  the  role  given  in  Art.  372,  copying  the  columns 
irom  the  equations  given  above: 


374.     Bs.  1.     Let  the  equations  bi 


n(m)  = 


2x- 


^i:m-l)\im-i)Sx-Sy-- 


«-9 
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264  DETEBMrNATION    OF   THE    COKSTANTS,         [CHAP.  VIII. 

This  gives,  when  m=  3,  n{m)=  ~^Sx■^■iy-x-■y\,  dn{m)!dm=ds:-Sy -^  +  y. 
Also  wten  m  =  3  we  have  AH  =  0,  A'(m)=0,  A"(™)=8,  A'"i,mj  =  2i.  Hence  by 
Art.  370  -iMj  =  Sx  +  Sy-x-y.     i[Mi  +  M,)^Sx- Sy -x+y, 

where  the  quantities  on  the  riKht-hantl  Bide  hare  their  initial  vainee. 

Ex.  2.    Let  the  equations  be      {5=  -  23)  s  -  j;  =0,      (28  -l)a:  +  i^  =  0. 
Find  the  oonatanta  in  x^(M„  +  Mit  +  ilH2t^)e'. 

The  result  is  Mfs^^j^  +  Sy  +  a^  +  t),  2Mj+M^  =  2Sx-i>:  +  'y,  iMo  +  Mi^Sx  +  x". 

Method  of  Multipliers. 

375.  In  the  last  section  we  showed  how  the  constant  belonging 
to  any  one  oscillation  could  be  detevmined  when  the  differential 
equations  were  of  any  order.  We  now  propose  to  consider  what 
simplifications  can  be  made  in  the  rule  when  the  differential 
equations  are  of  the  second  order  and  of  that  simpler  kind  which 
usually  occurs  in  dynamics. 

376.  Referring  to  Art.  310,  we  find  the  equations  of  the 
second  order  written  at  length.  But  forms  so  genera!  as  these 
seldom  make  their  appearance.  The  two  most  important  problems 
which  occur  in  dynamics  are  those  in  which  we  have— 

(1)  Oscillations  about  a  position  of  equilibrium,  whether  with 
forces  of  resistance  or  without. 

(2)  Oscillations  about  a  state  of  steady  motion. 

In  the  first  of  these  cases  the  terms  depending  on  D,  E,  F  are 
absent  from  the  equations,  so  that  the  fundamental  determinant  is 
therefore  symmetrical.  In  the  second  the  terms  depending  on 
J5  and  F  are  absent,  but  those  depending  on  the  centrifugal  forces 
E  are  present.  In  this  case  the  forces  of  resistance  B  are  generally 
absent. 

377.  Wg  nmy  therefore  simpli^  the  equations  of  motion  and  write  thera  in 
the  form  (^n»'  +  -Bn^  +  Cn)  *+(^"*^t^"i'^*''^)!'  +  *'^— °'] 

iSo.  +&0.  +&o.  =  0. 

The  Bolution  of  these  equaiions  has  been  already  espressed  in  Arts.  313  and  317 
in  the  following  form.  If  vi^ ,  m^ ,  &a.  be  real  roots  of  the  fundamental  detenrdnant, 
we  have  1=1,;™''  +  x^'^''  +  Ae.  ■.        dxjdt  =  x,'e?^''+x^'e''"''  +  iSo.  1 

y=yid^i'  +  y^>^+&a  I       diijdt=y  'e'^^'  +  y  'd'^  +  &c  i 


*  The  applioation  of  the  p  d 
have  but  one  dependent  variall  d 
equal  toots,  may  be  found  in  p  pe 
Journal  of  Maibematics,  Vol.  11     1S83 
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oonataiits  called  L^,  L,,  &a.,  in  Arts.  2G1,  964,  &o.    AUo  Xi'  =  Xjm^,  yi^y,m,  and 

378.  If  there  be  a  pair  of  imaginary  roots  In  the  fundamental  detecmiiiant  of 
the  form  ni^^r+pj-l,  m^  —  r-p^-l,  the  preceding  solution  takes  the  form 

a:=X^e"coApt  +  X^'sinpt  +  Xs^^'"'  +  &c.\ 

?;  =  r,e"oos2i(4*i'j^'sinpl  +  yje'"''  +  &o.  I 

iSio.  =  <lfec.  ) 

dxjdt  =  Xj-er'  eosp(  +  XgV  eiapt  +  j,V"^  +  &c.  \ 

dij/i^t = Yi's*^  cos  ji(  +  r^V*  sin  ji( + ^/e""' + &c.  j- 

ic.  =  &c.  I 

where Xi  =  ai  +  a:2,X3=(Ki-a;a)V-l.  and Zi'=rXs+pXi,J!Cg'=-pXi  +  rX3.    There 

are  of  course  similio;  eipcessions  Cor  the  F's,  <feo.     Hare  we  notice  that  all  the 

ooefiioienta   in   the  first   two  ciolnmns  are  linear  functions  of  two  constants  of 

integcation,  the  ooeBicieuts  of  Che  third  coltimn  are  multiptes  of  a  third  constant, 

379.  If  we  examine  the  form  of  the  solution  given  in  the  laat  article  we  see  that 
the  columns  are  arranged  according  to  the  roots  of  the  fundamental  determinant. 
Each  colamn  contains  one  or  two  arbitrary  constants  which  have  to  be  determined 
from  the  initial  values  of  x,  y,  3k.  If  the  wl  le  solut  on  s  k  n  e  may  there- 
fore find  the  constants  by  common  algebra  t!  o  gh  f  the  e  a  e  ma  j  unknown 
ooDEtantfi  the  process  may  be  very  long.  Bat  t  the  whole  olut  o  s  not  known 
the  processes  of  common  algebra  fall. 

380.  Thus  suppose  we  have  found  only  one  oot  of  the  fundamental  deter- 
minant, then  we  know  the  terms  which  oceu  n  one  column  onl  The  other 
columns  depend  on  the  other  roots  which  have  not  yet  been  mvestigated.  We  vtag 
yet  wish  to  find  the  vahie  of  the  constant  wkich  accurt  in  this  column  in  terms  of  the 
initial  valttes  of  the  vmiabUs.  We  should  then  be  able  to  find  the  magnitude  of 
any  one  oscillation  without  finding  the  others. 

To  effect  this  we  use  the  method  of  waltipHers.  Our  object  is  to  find  some 
multipliers  for  the  equations  which  express  the  values  of  x,  y,  &a.,  dxjdt,  dyjdt,  &a, 
Buoh  that,  oil  adding  together'  the  products,  all  the  columns  disappear  except  the  one 
tee  leieh  to  retain.  Supposing  this  done,  we  have  one  equation  containing  the 
constant  to  be  found  and  the  initial  yalues  of  x,  y,  &q.  This  equation  is  euffioient 
to  determine  the  value  of  the  ci 


391.  There  is  this  point  of  difference  between  the  method  of  isolation  and  that 
of  multipliers.  In  the  former  we  find  the  constant  connected  with  any  one  term  in 
any  colamn  without  oaring  for  the  other  terms  iu  tliat  or  any  other  column.  In 
the  latter  we  require  to  use  all  the  terms  in  that  column  to  find  the  one  constant. 
In  the  former  riiethod  we  isolate  any  one  term,  in  the  latter  we  isolate  any  one 
eolnmn. 

382.  If  we  suiistitute  the  tei'ms  in  the  first  column  of  tlie  espreasiona  for 
X,  ij,  &c.  given  in  Art.  377  iu  the  differential  equations,  we  obtain  a  set  of  equations 
which  differs  from  the  differential  equations  only  in  having  iii^  written  for  S  and 
a:i,  j/i,  &c.  lor  X,  y,  &c.  First  multiply  these  respectively  by  x^,  y^,  &c,  and  add 
the  results  togetlier,  the  sum,  as  in  Art.  814,  may  be  briefly  written 

A  (a,a!,)  i«i=  +  B  (xjXj)  mi  +  C  (x^x,)  =  0. 
Next,  multiply  these  respectively  by  x^,  y^,  dfco.  and  add  the  results  together.     The 
sum,  as  in  Art.  316,  may  be  briefly  written 

A  {XjX^  nii^  +  B  (*i.T3)  Nil  +  C  (atifl^a) =fi  (aj/jl  m^ . 
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Tlje  fimetional  symbols  A,  i),  (7  when  not  foUoweil  by  the  subject  of  the  f mictions 
all  repreKenl  fonetions  of  the  coordinates  x.  y,  e,  &is.  which  have  been  defined  iu 
Art.  311.     Thus  A  =  ^A^tX^-i-Ai^%y  +  iA^y'^+..., 

B  =  JBiia;>+ 5,^1/ +  iBjji/ + . . , , 
C  =  iCn^  +  '^ia^  +  4C'«'/+-- 
When  the  diSecential  eqnatiooH  ara  given  the  following  rule  to  find  A,  B,  C  will 
be  useful  -.—Mtdtiplij  llie  eqaatiims  by  x,  y,  z,  lic.  antl  add  the  products,  treating  the 
operator  S  as  an  algehtaie  factor.     Tlu  halves  of  the  coefficients  of  the  powers  of  S 
are  the  functions  A,  B,  C. 

When  we  wish  to  substitute  any  quantities  for  the  variables  .r,  y,  i,  &a.  we  affix 
as  usual  those  quantities  to  the  functional  symbol  and  write 

Aix,Xj)  =  iA„Xi^  +  A,^iyi  +  iA^y,^  +  ..., 
with  similar  expressions  for  S(ar,3;,)  and  C{x,x,).    We  then  generalize  tliese  ex- 
pressions and  for  the  sake  of  brevity  write  (Art,  316) 

A  (x^^,]  =  iA^s:^X3  +  iAjs{x^,  +  !e,yi)  +  iA^y,y^+  .... 
383.    Peop.  a,— 2'o  determine  the  maltipllers  wften  the  fundamental  detenainant 
is  symmetrical  and  the  fortes  of  resista/itee  7iot  absent. 

Let  m, ,  m^  be  any  two  roots  of  this  detei-minant.  Then,  by  Art.  382,  since  the 
terms  depending  on  E  are  absent, 

A  {s,x^m,^  +  S  (x,x^  ™.  +C  K^,)  =  0  ) 

4(,r,3:2)jH2'  +  B(iiigni3  +  G(a;,ag  =  0( '  '' 

Eliminating  7;  and  G  io  turn  from  these  equations,  we  have 

A{x-,Xti]m,mi=C{xjX^)        I  ,„. 

-A{x,x^){m^  +  m^  =  B{x,x.,)l    '■  '' 

except  when  iiij  and  iiij  are  the  same  root. 

Either  of  these  equations  may  be  used  to  find  the  required  multipliers.  We 
thus  find  two  sets  of  multipliers.  We  shall  choose  the  first  equation,  as  giving  the 
simpler  results. 

If  there  be  a  pair  of  imaginary  roots  in  the  fundamental  determinant,  say 
m,~r  +  pJ-l,Ti\  —  r-pJ~l,  and  if  mj  be  any  other  coot,  the  first  of  equations  (2) 

A(x,x,)ir+p^-l)n,,  =  C{^,x,)) 

^(^A)('--pV-l)'"s=C(ar^,)(    '■  '■ 

Eeroemberittg  that  A  and  C  are  linear  functions,  we  see  that  these  give  by 
addition  and  suhtraotion 

A{X,\)m,^C{X,x,){ 

A{X^%)»>^^G{X^'c,)i  I''' 

where  Xj^,  X^  %  X^,  X^  have  the  meaning  given  to  them  in  Art.  3TS. 

The  function  A  {Xjp^  may  obviously  be  deduced  from  the  potential  A  (x^x,)  by 
the  process 

cj,r,)  dA{x^x,) 

h  '    "%i 

where  of  course  A  (3!j3;i}  (Art.  382)  represents  the   value   of  A  (xx)   or  A   when 
Xj,  J/],  &o,  have  been  written  for  a:,  y,  &b.    The  functions  B  and  C  may  be  treated 
in  a  similar  manner.    We  have  also  Xj'  =  a:im^,  yi'=^iiii,,  &o.  and  so  on  (Art.  377). 
We  niay  noio  immediately  deduce  the  proper  multipliers. 

TaMug  the  solutions  written  down  in  Art.  377,  let  ns  multiply  the  expressions 
for  a,  y,  &a.  by  -dCldx.  -dCjdy,  &c.,  after  writing  i,,  j(j,<fec  in  these  multipliers 
for  a;,  y,  *o. ;  also  let  us  multiply  the  espressions  for  tJa^/df,  Sea.  hy  dAjdx,  &a.,sitei 


2A  (xix. 
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writing  x,',  y^',  etc.,  for  x,  y,  &o.,  in  these  multipliers.  Finally,  let  as  add  the 
ptoduote ;  then,  by  virtue  o£  the  first  of  equatians  (3),  the  sum  of  every  eoluiiic 
except  the  first  is  aero. 

If  we  have  imaginary  roote  in  the  fundameatal  determinant,  we  take  tlie  solution 
given  in  Art.  376.  Treating  it  in  the  same  way,  we  see  by  equations  (i)  that  all  the 
columns  disappear  except  the  two  first.  Repeating  the  process  for  the  seoood  colnmn, 
we  again  find  that  all  the  oolnmns  except  the  two  first  disappear. 

384.  The  rule  may  be  lumnied  up  at  follows:— 

Let  tiie  fundameotnl  determinant  be  symmetrical,  and  the  forces  of  reeistauce 
not  absent.  Let  it  be  required  to  separate  by  the  method  of  multipliers  any  given 
oolumn  from  the  others.  Tke  pmper  multipliers  for  (fte  coordinates  are  the  values 
of  dCjdx,  dGjd)i,  (Be.,  after  ure  liave  substituted  for  x,  y,  die,  in  Ikese  laulUpUers  the 
con-eepondmg  coefficients  of  the  ailuma  we  wiih  to  preserve.  The  proper  multipliers 
for  the  veloeities  as-e  the  values  of  -dAjdx,  -dAjdy,  de.,  after  u>e  have  substituted 
for  s,  y,  lie.  in  tliese  multipliers  the  eorreipouding  co^cieiits  of  tlie  columu  of  velocities 
we  wish  to  preserve.    Finally,  we  add  the  prodncts  loget)ier. 

In  this  way  we  can  find  an  equation  connecting  the  initial  values  of  the  coor- 
ctinates  with  the  constant  which  accompanies  any  one  column.  Since  these  initial 
values  are  aibitrary,  neither  side  of  this  e(Luatioii  can  wholly  vanish  unless  all  the 
multipliers  themselves  vanish.  Hence  the  coefficient  of  the  exponential  on  the 
yight-hand  side  cannot  be  zero,  except  in  this  one  case. 

The  multipliers  cannot  all  vanish  unless  the  quadric  fuaotioas  C  and  A  also 
vanish  for  some  finite  values  of  the  coordimites.  In  dynamics  the  function  A  is 
such  a  function  of  the  ooordinates  as  the  vis  viva  is  of  the  velocities.  It  is  therefore 
impossible  that  A  could  vanish  for  any  finite  values  of  the  coordinates. 

385.  Bxample.    Let  as  consider  the  eqoations 

It  is  easily  seen  that  the  determinant  of  the  solution  reduces  to  m^-fif=0. 
We  therefore  have,  if  m  now  stand  for  J  ^5, 

a;=ije"«+a,e-™'  +  2s00sm(  +  j:4  sin  lilt) 

y  =  y,^  +  y^er-''^f  +  ¥g<3o6mt+Yfla.amt\  ' 

(tr/fft = fli«i  e"^  -  fli.Tj  e~'^  +  mX^  cos  nit  -  mX^  sin  ait  1 

dyldt=myje™'-my^e~''^  +  mY^aoHmt-mY3  sinnW  | 

Also  multiplying  the  eiinations  by  ar  and  y,  and  taking  the  halves  of  the  ooefBoients 

of  the  powers  of !,  wehave        A  =  i{3.''+y'^,         C =!s!ifl  -  ^xy  +  iy\ 

Let  us  find  the  coefficients  x^,  yi  in  terms  of  the  initial  conditions.  Following 
the  rule,  we  multiply  a  and  y  by  the  differential  eoeffioients  of  C  after  we  have 
written  a,,  y^  for  x,  y  in  the  moltipliew.  We  multiply  the  velocities  by  minus  the 
differential  coefficients  of  A,  writing  in  the  multipliers  iiu,  and  my,  for  x  and  y. 
FinaUy,  we  add  the  results.     Thus  we  have 

-S~.-3i"*  J      V"'-(V+1/,")  f 

X,  y  and  their  velocities  their  known  initiiil  values,  we 
e  constants  Xj,  y^.     Their  ratio. 


being  known  from  the  first  equation,  we  easily  find  both  x^  and  y,. 

If  we  wish  to  find  the  coefficients  of  the  trigonometrical  terms,  we  use  two  sets 
of  multipliers,  because  the  two  imaginary  exponentials  have  become  mixed  np 
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together  in  the  trigouometrieal  term ;  or  we  may  replace  them  by  their  imaginary 
exponcntialB,  and  And  the  ooeffioieDts  of  eitlier  by  one  set  of  muItiplierH.  Taking 
the  lirst  alternative,  one  set  of  mriltipllers  will  be  respectively 

X^-iY^,      -^St  +  iYi,      -mX,.      -mF.. 
The  other  set  mill  be       ^j-fl'j,     -i^t  +  iYi,     +m^a.     +mY^- 

386.  Phop.  B.— I'o  detmmine  the  multipliers  mhen  the  fundamental  determinant 
is  syvaiietrieal  aiid  thefo  ees  ofienetaiice  are  abatnt 

Thia  propoaition  is  leaily  inclnded  m  the  kst  But  as  the  absence  of  the 
function  B  introdnoes  great  Bimplifioatiou  it  is  woith  while  to  consider  the  case 
separately. 

Since  the  forces  of  res  etanct  »  e  ib'ient  only  even  poweis  of  8  enter  into  the 
equatioDB.  Hence  for  every  loot  of  the  fmdameutal  deteiminant  there  is  another 
equal  in  magnitade  bat  eontraiy  in  sign.  II  A  and  6  aic  one  signed  (unctions,  and 
have  the  same  sign,  these  roota  are  of  the  form  J=p^  -1.  Choosing  thia  as  the 
type,  we  may  write  the  equations  of  Art,  378  in  the  form 

a:  =  X,oospt  +  i^ainp(  +  .i/"!' + , , .  &o.  =  &e., 

dxIdt  —  X^'  aoapt  +  X^'  ainpt  +  a!3'e™''  + ...  &c.  =  &c. 

Here,  unless  there  are  equal  roots,  we  have 

because  the  ratios  of  the  coefficients  of  any  exponential  are  expressed  by  the  minors 
of  the  ftmdamental  determinant,  ttncl  these,  containing  only  even  powers  of  tii,  are 
the  same  when  the  exponents  are  equal  in  magnitude  but  contrary  in  sign. 

Here  H  wiU  stand  for  the  constant  in  the  second  column  on  the  right-hand  side 
of  the  eqaations,  the  constant  in  the  first  column  being  included  as  a  factor  in 
Si,  y„&J., -fi',  Ti',  &e. 

Since  the  function  B  is  zero,  the  equations  (2)  of  Art.  383  reduce  to 

except  when  m^=i=m^.    For  a  pair  of  imaginary  roots  such  as  v\  —  r+p^ -I, 
vt^—r - p ^  -  1,  combined  with  a  third  root  m^,  we  have  (exactly  as  in  that  article) 
4(X,.rJ  =  0)  C(Z..r^-01 

^(A>,)=oi'  c{x^^)^oy 

387.  We  may  use  eitlier  the  function  A  or  the  function  G  to  supply  the  proper 
multipliers.  We  thus  find  two  sets  of  multipliers.  The  choice  depends  ob  the  forms 
0/  A  and  G. 

If  either  of  these  functions  contain  only  the  squares  of  the  coordinates,  i.e.  if  it 
be  of  the  foim  ax''  +  by^  +  cx'  +  ,.., 

it  is  clear  that  its  differential  coefficients  will  be  much  simpler  than  if  the  terms 
containing  the  products  of  the  coordinates  were  also  present.  The  multipliers  are 
indicated  by  these  differential  cacfBcieDf  s  and  will  therefore  also  be  simpler.  That 
fonct    n       thf       tol      h  hhhthf  west  terms  containing  the  pro- 

duc       ftl  d      te 

Ch    SI  g  th    fnn  t        A  h        th    f  II        g  rule  to  Snd  the  multipliers. 

Let  ib       q      edto      p      tefmth      th  particular  oscillation— say  the 

two     1  m  ta  m  g  th    phas    p       Tl    p   pei  laaUipliere  for  Ike  coordinates 

a:,y  d'  he      I         f  lAjd      lAfdj  <&       fte   wihaveeabttitutedfor  a!,y,  i&c. 

in  tl  mitplei  th  Ji  ml  /  th  f  the  lumni  containing  the  phase  pt. 
Adding  these  products,  we  have  one  equation  from  wMchaU  the  oscillations  except  the 
Ofw  to  be  preserved  have  disappeared.  The  same  multipliers  may  noiB  bemedfor  the 
veloeiUes,  and  thus  by  a  second  addition  we  obtain  another  equaHim  of  the  same  kind. 


y  Google 


).]  METHOD    OF    MULTIPLIEKS. 

o  equatjona  thus  obtained  may  he  written  thus  ; — 

^      ilX^ 
dx  dA  (ZiJ-,) 


^-^^+&o.  =  2A(X^X:,){<^aspt+Hsmpt), 


■  --r&o.='iA  (SjXj)  {jBpeospi-psinj)f[, 

Putting  t  —  d  either  before  or  after  using  tbe  multipliers,  we  have  two  equntions 
to  determine  II  and  the  other  constant  inoiaded  in  X-^ ,  F^,  &e. 

388.  A  rule  to  find  the  funotions  A  and  G  when  the  differential  equations  are 
known  has  alread;  been  given  in  Art.  392.  But  in  using  Lagrange's  method  it  is 
eometimes  more  convenient  to  refer  to  the  expreaaion  for  the  vis  viva  and  the  force 
funotiou  from  which  tliese  equations  have  been  derived.  Beterring  to  Vol.  i.,  we 
see  that  the  vis  viva  is  2T=A^^x'-^  +  'iAy^3fy'  +  .... 

Thua  the  function  A  is  derived  from  T  by  merelj  dropping  the  accents  from  the 
coordinates.  The  function  C  is  of  coarse  the  same  as  the  function  V^  -  U  defined 
ia  Vol.  L 

389.  Phop.  C. — To  determme  tke  iimltipliers  when  the  fwees  of  resistance  are 
absejit  but  the  determinant  is  ilcev>ed  bt/  tke  centrifugal  forces. 

Referring  to  the  equations  of  motion  in  Art.  377,  we  form  the  determinant  which 
we  have  called  the  fundamental  determinant.  It  is  unnecessary  to  write  thia  deter- 
minant, aa  its  form  is  evident  from  the  merest  inspection  of  the  equations.  It  is 
also  given  at  length  in  Art.  112. 

mm  h  !Q  new  determinant  are 

h       m  h  rm    ant  is  unaltered.     When 

d  iin  a  of  S,  and  therefore  its 

p  W  h  k  ndard  form  of  solution, 

Ar  h        pre 


i6e.=*o.  j 

dyldt  =  Y-,'coBpt+  r2'sinp(  +  j(j'e^'+       [  (2). 

t    -^  I 

H       th    ill  t  tw        1  m         p       nt  th    most  common  form  of  a  principal 

lltnadth      hi      Im        p    sent        y  other  form.    When  the  cantri- 

fUf,  1  f  (       th    t  rm    d  1     d  ng        E)  a     present,  the  mmors  of  the  funda- 

tn     tal  d  t    mm     tint        t  nly  powers  ot  S.    It  followa  that  the 

fn       t     n  th     eo     d     1  mn  1        t        es      ilj  beai  a  unitoim  ratio  to  thoaein 

th   fir  t     1  mn 

Since  the  function  B  le  absent,  we  have  by  Art.  383,  the  equationa 

A  {x,x^)  m,+  C  Ka:,)  ~=E  (s,)/j) 
A  (x^x^)  j«j+  C  [a^x^)  —  =  -  E  (x-^y^)  j 
Adding  these  to  eliminate  the  functional  symbol  E,  we  i 
A  {^iX^)mymi+C  {x,!c^=0  , 
except  when  m,  =  -  )n^ . 

We  notice  also  that,  by  Art.  383, 


yGoosle 


...(7), 
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Wa  may  also  eliminate  the  tunotion  A  or  C  from  the  equations  (3)  instead  of  the 
tuuoiioD  E,  and  in  each  case  we  vui}/  deduce  a  rale  to  find  the  mtiltiptiers ;  but  the 
sivtpUst  rule  iifinmd  by  eUrainating  ike  fimction  E, 

The  formnla  (4)  teeembles  that  aeed  in  Art.  S83,  and  there  called  (2),  eioept  in 
the  8^  of  A.  Proceeding  therefore  exaetlj  as  in  that  article,  we  shall  deduce  the 
corresponding  rule  for  the  mnltiplierB. 

Instead  of  equations  (3)  of  Art.  383,  we  uowhave  (ainoe  r  =  0) 

A  (^iij)  pi»3  iJ-l  +  C  {xiXg)  —  0(  ,„, 

^^(a:j:ra)pW<3V-l  +  CK^5)  =  0|      '    '■ 

EemBml)ering  that  A  and  C  are  linear  funotione  of  the  letteis  of  any  one  suffix, 
these  give  by  addition  and  subtraction 

A{X^x^r,^+G{X^3)  =  ()\    

where  as  before       X^=Xj^-Y3:i.  Xi=(x^-x^^ -I,  X,'=pXi,  X.{= -pX^. 

Also  writing  mi=p^ - 1,111^=  -p^-1  in  equations  (5),  we  find  by  aubtraotion 
A(Xj'X^')  +  GlX,X^  =  0    (8). 

390.  From  these  formulae  we  now  deduce  the  following  rule  to  find  the  multi- 
pliers. 

Let  the  forces  of  resistance  be  absent,  and  let  tbe  fundamental  determinant  be 
stewed  by  the  centrifugal  forces  only.  Let  it  be  required  to  aeparftte  any  prindpa! 
oscillation  from  the  others.  Selecting  one  of  the  two  coltimnx  which  form  the  oscil- 
lation, the  proper  naiUipliera  for  the  coordinate)  s:,  y,  etc.  are  the  values  of  dCjdx, 
dCjdy,  (fie.,  <^tm-  we  have  mbititKted  for  x,  y,  tfc.  in  theie  mnltipliert  the  corre- 
sponding eoe,ficie7Us  in  the  eoltaim  selected.  The  pivper  mnltiplia-e  for  th  v  loei 
are  the  values  of  dAjdx,  dAjdy,  t^c,  after  we  liave  sabstitutedfor  x,y,£  n  h 
multipliers  the  co^ffxientB  coi-retpondlng  to  these  velocities  in  the  eoba  n  le  I  d 
Finally,  we  add  all  these  products  together.  We  then  repeat  the  proce  ittl  I 
coefficients  of  the  other  of  the  two  eolwnns  which  form  the  oscillation. 

By  virtue  of  equations  (5)  and  (8)  it  will  be  found  that  in  each  of  thes   p      &. 
every  column  except  one  will  disappear  from  the  Gnal  summation.     B  t         maj 
notice  a  curious  difierence  between  the  columns  which  contain  real  exp      nt  al 
and  those  which  contain   trigonometrical  espreSEions.    If  we  operate  w  th  tl 
coefficients  of  one  of  the  former  introduced  into  the  multipliers,  it  is  the       p 
columniBhich  does  not  disappear;  but  if  we  operate  with  the  coefficients  of  one  of  the 
latter,  it  is  the  column  mkose  coefficients  we  haxe  used  which  does  not  disappectr. 

It  is  easily  seen  that  the  fundamental  determinant  reduces  to  «i*-16  =  0.     Hence 
ar  =  .X,  COS  2(  +  X,  sin  3(  +  ijea  +  a:,^-^  j 

^'^'^^"^  y  =  Y,oo^2t+Y,mn2t-^y^^  +  y,eM' 

5x  =  2X3  cos  2(  -  2Xj  sin  2t  +  23^^''  -  Sx^e-^'l 
3^  =  21'20os3(-2riBin2(  +  2v3e''-%,e-«(' 

where  3ars=^%3,     2xt=-^Qy„     Yi^-^eX,,     Y^^^ex^. 

Also,  multiplying  the  equations  (Art.  362)  by  ar,  y,  adding,  and  taking  the  halves 

of  the  coefficients  of  the  powers  of  3,  ^  =  i  (»?  +  !/=),         C=  J(-8a:»  +  2!/=). 

The  proper  multipliers  are  indicated  (Art.  390)  by  the  formula 
xdCjdx+ydGldy  +  SxdAldx-i-SydA/dy. 

Now  dCldx=^  -&c,     dCldy^iy,     dAjdx^x,     dAjdy-y. 

Having  chosen  the  column  whose  eoefScients  are  to  be  used  in  the  multipliers,  we 


BxaiiQ>le.    Consider  the  equations 
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see  by  Art.  390  ttat  the  proper  multiplier  for  the  firat  equation  ia  minus  eight  times 
the  co«McienC  of  the  column  in  that  equation ;  the  proper  multiplier  for  the  second 
equatiou  is  twice  the  coefficient  in  that  equation  ;  the  proper  multipliers  lor  the 
third  and  fourth  equations  are  the  ooefBoienis  themselves  in  those  equations. 

Let  vs  first  find  w^,  y^.  Because  the  fourth  column  eontaina  a  real  exponential, 
vre  opeifite  with  the  ooeflicieiits  of  the  cotnpaniou  column.  The  multipliers  are 
therefore  dCldx---^.     dCjdy='iy^,     dAjdx-ix^,    dAjdy  =  'iy). 

Hence  we  find  -8«3a;  +  2!/8^  +  2a:33a:  +  2j/jS^  =  l&)/j^je-"; 

substituting  for  Xj  in  terms  of  y^  and  putting  f  =  0,  we  find 
-  4  V6^  +  2y  +  JUx  +  2Sy  =  l^y^ , 
wliich  determines  y^  in  tenns  of  the  initial  valuee  ot  the  coordinates  and  their 
initial  velocities. 

Let  us  Ttext  find  X,,  X^.  Taking  the  ooeifioients  of  the  first  column,  the  multi- 
pliers  ate  dCldx=-3X^,    dGjdy  =  2Yj,    dAjdx^^X^,    dAjdy-2Y^. 

Since  these  columns  contain  trigonometrical  expressions,  we  know  that  wheu  we 
operate  with  the  ooeffioients  of  either  oolnmn  in  the  multipliers,  the  other  column 
disappears.     Hence,  paying  no  attention  to  any  oolamii  esoept  the  first,  we  have 

-%XiX-¥2Yiy  ■i-2XiSx  +  2Y^^  =  lQ  {X-^  +  X^)eoi2t; 
substituting  for  J",  and  Y^  and  putting  1=0,  we  find 

-  SA'ii;  -  2  ^aX^y  +  2S^  Sx  +  2  ^GXj  dy  =  16  ( Jj'  +  V)- 

Operating  in  the  same  way  with  the  ooefSoients  of  the  eeoond  column,  we  have 
-^SX^  +  2Y^y--2XlSx-2Y^Sy=U{X^^  +  X^'')sm2t; 
Bnbstitnting  as  before,  we  have 

-SX^  +  2^6X.^y-2XjSx  +  2^e^X.^hj  =  0. 
These  equations  determine  X,  and  X^  in  terms  of  the  initial  values  of  x,  y.  and 
their  differential  coefficients. 

392.    Prop.  H.—To  consider  the  effect  of  equal  roots  on  the  riii^s  already  given. 

When  there  are  equal  roots  in  the  fundamental  determinant,  we  requite  only 
some  slight  modification  of  our  rules.  Eeferring  to  the  general  solution  exhibited 
ia  Art.  377,  let  us  suppose,  for  example,  that  there  are  three  roots  equal  to  m^. 
9,  nil,  uii  +  h,  m,  +  t,  we  may  write 


"!')  +^4^"^'  + 


'"')+-^;wf;''^'"")+^^'^'"*'+ 


&c,  =  Ac.; 
where  .c,'  =  3;iitti,  x^=x^m^,  &e.,  and  G,  H  aw  the  two  constants  in  addition  to  tlie 
one  included  in  Xi,  yj,  &o. 

Two  questions  now  present  themselves; — (1)  When  we  use  certain  multipliers 
to  separate  a  oolnmn  which  depends  on  a  solitary  root  such  as  mj,  will  the  columns 
which  depend  on  other  equal  roots  such  aa  m^  (and  therefore  contain  powers  of  (  as 
factors)  still  disappear  ? 

(2)  What  multipliers  must  we  use  to  separate  the  three  columns  which  depend 
on  the  three  equal  roots  from  the  remaining  oolumns  ? 
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3yd  Taking  the  fitet  of  these  questions,  suppose  we  wisli  to  separate  tlie  touvth 
column  of  the  equationa  of  Att.  392  from  the  others.  Let  us  use  the  same  multi- 
phara  as  if  there  were  no  equal  roots.  It  is  obvious  {hat,  since  the  thiee  first 
columns  disappenj  iu  the  general  case  in  which  7i  and  k  have  any  values,  these 
ooltimufa  must  also  disappear  when  k  and  li  ate  indefinitely  small.  We  therefore 
infer  that  any  colmiin  which  depends  on  a  mlilary  root  may  be  geparat^d  by  the  same 
rules  us  before. 

As  an  example,  take  the  rule  given  in  jpi'op.  A,  Art.  383,  To  separate  the  fourtii 
column,  we  multiply  the  equations  by 

dC  {xtX^ydXi,  &o.,         -dA{x^\')fdx,',  &e., 
and  acid  the  products.     Siaoe  the  three  first  columns  must  disappear,  we  have 

\dmj    *}        \dni,   */       '  ydm^^   *)        \(im,^  *  J" 

The  last  two  of  these  equations  also  follow  from  the  first  by  an  evident  process. 

394.     Taking  the  second  question,  we  wish  to  find  what  multipliers  will  sepsrate 
the  three  first  columns  from  the  others.    But  these  are  supplied  by  the  equations 
just  written  down.     Sinoe  m^  is  any  otter  root,  and 
^     do         fiC 

we  have  merely  to  use  the  inoltipliers  indicated  by  the  coefficients  of  ar^,  y^,  &c.  in 
these  equations.    The  lule  may  be  enunciated  as  follows  -.— 

lilvXtyply  the  ecpiatimis  by  the  }»-oper  factors  for  the  first  colmnn,  treating  a^,  j/^, 
<fe.,  a;/,  j/i'i  lie.  as  the  coyjicients,  and  add  the  products.  We  thus  have  one  of  tlte 
three  required  eqnoMons.    MvUiply  the  eq-aations  by  the  proper  faetors  far  the  second 

cobaan  as  if  t— ^.    -^,  <Sc.,  -r-^-,  (fe.  were  the  eoelficients,  and  add  the  products. 

^  dm,     dm,  dinj 

We  thvs  obtain  the  second  equation.  Laitly,  multiply  the  equation  by  the  proper 
factors  for  the  third  colmav,  as  if  -j— ^ ,  *c.,  -j— ^ ,  ^e.  were  the  eo^^iente,  and  add 

the  products.  We  thus  have,  on  the  whole,  three  equations  to  find  tjie  three  aonstants 
which  enter  iixto  the  three  first  coiumiw. 

The  proper  faotors  just  mentioned  are  those  calculated  from  the  coefficients  by 
the  nul^  of  Prop.  A  or  Prop.  C. 

a  factor  fail  to  introduce  themselves  into  the  solution.  The  number  of  constants 
is  then  made  up  by  a  greater  indeterminateness  in  the  ooefBcients  which  accompany 
the  exponential.  Regarding  these  equal  toots  as  the  limits  of  unequal  roots,  as  in 
Art.  393,  it  f  h      w      a     still  use  the  same  rules  to  find  the  multipliers. 

We  arrange  u        umus  with  one  constant  in  each  column.    Thea 

using  the  pro  je    n    ti  a   described  above,  we  can  separate  any  solitary  root 

at  onee.  To  d  te-m  n  h  nstants  which  accompany  the  equal  roots,  we  shall 
require  as  ma  m       pliers  as  there  are  columns  with  tliat  root  or  its 

companion  ro 

396.     ExamF  e     C  n   d      he  equations 

{S>^   )       y          0         x  +  {S^-l)y+z^O.        ^  +  y  +  iS^-l)z^O. 
It  is  easily  se  n            h              mental  determinant  reduces  to  (iii^-2j-{vi'  +  l)  =  0. 
Putting  a  =  V2  w    te  
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Looking  at  the  equations  to  be  solved,  we  sea  that  the  potential  functions  A  and 
Care  given  by        2C= -3;^-y'-s^  +  ati;  +  %z  +  2!a,        2A=x^  +  y^  +  z^. 
Followiog  the  rule  indieated  in  Art.  387,  tee  choose  the  function  A  to  operate  with, 
iecaiise  this  funcHon  wiU  iwpply  the  simplest  multipliers.     The  proper  multipliers 
will  therefore  be  dAldx  =  x,     dAfdy  —  y,     dAjdz^z, 

where  we  write  for  x,  y,  z  the  ooefEoients  of  tie  column  under  consideration.  The 
proper  multipliers  are  therefore  the  ooefSeients  of  the  eolnmna  in  auoceasion. 

Suppose  we  wish  to  find  K  and  L.  The  coefficients  in  either  of  these  two 
columns  are  all  equal.  The  multipliers  aie  therefore  equal.  We  therefore  obtain, 
by  adding  the  equations  and  puttii^  (=0, 

x  +  y  +  i^3L. 
Treatine  the  difierontial  coefficients  in  the  same  way  [Art.  387),  we  have 
Sx  +  Sy  +  Sn^SK. 
If  we  wish  to  find  the  four  constants  E,  F,  G,  H  which  are  all  connected  with 
the  companion  coots  *  a,  we  must  fiad  four  equations.    According  to  the  rule,  the 
multipliers  are  the  eoeffieiects  of  the  several  columns.    We  thus  obtain,  when  (  =  0, 
Ex  +  0y-E!^^iH2E  +  2G  +  F  +  Hj\ 
0x  +  Fy-Fz  =  FiE  +  O+'2F+2H}(  ' 
E5x  +  0Sy-ESz  =  Ea(2E-2G  +  F-Hj\ 
tiSx  +  FSy-'FSz^Fa{E-a  +  2F-2H)f  ' 
This  simple  and  obvious  eiample  sufficiently  illustrates  the  metliod  of  prooeediug 
when  the  proper  multipliers  could  not  be  otherwise  found. 

Fourier's  Rule. 

398.  Of  the  two  important  problems  which  occur  in  dynamics 
(Art.  376)  tlie  most  commoa  ia  that  in  which  tlie  system  is  oacii- 
lating  about  a  position  of  equilibrium  free  from  any  forces  of 
resistance.  This  of  course,  is  Lagrange's  problem,  and  the  solution 
has  been  discussed  in  Chapter  ii. 

It.  often  happens  that  the  coordinates  chosen  are  such  that 
the  vis  viva  2T  cau  be  written  in  the  form 

without  any  terms  containing  the  products  of  the  velocities.  In 
other  cases  when  the  vis  viva  contains  products,  it  may  happen 
that  the  force  function   U  can  be  written  in  the  form 

W  =  af  +  f  +  ... 
without  any  terms  containing  the  products  of  the  coordinates. 

In  either  of  these  two  cases  if  we  follow  the  same  line  of  argu- 
ment as  in  Art.  386  we  arrive  at  a  simple  rule.  Taking  the  first 
case,  Lagrange's  equations  are 

B'i/  +  G,^  +  O^+...  =  0\ (1). 

&c.  =  0j 
As  in  Art.  386  the  solutions  of  these  may  be  written  in  the  form 
X  =  Xt  cos  pt  +  X^sin  pt  +  X3C03  qt  +  Xt  ^in  qt  +  &c.j 
1/=  KiC0S^(-|-  Kjsin^i-I-  Fa  cos  qi+  Fisin  ^'i  +  &c.  [  ...(2), 
&o.  =  &c.  j 

E.  D.     II.  18 
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where  the  coefficients  of  any  one  column  are  in  the  ratio  of  the 
minora  of  Lagrange's  determinant  and  are  therefore  known  mul- 
tiples of  the  same  undetermined  constant;  see  Vol.  i.  Art.  457. 
The  constants  in  the  several  columns  are  those  represented  in 
Art.  53  of  this  volume  hy  i|Cosai,  iisinaj;  ijCOSKj,  Z-sSinttj; 
&c.  respectively.     Our  object  is  to  find  these  constants. 

Since  the  equations  (1)  are  analytically  satisfied  by  the  values 
of  jc,  y,  &o.  expressed  by  any  one  column  of  (2),  let  us  substitute  for 
X,  y,  &c.  the  terms  in  the  first  column  and  multiply  the  resulting 
equations  by  Xj,  Fj,  &c.  respectively.  Adding  the  results  we  find, 
after  division  by  cos  p(, 

p=(^i^a+l^ji^=+-'-)  =  fn^iX=  +  6',,(X,y,-l-X,F,)  +  &c. 
Since    the    right-hand    side   is   a   symmetrical   function   of    the 
coefficients  of  the  tirst  and  third  columns,  we  have 

•f  (X,Z,  -i-  &c)  =  <^  (X,X,  4-  &c,). 
It  immediately  follows  that  unless  J)  =  ±  5  we  must  have 

XX3-|-F,F,  +  &c.-0 (3). 

An  exactly  similar  proof  applies  in  the  case  in  which  the  products 
are  absent  from  the  force  function. 

The  reader  should  notice  the  strong  resemblance  between  this  proof  and  thai 
given  by  LsplacS  when  he  tleduoes  by  integration  the  tUndamenUl  property  of  his 
functions  from  bis  paiiial  differential  equation. 

In  either  of  these  cases  any  column,  say  the  first,  may  be 
separated  by  using  as  multipliers  the  coefficients  X,,  Yj,  &c.  of 
that  column.  Putting  *  =  0,  so  that  the  coordinates  x,  y,  &c.  have 
their  initial  values,  the  second,  fourth,  and  all  the  even  columns 
disappear  from  (2).     Then,  multiplying  by  X,,  T-^,  &c.,  we  have 

xX,  +  y¥,  +  &;c.  =  X''+l7  +  &c (4). 

In  the  same  way  by  differentiating  the  equations  (2)  we  turn  the 
sines  into  cosines,  so  that  the  first,  third  and  all  the  odd  columns 
disappear  when  t  =  0.     Multiplying  by  X3,  F^,  &c.,  we  have 

(doj/dt)  X,  +  {dyldt)  F,  -F  &c.  =  p  (X^^  -I-  F,=  -t-  &c.)    . .  ,(5). 

We  therefore  have  two  equations  to  find  the  two  constants 
which  accompany  the  principal  oscillation  whose  period  is  Sir/p. 
These  may  be  put  into  the  form  of  a  rale  which  when  applied  to 
some  problems  in  heat  or  sound  is  usually  called  Fourier's  Rule. 
This  may  be  stated  as  follows.  Multiply  each  coordinate  by  the 
coefficient  of  the  cosine  in  the  column  we  wish  to  separate,  add  the 
results  together  and  put  t  =  0.  All  the  other  columns  will  disappear 
from  the  sum,  leaving  one  equation  to  find  the  constant  of  integration 
which  accompanies  the  cosine. 

To  find  the  constant  of  integration  which  accompames  the  sine 
which  occurs  in  any  column,  we  differentiate  the  coordinates  and 
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thus  turn  sines  into  cosines.  Repeating  the  same  process  as  before 
■we  have  an  equation  to  find  the  constant.  These  rules  are  simple 
corollaries  from  that  given  in  Art.  387. 

399.  It  sometimes  happens  that  the  vis  viva  22"  can  be  written 

in  the  form  22' =  TOjic'^  +  my  + (6), 

where  mi,«ij,  &c,  are  the  constants  connected  with  the  coordinates 
X,  y,  he.  In  such  a  case  the  rule  requires  only  a  slight  modifica- 
tion.    By  tlie  same  reasoning  as  before,  we  show  that 

m.X.X,  +  m,r,K,  +  ...=0 (7). 

Thus  the  multipliers  necessary  to  separate  the  first  column  of  the 
values  of  x,  y,  &c.  from  the  other  columns  are  miXi,  rngFj,  &c. 
It  will  often  happen  that  the  coefficients rai,ms,&c,  are  the  masses 
of  some  particles  connected  with  the  coordinates  x,  y,  fee.  Using 
this  phraseology  we  Have  the  following  rule.  To  separate  cmy 
column  we  multiply  the  coordinates  of  the  several  particles  as  before 
by  the  coefficients  in  that  column  and  by  the  masses  of  the  several 
particles.     We  then  add  these  residts  ana  proceed  as  before. 

When  the  number  of  the  coordinates  of  the  systetn  is  infinite,  as 
in  the  case  of  a  vibrating  string,  the  summations  become  integrals. 
Let  mdu  and  a;  be  the  mass  and  displacement  of  an  element  of  the 
string  distant  u  from  one  end.  Then  all  the  equations  (2)  may  be 
typically  written  in  the  single  form 

x  =  LiUi  cos  pt  +  Li  Pi  sin  pt  +  Z-s  Us  cos  qt  +  &c., 
where  Z-i.  Ai  ^c.  are  the  constants  which  occur  in  the  several 
columns  and  V^,  U,,  &c.  are  known  functions  of  u.     Taking  the 
integrations  from  one  end  of  the  string  to  the  other,  we  have  by 
(6)  and  (7)  2T=Jjf'mdu,  SU,U,mdu  =  Q, 

where  x'  =  dieidi.    The  equations  (4)  and  (5)  become 

fxU'jmdu  =  L,JUi'mdu,        ^x'  U^mdu  =  L^^p  JU^mdu. 
These  two  equations  determine  the  constants  L, ,  L^,  which  accom- 
pany any  oscillation,  and  express  what  is  usually  called  Fourier's 
rule. 

400.  The  investigation  we  have  here  given  of  Fourier's  rule 
is  purely  analytical.  All  we  have  assumed  is  that  the  values  of 
at,  y,  &c.  satisfy  certain  differential  equations.  But  we  may  also 
give  a  physical  meaning  to  the  process  and  show  that  we  have  really 
been  using  the  principle  of  Virtual  Velocities. 

It  has  been  shown  in  the  first  volume  that  that  general 
principle  may  be  analytically  represented  by  the  equation 

(ddT     dU\^^fddT     dU\     ^.         ,,  _ 

[dtd^-^)^^[dtd^~^)'^^^'-  =  ''    ^'>' 

where  ^,  r),  &c.  are  any  small  arbitrary  variations  of  the  coordinates 
X,  y,  &c.  consistent  with  the  geometrical  conditions. 

18—2 
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Let  US  suppose  the  system  to  be  performing  any  principal 
oscillation,  say  the  one  represented  by  the  first  column  in' the 
values  of  x,  y,  &c.  Let  us  take  as  the  arbitrary  variation  of  .the 
coordinates,  a  displacement  along  any  other  principal  oscillation, 
say  the  one  represented  by  the  third  column  in  the  expressions 
for  X,  yi  &c.  This  variation  is  consistent  with  the  geometricat 
conditions,  since  the  two  oscillations  might  coexist  in  the  same 
motion. 

In  this  case  ^,  tj,  &c.  are  proportional  to  X3,  Y^,  &c.  Since  the 
Lagrangian  functions  enclosed  in  the  brackets  of  (8)  are  equivalent 
to  the  left-hand  sides  of  equations  (1),  we  find,  after  substituting 
for  x,  y,  &c.  the  values  given  by  the  first  column  of  (2),  and 
dividing  by  cos  pi, 

-p'(X.Zs+F,F3  +  ...)=(7nXX+0,=  (X,F3+Z,Fi)  +  &c. 
Since  the  right-hand  side  is  a  symmetrical  function  of  the  coefficients 
of  the  first  and  third  columns,  we  immediately  have,  as  before, 

Z,X3-(-Fr,  +  ...=0, 
except  when  p  and  q  are  numerically  equal. 

Lagrange  shows  how  to  find  the  constants  of  integration  in  certain  cases  in 
Sect.  Ti.  of  the  second  part  of  his  Mecanique  Analytiqnt.  Poiaaon  devotes 
Chapters  vn.  and  viu.  of  hia  Thiorie  de  la  Chaleur  to  an  explanation  of  the  method 
of  expressing  arbitrav;  functions  in  a  series  of  sines  and  cosines.  Another  treat- 
ment of  Fourier's  rule  is  gii'en  in  Arts.  93  and  94  of  Lord  Eayleigh's  Theory  of 
Sound. 

The  Method  of  Multipliers  is  an  ejctension.  of  Fourier's  rule.  A  paper  on  this- 
subject  by  the  author  is  to  be  found  in  the  Proceeding$  of  the  London  Mathematicat, 
Society  for  1883. 
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CHAPTER  IX. 

APPLICATIONS  OF  THE  CALCULUS  OF  FINITE  DIFFERENCES. 

Solution  of  Prohlsms. 

401.  In  the  first  section  of  this  chapter  we  propose,  by  the 
consideratioQ  of  some  examples,  to  show  how  the  Calculus  of  Finite 
Differences  may  be  applied  to  the  solution  of  dynamical  problems. 
In  the  second  section  we  shall  examine  a  few  remarkable  points  in 
the  theory  of  such  oscillations. 

The  calculus  of  finite  differences  may  be  used  when  the  system 
contains  a  great  many  oscillatory  bodies  arranged  in  some  order. 
Perhaps  there  are  so  many  that  to  write  down  all  their  equations 
of  motion  individually  would  be  impossible.  If  however  there  be 
a  sufficient  amount  of  similarity  between  the  motions  of  successive 
bodies  taken  in  order,  it  may  be  possible  by  writing  down  a  few 
equations  of  differences  to  include  all  the  equations  of  motion. 
To  show  how  this  can  be  done  we  shali  begin  with  the  following 
problem. 

402.  Oscillations  of  a  chain  of  particles  connected  by 
strings.  Ex.  A  string  of  length  (n  + 1)  I,  and  insensible  mass, 
stretched  between  two  fixed  points  with  a  force  T,  is  loaded  at 
intervals  I  with  n  equal  masses  m  not  under  the  influence  of  gravity, 
and  is  slightly  disturbed ;  if  Tjl/m  =  c*,  prove  that  the  periodic  times 
of  the  simple  transversal  vibrations  which  in  general  coexist  are 
given  by  the  formula  {■tt/c)  cosec  iV/2  (?i  +  l),on  putting  in  s^ 


Let  A,B  he  the  fixed  points;  j/,,yi, ...  y^  the  ordinates  at  time 
(  of  the  n  particles.  The  motions  of  the  particles  parallel  to  AB 
are  of  the  second  order,  and  hence  the  tensions  of  all  the  strings 
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must  be  equal,  and  in  the  small  terms  we  may  put  this  tension 
equal  to  T.  Consider  the  motion  of  the  particle  whose  ordinate  is 
yif.     The  equation  of  motion*  is 

"*  df  "        I        -'  ;        -^  ' 

.-.  ^  =  c' (;/,+,- 2;/, +  y,_,)  (1). 

Now  the  motion  of  each  particle  is  vibratory,  we  may  therefore 
expand  yie  in  a  series  of  the  form 

2/s  =  2,Z;sin(2>f  +  «) (2), 

■where  2  implies  summation  for  all  values  of  p. 

As  there  may  he  a  term  of  the  argument  ft  in  every  y,  let 
Li,  L,i, ...  be  their  respective  coefficients.     Then  substituting,  we 

have  Xi+i-2i;t  +  ii_i  =  -^Xt    (3). 

To  solve  this  linear  equation  of  differences  we  follow  the  usual 
rule.  Putting  Li^=  Aa'',  where  A  and  a  are  two  constants,  we  get, 
after  substitution  and  reduction,  a  —  2  + 1/«  =  —  (p/cy,  or 


v«=^'-(i)T+i^-- 


Let  these  values  of  «  be  called  a  and  /3,  then 
U  =  Aa>'  +  Bl3'' 
is  a  solution,  and  since  it  contains  two  arbitrary  constants  it  is  the 
general  solution. 

The  constants  A,  B,  a,  /3  are  the  same  for  all  the  particles,  but 
not  necessarily  the  same  for  all  the  trigouometrical  terms  defined 
by  the  different  values  of^.  When  we  wish  to  discuss  the  pro- 
perties of  any  particular  A  and  B  we  write  as  a  suffix  the  letter  p 
by  which  they  are  distinguished. 

*  Ihie  eqaatio|i  might  also  be  deduced  from  LagraDge'e  general  equations  of 
motion.    If  U  be  the  force  functioti,  the  position  of  equilibriom  being  the  poaitiott 

T  T  T  T 

of  reference,  we  have         217=  -jy^-  y  (^j  - yj)"  -  &o.  -  j  (yM-!(„_i)^  -  jV,?- 

The  via  viva  is  evideutly  mj/j ''  +  111^3''  +  ...  +mj„'^. 

Sbttgtlse        Lagg         it            fmt  It        thit 
I             ^  bj  (1) 

ThpWm         d            dbLgao             hjlf  ^4^9         E 

dd         tl         Itfmh               at,           fm  Hldtom         th 

11  ti           f                t       bl      i           barg  d      ti  mb        f        g!  t        d 

p    d  d  by   b  tl        d           by               ly      Th     gi    se  lit            f  th 

pblmhadbeeg         bf       1      tmhwisid       tbttbyw  II  m 
1          oompl  t 


y  Google 


ART.  404.]      OSCILLATIONS   OF   A    STRING    OF    PARTICLES.  279 

The  term  distinguished  by  ^  =  0  requires  some  further  cou* 
sideration.  In  this  term  the  two  values  of  a,  viz,  a  and  ^,  are 
each  equal  to  unity,  and  the  sohition  of  equation  (-3)  loses  one  of 
its  arbitrary  constants.  But  this  defect  is  easily  cured  by  follow- 
ing the  usual  rules  for  treating  equations  of  differences.  Just  as 
in  differential  equations,  when  t  is  the  independent  variable,  the 
presence  of  equal  i-oots  indicates  that  there  are  powers  of  t  in  the 
solution  (Art.  966),  so  in  equations  of  differences  powers  of  the 
independent  variable  k  make  their  appearance  under  similar 
circumstances.     We  therefore  have 

£^  =  ^,-1-5,/^. 

The  term  distinguished  by  »  =  2c  also  presents  some  peculiarity. 
In  this  term  the  two  value.s  of  a  are  each  equal  to  —  1.  We  have 
therefore  U  -  (^..  +  B^^k)  (-  If. 

Summing  up,  the  eolubion  of  equation  (1)  may  be  written 
at  length 

yi  =  A,  +  BJc  +  {A^  +  B^k)(-lf&m(2ct  +  a,,} 

+  2(Aj,a*  +  £j^*)siu(p(  +  «p)    (4), 

where  the  2  implies  summation  for  all  existing  values  of  p.  We 
know  from  the  theory  of  equations  of  differences  that  tne  first 
four  terms  in  this  expression  are  really  included  in  the  last  as 
the  limiting  case  of  the  terms  distinguished  by  p  =  0  and  p  =  2c, 
Unless  therefore  we  wish  to  call  attention  to  these  terms,  they  may 
be  omitted  in  the  expression  for  yj. 

403,  The  equation  (1)  represents  the  motion  of  every  particle 
except  the  first  and  last.  In  order  that  it  may  represent '  these 
also  it  is  necessary  to  suppose  that  j/o  and  y,^i  are  both  zero, 
though  there  are  no  particles  corresponding  to  the  values  of  k 
equal  to  0  and  n  +  l.  With  this  understanding  the  solution  (4) 
represents  the  motion  of  every  particle  from  A  =  1  to  &  =  n. 

404.  Since  y  =  0  when  k  =  0  for  all  values  of  t,  every  term 
in  the  series  (4)  must  vanish ;  .'.  A„  =  0,  A^g^O  and  Ap  +  Bp  =  0. 
Also  y  =  0  when  k==n  +  l  for  all  values  of  (, .-.  S„  =  0,  B^  =  i)  and 
Apa"-*-'  +  Bp0"*'  =  0.  These  equations  give  a"+'  =  ^'+'.  If  p  be 
greater  than  2c  the  ratio  of  a  to  y9  is  real  and  different  from  unity. 
Hence  we  must  have  p  less  than  2c.     Let  then 

^/2c  =  sin  0,  .■.  a  =  cos  2^±Bin2^^-l. 
Hence,  by  what  has  been  proved  before, 

(cos  W  +  sin  20  V- 1)"""'  =  (cos  20  -  sin  20  V- 1)"-^' ; 

.■.   sm2(n  +  l)0  =  O;  .",  e  =  i7r/2(n+ 1), 

and  the  complete  period  of  any  term  is  P  =  2-7rlp  =  7rc/sin  0.     The 

letter  *  indicates  any  integer,  but  since  p  =  2c  sin  0,  we  see  that  it 

p  to  consider  only  the  integers  from  i  =  l  bo  i  =  n.    The 
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values  1  =  0  and  i  =  n-\-  1  are  excludec!  because  they  make  p  =  0 
and  p  =  2c,  values  which  have  been  already  taken  account  of. 

The  periods  thus  determined  are  those  of  the  prineipal  oscilla- 
tions.  Taking  anyone  of  the  values  of  p^  the  corresponding  values 
of  ^1, 1/s, ...  1/n  are  given  by  the  equation  (4),  which  reduces  to 
i/ii  =  Csin  2k$  sin  (pt  +  to). 

The  oscillations  indicated  by  the  several  values  of  p  are  very 
different  from  each  other.  When  6  has  its  least  value,  the  sign  of 
sin  2k0  is  the  same  for  alt  values  of  k  from  k  =  l  to  ft,  so  that  the 
chain  oscillates  in  the  form  of  a  single  loop.  When  $  has  its  next 
least  value  the  first  half  of  the  terms  j/i,  y^, ...  have  the  same  sign 
and  this  sign  is  opposite  to  that  of  the  second  half,  so  that  the 
chain  always  oscillates  in  the  form  of  a  double  loop.  When  6  has 
its  next  valne  the  chain  oscillates  with  three  loops  and  so  on.  The 
several  kinds  of  motion  are  easily  distinguished  from  each  other 
by  tracing  the  curves  whose  ordinate  is  yt  and  abscissa  k,  the  time 
t  having  any  given  value.  They  also  follow  at  once  from  Sturm's 
Theorems  given  a  little  further  on,  where  it  is  proved  that  similar 
distinctions  exist  whenever  the  connected  system  of  particles  is 
such  that  the  equation  of  differences  takes  a  certain  standard  form. 

405.  In  forming  the  differential  equation  {!)  we  have  sup- 
posed the  distance  i  between  any  two  successive  particles  to  be 
unaltered.  This  will  practically  be  the  case  if  yk  —  yk-i  is  small 
compared  with  the  distance  I.  This  limitation  however  does  not 
prevent  us  from  enquiring  what  would  be  the  effect  of  reducing 
the  masses  of  all  the  particles  and  placing  them  proportionally 
closer,  so  that  the  total  mass  per  unit  of  length  is  unaltered.  The 
restriction  is  that  the  inclinations  of  the  strings  to  AB  are  so  small 
that  their  squares  may  be  neglected.  The  interest  of  this  change 
is  that  the  closer  the  particles  are  placed  the  more  nearly  does  the 
system  approach  to  that  of  a  uniform  string  stretched  between  the 
two  fixed  points  A  and  B. 

Let  us  represent  by  p  the  mass  per  unit  of  length,  then 
d'l''=Tllm=Tjp.  Put  a  =  cl,  then  a  is  equal  to  the  square  root 
of  the  ratio  of  the  tension  to  the  mass  of  a  unit  of  length.  Thus 
a  is  unaltered  by  any  of  these  changes  of  the  particles. 

If  the  length  of  the  string  AB  be  L  we  have  i  =  (re  +  1}(. 
If  n  be  very  great  we  find  p  =  2csia$  =  aiwjL  very  nearly  for 
finite  values  of  i. 

Thus  the  notes  sounded  by  a  string  loaded  with  small  particles 
at  short  intervals  are  such  that  their  periods  are  given  by 
P  =  2Ljai.  The  note  given  by  ^  =  l  is  called  the  fundamental 
note,  those  given  by  the  higher  integer  values  of  i  are  called  the 
harmonics. 
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406.  Setsnnliiatlon  of  OonBtants.  If  we  express  a  and  ^  in  terms  of  6  and 
EUbstitute  the  values  in  eqaatioc  (4),  we  find  the  typical  equation 

yt=2E,ainaWi;oa(9cl3ine)  +  SF,ain2ftesm(2ctsiue) (5), 

where  E^and  F(  have  been  written  for  HApSiaupJ -  1  and  2^^008  Wp^-l.  As  be- 
fore. 6=nj2{n  +  l)  and  theBymbolSimplieE  Eummatioa  for  all  values  of  i  from  t  =  1 
to  i  =  n.  This  equation  has  n  terms  and  thus  we  have  2n  arbitrary  oonstants,  viz. 
E[,  E^...E„  and  F,,  F^...F„.  These  have  to  be  determined  from  the  known  initial 
values  of  the  n  oooriliQateB)/p^j,.,y„and  of  their  initial  velocities^,',  ^2'. ..!/„'. 

Since  k  may  have  any  vaioe  ftom  ft  =  1  to  ft  =  ■«,  the  typical  equation  (5)  represents 
as  many  equations  as  there  are  particles.  We  may  imagine  these  to  be  written 
down,  one  nnder  another,  exactly  as  described  in  Chap.  vill.  Art.  379  or  Art.  398. 
To  find  the  constant  Ef  which  runs  through  all  the  terma  in  any  one  column  we  use 
the  proper  multiplier  to  separate  ihat  culnmn  from  the  others.  To  find  this  multi- 
plier we  write  down  the  via  viva  of  the  ftfstem,  which  in  out  case  is  2T=S?jiyi'^. 
According  to  the  rule  given  in  Chap,  vm.,  Art.  387  or  Art.  399,  the  proper  multi- 
plier for  the  equation  giving  yi-  is  found  b;  diKerentiatiug  T  with  regard  to  ji^',  and 
substituting  for  ^j,'  the  ooeffioient  of  the  oscillation  we  wish  to  separate.  The 
differential  in  our  case  is  my,,'.  The  proper  multiphers  to  separate  the  two  colnmna 
diatingnished  by  any  value  of  !  are  therefore  mE^  sin  2k9  and  mFf  ain  2k».  Thus 
we  lied  after  division  by  common  factors 

S  {y^sia2kB}  =  iEi{n  +  l)  [ 

SJyj,'sin2Se}  =  4Fa"  +  l)28ine|  ' 
Here  we  have  written  on  the  right-hand  aide  for  2  (ain  2te)=  ita  value  i  (it  + 1),  whieh 
is  easily  foond  by  ordinary  trigonometrical  processes. 

These  equations  determine  the  values  ol  Ef  and  f;  for  any  partioular  value  of  1. 
On  the  left-hand  side  the  coordinates  j,,  ^a.  *".  and  the  velocities  y,',  y,',  &e.  are 
supposed  to  have  their  initial  values,  and  the  symbol  S  implies  summation  for  all 
values  of  k  from  ft  =  l  to  i=ii,  the  value  of  i  included  in  d  being  given. 

407.  Ex.  1.  A  string  of  length  2  (n+ 1)  !  is  stretched  between  two  fixed  points 
A  and  B  as  before,  and  loaded  with  2n+l  particles  at  distances  apart  each  equal 
to  I.,  Taking  the  origin  at  the  middle  particle,  let  the  particles  from  k=  -e  to 
A^=  +E  be  initially  displaced  so  that  y/^—  (7sinftir/E.  Let  all  the  other  particles  be  in 
their  undisturbed  positions  in  the  straight  line  ^B,  soihat)/j  =  Ofor  all  valnea  of  k 
not  comprised  between  the  limits  =t  e.  Let  also  the  system  start  from  rest.  Then 
by  proceeding  as  explained  in  the  laat  article,  we  find  that  the  motion  is  given  by 

yi,=  SEiSiD2keoo3{2ctBme], 
.  „  JT  ^  C  sin  asS  sin  irfe 

Ex.  2.  A  string  of  length  {n  +  l)  I  is  stretched  between  two  fixed  points  A  and  B 
and  loaded  with  n  particles  at  distances  each  eqnal  to  i.  The  extremity  A,  defined 
by  k  =  0,  is  suddenly  moved  a  small  space  equal  to  y^  at  riglit  angles  to  the  original 
position  of  the  string  and  is  there  kept  fixed.  The  motion  of  the  Stt  particle  is 
given  by  yj,^y,  (  1  -  ^-^)  -  2 -^»-j  cot  9  sin  2k»  cos  (3«(  sin  6), 

where  5  =  i7r/9  {n+  1),  and  the  symbol  2  implies  summation  for  all  values  of  i  from 

To  prove  this  we  have  the  following  condidona ;  (1)  for  all  values  of  t  wa  have 
Uk^Vn  when  k  —  {),aaiy^=:0  when  k^n  +  1.  These  give  ii„=!/o  and  ^5  (ii-t-l)  =  -yt,, 
{2)  when  1  =  0  we  have  yi,=0  for  all  values  of  k  except  1:  — 0. 

408.  Agitation  of  one  extremity.  When  one  extreminy 
of  the  string  of  particles  13  agitated  according  to  any  given  law. 
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a  slight  modification  of  the  solution  given  in  Art.  402  will  enable 
us  to  find  the  motion.  Let  us  suppose  that  the  extremity  A,  defined 
by  fc  =  0,  is  agitated  so  that  its  motion  is  contimuiimy  given  by 
y^=  C  sin  jit ;  it  is  required  to  find  the  motion  of  the  particles. 

We  may  notice  that  it  is  sufficient  for  our  present  purpose 
that  tlie  law  of  agitation,  however  complicated,  can  be  represented 
by  a  finite  or  a  convergent  series  of  terms  of  this  form.  The 
resultant  motion  of  any  particle  is  then  found  by  compounding 
together  the  motions  due  to  the  several  terms  of  the  series. 

The  motion  of  the  string  of  particles  may  be  regarded  as  made 
up  of  two  separate  oscillatory  motions.  There  are  (1)  the  forced 
oscillation  whose  peiioil  is  the  same  as  that  of  the  agitating  force, 
and  (2)  the  free  oscillations  whose  periods  are  the  same  as  those 
found  in  Art.  404  when  the  two  extremities  of  the  string  were 
fixed.     Our  present  object  is  to  find  the  former  of  these.     Art.  331. 

Proceeding  as  before,  we  have  by  equation  (4) 

Since  y)i  =  C  sin  fd  when  &  =  0,  we  have  p=ti,  Wp  =  0  in  the  forced 
vibration.  Also  unless  fi  =  0  or  2c  we  have  At  =  0,  Asc  =  0. 
Again,  ^t  =  0  when  k  =  n  +  l,  hence  B^  =  0,  ^^j  =  0,  and  the  forced 
vibration  is  given  by 

A„  +  B„^C,     A  ^a"+'  +  S;,/3"+'  =  0, 
where  a  and  ^  are  the  two  values  of  a  given  by 


©]'-|v 
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409.  If/i  be  greater  than  2c,  let  /j.  =  2c/sin<^,  and  ail  possible 
cases  are  included  if  we  suppose  0  to  lie  between  0  and  ^ir,  so  that 
tan  ^0  is  less  than  unity.  Making  the  necessary  substitutions  we 
find  for  the  forced  oscillation 

'■"'    (ta„i«""«-(cotJ«'»™     ■'     1)  C»m^(...(l), 
If  the  string  is  very  long  we  have  n  infinite,  and  this  ex- 
pression takes  the  simpler  form 

^t  =  {tani0r(-l)*C:sin/.t    (2). 

The  first  of  these  two  expressions  applies  to  a  finite  string 
of  particles,  and  is  clearly  made  up  of  two  expressions  like  the 
latter,  the  coefficients  being,  such  that  the  displacements  of  A  and 
B  are  respectively  Cain /if  and  zero.  The  motion  has  therefore 
been  analysed  as  the  resultant  of  two  motions  each  of  which  is 
represented  by  equation  (2). 

410.  If  fibe  less  than  2c,  let  /t  =  2c  sin  i^,  the  forced  vibration 
then  becomes 

„  _,sin2(n+l-fc)^ 
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This  can  be  written  in  the  form 

^  Ccm[nt-2{n  +  l-k)^!r^]  _  GeoB[f>.t  +  2(n  +  l-k)  f] 
^*  2  ain  2  («,  4- 1)  V^  2  rIh  2  (jj  + 1 )  i/r    " " " ' '  ''^   '■ 

Taking  the  first  of  these  two  terms  by  itself,  we  see  that 
after  a  time  T  given  by  /j.T—  2i^,  the  term  is  unaltered  if  we  write 
k  —  l  for  k.  This  term  therefore  represents  a  wave  which  travels 
the  space  between  one  particle  and  the  next  in  the  time  T.  In 
the  same  way  the  second  term  represents  a  wave  which  travels 
with  the  same  velocity  in  the  opposite  direction. 

We  may  notice  that  the  denominator  o!  either  of  the  terms  m  {i]  is  vecy  small 
when  n  is  nearly  equal  to  2c  sin  iir/2  (n  + 1),  i.e.  the  forced  vibration  is  magnified 
wlien  the  period  of  the  agitating  force  is  nearly  equal  to  one  of  the  perioda  o!  the 
free  vibrations  of  the  airing,  both  ends  being  fised. 

411.  Two  kinds  of  possible  motion.  Attention  should 
be  particularly  directed  to  the  great  difference  between  the  two 
kinds  of  oscillatory  motions.  If  the  period  of  the  agitating  force, 
viz.  ^■jr/fi,  is  long  enough  to  make  /i<2c,  the  forced  oscillation 
transmitted  to  the  string  of  particles  is  formed  by  the  superposition 
of  two  waves  which  travel  in  opposite  directions  without  change 
of  magnitude.  Thus  the  particles  near  the  further  extremity  B 
of  the  string  may  be  as  greatly  agitated  as  those  near  the  point 
of  application  of  the  force.  Suppose  ilr  =  w/2g',  where  q  is  some 
integer,  then  by  (3)  every  qth  particle  counting  from  the  further 
extremity  B  is  permanently  at  rest  and  forms  a  node.  The 
strings  of  particles  between  these  succefssive  nodes  form  equal 
loops  wliich  are  alternately  on  one  side  and  the  other  of  the 
straight  line  AB. 

Let  us  now  compare  this  state  of  motion  with  that  which 
results  from  the  agitating  force  when  its  period  is  so  short  that 
fi,  >  2c.  In  this  case  no  motion  in  the  nature  of  a  wave  is  trans- 
mitted along  the  string.  Taking  the  case  of  a  very  long  string, 
the  particles  are  alteinately  on  opposite  sides  of  AB,  while  their 
displacements  form  a  series  in  geometrical  progression.  Thus 
the  displacements  of  the  particles  are  less  and  less  the  more  remote 
they  are  from  the  agitating  force  *. 

412.  The  transition  from  the  one  kind  of  motion  to  the  other 
is  easily  understood  by  supposing  the  period  of  tlie  agitating  force 
to  grow  gradually  less  and  less  until  it  passes  the  critical  value. 

"  In  a  letter  to  Prof.  Tait,  dated  lb88,  Sir  G.  Stotes  stated  that  many  years 
before  he  bad  worked  out  the  problem  ennnciated  in  Art.  40S  nitb  the  object  of  finding 
the  explanation  of  Jluoresceiiae.  He  gives  no  partiouJars,  but  mentions  the  two 
kinds  of  motion.  He  infers  that  an  illuminated  body,  lifeo  the  string,  acts  differently 
on  the  surrounding  medium  according  as  the  period  of  the  string  or  of  the  light  is 
less  or  greater  than  a  certain  critical  period.  Tait  on  Light,  Art.  209, 1889.  Preston, 
Theory  of  Light,  Art.  375,  1890.     Stokes,  Phil.  Trans.  1862—63, 
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It  is  clear  that  sin  ifr  will  increase,  but  it  cannot  become  greater 
than  unity.  The  number  of  particles,  viz.  q  —  1,  between  two 
successives  nodes  decreases  and  finally  vanishes  when  i|r=^7r. 
But  since  no  further  decrease  is  possible  the  motion  changes  ita 
character. 

The  expressions  (1)  and  (3)  both  assume  the  form  0/0  when 
0  =  i^  =  ^7r.  The  motion  in  the  transitional  state  may  be  deduced 
from  either  of  these  expressions  by  the  usual  rules  in  the  dif- 
ferential calculus.  But  we  Bee  independently  by  Art.  402  that  it 
is  given  by  yi  =  {A  +  Bk)  ( -  1)*  sin  2ct. 

Since  i/i=  Csin  2c(  when  ^  =  0  and  yt  =  Owhen  k  —  n  +  l,  we 
easily  find  J/s  =  [1  -  kl{n  +  l)]{--iy'G sin  2ct. 

413.  DlHcontlii'aoas  asltatlng  fEirce,  When  the  agitation  oommunicated  to 
tLe  extremity  A  ia  not  continuous,  but  acta  for  s,  short  time  only,  the  resulting 
motion  may  be  found  by  the  method  of  the  superposition  of  small  motions. 

Thus  if  the  extremity  A  be  suddenly  moved  at  the  time  (  =  0  a  short  distance 
j/o  at  right  angles  to  AB,  the  resulting  motion  has  been  found  in  Es.  3,  Art.  407. 
Let  us  represent  this  motion  bya*  =  yo/(S,  ().  After  a  time  f  =  tt  has  elapsed,  let 
the  esttemity  A  receive  another  displacement  Y„ ,  the  rest  of  the  string  being  undis- 
turbed.   If  we  superimpose  these  two  motions  we  obtain 

At  the  time  t=u,  the  second  funotion  and  its  differential  coefficient  with  regard  to  t 
both  vanish  for  all  values  of  k  from  J:  — I  to  ft=n  +  l.  Thus  the  initial  conclitions 
of  motion  at  this  time  are  expressed  by  the  first  function.  This  equation  therefore 
represents  the  motion  produced  by  these  two  disturbances  for  all  time  from  t—u  to 

Generalining  this,  we  see  that  if  the  extremity  A  be  moved  according  to  any  law 
Bay  Vit=P  (')  for  a  time  extending  from  (  =  0  to  t  =  y,  then  the  motion  of  the  string 
is  given  by  y^=jlF' (»)f{k,  t-«)da 

for  all  time  estending  from  i  —  y  to  l  =  o=  . 

Since  the  agitating  force  ceases  to  act  after  the  time  (  =  7  it  is  dear  that  the 
motion  of  the  string  after  this  time  is  made  up  of  tiie  free  vibrations  belonging  to 
a  string  of  particles  having  each  end  fixed.  Accordingly,  if  we  substitute  for  the 
function /(S,  (-m)  its  value  given  in  Art.  407,  we  see  that  this  expression  for  jij  con- 
sists of  n  oscillations  whose  periods  are  the  same  as  those  already  found  in  Art.  104. 
Their  phases  and  magnitude  depend  on  the  action  of  the  agitating  force. 

414.  Ex.  Let  the  extremity  A  of  the  string  of  particles  alieady  described  be 
moved  so  that  ya=C sin nt  for  a  time  extending  from  (  =  0  to  t  =  jr/ft.  Supposing 
the  extremities  to  remain  at  rest  for  all  subsequent  time,  prove  that  the  motion  of 
the  ftth  particle  is  given  by 

4C..cos.sin3M  -[^--"■^'-fj]""-^^'"^] 
yt^2.  ^^^        - .  ;,*-4c2 sin's  ' 

where  e  =  i)r/3(«  +  l)  and  the  S  implies  summation  lor  all  integer  values  of  i  from 

If  the  string  is  very  long,  n  is  infinite  and  we  may  write  rfe  =  jr/2  (n  +  1).  The 
expression  then  becomes 


'*"^7o 


'  u)\  tC'-ic^si 
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The  subject  of  integration  ia  not  infinite  when  sin  fl  =  f</2c,  for  the  last  factor  then 
beeomes  Trjiii'. 

41.?.  .analysis  ty  Waves.  There  ia  another  method  of  arranging  the  solution 
of  the  equation  of  motion  given  in  Art.  402  which  has  the  advantage  of  enabling 
U8  to  analyse  the  motion  by  waves  instead  of  by  Lagrangian  elements,  see  Art.  97. 
Writing  S  for  djdt  as  usnal  the  equation  of  motion  becomes 

Vkn-^yk+yi-i=-^yi I^)- 

Treating  the  operator  on  the  right-hand  side  as  a  constant,  we  proceed  to  solve 
the  equation  of  differences  in  the  manner  already  explained  in  Ait.  402,  The  two 
oonstanta  A  and  B  are  now  functions  of  t.    Hence  if  we  put 


<L)V 


y^  =  Q^f{i)+n-'':F{t}... 


This  ia  a  symbolical  solution  of  the  equation  ot  difterecoes  with  its  two  arbitrary 
functions  /(t)  and  F  (().  When  the  forms  of  these  functions  are  given,  the  opera- 
tion represented  by  ii  can  be  performed  and  a  solution  of  the  equations  of  differences 
will  be  fonnd. 

416.  To  obtain  one  interpretation  of  this  symbolical  solution  let  us  suppose  that 
the  funotionfi  /(()  and  F  [t]  can  be  expressed  in  a  series  whose  general  term  is 
A  cos  (2o  sin  et  +  ia],  where  6  is  the  parameter  whose  value  distinguishes  any  term 
of  the  series  from  another.  All  cases  are  clearly  included  it  we  suppose  6  to  lie 
between  the  limits  0  and  Jir. 

Since  the  radical  in  the  operator  H  contains  only  even  powers  of  S,  we  obtain  the 
result  of  its  operation  by  writing  -  (2e  sin  Sf  for  S',  see  Art.  365.    We  therefore  Snd 
ficos(2cainW  +  w}  =  oos(2<;sines  +  iu-e). 

Bepeating  this  process  2k  times  we  have 

!fl  =  SJooE(3c8infll-!-H-2M)  +  2Bco3(2csinet-Kj  +  2J:fl). 

If  we  take  by  itself  any  one  term  of  the  first  series  we  see  that  if  we  write  for  k, 
k  +  l  and  for  (,  t  +  T,  where  Tis  given  by  camBT-0,the  terra  is  unaltered.  Hence 
(exactly  as  in  Art.  87)  any  one  term  represents  a  wave  which  travels  the  space 
between  one  particle  and  the  next  in  the  time  T.  In  the  same  way  the  correspond- 
ing tei-m  of  the  second  series  represents  a  wave  which  travels  in  the  opposite  direc- 
tion with  the  same  velocity      See  Art  410 

E    htrm    f    th     se  p    se  t      w  B    hvr       tra    1       tl  f 

1  b  tth  difl       t  ha     dff       t     1     t        C       d      h  dfi     J 

by 


al        i  e        d  1  t     = 
ired  f    m      Ig    t        ig 

h          =  -/ 

lesb  t   ee     U       I  J 

f     If      b    th       1 
a  P  th    p     od 

se    th  t  th        1 

ty    X  th    1    gtb    f 

f       ill  t          f       y 

s 

t        f    11  th 

d  3fl/       th    1     gtb    f 

f       rj   I     t   1         e      t 

ly  d    th  y  t        I   vith  t! 

ry  w            gi    t 
tb         ;/       Tb 
m        1      ty 

th         ;    tl     p       d 

1            th    w 

If  pp        7  t     1  tl     I     t   1      b      m      1  th  d  if        h 

ptlha      ppt        llylesm       thq  ant  ty  hgiC        dng 

th      all  wb  se  1    gtl     h  g         mf  hra  t  w  th  t  tl      loser  (7 

p    tt  I  g    h      th      ass    t  t    f  !    g  h  bei  g        h     g  d    h  tte    ly 

do  ■waves  of  all  lengths  travel  with  the  same  velocity. 

Other  interpretations  of  the  symbolical  solution  given  in  Art.  415  may  be 
obtained  by  subatitating  other  forms  for  the  arbitrary  functions  /(()  and  F{t). 
Thus  we  may  have         i,;,=iJs*iCe''*"'-'-Hr=*iCe-'''''-^ 
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If  II.  lie  greater  than  Sc,  we  may  introduce  the  subsidiary  angle  0  as  in  Art.  409. 
This  expression  then  reduces  to        y(.  =  (-l)'(tan  J^j^Ceos/if, 

417.  Ex.  If  we  write  x  —  ki  and  make  the  interval  (  tetween  the  particles 
indefinitely  small,  the  operation  represented  by  J2^  takes  tie  singular  form  1'". 
Show  by  finding  the  limit  in  the  usual  manner  that  Sp:-e-(ir«i_  aaj  thenee  deduce 

»/,=/(-^/«  +  i)  +  FWa  +  <). 

418.  Examples.  Ex.  1,  A  long  row  of  particles,  eaoh  of  mass  ni,  is  plaoei  on 
ft  smooth  horizontal  table.  Eaoh  is  eonneoted  with  the  two  adjacent  ones  by  similar 
1'kI  tit'  t  t  1  ed  strioKs  of  nfttnral  length  I.  They  receive  small  longitudinal 
]  t  b  ea  h  th  t  eaoh  of  them  proceeds  to  perform  a  harmonic  oscillation ; 
p         th  t  tl        w  11  be  two  waves  of  vibrations  in  opposite  directions  with  the 

m        1      t  i'^^^sin-.whereristbeaveri 

p    t   1       J  the  number  of  intervals  between  two  particles  in  the  same 

ph  1  l;  th    modulus  of  elasticity.  [Math.  Tripos,  1873. 

E  Al    ht   I  Stic  string  of  length  nJ  and  ooeMcient  of  elasticity  A' ia  loaded 

th      p    U  1  h  of  mass  nt  ranged  at  intervals  I  along  it,  beginning  at  one 

t    m  ty      If  t  b      uspended  by  the  other  prove  that  the  periods  of  its  vertical 

11  g         by  the  formula  T./-V7  cosec =^  ^  ,  wherei^O,  1,  2.,,n-l 

1        H         show  that  the  periods  of  the  vertical  oscillations  of  a  heavy 

It      tr    g        g     n  by  the  formula        -i\/  -sr  '  where  L  is  the  length  of  the 

string,  M  its  mass,  and  i  is  aero  or  any  positive  integer.  [Math.  Tr  p       1871 

Ex.  S.    A  railway  engine  is  drawing  a  train  of  equal  oartiages  ooun    ted  by 

Epring  couplings  of  strength  ;i,  and  the  driving  power  is  so  adjusted  that  th       1      ty 

is  A  +  Bsiaqt.     Show  that  if  g2{(M+4ni)6H4jBft=j  be  nearly  et[ual  t     2^6=  tie 

couplings  will  probably  break,  M  being  the  mass  of  a  carriage  which  is      [  po  t  d 

on  four  equal  wheels  of  mass  m.  radius  b  and  radius  of  gyration  k.     Are  th       any 

other  values  of  g  for  which  the  couplings  will  probably  break  ?     (Coll.  E     n    1330 

Es.  i.    Equal  uniform  rods,  n  in  number,  and  each  of  mass  m,  are  smoothly 

hinged  together  al  their  ends,  and  are  suspended  by  light  elastic  strings  which  are 

fastened  to  the  joints  and  the  free  ends.    The  other  extremities  of  the  strings  are 

tt    hed  to  !j  +  1  points  in  a  horiz  mtal  line  whose  distance  apart  is  equil  to  th  - 

1     gtl     t         d      Th      t      g  11    f         til     ghl      dmdilisE       oeit 

th       t    m  i        m  d  1         *B      Th     y  t  m       ts      eq    1  I      m      d     th 

tl        f  g       ty      d  th      od  h  t  I   t     ght  1  d    11  th     t      ft 

rt     1      Sh        hat  th    pe     d      f  th      ro  11  te  t         11  t  bo  t  th 


^^    2 
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It  will  be  seen  on  writing  down  a  lew  o£  the  eqiafions  of  motun  that  both  the 
djuamical  and  geometrical  equations  ace  all  lineai  with  constant  coefficients. 
When  this  is  the  case  the  reactions  are  all  constant  being  independent  both  of 
the  time  and  of  the  initial  conditions,  see  Vol  i  Chap  it  Arti  ld5 — 136.  The 
system  is  initially  in  equilibriam  and  onljmoiea  becsnse  it  is  disturbed  henoe  the 
reactions  throngbout  the  motion  retain  tbeir  equilibrium  values.  The  tension 
therefore  of  everj  portion  of  the  string  is  equal  to  vig.  It  easily  follows  that  the 
motion  is  uniform. 

Bit,  6.  From  the  same  sheet  of  indefinitely  tbin  metal  of  nniform  width  are 
made  n  cylinders  of  radii  Oi,  a2...a^{in  descending  order  of  magnitude).  They  are 
placed  one  inside  the  other,  and  the  whole  are  then  jilaced  inside  a  fixed  cylinder  of 
radins  a  whose  axis  is  horizontal,  so  that  the  axes  of  all  the  cylinders  are  parallel. 
Show  that  if  u,  be  the  angle  turned  through  by  the  oylinder  of  radius  a^,  and  if  JIf,. 
denote  the  sum  a^  +  a^_j  +  ...a^,  the  equations  giving  the  small  motions  oi  the 
system  are  of  the  form  2aJ'{'P'arl''t')  +  sU^TXr~^,-iXr+i)  =  '), 
where  o^  l^r  +  xJ^i.-i  (i^r-i  +  X.)-  [Coll.  Exam.  1880. 

419.  OscHlationa  of  a,  ahain  ntada  of  rodn  or  syrostatB*  connected  by 
atrlngs.  Ex.  I.  The  links  of  a  chain  are  alternately  uniform  rods  each  of  length 
2a,  and  inelastic  strings  each  of  length  21;  the  number  of  the  rods  being  eqnal  to 
that  of  the  strings.  The  system  is  sti'etched  with  the  rods  and  strings  in  one 
straight  hue,  the  eitremitj  of  the  first  string  being  attached  to  a  fixed  point  A  and 
the  extremity  of  the  last  rod  to  another  fixed  paint  B.  The  system  being  slightly 
displaced  in  one  plane,  it  is  inquired  to  find  the  small  osoillations. 

Let  «  be  the  number  of  rods,  ^,,  !(2...y„the  ordinates  of  their  centres  of  gravity; 
4n  92. ..j„  their  inclinations  to  ^5.    Let  s,,  s,.,.s„be  the  inclinations  of  the  strings 
to  the  same  straight  line.     Let  m  be  the  mass  of  each  rod,  mA  the  moment  of 
inertia  about  the  centre  of  gravity.     Let  mT  be  the  tension  of  the  chain. 
Theequationsofmotionof  theftthroiare 

Vt  ^T(sm.     Si)        (1)  'lg*"  =  r(i(i»  +  SH.i-23*) (2), 

vhere  accents   lenote  d  fferent  al  coefiic  ents  with  regard  to  the  time.    Besides 
these  we  hare  the  geometr  cal  e  luat  on 

J  +      Jk=a{lk  +  9t+i)  +  ^^n-i |3)- 

These  equations  when  sol  ed  g  e  the  motion  of  the  chain  however  long  it  may 
be     We  have  to  hud  a  solut  on  adapted  to  the  condition  that  at  two  points  A 

and  B  Vo  +  i^o-*^         A  +  "S»=f (*)- 

througho  t  the       t  o        These  be  ng  sat  shed  we  may  suppose  the  points  A  and  B 
to  be  hxed  and  all  the  cha  n  excei  t  tl  e  po  t  on  between  A  and  B  removed. 
To  solve  these  we  use  the  method  already  explained  in  Art.  102,     We  put 
y^=.Yf^nm{pt  +  a),        fft=ep'ein  (pt  +  n)  ^-Se*Bm(it  +  o) 

Substitutiog,  the  equations  (1),  (3),  (3)  become 

-p^Y=T{p-l)S  (5) 

-  {Ap^  -  2Ta)  Q=Ta(p  +  l)S  (6) 

¥(p~l)  =  aip  +  l)Q  +  2lp<,  {7) 

"  In  April  1875,  Lord  Kelvin  made  a  eommunication  to  the. London  Mathe- 
matical Society  on  vibrations  and  waves  in  a  stretched  uniform  chain  of  symmetrical 
gyrostats  connected  together  by  universal  flexure  joints ;  see  questions  4  and  5. 
In  the  Mathematical  Tripos  1339,  Part  u.  Prof.  Burnside  set  a  question  on  the 
motion  of  an  endless  train  of  waves  on  a  chain  of  gyrostats  connected  by  ball  and 
socket  joints;  see  question  6.  Questions  I,  3,  3  of  the  above  series  have  been 
constructed  with  the  view  of  showing  how  the  conditions  at 
a  finite  chain  of  connected  rigid  bodies  are  to  be  treated. 
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Eliminating  the  ratios  Y,  Q,  S  by  a  determinant  wo  find 

ip^  +  l){Ap^~2T<i~aY)-2p\{Jp'-2Ta)(l-'-fyaY^^0    (8). 

Foe  eaeli  value  of  y  we  have-a  quadratic  to  tliid  fl  whose  toots  p,  p,  are  sueh  that 

pjij  =  l.    Putting  tlierefoie  ^=pt  +  a,  we  liave 

.,=  (S/  +  S,,,»).ie*  \ 

»=(Tf>  +  r,f,')sln#.  -||S(,-l)^  +  S,(,,-l|,flsiu*  i      |j|^ 

!,-(«?■  +  «,»')  »»»--3JI^{Sfr  +  l)/'  +  S,(„  +  ll„ll,i««J 

Referring  to  eqnatione  (4)  we  find  bj  putting  fc  =  0  aad  k  —  n 

(F+Qa)  +  (y,  +  Q,a)-0,         {Y+Qa)  p'^+(Y^+Q,a)p^''^0 (10). 

Tliese  eIiow  that  either 

^"=^1" (11),  orbott         Y-i-Qa  =  0.        Y^  +  Q^a^Q (12). 

Taking  first  the  alternative  (II)  we  see  that,  since  ppi  =  l,  we  may  put 

Since  p'  +  l=2poosS,  the  determinantal  equation  (8)  becomes 

(^p!-aTo){ip^-r(i-eoae)}-roV(i+«>sfl)=o (14). 

This  qnadratieyives  two  positive  values  of  ji',  separated  by  p=  =  (I-oosS)  T/J.  The 
Talues  of  cose  aie  given  by  eos  S=co3!B-/n,  where  t  has  all  integer  values  from  i  =  \ 
to  i  =  )i-l.  The  values  i  =  0  and  i—n  are  eseluded  because  ttiey  make  p  =  p,  and 
when  this  happens  the  solution  (9)  changes  its  character  and  contains  integer 
powers  of  S. 

Considering  nest  the  second  alternative  (13),  we  find  by  putting  Y—  -  oQ  ia 

(6)  and  (7)  {jjn+ r(p-l)}  S  =  0 ". (15), 

with  a  similar  eqnation  obtained  by  writing  p^  and  S]  for  p  and  S.    We  thus  find 

from  (15)  and  (8)  that  p  =  l-(p'/T,         {A-\-<fi)lp''  =  'iTa(a  +  l} (16). 

Since  pi  is  the  reeiprooal  of  p  and  cannot  also  have  the  same  value  as  p,  we  must 
have  £j=0.  Substituting  these  values  of  p  and  5j  in  |9),  the  solution  adapted  to 
the  second  altamative  hat  been  fonnd. 

The  peculiarity  of  the  motion  given  by  the  second  alternative  is  that  ^t  +  asj,  =  0 
for  all  values  of  ft,  so  that  the  second  extremity  of  each  rod  u  at  rest  throughoM  the 

We  have  yet  to  examine  the  portion  of  the  solution  due  to  the  equal  roots  of 
equation  (8].     Since  ppi  =  l,  these  are  p^^il.    In  this  case  we  have 

^  =  (y.  +  r,l)(±l)*sin(p(  +  a), 
with  similar  espressiona  for  j  and  s  obtained  by  writing  Q,^,  Q^  and  S^,  S^  tor 
Fj,  Tj.  The  relations  between  these  ajx  coefficients  may  be  found  by  substituting  in 
the  equations  of  motion  and  equating  to  zero  the  several  powers  of  k.  Also  equa- 
tions (i)  give  Yi  +  a$j  =  l),  Yj  +  ffiQ^^O.  These  eight  equations  cannot  be  satisfied 
by  finite  values  of  the  coefficients  except  in  one  case  which  is  included  in  (16)  by 
putting  p  =  - 1  and  A  —  aX.  We  therefore  infer  that  when  the  estremities  A  and  B 
of  the  chain  are  fixed,  terms  with  ft  as  a  factor  do  not  appear  in  the  solution. 

The  system  has  3n  coordinates,  via.  )/]...!/„,  j7,.,g„,  3]..,s„  andn-1  geometrical 
equations  given  by  (3)  with  two  more  given  by  (4).  By  Lagrange's  rule  for  the 
oscillations  of  a  system  about  a  position  of  equilibcinm  we  should  have  9rt  - 1  values 
of  p".  Of  these  periods  2  (n-  1)  are  given  by  the  n-1  valuei  of  cos  B  —  iirjn,  each 
value  leading  to  a  quadratic;  for  p^  with  unequal  roots,  vis.  equation  (14).  One  tmu'e 
period  is  given  by  equation  (16). 
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Ex.  2.  The  links  of  a  chain  ai'e  alternately  uniform  rods  each  of  length  2a,  and 
inelastic  sttinga  each  of  length  3i,  the  number  of  the  rods  being  equal  to  that  of  the 
strings.    Each  rod  has  atioeked  to  itn  middle  p  Jij  iu7     (  wh   h      t  t     f      \y 

in  a  plane  perpendicular  to  the  rod.  The  sj  tem  tret  heel  th  Sh  d  d 
stringa  in  one  str^ght  Hue,  the  extremitj  of  tgbgttldt  hd 
point  A  and  the  extremity  of  the  last  rod  to  th  fiedj  t  B  Th  itm 
beiiig  slightl;  displaced  it  is  required  to  Sud  th     m  11        11  t 

In  consequence  of  the  presence  of  the  fly  wheel    th   m  t  b  Ij    d 

into  two  indepeudent  osdllatious  in  perpendio  1)1  It  la  th      f  essary 

to  treat  the  problem  as  one  in  three  dimensions. 

Let  AB  he  the  axis  of  i,  and  let  the  axes  of  x  and  y  be  Sied  in  space.  Let 
i^k'  Vi)  ^®  "i6  coordinates  of  the  centre  of  gravity  of  the  kth  rod,  (p^,  g^,  1)  its 
direction  cosines,  (i'^,  b^,  1)  those  of  the  preceding  string.  Let  the  mass  of  each 
rod  and  fly  wheel  be  unity,  let  C,  .d  be  the  moments  of  inertia  about  the  rod  and  a 
perpendicular  to  it  at  the  centre  of  gravity.  Let  n  be  the  angular  velocity  of  any 
fly  wheel  about  its  axis,  then  «  is  constant  thvoiighout  the  motion.  Let  T  be 
the  tension.    Let  p  be  the  number  of  rods. 

The  equations  of  motion  of  the  fttb  rod  are 

^>c"  =  T{r^,-ri),        y*"  =  r(s,^..-i,) (1), 

-Aq^"  +  C<ipt'  =  -Ta (Sj+  8^+,  - 2qM  . 

Ap^"  +  Cnq^-=Ta[r^+rt^.,-2p^)     i *  '■ 

Besides  these  we  have  the  geometrical  eqnations 

yt+i-Vic  =  a  (qi,  +  <li+i)  +  ^lsk+i>  ' 

There  are  also  the  eouditioua  at  the  ends  A  and  B  of  the  chain 

!/„  +  «g,  =  0('  |/,.  +  ae.-0(    '  '' 

In  these  equations  accents  denote  differentiation  with  regard  to  the  tune. 

The  equations  (3)  may  be  obtained  by  the  rule  given  in  Vol.  I.  Art.  265,  via.  that 
the  angular  momentum  of  a  aniaxal  body  about  any  line  through  its  centre  of 
gravity  is  the  same  as  that  of  two  particles  of  equal  mass,  ^111,  placed  on  the  axis  at  a 
distance  h  =  ^Aji>i  from  the  centre  of  gravity  together  with  the  angular  momentum 
Cn  about  the  axis.    We  therefore  have,  when  ni^l, 

where  (S,  v,  f )  are  the  coordinates  of  either  particle  referred  to  the  centre  of  gravity 
as  origin.  In  our  case  i-bp,  v  =  bq'  f^*-  "^^^  eqnations  of  motion  are  then 
given  by  dhJdt  =  L  &b.  see  Vol.  i.  Art.  261.  The  moments  on  the  right-hand  sides 
are  formed  by  the  usual  rules  of  statics,  viz.  L  =  2(yZ-zY)  &e.  Another  method 
of  forming  these  equations  is  given  in  Art.  15  of  this  volume. 

To  solve  these  equations  we  proceed  as  in  the  lust  example.    We  put 
K  =  .X'p''sin^,        p  =  P/ain^,         iT^B/sin^, 
i;  =  Voos0,        g^Qp'eos^.        e  =  Sp'cos^, 
where  <p=pl  +  a.     Substituting  in  the  equations  (1),  (3),  (3)  and  eliminating  the 
ratios  of  .Y,   ¥,  P,  Q,  R,  S,  we  find 

(p'  +  l)  {Ap^+Gnp-2aT-iiY}  =  2p  hAp^  +  Ctip-2aT)  ^1  -|^j+ay|  ...(8). 

Since  this  equation  gives  two  values  of  p  for  each  value  of  p,  it  follows  that  eaoh 
term  in  sin  S  or  cos  6  is  accompanied  by  tmo  exponents.  Let  (I,  ft  be  the  roots  of 
equation  (8).  thenpp,  =  l. 

Substituting  next  in  equations  (-tj,  we  find  that  there  are  two  alternatives,  viz, 
(1)  p-^ft"  or  (9)  hoth.Y  +  nP  =  0,  Y+aQ  =  0. 

R,  D.    ir.  19 
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Tating  tlie  fli'st  alternative  we  find  as  before  that,  eiiiee  fifi,  =  l, 

The  determiDaDtal  equation  (S)  tlien  becomea 

{Ap^+Cnp-2aT}  {Jp^- r(l -oosfl)}  -  TaV  (l  +  eosfl)  =0 (14). 

This  biquadratic  leads  to  two  real  positive  and  two  real  negative  values  of  p,  each 
pair  of  valuflB  being  separated  by  a  root  of  the  qnadratio  lp^  —  T{l-eos  ff).  The 
values  of  coafl  are  given  by  cosC^cos  iV/i' where  t  has  all  integer  valiieB  irom  !  =  1 
to  1  =  1'- 1,  and  y  is  the  number  of  rods. 

Considering  next  the  second  alternative,  we  find  by  treating  equations  (I)  and  (3) 
esactlj  as  in  the  last  example 

{Ap'+Cnp  +  iiY-)l^na{a  +  ljj   ^'■°'- 

The  peculiarity  of  this  motion  is  that  one  extremity  of  every  rod  is  at  rest  througlmat 
the  moHon. 

The  system  has  ^ii  eooidinates  and  3|i'-l)+4  gaometrioai  conditions,  we 
therefore  should  have  2  (at  -  1)  values  of  y,  Art.  ill.  0/  these  periods  4  (»  - 1)  are 
given  by  ther-1  valves  of  coa  6,  each  value  leading  to  a  biqimdratic  with  avequal 
roots.     Two  tnore  periods  are  given  by  the  qiiaih-atic  (16). 

Ex.  3.  The  links  of  a  chain  are  fowned  of  y  heavy  uniform  rode  each  of  length 
2a  freely  hinged  together  at  their  extreinitieB.  These  are  stcatehed  out  in  a  hori- 
zontal straight  line  with  one  end  of  the  chain  hinged  to  a  point  fixed  in  space.  If 
the  system  starts  from  rest,  show  that  the  initial  reaction  at  the  ith  hinge  is 

2\/3     ■         (2+,^/3)''  +  (!i-^'3)'' 

If  the  hoki  irL  made  ot  rods  with  rotating  fly  iiheels  such  that  the  moment  of 
meitia  of  each  Imk  about  a  peipendicular  axis  thioufch  its  centre  of  gravity  is 
Ja  ,  show  that  the  initial  reactions  at  the  hinges  are  also  given  by  the  above 
fjrmnla,  the  mass  oi  each  Iml   being  unity 

Ex  4  A  ohain  consists  of  alternate  gjioatats  each  o(  length  3a  and  massleae 
Cunnecting  links  cai,h  ot  length  21  the  connect  on  being  i  ^  universal  flexure  joints 
at  the  ends  of  the  axis  of  each  gyrostat.  A  finite  length  of  s  icli  a  chain  being  placed 
with  its  lints  forming  an  open  plane  polygon  with  its  estiemities  1  B  held  fiied  by 
universal  flexure  joints,  the  system  is  so  set  in  motion  that  it  rotates  with  angular 
velocity  p.  round  AB  as  if  it  were  a  rigid  polygon  It  is  lequired  to  toiin  the 
equations  of  steady  motion. 

A  gyrostat  is  a  rapidly  rotating  fly  wheel,  angular  velocity  n  pivoted  without 
friction  on  a  stifi  moveable  franieworlt  or  within  a  containing  case     [Math  Soe  187'> 

Taking  AB  as  the  axis  of  i,  let  the  plane  xz  rolati,  ro  md  iB  wjth  an^ulai 
velocity  n  so  that  it  always  contains  the  chain.  Let  pi  sj,  be  the  inolinat  ons  of 
the  ftth  rod  and  link  to  AB.  Let  F  be  the  resolved  tension  paiallel  to  AB, 
which  is  therefore  the  same  for  every  rod.     The  requited  equationa  are  then 

^*+i  -  =^*  =  "  (s'uKh-1  +  sinpi)  +  21  sin  «^i,         -  fi^^  =  P  (tan  s^+i  -  tan  s^), 
n{~C^li{l-aoapt)  +  Cin}Bmpt~^l^'smpi,eo3pt 

—  Pa  {(tan  S;;.^;  +  tan  sj.)  cos  j)j  -  2  sin  jj^}, 
where  C^  and  Cj  are  the  moments  of  inertia  of  the  fly  wheel  and  the  case  about  the 
axis,  A  that  of  both  about  a  perpendicular  axis.  The  angular  velocity  of  each  fly 
wheel  is  n  and  its  mass  is  unity. 

To  obtain  the  equation  of  moments,  we  notice  that  by  the  geometry  of  the 
universal  joint  each  gyrostatic  link  moves  as  if  its  axis  were  produced  to  and  joined 
to  the  fixed  axis  AB  by  a  universal  f  exure  joint.  Thus  each  case  has  an  angular 
velocity   -w  about  its  axis  and  an  angular  velocity  +>i  about  a  parallel  to   AB 
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iiiwa  through  its  centre  of  gravity,  Art.  33.  Bf  resolutions  vie  Snd  the  angular 
momesta  about  the  axes  of  C  and  A  and  thence  the  angular  momenta  about  the 
coordinate  axes  x,  y,  i.  Substituting  in  the  equations  of  Art.  10  and  lemembering 
Hut  in  Bteadj  motion  the  angular  momenta  are  constant  we  obtain  the  three 
eqnttiong  of  moments.     Two   are   identically  satisfied  and   the   third   is  given 


Ex.  B.  Supposing  the  polygon  in  the  laat  question  to  be  so  nearly  straight  that 
Om  cabes  of  p  and  <  can  be  neglected,  show  that  the  centres  ol  gravity  of  the 
gp«statB  lie  on  the  harmonic  curve  T  =  .,4cos(9i/(j)  +  Csin(ei/(.),  where i=2a  +  2i 
U&S'n  given  by  {C-^nn  -  A,.'  +  2Faj  (1  -  cos  e  -  Ifi'lP]  =  ^'-a'^  (1  +oos  S), 

If  the  polygon,  instead  of  being  died  at  A  and  IS,  is  produced  indeSnitely  in 
MCh  direotion  in  the  form  of  the  above  curve,  then  in  the  time  ir/^  the  polygon 
makes  a  half  turn  round  the  axis  of  z  and  the  harmonic  curve  appears  to  advance 
«  distance  irhje  along  that  axis.  Thus  the  velocity  V  of  propagation  is  given  by 
f^/iS/e.  [Math.  Soc.  187S. 

Ex.  6.  A  chain,  whose  tension  is  T,  consists  of  alternate  linlcs  of  lengths  2a 
*nd  2i  connected  by  smooth  ball-and-socket  joints ;  those  of  length  2n  being 
maBslesa  connecting  rods  and  the  others  symmetric  gyrostats.  The  mass  of  each 
gfrDstat  is  unity  and  its  momenta  of  inertia  about  its  aiis  and  a  perpendicular  to  it 
*K  C  and  A,  while  its  angular  velocity  about  its  axis  is  u.  Investigate  the  general 
eqoations  lor  the  small  laotiona  of  such  a  chain  ;  and  show  that  an  endless  train  ot 
e  propagated  along  it  with  velocity   V  given   by  the 

[Math.  Tripos,  1889, 
Ex.  7.  Equal  balls,  ti  in  number,  connected  by  flexible  springs,  are  oonstraiued 
•"move  in  a  circular  groove  into  which  the  springs  are  also  placed,  the  system  of 
'*lls  and  springs  forming  a  closed  chain.  If  the  mass  of  the  springs  be  very  small 
*ompared  with  that  of  the  balls,  and  if  the  distance  between  the  balls  measured 
^ong  the  circular  groove  is  initially  equal  to  the  unstretched  length  of  any  one  of 
ttiB  springs,  prove  that  the  times  of  vibration  of  the  system  are  ir  (m/fi)i  cosec  ijr/?i, 
*here  m  is  the  mass  of  one  of  the  balls,  >i  the  force  required  to  increase  the  length 
<ifanyone  of  the  springs  by  unity  and  i  an  integer  which  may  have  any  value  from 
*■  to  B.  With  what  physical  problem  does  this  coincide  when  it  is  infinite  and  what 
*n  then  the  times  of  vibration  ?  [Math.  Tripos,  1887. 

Ex,  8.  2n  equal  uniform  rods  each  of  mass  m  a,re  hinged  together  and  are  held 
"*  Ihat  they  are  alternately  vertical  and  horizontal,  thus  forming  a  figure  resembling 
'  Mt  ot  steps,  each  vertical  rod  being  lower  than  the  preceding  one ;  the  highest 
'°d  ia  horizontal  and  is  capable  of  turning  freely  round  its  end  which  ia  fixed  ; 
WoTe  that,  when  the  rods  are  let  go,  the  horizontal  component  X^,  and  the  vertical 
•™»pOQ8nt  Fjr  of  the  initial  action  between  the  2jtli  and  the  (2r-t-l)th  rods  are 
SWenby  .Y,^^B  (-5-f2v'6)'+C  (-5-2  V6r. 

">•  constants  B,  C,  B\  C  being  determined  by  the  equations,   .Ys„  =  0,  rj„  =  0, 
■^+3^:^  =  0,  2y,-H6y„-5ni-7=0.  [Math.  Tripos,  1889. 

430.  ZTstirork  of  Partlclaa.  Let  columns  of  threads  in  one  plane  be  cut  at 
*^i  angles  by  rows  of  threads.  Let  a  particle  of  mass  m  be  attached  to  them  at 
•Mh  intersection.  Let  the  interval  between  two  adjacent  columns  be  I  and  the 
^tttral  between  two  adjacent  rows  be  ('.    Let  the  tensions  of  the  rows  and  columns 
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be  i^pectivelj  T  and  T'.     Let  the  particles  vibrate  peipendioulailj  to  the  plane  of 
the  threads,  aad  let  the  whole  aystem  be  removed  from  the  action  of  gravity. 

Ei.  1.     If  ic  be  the  displacement  of  the  particle  in  the  Ath  column  and  tth  rov 
and  Tlmt  =  c\  T'Iml'  -c"',  prove  that  the  equation  of  motion  is 

Ei.  2.    Prove  that  the  motion  of  the  partiolea  may  be  represented  by  the  series 
nhose  general  term  i» 

.i>  =  2{a*(J6'  +  B6-*)  +  a-*(^'!/*  +  B'r'^|}ainjK  (l)^ 

where  the  2  implies  summation  for  all  values  of  a  and  b  connected  by  the  equation 


-"«■(— =)-('-9- 


Show  that  if  a  and  b  are  both  real,  one  at  leaat  is  negative.  Shon-  alao  that  it 
the  ciioumstanoea  of  the  problem  permit  6=  *  I  the  correeponding  coefficient  of 
ainji(  beoomee  {±lf[a'^[A-\-Bk)  +  a-''(A'  +  B'k)\ (2). 

If  a  =  l  twice,  b  =  -I  twiee,  the  corresponding  coefScient  is 

(-l)*(J  +  Bft  +  Cfc  +  DK-)   (3). 

What  is  the  general  form  of  the  solution,  when  one  of  the  two  u  and  b  ij 
imaginary  and  the  other  real?    When  both  are  imagmacy  with  nnity  for  modulus 

show  that  p=  =  ,=  (2sin9r  +  .''(3sin0)=f    W' 

Ei.  3.  Show  that  the  solution  (4)  of  the  last  esample  represents  a  wave  motion. 
If  X  be  the  length  of  the  wave,  v  its  velocity,  and  a  the  angle  the  direction  in  which 
it  travels  makea  with  the  rows  of  threads,  prove  that 

M  =  irlcosii,         X0  =  irr3ina,         ti=(T/\)=  =  c"  sin'fl  +  u'"8in'^. 

Ex.  i.  If  the  network  ia  so  constituted  that  i:l  =  c'l',  prove  that  there  are  tno 
directions  in  which  a  wave  of  given  length  travels  with  the  greatest  velocity,  and 
that  in  these  cases  the  fronts  are  the  diagonals  of  the  openings  between  the  threads. 
The  two  directions  of  least  velocity  are  those  in  which  the  fronts  are  along  tbe 
threads. 

El.  5.  If  cl  =  c'l'  and  if  the  intervals  between  the  threads  are  very  small,  ptove 
that  the  network  becomes  a  membrane  which  is  usually  stretched  in  all  directions. 
In  this  case  waves  of  all  finite  length  and  all  directions  of  front  travel  with  the  aame 
velocity. 

Ex.  6.  A  network,  otherwise  infinite,  is  bounded  by  a  rod  which  runs  along  the 
diagonals  of  the  openings.  The  rod  ia  agitated  according  to  the  law  w  =  Fg\apt. 
Prove  that  two  distinct  motions  result  according  as  the  period  of  agitation  is  greater 
or  less  than  t/(c'  +  c"')*.  In  the  former  case  waves  travel  over  the  network,  in  the 
latter  the  motion  resembles  that  described  in  Art.  411. 

121.  network  with  QnadrllateTkl  opanlnga.  To  bring  these  particles  into 
order  we  regard  them  as  arranged  in  rows  and  columns,  as  in  rectangular  networks, 
though  these  are  no  longer  straight  lines.  If  the  network  be  so  stretched  that  the 
tension  of  every  thread  is  proportional  to  the  length  of  the  thread  along  which  it 
acts,  the  ratio  being  equal  to  c'  the  equation  of  motion  may  be  proved  to  be 

i'itii  =  i;S(4X-i.i  +  'i''"'(.t-i). 
where  A  operates  on  h  and  d'  on  k.     Thia  is  exactly  the  same  equation  as  that 
which  determines  the  motion  of  a  rectangular  network  when  c  =  c'.     Thus  the 
motions  of  the  two  networks  will  be  the  same  when  tbe  central  and  boundary  con- 
ditions are  made  to  correspond 

la  thii  icay  we  iiiaij  deduce  the  motion  of  one  kind  of  network  from  another  jmt 
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as  in  Hydrodyiiamies  we  change  one  fiuid  motion  into  another  by  the  method  of  eon- 
jugate  functions. 

Ex.  1.  Show  that  the  geometrical  peonliaritj  of  this  qnadril literal  network  is 
that  each  particle  is  the  oentre  of  gravity  of  the  foar  adjaoent  particles  to  whieh  it 
is  conneoted  b;  strings. 

Ex.  2.     If  [x,  y)  be  the  Cartesian  coordinates  of  the  pailiole  {hk),  prove  that 
X  and  y  both  satisfy  the  equation  of  differences  A%;^_],j,  +  A'-i),,j^j=0.    Show  also 
that  the  values  of  s  and  y  way  be  written  in  the  compendious  form 
;^■  +  !/^/-l  =  2;Je^''"+^**'-^         H^""  0=  ^sin;3, 

Other  forms  of  the  solution  may  be  ledueed  as  in  Art  420  For  example,  we 
may  have  x^A  +  Bh-^Lk  +  Dhl 

In  ail  these  solutions  the  direetious  of  the  thitads  whioh  lorm  the  sides  of  the 
quadrilateral  openings  are  deSaed  (1)  by  maLiue  h  constant  and  k  variable,  (2)  by 
making  S;  constant  and  h  variable  Thus  taking  a  single  exponential,  we  find 
iE=Je^eos3(3J,-,  y=Ae^''Bia  2^k.  These  lead  to  I'^  +  y  =A  A'',  yjx^tani^h. 
The  quadrilateral  openings  are  theielore  formed  by  coDcentiie  circles  and  radii 
veetores  from  their  oentre. 

Ex.  3.  When  the  openings  of  the  network  aie  mdefmitely  amall,  the  result  of 
the  last  example  becomes  x-i-ytj-l=f{h-i-lsj  Ij,  so  that  that  result  may  be 
regarded  as  an  extension  to  Finite  Differences  of  the  theory  ol  conjugate  functions. 

lis.  4.  If  in  Ex.  2  tlie  values  of  h  and  k  are  not  restricted  to  be  integral, 
prove  that  A'^ft-J-.i^  ±  A'!/;i,  it-Ji         ^'^h,k-i==^^yh-i,'-- 

The  analogy  of  these  results  to  some  well-known  theorems  In  conjugate  functions 
is  ohvlous. 

Ex.  6.  The  Cartesian  coordinates  of  the  particles  of  a  triangular  network  are 
given  hy  x  —  h,  y  =  hk,  where  h,  k  are  any  integers.  The  equations  to  the  three  fixed 
boundaries  are  x=n,  y-0,  y  =  n'x.  Following  the  rule  given  in  Ex.  2,  show  that 
the  quadrilateral  openings  are  formed  by  radii  veetores  from  the  origin  and  ordi- 
uates  parallel  to  the  axis  of  y.  Prove  that  the  period  of  vibration,  viz.  2jr/p,  is 
given  by  j,V^c2=sin'(i7r/2»)  +  sinS  (iV/2n'). 

Tkeori/  of  Equations  of  Differences. 

422.  Oenerai  Equations  of  Hotlon.  Let  a  series  of  n  particles  of  masses 
m,,  m^..,  be  arranged  in  a  straight  row  at  intervals  equal  to  li,  Ig...  and  be  in 
equilibrium  under  the  action  of  external  forces  and  their  mutual  attractions.  Let 
these  particles  be  now  displaced  from  their  positions  of  equilibrium  either  aU  at 
right  angles  to  the  axis  of  the  row,  or  all  along  its  length.  Let  the  displaoeroents 
at  the  time  (be;/,,  i/j. ..!/„.     Our  object  is  to  find  these  j/'b  as  tunetions  of  the  time. 

The  forces  which  act  on  the  particles  are  of  several  kinds.  (1)  There  are  the 
external  forces  of  restitution  which  are  fvmotions  of  the  displacements  of  the 
particle  acted  on  from  its  position  of  equilibrium.  These  must  supply  terms  to  the 
force  function  of  the  form  -  i'Za^yb';  all  the  higher  powers  of  the  displacements 
being  rejected.  (2)  There  are  the  forces  of  restitution  whioh  depend  on  the  action 
of  the  adjacent  particles  on  each  side  of  the  particle  under  consideration.  These 
must  supply  terms  to  the  foree  function  whieh  contain  squares  of  the  i/'s  and  pro- 
ducts of  )/'s  with  adjacent  suffixes.  But  since  2!/itJii+i=yt^  +  i'H-i^-(!'M-i-!'i)°'  ^^° 
only  additional  terms  thus  introduced  into  the  force  function  will  he  of  the  form 
-  iSbi  {y^^,  -  !/i)3.  (3)  There  are  the  forces  of  restitution  which  depend  on  the 
action  of  the  two  adjacent  particles  on  eaoh  side  of  the  particle  under  considera- 
tion.   These  supply  terms  to  the  force  function  oontaiaing  squares  and  products  of 
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jy's  whose  suffisee  differ  at  moat  by  3.  Bat  since  ^/ji^j^-ii/i^.^-  2iji+^  +  Tli,f  +  ^e., 
where  the  &q.  mdicatee  squares  of  j/'s  and  prodnots  of  s'a  whose  suffixes  differ  by 
unity,  it  is  clear  that  the  only  additiooal  terms  introduced  into  the  force  function 
are  of  the  form  -  iZe^  |  i/t+s  -  2^;^^.,  +  y„f. 

The  forces  whioli  depend  on  the  action  of  the  three  adjacent  particles  may  be 
treated  in  the  same  way. 

Besides  these  forces  there  may  be  some  eitetnal  forces  of  constraint  acting  on 
the  two  estremities  of  the  row.  These  are  functions  respeotively  of  i/,  and  j;„  and 
therefore  supply  terms  to  the  force  function  of  the  form  -JXyi^  and  -J^i/„^.  If 
the  forces  of  constraint  aot  on  the  two  last  particles  at  each  end  we  must  add  to 
these  the  terms  -i\{yi~yi)'  and  -if^a-i{ya-y»-\)^' 

Let  V  be  the  force  function  and  let  the  position  of  equilibrium  be  the  position  of 
reference.  To  simplify  the  argument  let  ns  in  the  first  instance  restrict  ourselves 
to  the  following  terms 

2 17=  -  -Ky{'  -  liy^'  -  'Za^yt?  -  S6t  (js+i  ~  Vnf- 

If  IT  be  the  vis  viva,  wb  have  2T=^/ei^ij^''. 

The  Lagrangian  equations  of  motion  may  therefore  be  written  in  the  typical  form 
"  Wt"  =  -  "tl/c  +  \.h  ( J/i+i  -  Vt)  ~  h-\  ( Vk  -  !/t-i)]. 

lyhere  d  has  the  usual  meaning  given  to  it  in  the  oaloulus  of  difierenoes. 
The  case  in  which  a  =  0  and  h  is  a  constant  has  been  solved  in  Art.  402. 


433.  The  Boimdary  ConditionB.  This  typical  equation  repi-esents  the  motion 
of  all  the  particles  eseept  the  first  and  last.  It  does  not  include  the  ease  ft=l, 
because  the  term  -&„  (i/j-^j)^  is  missing  from  2(7,  and  the  term  -  Xj/j'has  not  been 
taken  aeoount  of.  It  the  differential  coefficients  of  these  with  regard  to  j/i  were 
equal,  the  errors  would  correct  each  other.     This  gives 

Treating  the  other  estremity  in  the  same  way,  we  find 

- ''i.fj'K+i -!/«)  =  W,.- 
There  are  no  particles  corresponding  to  the  values  t  — 0  and  i  =  )j  +  l,  hut  the  n 
equations  of  motion  corresponding  to  t  =  l  to  k=ii  ore  all  truly  represented  by  the 
same  equation  of  differences  if  we  suppose  i/,  and  ?/„4.,  to  stand  for  their  values  as 
given  by  these  two  eonditiocs. 

424,  In  the  same  way  we  may  show  that,  if  we  take  the  more  general  value  for 
V,  viz.  2(7=  -Xii(i^-\i(iS'i)=-ft,i;,.'-ft,-i(Aj/„_,)2 

the  typical  equation  of  motion  becomes 

n Ws"  =  -  o-lSh  +  "i  (Vi  Ai/t-i)  -  A^  (ct_j  A Vi-a). 
The  terminal  conditions  at  one  estremity  are 

6,A-/,  -  A  (c_j  A Vj)  =  ^i!/!,  -  <=A^V<,  =  '^ij'i . 
There  are  similar  conditions  at  the  other  extremity. 

425.  meuiod  of  Solution.    To  solve  the  typical  equation  of  motion 

"«*"=  -"^yt  +  Affit-jAyt.!), 
we  follow  the  method  of  Lagrange.    To  find  a  jwiwctpiii  oscillation  we  put 

S(t=tjSin(p(+a)). 
We  thus  have  "t^t-  A((it_i  ALt_,)=p''niiLj,. 

This  equation  can  also  be  written  in  the  form 
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It  we  wrote  down  at  length  the  ?i  equations  given  by  S  =  i,  2...ii  we  could  bj 
Buocessive  Bubstitutiona  express  the  value  of  L^  aa  a  linear  tUnotion  of  L^,  and  L^. 
But  eince  the  ratio  of  £„  to  L,  is  given  by  one  of  the  eqnationa  at  the  limits,  we  oan 
find  i^  in  the  form  Lt=  C<t>  {k,  p),  where  C  is  either  i„  or  i,  at  our  pleasure  or  any 
funation  of  1,^  and  L^ .     See  Art.  423. 

If  we  make  a  few  of  the  snbstitutions  indicated  it  will  be  at  onca  evident  that 
^  (J;,  ji)  is  an  integral  rationaJ  function  of  p'  of  the  (k  -  l)th  degree.  We  must  now 
sobstitute  this  result  in  the  eqnation  of  oonditiou  at  the  other  limit.  We  thus  iiave 
after  division  by  C  b„{^{n  +  l,  2))~0(n,  y)}+«i^(ii,  p)  =  0, 

This  equation  will  be  shortly  represented  by  ^(p)  =  0.  Wa  may  notice  that  this 
reasoning  is  perfectly  general,  so  that  no  value  of  L^  not  included  in  this  solution 
oan  satisfy  the  equation  of  differences. 

This  process  is  strictly  Lagrange's  rnethod  of  finding  the  principal  oscillations, 
and  the  final  equation  ^  (p}  =  0  is  merely  Lagrange's  determinantal  equation  in  an 
espaiided  form,  Aoocrdingly  we  see  that  it  is  an  equation  of  the  nth  degree  to  find 
the  11  values  of  j)^. 

But  if  n  be  considerable  this  method  of  elimination  cannot  always  be  employed. 
The  CalcnIuB  of  Finite  Differences  sometimes  enables  us  fas  in  Art.  403)  to  arrive  at 
a  solution  in  a  simpler  mannei'.  But  whatever  method  is  adopted  the  solution 
obtained,  whether  partial  or  complete,  must  be  included  in  that  indicated  above. 

426.  If  the  given  function  fifc  is  such  that  6o  =  0, 5,,=  0  and  \,^  are  also  ^ei'O,  there 
are  no  conditions  at  the  limits.  In  this  case  the  equation  of  differences  defined  by 
ft  =  1  only  oontains  Li  and  L^ ,  the  term  -  fro  ( jj  -  i/o)  being  now  absent.  This  equa- 
tion therefore  deteimines  the  ratio  of  X^  to  J'^,  and  the  argument  proceeds  as  before. 

It  ia  however  more  convenient  to  regai'd  this  case  as  included  in  the  former  with 
the  condition  that  ije,  i/i,  !/„_],  y^  are  not  to  be  infinite.  With  this  proviso  the 
terms  -  b^il/i-'Jo)  and  6,j(!/„+j  -y^)  must  fae  zero. 

427-  The  ooETSBpondlnK  Differential  Bqnatlon.  The  limiting  case  of  this 
equation  of  diHereiices  is  peculiarly  interesting.  Let  us  make  all  the  intervals 
I,,  I3,  &C.  between  the  particles  equal  to  each  other  and  each  equal  to  I ;  and  let  as 
write  x=hl.  Then  iu  the  limit  when  lis  indefinitely  small  we  have  da:=l,  and  all 
the  various  functions  of  k  may  therefore  be  regarded  as  continuous  functions  of  a. 
Writing  m^— wi^ar,  Hj  — Ojdi,  bi,  =  bjdx,  and  i/^=Xj.,  the  equation  of  differences 

becomes  in  the  limit  "iVx-  ^  (  *i  ^)=P^'"i!'a:- 

This  eqnation  is  to  hold  for  all  values  of  a;  between  certain  Umits,  eay  a:  =  0  to 
x  =  L.     The  conditions  at  the  limits  are 

it=0,        b^dyidx  —  Xt/,        x  =  L,         -bxdyldx  =  iiy. 

In  the  same  ivay  we  may  find  the  differential  equation  which  correspoode  to  the 
eqaation  of  differences  given  in  Art.  424. 

In  this  equation  it  is  not  necessary  to  suppose  ^  to  be  small,  for  since  the 
equation  is  linear  we  may  multiply  y  by  any  constant  quantity  we  please.  It  is 
necessary  however  that  all  the  functions  and  as  many  of  their  differential  coeffi- 
cients as  enter  into  the  equation  should  he  finite. 

Supposing  y  =  Af{x,p)  +  BF{x,p)  to  be  the  solution,  we  deduce  fTOm  the  conditions 
at  the  limits  two  equations  which  determine  B/A  and  p^.  Eliminating  SjA  wa 
obtain  a  single  equation  from  which  we  can  find  all  the  possible  values  of  p\  This 
equation  as  before  we  represent  by  ^  (p)  =  0. 

Suppose  that  the  function  hx  =  0  at  each  limit  and  that  \  and  «  are  both  zero. 
The  conditions  at  the  limit  disappear  for  a  differential  equation  of  the  second  order. 
We  thus  have  no  equation  to  find  p.     But  in  the  following  theorems,  the  condition 
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that  the  solutions  ehofien  tor  y  must  be  finite  between  the  limits  remaina  in  full 
force.     In  some  cases  this  one  condition  will  limit  the  values  of  p. 

42S.  Ex.  If  the  differential  equation  is  - -5-  jl-*^  j^[  =P'''J  """^  '^"^  limits 
are  a:=  - 1  and  :i;  =  l,  show  that  no  solution  can  maie  (l-ir'')d!//((3i  =  Oat  both  limits 
nnleea  j]'  =  £(i  +  l|  where  i  is  any  positive  integer.  [Math,  Soo,  1879. 

429.  This  equation  of  aifierenoes  and  its  limiticg  case  the  differential  eq^uation 
are  of  coneiderabie  importance  in  other  besides  (iynamioal  investigations.  It  ia 
therefore  useful  to  notice  that  though  the  eiiuation  presented  itself  with  a  dynamical 
meaning,  yet  the  results  in  this  section  are  perfectly  general.  We  may  regard  the 
equations  of  motion  as  simply  eo  many  diSerential  equations  to  find  y,,  y,,  Ste. 
derived,  as  explained  in  Chap,  vir.,  from  the  two  ausiliary  functions  A  and  C,  the 
other  ausiliai'j  functions,  B,  D,  E,  F  being  all  zero.  The  functions  A  and  O  are 
here  called  T  and  -  V  and  the  symbol  m  is  here  replaced  by  pj  ~  1. 

430.  Three  Fropositioiis.  We  immediately  infer  the  following  theorems 
concerning  the  values  of  p. 

Prop.  1.  If  the  function  ni^  or  m^  is  positive  between  the  limits,  the  function.  T 
is  a  one-signed  positive  function.  It  therefore  follows  from  Art.  319,  that  all  the 
valves  ofp^,  given  by  1//  {p)=0,  are  real'. 

Since  >//{pj  here  represents  Lagrange's  determinant  (Art.  4^5),  this  is  equivalent 
to  the  theorem  that  all  the  roots  of  that  determinant  are  real. 

431.  Pbop.  2.  If  the  functions  n^,  bt,&a.  or  n^,  6^,  &c.  as  well  asmiOrrajare 
positire  between  the  limits,  and  if  X,  ^  are  also  positive,  the  funotion  G=  -  0 
is  a  one-signed  positive  function.  It  therefore  follows  from  Art.  SIS,  that  all  the 
values  of  p^  are  positive. 

This  also  follows  fi'om  tbe  theorem  in  Vol.  i.  that  when  the  force  funotion  V  is 
a  maximum  in  the  position  of  equilibrium,  that  position  of  equilibrium  is  stable. 

432.  Peop.  3.  Let  p  and  q  be  two  unequal  possible  values  of  tbe  parameter  jj, 
and  let  the  corresponding  solutions  be  indicated  by  the  typical  equations 

y^  =  X^siapt,  and  yt=YiSiaqL 
Then  vie  may  -uie  the  method  of  multipliers  as  explained  in  Chap.  vili.  Art.  399,  and 
assert  that  ZmiXtYt=vt,X^Y,  +  ...  -t-ni„,Y„r„  =  0 ; 

in  the  case  of  the  differential  equation  this  becomesj  J)it^Xj,r5;'^  =  0' 

By  referring  W  the  standard  example  Art.  402  we  may  perceive  the  separate  uses 
of  these  three  propoaitiona.  The  values  of  p''  there  found  are  all  real  and  positive 
and  the  third  proposition  was  used  in  Art.  406  to  determine  the  constants  of 
integiation  when  the  initial  conditions  are  known. 

'  Another  proof  that  all  the  values  of  p^  are  real  is  given  by  Poisson  in  Art.  90 
of  his  TMo^'ie  MathSmatique  de  la  ChaUur.  He  there  shows  that  if  ^  could 
have  a  pair  of  imaginary  values  of  tho  form  /±ff^/-l,  the  integral  J^WaST^riffa! 
could  not  be  zero  (see  Art.  432).  The  argument  is  as  follows.  Since,  by  Art.  J35, 
Lj  is  a  funotion  of  p',  it  follows  that  the  cori'esponding  values  of  X^  and  Y^  may  be 
written  F^QJ-l.  This  leads  to  the  result J'^m3.(F'-t-G=)(la=0,  which  is  an 
impossible  equation  if  m^  keep  one  aign  between  the  limits.  Poisson  applies  his 
argument  to  the  ease  of  a  differential  equation  of  the  second  order,  but  it  may 
evidently  be  extended  to  the  general  case  of  a  differential  equation  or  au  equation  of 
!B  of  any  order. 
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433.  Stiurm's  Tlieorains,  Bestricting  oui'9elves  to  the  c^se  in  which  the 
etmation  of  differences  has  the  form 

let  us  eoiopare  tlie  different  kinds  of  motion  inilioated  by  different  values  of  pK 

In  order  to  realize  the  motione  of  the  several  particles  wore  easily,  let  an 
ordinate  be  diawii  ppipendienlar  to  the  lenijth  of  the  row  at  the  position  of  each 
paiticle  when  w  eqwlibiiam  Let  the  leuRth  of  this  ordinate  be  eqnal  to  the  dia- 
plaoement  o£  that  paitiele  at  the  time  (  The  curve  traced  out  by  the  extremities 
of  these  ordinates  ivill  exhibit  to  the  036  the  uature  of  the  motion.  The  inter- 
sections of  this  i.aive  with  the  axis  of  the  row  are  called  nodes,  the  maxiraa  and 
minima  ordmates  are  called  loops 

In  the  example  of  Art  402  these  ordmate""  are  the  actual  displacements  of  the 
several  partielee.  In  the  general  case  we  are  noiv  considering  this  cui-ve  is  merely 
a  couTentional  metiiod  of  exhibiting  to  the  eye  the  varying  state  of  the  systeia, 
but  in  that  example  it  is  suggested  by  the  visible  motion. 

Let  all  the  possible  values  of  p  be  arranged  in  ascending  order  beginning  with 
-the  least. 

la  the  solution  given  by  the  least  value  of  p,  it  will  be  shown  that  at  any  oiie 
moment  all  them  ordinates  have  the  same  sign.  Thus  throughout  the  motion  the 
indicating  cnrve  forms  an  arc  with  a  single  loop  which  oscillates  from  one  side  to 
the  other  of  the  axis  of  £. 

In  the  solution  given  by  the  next  sutallest  value  ofp,  it  will  he  shown  titat  at  any 
instant  there  i$  one  change  of  sign  among  the  ordtjiates,  as  we  travel  from  one 
^xlretidty  of  the  row  to  the  other.  Thus  throughout  the  motion  the  indicating  curve 
forms  a  double  are  with  two  loops  separated  by  a  node. 

In  the  solution  given  6j/  the  third  smallest  root  there  are  at  any  instant  two 
■efiaiifles  of  sign  among  the  ordinates.  Thna  tlie  indicating  curve  forma  three  loops 
separated  by  two  nodes,  and  so  on  through  all  the  values  oip. 

In  all  these  eases  tlie  nodes  which  belong  to  any  value  of  p  are  separated  by  the 
nodes  wJiich  belong  to  the  next  value  ofp  in  the  series. 

434  TIi«  Lenmia.  To  prove  these  theorems  we  require  the  following  lemma. 
Let  p  and  q  he  two  values  of  p,  and  let  the  corresponding  motions  be  given  by 
yj,  =  Xi^siQpt  and  yji^Y^sin  qt.    We  have  therefore 

tt^Xj  -  A  (ii_i  A  Jt_,)  =p=miXi  1 

Eliminating  the  function  a^  we  find 

This  gives  hy  summation  from  ft  =  o  to  k  —  k 

(9'-p'){™Al'a+-..  +  "'AI'*i=''4(^l+ll'l--^"tI'n-l)-''a-l(-\'=.l'.-l--'f.-l''J- 

The  right-hand  side  may  also  be  written 

b^  (r^AJj-JfjAFi)  -  S„_i  (Z„_iA.Y^^i  -  A-„_jAy„^i]. 
In  the  limiting  case  in  which  the  equation  of  differences  becomes  the  differential 
equation  {Art.  427),  this  lemma  takes  the  form 


'«■-«/:— W'S-^s)!- 


435.  CoK.  1.  Consider  the  full  series  of  values  X^,  X^.-.Xj^  arranged  in  order. 
We  have  ranges  of  positive  and  negative  values  succeeding  each  other.  Let  X^,.,Xi, 
he  one  of  these  ranges  in  which  all  the  constituents  have  one  E^n,  while  those  on 
each  side,  via.  X^_^  and  Xf.,., ,  have  the  opposite  sign.     We  shall  prove  t!ial  if  qs-p 
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le  of  Y's  extending  from 

For  if  possible  let  all  these  Y's  have  one  sign,  then  every  one  of  the  four  teems 
ou  the  I'ight-hand  side  of  the  equality  in  the  lemma  has  tlie  sign  opposite  to  that  of 
the  product  X^Y^,     Hence  the  lemma  could  not  he  true. 

We  have  raade  no  assumption  about  the  function  a^,  but  &j  and  injt  have  been 
euppoeed  to  have  the  same  sign,  and  to  keep  that  sign  from  one  limit  to  the  other. 

436.  Cos.  2.  Consider  next  a  double  range  of  values,  s!3.y  X^,..Xg...Si,,  such  that 
all  the  eonatituents  from  X^  to  X^g.^  have  one  sign,  say  negative,  and  from  X^g  toX^ 
have  the  other  sign,  while  (to  make  the  double  range  complete)  A'„_i  and  Xt+j  have 
oppositesignsto  their  adjacent  constituents.  Then  by  Cor.  1,  if  i[>p,  Y must  change 
sign  between  r„_j  and  Yg  and  also  between  In-i  find  Yj^,.  We  shall  jkiib prove 
that  a  single  elumge  of  sign  between  Ip-i  oni!  Y^  viill  not  s>(ffiee  for  both  these 
requirements. 

For  if  it  did,  the  products  3r„r„,  ...,X(,i't  would  all  have  the  same  aign;  but  every 
one  of  the  four  terms  on  tho  right-hand  aide  of  the  equality  in  the  lemma  has  the 
sign  opposite  to  that  of  the  product  X^jFj.    Thus  agam  the  lemma  could  not  be 

In  the  same  way  if  we  consider  a  triple  range  of  values  X^...Xfi...Xy..,X^  so 
that  X  ohaugss  sign  tivioe  as  k  varies  from  one  limit  to  the  other,  then,  by  Cor.  1, 
FmuGt  change  sign  between  Y^_i  and  Y^,  Yg_i  and  1'.^,,  r^,i  and  Y,^^.  But  it 
follows  exactly  as  before  that  two  changes  of  sign  will  not  suffice  for  all  three 
requirements. 

437.  CoE.  3.  Consider  the  range  of  values  X,,  Xj.^X^  all  of  one  sign  begin- 
ning at  one  extremity  of  the  complete  series  and  such  that  A^+i  has  the  opposite 
sign.  We  shall  prone  that  if  q^'p  there  is  one  change  of  sign  at  least  in  the  cor- 
reepotiding  range  of  Y'l  extending  from  T,  to  IVi-i  ■ 

In  this  case  the  range  begins  at  one  extremity,  we  have  therefore  the  conditions 
6o(Xi-X„)  =  XXj  and  b„{Yj-Ygi-\Y,  which  hold  at  that  extremity.  The  equality 
in  the  lemma  becomes,  by  eliminating  X^Y,,, 

{q'-p'){m,X,Y,-\-...m^,y,)  =  b,{Xt^^Y,-XtY^,). 

It  then  all  the  Y'b  &-om  Y,  to  Y^^^  had  the  same  sign,  every  term  on  the  left- 
hand  side  would  have  the  same  sign,  and  the  two  terms  on  the  right-hand  side 
would  have  the  opposite  sign,  and  thus  the  equality  could  not  exist. 

Similar  remarks  apply  to  a  range  terminating  at  the  other  extremity. 

438.  Cob.  4.  Lastly  consider  all  the  n  series  X,...X„,  I'l...!',.,  *c.,  *c.,  cor- 
responding to  the  It  values  of  p,  q,  &a,  arranged  in  order  of  magnitude  beginning  at 
the  least.  By  the  preceding  corollaries,  each  of  these  seiies  must  have  at  least  one 
more  change  of  s%n  than  any  series  before  it.  As  there  are  but  n  terms  in  each 
series,  the  last,  i.e.  the  Kth,  can  have  but  n-1  changes  of  sign.  Hence  the  first 
series  has  no  changes  of  sign,  the  second  has  one  change,  the  third  has  only  tieo,  and 
so  on.  Also  the  changes  of  sign  in  each  series  alternate,  in  the  snamisr  alreadg 
explained,  with  the  changes  of  siin  in  any  series  next  to  it. 

439.  It  should  be  noticed  that  in  Cor  1  and  2  no  use  has  been  made  of  the 
conditions  at  the  limits.  In  these  ptopoaitions  therefore  p  and  q  are  any  arbitrary 
quantities,  except  that  q  must  be  greater  thanp  In  Cor.  3  the  conditions  at  one 
limit  are  introduced,  so  that  all  thiee  coioUaries  are  true  it  only  XJX^^YJY^  at 
one  limit.  Finally  in  Cor.  4  the  conditions  at  1  oth  limits  are  supposed  to  be 
satisfied,  and  therefovey  and  q  must  mw  be  diftcient  roots  of  the  equation  repre- 
sented in  Art.  425by  V(p)  =  0. 
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440.  The  fonrtb  proposition.  To  sliow  that  no  tioo  values  of  p''  are  equal. 
Let  us  suppose  that  the  oonditious  of  oonstraint  al  one  limit  are  satiafled  aa  in 
Cor.  3.    Wo  may  therefore  -write  the  lemma  of  Art.  434  in  the  form 

where  the  summation  extends  from  k  =  l  to  fc=n.  Siucep  and  q  are  now  arbitrary 
quantities  we  may  pnt  }^=p^+dp°.  We  therefore  have  to  the  flrat  order  of  small 
quantities  dp'SmX^  =  6„  {X^^,  dX,,  -  X^dX^^) . 

This  eqaation  may  be  written  in  the  form 

SmX?=^{b„iX^^,-X,)+^X„}  -X,-^,[b^(X^,-  X„)  +  >.X„}. 

But  the  quantity  in  brackeSe  ia  the  left-hand  side  of  the  equation  ^(jj)  =  0  arrived 
at  in  Art.  426  as  the  equation  to  find  ailthe  possible  values  of  p  when  the  eonditions 
of  constraint  at  both  extremities  are  taken  account  of.    We  therefore  infer  that 

r„Si£!. 

It  immediately  follows  from  this  equation  that  no  value  of  p  can  make  both 
^(p)  =  Oand  }//'(p)-0.     The  eqimtioa  ^()>)=0  cannot  therefore  have  equal  roots. 

441.  Ex.  1.  If  n  particles  of  any  masses  at  any  intervals  are  arranged  in  a 
straight  raw,  aa  already  eiplained,  and  oscillate  tranaversely  with  the  motion  indi- 
cated by  any  one  value  of  the  parameter  p,  prove  that  the  straight  line  joining 
any  two  particles  cuts  the  axis  of  the  row  in  a  point  which  is  Bsed  throughout  the 
motion,    [This  follows  at  onee  from  Art.  425.] 

Ex.  2.     If  y,,  =  X^Biapt  represent  the  principal  oscillation  corresponding  to  the 
value  p,  prove  that        j>':£iiai,X^  =  Sa^ AV  +  Zby  {X^^.i  -  X^f  +  \X-^  +  liX,^. 
The  two  first  S'a  imply  summation  esteoding  from  fi  =  l  to  k  =  n    and  the  third 
from  t=l  to  k=n-l. 

Ex.  3.  If  a^,  bf.  and  mt  are  all  positive  and  'jr/j  a  the  longest  period  of  a 
principal  oacillation,  prove  that  p*  is  leas  than  the  ^leiteat  value  of  (  j,  +  6i  +  6jr_])/™t 
and  greater  than  the  least  value  of  [ij;./t%. 

If  ivf])  is  the  shortest  period  of  a  principal  oaoiUation  proye  that  p^  is  greater 
than  the  leaat  value  of  (aj,  +  6j  +  6i,_,)/«st,  and  less  than  the  gieateat  value  of 
(ttj;  +  26jj  +  36jj_j}/wit.    In  this  example  &„  and  b^-,  aie  taken  to  lepreacat  respectively 

Ex.  4.  If  the  functions  a^,  b^  and  X,  w  have  one  and  the  aame  aign  or  are  aero, 
show  that  no  value  of  p  oan  be  zero. 

Ex.  5.  Let  i/j-sX^ainyf,  yj;  —  i\&\aqt  represent  two  principal  oscillatory 
motions  such  that  q  is  greater  than  p.  If  a  range  of  values  be  taken,  say  X^..,X^, 
which  are  all  of  one  sign  and  such  that  A'j,  is  at  a  loop  and  that  a  node  lies  between 
X„_i  and  A„,  prove  that  either  a  node  or  a  loop  liea  within  the  range  r„„i,..rt. 

Thence  show  that  either  a  node  or  a  loop  of  the  shorter-timed  oscillation  must 
lie  within  (or  at  the  bonndariea  of)  the  space  joining  any  node  to  any  loop  of  the 
longer-timed  oscillation. 

Ex.  6.  In  theequationf  ^j  +  Q^-l-Ji^=pSi/,  where  P,  Q,  R.  S  are  given 
functions  of  s.  Jet  y  —  X  and  ^  =  1^  be  two  solutions  correaponding  to  different 
values  of  p,  and  let  fi  be  the  integrating  factor  of  the  first  two  terras  on  the  left- 
hand  aide.  Prove  that  J;iS.Yrd.i=0  for  any  limits  between  which  X,  Y  and  their 
differential  eoefficienta  are  finite,  provided  that  ftt  each  limit  either 


P^O 
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E%,  T.  Let  ndditioDal  Gxtemal  farces  be  applied  to  the  system  {Ait.  432}  so 
that  Ojt  ia  ollanged  to  a/.'  where  aj,'-  n^  is  poeitive  between  the  limits  k  =  l  and  k^n, 
then  it  nij  is  also  positive  prove  that  every  value  of  p^  ia  increased.  On  the  other 
hand,  if  the  inertia  is  inoreasecl  so  tlmt  nt^  bc^^omes  m^',  then,  if  both  m^'  -  iii),  and 
Wj,  are  positive  between  the  limits,  prove  that  all  the  values  of  jj^  are  deereasetl. 

These  results  follow  from  Art.  76  and  Art.  77,  Ex.  I.  They  may  also  be 
deduced  from  the  lemma. 

Ex.  8.    Let  the  equation  of  motion  ot  a  dynamical  system  be 
d  /.   dy\ 
""''     <te\   "dxj     '      ^^^ 
where  the  values  ofj;^  are  deduced  from  the  conditions  at  a:  =  0  and  x  =  L  given  iu 
Art.  427.    Let  some  change  be  made  in  the  system  so  that  a^  is  altered  to  a^,  where 
a^'-ax  is  positive  for  all  valuea  of  a:  between  the  limits.     Then,  if  m^  be  also 
positive  between  the  limits,  prove  that  the  values  of  p^  are  T 


The  differential  equation  of  the  sseond  order  mentioned  in  Art.  427  if 
by  C.  Sturm  in  the  first  volume  of  LimwUU'a  JouriwL  He  there  establishes  the 
theorems  given  in  Art.  433  which,  we  have  called  after  his  name.  An  extension  of 
these  to  equations  of  finite  difFerences  will  be  found  in  a  paper  by  the  author  in 
the  eleventh  volume  of  the  Proceedings  of  the  Mathematieul  Society,  1880.  The 
theorems  on  a  network  of  particles  are  taken  fiom  a  papei  by  the  author  in  the 
fifteenth  volume  of  the  same  Froceedingi,  1894. 
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CHAPTER   X. 

APPLICATIONS  0¥  THE  CALCULUS  OF  VARIATIONS. 

Pri'nciples  of  Least  Action  and   Vaiyinff  Action. 

442.  Two  fandamental  equations.  Let  q^,  Qa,  q,,  &c.  be 
the  coordinates  of  a  system  of  bodies,  and  let  q  stand  for  any  one 
of  these.  Let  2T  be  the  vis  viva  of  the  whole  system  and  tf  the 
force-function,  and  let  L=T+U.  Then  L  is  the  Lagrangian 
function,  or  kinetic  potential.  As  before  let  accents  denote  dif- 
ferential coefficients  with  regard  to  the  time. 


Let  us  imagine  the  system  to  be  moving  in  some  i 
which  we  will  call  the  actual  motion  or  course.  Then  q„  q^, 
&c.  are  functions  of  t,  and  it  is  generally  our  object  to  find  the 
forms  of  these  functions.  Let  us  suppose  the  system  to  move  in 
some  slightly  different  manner,  i.e.  let  5,,  q^,  &c  be  functions  of 
t  slightly  different  from  their  actual  forms.  Let  us  call  the  motion 
thus  represented  a  neighbouring  motion  or  course.  We  may  pass, 
in  our  minds,  from  the  actual  motion  to  any  neighbouring  motion 
by  the  process  called  variatiwi  in  the  calculus  of  that  name.  By 
the  fundamental  theorem  in  that  calculus 

'/;;"-m;:*/'ki-?.s)<"-'''"**[='S»-'''="1' 

where  the  letter  2  implies  summation  for  all  the  coordinates 
ji,  §5,  &c,  and  it  is  implied  by  the  square  brackets  that  the  terms 
outside  the  integral  sign  are  to  be  taken  between  limits. 

The  coordinates  being  independent  of  each  other,  each  separate 
term  under  the  integral  sign  vanishes  by  Lagrange's  equations,  and 
we  have  therefore 


where  H  is  the  reciprocal  function  of  L,  as  explained  in  tlio  first 
volume  of  th"  ^-"^'^*^''^ 
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The  integral  i  Ldt  has  been  called  by  Sir  W.  R,  Hamilton 
the  principal  fimction,  and  is  usually  represented  by  the  letter  S. 

If  the  geometrical  equations  do  not  contain  the  time  explicitly, 
T  will  be  a  quadratic  homogeneous  function  of  the  velocities ; 
we  have  therefore  S(rf2'/rfj') 5' =22'.  In  this  case  £"=  T- F.  The 
equation  of  via  viva  will  now  hold,  and  therefore  T—  U  =-h,  where 
h  is  a  constant  which  represents  the  energy  of  the  system.  The 
Hamiltonian  equation  just  proved  now  takes  the  simpler  form 

t8=h  I''  Ut  =  -h{tt^-U,)  +  \^^,h^\ 

443.  Other  functions  may  be  used  instead  of  S.     Let  us  put 

V=S+[Hffl,  .:  8V^BS  +  [BBt  +  tBH]l. 

The  function  f"  is  called  the  characteristic  function.     Phil.  Trans. 
1834. 

444.  If  the  geometrical  equations  do  not  contain  the  time 
explicitly,  we  have  H=h,  where  A  is  a  constant  which  may  be 
used  to  represent  the  whole  energy  of  the  system.     In  this  case 

V=S  +  h{t,-t„)=\*\T-vU)dt  +  \^\T-ir}dt, 


The  function  V  therefore  expresses  the  whole  accumulation  of  the 
vis  viva,  i,e.  the  action  of  the  system  in  passing  from  its  position 
at  the  time  t^  to  its  position  at  the  time  *,. 

For  the  sake  of  simplicity  it  will  be  generally  assumed  in  this 
section  that  the  geometrical  equations  do  not  contain  the  time 
explicitly. 

446.  Id  tlie  pi:oof  of  these  theorems  we  have  eupposed  that  aJl  the  forces  are 
coneei'vatiye.  If  in  addition  to  the  impressed  toroea  ttiere  ace  any  reaotions,  anch 
as  rolling  friction,  which  cannat  be  taken  account  of  by  rediioing  the  numljcr  of 
independent  coordinatea,  we  must  use  Lagraage'e  equation  in  tlie  form 

Jtdq'      d^~    ' 
where,  ae  explained  in  Vol.  i.,  FSq^  is  the  virtual  moment  of  these  reactions  coiTe- 
sponding  to  a  displacement  Sq.    In  this  case  the  quantity  under  the  integral  sign 
will  not  vaniah  unless  the  variations  are  such  that 

Kow,  g  being  the  value  of  anj  coordinate  in  the  actual  motion  at  the  time  (, 
(j  +  ^a  is  its  value  in  a  neighbouring  motion  at  the  time  t-\-St.  But  {q'  +  iq')St  (i.e. 
in  the  limit  q'St)  is  the  change  at  q  +  Sq  during  the  time  St,  hence  q  +  Sq-  q'St  is  the 
value  ol  the  coordinate  in  the  neijibouring  motion  at  the  time  (.     The  neighbonring 
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motions  must  theiefnre  be  such  tliat  the  ^uf  al  m  n  nt  ot  the  teao  on  eorre 
'.pjniiing  to  a  displacement  of  the  sjBtem  tiom  aaj  pos  t  on  n  the  a^t  al  m  t  o 
into  its  position  in  a  neighbouring  motion  at  the  san  e  t  ne  s  zee  W  th  th  a 
restriotion  on  the  \anations  the  tiio  equations  wl  ch  eip  ess  the  vai  at  ona  of 
S  and  I  will  atill  he  tiae 

440.  AnsUier  Froof.  T\  e  raaj  also  ettabh  h  these  the  rems  w  fhout  the  use 
of  Lagrange's  equations.  Let  x,  y,  s  he  the  Cartes  an  ooord  nates  of  any  part  ole 
and  let  m  be  the  mass  of  this  particle.  Let  17  be  s  ha  funot  on  that  dTjjdv 
dUjdytdUlds  ace  the  components  of  the  impieasel  fo  ees  on  th  jart  cle  nthe 
directions  of  the  axes.  We  may  write  nil,  ml'  Z  as  sual  fo  th  s  eomjo  ents 
Than  L  =  T+U^iZm{x'^  +  yU     ]  i-U 

By  the  fundamental  theorem  in  the  Calculus  of  Yai  at  ons      e  hav 

•/::"'-C"']:/[^i'"-""i>j;;<s-JS)<'"'«* 

where  the  variations  Sx,  &c.  are  connected  together  by  the  geometrical  relations  of 
the  system.  If  we  substitute  for  L  and  remember  that  T  is  a  homogeneona  quad- 
ratic function  of  x',  y',  s',  this  becomes 

S  ff  Ldt=[{U-T)  Bt-l-Zmic'SxYf  +  P^J.m(X-^-')(Sx^x'St)dt. 

Now  5x-x'St  is  the  projeetion  on  the  axis  of  x  of  a  displacement  of  the  particle 
m  from  its  position  in  the  actual  motion  at  the  time  ( to  its  position  in  a  neigh- 
bouring motion  at  the  tame  time.  Art.  415.  Hence  the  pa^t  under  the  integral  sign 
Tauishes  by  the  principle  of  virtual  velocities. 

The  term  "Zmx'ix  is  clearly  the  virtual  moment  of  the  momenta.  If  the  co- 
ordinatea  be  expressed  aa  funotiona  of  any  independent  quantities  gi,  g^,  &o.,  it  has 
been  proved  in  the  first  volume  that  this  is  equal  to  'HdTjdq')Sq.  Putting 
T-  V=H  we  have  as  before 

3  f^'Ldt^  [  -  list  +  2  (dTldq')  S5]  J= . 

447.  Principle  of  Least  Action.  Let  us  call  the  positions 
of  the  systems  at  the  times  („  and  f,  the  initial  and  terminal  posi- 
tions. Let  us  suppose  these  faced  so  thai  the  actual  motion  a/nd  all 
its  neighbouring  fiwtions  are  to  have  the  same  initial  and  terminal 
positions.  In  this  case  Bq  vanishes  at  each  limit,  and  the  two 
fundamental  equations  giving  the  values  of  BS  and  BV  take  the 
simpler  forms 

SS  =  S  f' Ldt  =  ~h (St, - St„l        S F=  2S  i  '  Tdt  =  (t, - *„) S/t, 

where  it  has  been  supposed  that  the  geometrical  equations  do  not 
contain  the  time  explicitly. 

If  tlie  time  of  transit  of  the  system  from  its  initial  to  its  terminal 
position  is  also  given,  we  have  Bti  =  Sto,  and  therefore 

8  f'  Ldt  =  0. 

J  fa 

If  the  constant  k  is  given,  or  which  is  the  same  thing,  if  the 
energy  of  the  system  is  given,  we  have  Bh  =  0,  and  therefore 
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448.  Since  SF=0,  it  follows  that  for  the  actual  motion  Fisa 
maximum  or  minimum,  or  at  least  that  the  change  it  undergoes  in 
passing  to  any  neighbouring  motion  is  of  the  second  order  of  small 
quantities.  It  cannot  be  a  maximum,  since  by  causing  the  bodies  to 
fcike  circuitous  paths  we  may  make  F  as  large  as  we  please.  Again, 
since  the  via  viva  cannot  be  negative,  there  must  be  some  mode 
of  motion  from  one  given  position  to  another  for  which  the  action 
is  the  least  possible.  When  therefore  the  equations  supplied  by 
the  calculus  of  variations  lead  to  but  one  possible  motion,  that 
motion  must  make  Y  a  minimum.  But  when  there  are  several 
possible  modes  of  motion,  though  none  can  be  a  maximum,  some 
may  be  neither  maxima  nor  minima.  With  this  understanding 
we  may  infer  the  two  following  theorems. 

449.  Let  any  two  positions  of  a  dynamical  system  he  given, 
the  actual  motion  is  such  that  jTdt  is  less  than  if  the  system 
were  constrained,  without  violating  any  geometrical  conditions,  to 
move  in  some  other  manner  from  the  one  position  to  the  other 
■with  the  sams  energy;  these  further  m^Uons  being  such  that, 
throughout,  T  is  the  sairte  function  of  the  coordinates  amd  their 
differential  coefficients.  This  particular  inference  from  the  general 
equations  in  Art.  447  is  usually  called  the  Principle  of  Least 
Action. 

In  the  same  way,  if  the  system  move  in  the  varied  course  not 
with  the  same  energy,  hut  in  the  same  time,  from  the  one  given 
position  to  the  other,  then  JLdt  is  a  minimum. 

Maupertuis  oonoeiTed  tbat  he  could  eatabliBli  a  priori  by  theological  argumenta 
that  all  mechanical  ohajiges  must  take  place  ia  the  world  bo  as  to  oooasioc  tte  least 
possible  quantity  of  action.  Ia  asaerting  this  it  was  proposed  to  measure  the  action 
by  the  product  of  the  velocity  and  space ;  and  this  measure  being  adopted,  mathe- 
maticians, though  they  did  not  generaUy  assent  to  Maupertuis'  reasonings,  found 
that  his  principle  expressed  a  remarkable  and  useful  truth,  whioh  might  be  esta- 
blished on  known  meehanioal  grounds.  Whewell's  History  of  the  Inductive  Sciences, 
Vol.  II.  p.  119. 

Euler,  at  the  end  of  his  Traite  des  leopiritn^tTes,  1744,  established  the  tiuth  of 
the  principle  for  isolated  particles  describing  orbits  about  centres  of  force.  This  was 
afterwards  extended  by  Lagrange  to  the  motion  of  any  system  of  bodies  acting  in 
any  manner  on  each  other.  In  deducing  conversely  the  equations  of  motion  from 
the  principle  of  Least  Action,  Lagrange  seems  to  have  fallen  into  some  errors  whioh 
were  pointed  ont  by  Ostrogradsky  in  his  M^taoire  sur  Us  equations  difirentielUs 
relatives  aw  probUsie  des  Isopgrivietres  published  in  the  Memoirs  of  the  Academy  of 
Sciences  at  St  Petersbnrgh  in  1850. 

JoO.  The  modiflad  Lagcangian  function.  If  some  of  the  coordinates  appear 
in  the  Lagrangian  function  L  only  through  then  velocities  (i.e.  their  differential 
coeffioients  with  regard  to  t)  their  corresponding  momenta  are  constant  throughout 
the  motion.  As  explained  in  Vol,  r.  Art.  423,  it  is  then  sometimes  oonvenient  to 
eliminate  these  velocities  by  modifying  the  Lagiangian  function  and  using  it  thus 
changed  in  the  ordinary  Lagrangian  equations  Suppose  that  some  of  tie  coordi- 
nates, say  3j,  (j2 .  fSo.,  are  absent  from  the  expression  foi  L,  though  q-,',  q^',  &o.  are 
present,  while  no  such  restriction  is  placed  on  the  remaining  ooordinates,  say 
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f]',  (,',  &c.  Let  Pi.  pj.  Ac.  be  the  momenta  with  regard  to  ^j.  q^.  <tc.  i.e.  let 
p^dTldq'.  Followide  the  rule  given  in  Vol.  i.,  we  write  L,  =  L-Zpq',  where  Z 
implies  BuminatioD  for  the  cooidinBtee  g,.  9,,  &a.,  then  L,  is  the  modiGed  L.  It  is 
erideat  tbat  the  theoreice   SjL,(ii  =  0,  5jTidt  =  0  oancot  hold,   unless   we   show 

It,  M  supposed  above,  any  momentum  p  is  constant  throughout  the  motion,  we 
have  Sjpq'dt=pSjii'dt=p  {Sq^-  Sqi,), 

proTided  that  the  variationa  are  limited  to  those  in  which  p  reUius  its  constant 
nine.  Since  the  initial  aud  final  positions  are  sappoaed  to  be  fiied  in  the  principle 
ot  Ie»Bt  action,  it  follows  that  t^pq'dt  =  0.  We  therefore  infer  that  jL^dt  and  jTjdt 
retain  the  max-min  property  under  the  same  conditions  as  before  provided  the  varia- 
tions are  restricted  to  be  inch  at  do  not  disturb  the  comlaney  of  llie  momenta.  This 
theorem  is  given  by  Larmor,  Proc.  Math.  Soc.  1884. 

451.     Motion  deduced  from  the  Calculus  of  Variations. 

By  making  the  first  variation  of  either  V  or  S  equal  to  zero  (under 
the  given  conditions)  according  to  the  rules  of  the  Calculus  of 
Variations,  we  may  conversely  find  the  coordinates  q„  q.^,  &e. 
aa  functions  of  t.  Amongst  these  functions  of  the  time  we  shall 
certainly  find  the  motions  given  by  Lagrange's  equations,  because 
we  have  just  proved  that  these  make  the  lirst  variations  equal  to 
zero.  But  it  is  possible  that  there  may  exist  other  courses  or 
modes  of  conduciing  the  system  from  the  initial  to  the  terminal 
position  which  (though  contrary  to  mechanical  laws)  may  make 
t'^  or  jS  a  minimum.  It  is  easy  to  see  that  some  other  courses 
mast  exist,  for  the  two  positions  may  be  so  placed  that  it  is 
impossible  to  project  the  system  from  the  initial  position  with  a 
given  enei'gy  so  as  to  pass  through  the  terminal  position.  Thus 
suppose  it  is  required  to  project  a  particle  under  the  action  of 
gi^vity  from  an  initial  position  with  a  given  velocity  so  as  to  pass 
through  a  position  B  on  the  horizootalune  through  A,  but  beyond 
the  maximum  range.  We  know  that  this  cannot  be  done  with 
real  conditions  of  projection  in  a  real  time.  Yet  some  course  of 
minimum  action  from  A  to  B  must  exist.  We  shall  now  show, 
(1)  that  the  ordinary  processes  of  the  Calculus  of  Variations, 
which  are  founded  on  the  supposition  that  the  variations  of  the 
independent  coordinates  may  have  any  sign,  lead  only  to  La- 
pange's  equations;  (2)  that  there  are  certain  other  modes  of 
motion  which  are  so  situated  that  the  coordinates  (along  some 
part  at  least  of  the  coui^e)  cannot  be  made  to  vary  on  one  side 
^thout  introducing  imaginary  quantities,  and  that  when  these 
impossible  variations  are  omitted  such  courses  may  give  a  maxi- 
mum or  minimum. 

W3.  ContlnBotu  Motlona.  Beginning  with  the  Sist  of  these  two  proposi- 
^ta,  let  us  make  iS  and  dV  equal  to  zero  according  to  the  rules  of  the  Calculus  of 
^Wiations. 

We  begin  with  8/Lrfr  =  0.    Since  the  time  of  transit  is  gi 
**  VMy  the  time.     Putting  lt  =  Q,  aud  also  every  Sq  =  0.  a 

],,       \d:l        dtdq'J     ^ 
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for  all  varifltiona.  Since  the  ii}'s  are  sU  arbitrary  and  independent,  it  tollowi  thjt 
eai^li  coefHcient  under  the  integral  algn  must  vanish  separately.  In  this  msaiin  *• 
are  led  directly  to  Lagrange's  equations  of  motion. 

453.  If  the  action  is  to  be  amimiitutn,  some  further  considerations  are  neoosaai, 
because  the  condition  that  the  energy  T^U  should  be  constant  may  act  nt  a  ijnij 
(0  tke  varialioiu  ahicli  eim  be  given  to  tlie  coordinates.  Let  h  be  this  oonetant,  then 
following  Lagrange's  rule  in  the  Calculus  of  Variations  we  put 

TP'=r  +  \(r-  U-h).  and  make  ijjrrf(  =  0, 
without  regard  to  the  given  condition.  Afterwards  we  choose  the  arbitrary  qoantjty 
\  so  that  the  given  oondilion  is  satisfied.  Then,  SjWdt  beiiig  zero  for  all  variationj 
of  the  coordinates,  it  immeJiatelj  follows  that  ijTiit  is  also  zero  for  all  variatioog 
which  do  not  violate  the  given  coj.dition.  With  the  same  notation  as  before  w« 
have,  Art.  i42, 

jj.ra=[»aj+2|(e^-i-|i;)(i,-,-!i)«+[s^'(.,-,w].o, 

where  the  integrals  and  the  quantities  in  square  brackets  are  to  be  taken  betv««Q 
the  given  limits,  which  are  omitted  for  the  sake  of  brevity. 

First,  let  us  consider  the  part  outside  the  integral  sign.     The  initial  and  final 
positions  being  given,  each  ^3  =  0.     We  therefore  have 
\W-ZidWldq-jq']6t  =  li. 

This  equation  is  satisfied  by  31  =  0,  but  since  the  time  of  transit  is  not  to  be  the 
same  in  the  actual  and  varied  motions  this  factor  is  to  be  rejected.  Also  T  ia  ^ 
homogeneous  quadratic  function  of  the  i7"s,  hence  S(dr/tfj')g'=3r.  Substituting 
for  IF  and  using  this  equation  we  Bnd  {i  +  \)T  +  \{U+li)  =  0.  But  X  is  such  that 
T-U=h.     Hence  X=  -J  and  \V=T+U  +  h. 

Next  consider  the  part  under  the  integral  sign.  Since  the  q'%  are  all  arbitniy 
the  ooeGIcient  of  each  Sq  is  zero  and  these  at  once  give  Lagrange'a  equations. 

453  a.  Since  T  =  fZ  +  Zi,  we  have  also  iJ'(U  +  /0'"  =  O  with  the  same  eonditioaa. 
It  we  treat  this  in  the  same  way  by  putting  W=U-vh  +  \{T-U-h)  we  find  \=^ 
and  W  takes  the  same  form  as  before. 

454.  Ex.  If  we  add  to  the  conditions  used  in  the  principle  of  Least  Action  the 
condition  that  the  time  of  transit  as  well  as  the  energy  is  to  be  the  same  in  all  the 
varied  motions,  show  that  the  minimum  does  not  in  general  lead  to  Lagrange's 
equations.  Following  the  same  notation  as  in  the  last  article,  show  that  the  mini- 
muni  for  a  given  time  (not  necessarily  equal  to  the  time  of  free  transit),  leads  to 
X=  -\  +  AIT,  where  ^  is  a  constant  to  he  so  chosen  that  the  energy  has  its  given 
value.  Show  also  that  when  the  time  of  transit  is  given  so  that  A  =0,  the  mioiinum 
thus  found  is  the  least. 


.■  Motloit*.  Turning  now  to  the  second  proposition  mta- 
tioned  in  Art.  451,  let  us  investigate  if  there  can  be  any  other  modes  of  motion, 
besides  those  just  found,  which  make  the  first  variation  of  the  action  eqnal  to  zkd. 
In  obtaining  these  equations  it  is  assumed  that  ail  the  ^;'b  are  independent;  bnt,  if 
the  conditions  of  the  question  imply  any  boundary,  this  may  not  be  true  for  any 
actual  motion  which  takes  the  system  in  the  immediate  neighbourhood  of  that 
boundary.  Thus,  in  our  case,  since  T  cannot  be  negative,  all  positions  ol  the 
system  outside  the  boundary  U+  h^O  are  excluded.  In  the  immediate  neighbour- 
hood  of  this  boundaiy  the  variations  of  the  coordinates  may  not  he  ausoeptible  of 
all  signs.    It  follows  that  a  motion  along  the  boundary  may  be  a  course  of  mini- 
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mam  action,   though  not   given  by  the  oi-diiiary  eiittatione  of  the  Caleulus  of 

It  is  evident  that  we  cannot  make  the  system  travel  along  the  boundary  whose 
equation  is  U+h  =  0,  becaase  this  requires  aU  the  velocities  to  be  aero.  Bnt  the 
system  may  travel  as  near  as  we  please  to  this  boundary  with  a  total  "  action  "  as 
small  as  we  please.  The  following  disoontinuous  motion  may  therefore  be  a  course 
f  m  n  m  im  action.  Firat  project  the  system  from  its  given  initial  position  A 
tl  n  h  1  cities  and  directions  of  motion,  but  with  the  given  enei^,  that  every 
pait  1  may  come  simnltaneously  to  rest.  Aesuming  the  ei^uations  to  give  real 
onditi  DB  t  projection,  the  system,  when  it  comes  to  rest,  is  situated  on  the 
b  nd  y  Let  this  position  be  called  B.  Neit  move  the  system  close  to  the 
bo  nda  nt  1  it  reaches  such  a  position  C  that,  on  being  set  free  without  velocity, 
t  pasBc  tl  agh  the  given  terminal  position  D  under  the  action  of  the  foroes 
1  nt  1  by  U.  The  motions  from  ^  to  B  and  C  to  C  are  courses  of  rainiraum 
a  t    n   wh  1   the  action  fiom  B  to  C  may  be  made  as  small  as  we  please  *. 

i5C  We  may  show  that  the  action  along  this  discontinuous  course  is  really  a 
n  mum  To  prove  this,  let  us  consider  any  neighbouring  motion  beginning  at  A 
an  1  end  g  nt  D.  Let  B',  C  be  any  positions  of  the  system  on  the  neighbouring 
c  u       n        B  and  C  respectively..   Since  6/1=0,  the  a^ition  (Art.  443)  along  AB' 

eed  that  along  jIB  by  SV=  [s,{dTjdq')SqY'-  This  vanishes  at  the  lower  limit, 
since  both  courses  begin  at  A.  Since  T  is  a  quadratic  function  o£  the  velooities, 
dTldq'  contains  a  velocity  in  eveiy  term  and  all  these  velocities  vanish  in  the  posi- 
tion B,  i.e.  at  the  npper  limit.  We  therefore  have  3F=0.  We  infer  that  the 
difference  of  the  actions  along  AB  and  AB'  is  of  the  order  of  the  quantities  neglected 
in  investigating  this  expression  for  iV.  Thus  the  difference  of  those  two  actions  is 
of  the  order  of  the  squares  and  products  of  tq  anci  Sq'. 

Nest  let  M'  be  any  position  on  the  neighbouring  motion  B'G',  so  that  the  change 
of  place  S'M'  is  finite.  The  veloeities  in  every  position  of  tlie  system  between  B' 
and  M'  are  of  the  order  Sq',  and  hence  the  semi  vis  viva  T  is  of  the  order  {Sq')K 
But  the  time  of  transit  from  B'  to  M'  varies  inversely  as  the  mean  velooity,  hence 
jTdt,  i.e.  the  action  from  B'  to  JIT,  is  of  the  firet  order  of  small  quantities,  via.  Sq'. 
This  action  is  essentially  positive,  and  wo  have  just  proved  that  it  is  infinitely 
greater  than  the  difference  of  actions  along  AB  and  AB'.  Hence  the  action  along 
AM'  is  greater  than  that  along  AB. 

In  the  same  way  if  N'  be  a  position  of  the  system  properly  chosen  on  the  neigh- 

b   irmg         se  C  si    w  th  t  th       t         !        AD      gieater  than 

that    1     g  Cr      Th        t         1     sMN         I      gr    tei  th      tl    t    1     g  BC.     It 

fllwthf       tht        Ig       th       pt  pcebt  th    positions  B 

d      IS  h    t     th        t         1     g  ABCD       1  sa  thai   tl    t    1     g       j        ghhouring 

47E       If  thpeplfltt  thm  plained  in 

A  t   453  t    lly      m        tl  t     t  th  t         f  th        ordinatee. 


i    1     It  1     gth       ur     BC 


f  J  Wdt 
i    1     gth    < 


*  Exceptional  eases,  similar  to  these,  occu        th   th      y   tmsj. 
in  the  differential  calculus.    When  the  iud  j      1     t  11 

unlimited  increase,  but  is  hounded  in  one  u    b  th  d   ec  t 

boundary  sometimes  corresponds  to  a  mas-m  1        f  tl     d  pe  c 

though  this  is  not  found  by  making  the  diff        t    I        ffi       t    q     1 
De  Morgan,  Dif.  Cale.,  page  460,  and  Todhu  t      Jt  )       t      ki 
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458,  Is  the  Action  an  actual  minimum  ?  To  determine 
whether  an  integral  is  s.  maximum  or  a  minimum  or  neither, 
we  must  examine  if  the  sum  of  the  terms  of  the  second  order  in 
the  variation  of  the  integral  keeps  one  sign  or  not  for  ali  variations 
of  the  independent  variables.  This  is  a  veiy  troublesome  process, 
but  it  is  unnecessary  to  discuss  it  here.  It  will  be  sufficient  to 
remind  the  reader  of  some  remarks  of  Jacobi,  given  in  the  seven- 
teenth volume  of  Crelle's  Journal,  1837,  and  translated  in 
Todhunter's  History  of  the  Calculus  of  Variations,  page  250. 

Suppose  a  dynamical  system  to  start  from  any  given  position 
which  we  shall  call  j4,  and  to  arrive  at  some  position  JJ.  If  the 
time  be  given,  the  motion  is  found  by  making  h^Ldt  =  0 ;  if  the 
energy  be  given,  by  making  Z^Tdt  =  0.  The  constants  ■which 
occur  in  integrating  the  differential  equations  supplied  by  the 
calculus  of  variations  are  to  be  determined  by  means  of  the 
given  limiting  values;  but  as  this  involves  the  solution  of  equa- 
tions there  will  in  general  be  several  systems  of  values  for  the 
arbitrary  constants,  so  that  several  possible  modes  of  motion  from 
A  io  B  may  be  found  which  satisfy  the  same  differential  equation 
and  the  same  limiting  conditions.  Let  us  suppose  that  when  B 
and  A  are  near  each  other  there  is  but  one  mode  of  motion  from 
A  to  B,  then  by  Art.  ilS  that  mode  makes  ^Tdt  a  minimum. 
Now  let  the  position  B  recede  from  A  so  as  always  to  be  on  this 
one  mode  of  motion.  Suppose  that  when  B  reaches  the  position 
C  another  possible  mode  of  motion  from  A  to  B  is  indefinitely  near 
to  the  former  motion.  We  deduce  from  Jacobi's  criterion  that  G 
determines  the  boundary  up  to  which  or  beyond  which  the  inte- 
gration must  not  extend  if  the  integral  is  to  be  a  minimum. 

Jacobi  illustrates  his  rule  by  considering  the  principle  of  least 
action  in  the  elliptic  motion  of  a  planet.  Let  S  be  the  sun,  and 
let  the  particle  start  from  A  towards  aphelion  to  arrive  at  a  point 
B.  The  path  is  known  to  be  an  ellipse  with  B  for  focus.  Since 
we  use  the  principle  of  least  action,  the  energy  of  the  motion  is 
given  :  hence  the  major  axis  of  the  ellipse  is  known,  let  this  be  2a. 
The  other  focus  H  of  the  ellipse  is  the  intersection  of  two  circles 
described  with  centres  A  and  B  and  radii  2a  — iS.d,  2a— jSB  re- 
spectively. The  two  intersections  give  two  solutions  which  only 
coincide  when  the  circles  touch,  that  is,  when  the  line  AB  passes 
through  the  focus  H.  Thus,  if  we  draw  a  chord  AC  through  H 
to  cut  the  ellipse  described  by  the  particle  in  G,  the  terminal 
position  B  must  fall  between  A  and  G  if  the  integral  which  occurs 
in  the  principle  of  least  action  is  really  to  be  a  minimum  for  this 
ellipse.  If  B  coincide  with  C,  the  second  variation  cannot  become 
negative,  but  it  can  become  zero,  so  that  the  variation  of  the 
integral  is  then  of  the  third  order,  and  may  therefore  be  either 
positive  or  negative.  If  B  be  beyond  C,  the  second  variation  itself 
can  become  negative. 
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If  the  particle  start  from  A  towards  perihelion,  then  the  ex- 
treme point  G  is  determined  by  drawing  a  chord  AG  tbrough  the 
focus  S  to  cut  the  ellipse  in  C.  For  if  A  and  G  are  the  limits  we 
can  obtain  an  infinite  number  of  solutions  by  the  revolution  of 
the  ellipse  round  AG.  If  in  the  last  case  the  second  limit  B  fall 
beyond  0,  Jacobi  considered  that  there  must  be  a  curve  of  double 
curvature  between  the  two  given  points  for  which  the  action  is 
less  than  it  is  for  the  ellipse.  But  this  supposition  is  unnecessary, 
for  the  discontinuous  course  spoken  of  in  Art.  456  supplies  the 
minimum  for  this  case. 

To  construct  tbe  ellipee  of  least  action  from  A  to  B,  Jacob!  directs  ns  to  cou- 
stroot  two  circles  whose  centres  are  A  and  B.  These  intersect  in  the  other  focus  if, 
and  therefore  give  the  elliptic  paths.  To  determine  vihiak  is  the  path  of  least  aetiaii, 
we  notice  that  the  two  interseotioni  Jie  ou  opposite  sides  of  JB.  Hence  of  the  two 
elliptic  paths  from  A  toB,  one  has  both  the  foci  S.  H  on  the  same  side  ot  AB  and 
the  other  taa  the  foci  on  opposite  sides.  It  is  evident  that  in  the  latter  ellipse  the 
point  B  is  beyond  the  point  C  which  corresponds  to  that  ellipse,  and  therefore  that 
path  ia  not  one  of  minimum  action.     The  former  is  therefore  the  ellipse  of  least 

456  a.    Examplea.    Bs.  1.    A  particle,  under  the  action  of  a  centre  of  force  at 

0  whose  attraction  yaries  as  the  distance,  is  projected  from  a  given  point  A  with  a 
given  velocity  in  such  a  direction  as  to  reach  another  given  point  B.  If  C  be  the 
first  point  on  the  elliptic  path  at  which  the  tangent  is  perpendicular  to  the  direction 
of  projection  at  A,  prove  that  the  "  action"  from  A  to  B  is  or  is  not  a  minimnm 
according  as  B  is  between  A  and  C  or  beyond  G. 

If  B  lie  within  a  certain  ellipse  having  its  centre  at  0  and  one  focus  at  A,  prove 
that  there  are  two  directions  in  which  the  particle  can  be  projected  from  A  to  reach 
B,  and  that  the  action  is  a  minimum  for  one  of  these  and  not  for  the  other.  If  B 
lie  outside  this  bounding  ellipse,  the  particle  cannot  reach  B.  If  OA  be  produced 
toDh       D  hthtth       Ityfpjt         tA        qual  t     h         id 

by      p    t   1      tart    g  f    m    est    t  D       dm        e  t     i       d      th        t  f  th 

t    If    oe  1  th  t  th    m  ]  f  tl    1        d         Up         eq     1 1    t         th 

d    ta  ce    J 

If  th    po    t  B  b   w  tl      t  th    b       d    g    11  p      th   p    t   1  h  B      Ij  t 

p    pe  ly         1    t  ci  th  t!       bj      m  f         t       t      Th  f  m 

t  be  f      d  bj  t      f  11     m  t      t  P    d        OA   OB  t  t  tl 

1     y         1      f  th     b        i    g     11  p  E       1  f     Th       Ci       a  p  tl        m 

d  fl    telj  to  AEFB 

T    p         th         es  It    1  t        fi  ci  tl     d       t         f  1     ]    li      f    m   1  tl    t  tl 

1  -t   1    m  J  p       th        hJ!      W        t       th  t    f    D  =  l     h        m    t  tl       q 

f       yt  mi       jgtdmt  k       B       t  AB         N       dlt   0^^ 

^A=^B=J     Ltti        q      dd      t        fpjt       fm<         OW  ided 

r     Th      1    m  th    eq    t        t    tl       Up  h  q     d    1      t    fi  d  Or 

h        g  tL  t  th       ai         g  It         11  pt      p  tl        hi  Id        b  1 

p         g  f    m  ^  to  a      Let  th    t     g    t      t    1        tl  t         t  JW  p  od      a 

T       d  r  11        fr  m  th     q     d    t      tl    t  CT    0[=;.        d  NT  AL-!) 

Thea    eq    t        d  t    m       T      d  L 

We  see  at  once  that  the  two  directions  of  pcojaetion  coincide  when  OT  =  h,  i.e. 
when  the  tangents  at  A  and  B,  viz.  AT  and  BT,  are  at  right  angles. 

Describe  two  circles  with  centres  O  and  N  and  radii  etiual  to  k  and  y  respectively. 
Describe  a  third  circle  ou  TU  as  diameter.     Since  OT  .OU=k\  this  third  circle 
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cuts  the  circle  with  centre  0  at  right  angles.  Similarly  it  cuts  the  circle  nith 
centre  N  at  tight  aaglea.  The  tangents  from  the  eeiitra  S  of  this  third  circle  are 
therefore  equals  The  centre  R  is  therefore  on  the  mdieal  axis  of  the  circles  whose 
centres  are  O  and  N.    This  gives  an  easy  geometrical  construction  to  find  T.aud  U. 

The  points  T  and  U  will  be  imaginary  unless  the  radical  asis  lie  giitaide  the 
ciceiea.  The  circles  muBt.  therefore  not  intersect.  Hence  ON  +  NA  must  be  less 
than  k.  Prodace  AO  to  A'  so  that  OA'^OA.  Then  we  see  that  AB  +  BA'  must  be 
less  than  2k.  Hence,  unless  B  lies  within  an  ellipse  whose  foci  are  A  and  A'  and 
major  axis  2k,  the  particle  cannot  be  projected  from  A  to  pass  through  B. 

Ex.  2.  A  particle  is  projected  from  a  given  point  A  under  the  action  of  gravity 
and  AC  is  a  fooal  ohord  of  the  parabola  described.  Piove  that  the  action  from  A 
to  B  is  not  a  minimum  nnless  B  lies  on  the  parabola  between  A  and  C.  If  B  lies 
beyond  C,  find  the  path  which  makes  the  action  a  minimum. 

The  first  result  follows  at  once  from  Jacobi's  example.  To  answer  both  these 
questions,  we  notice  that  there  are  two  diceotions  (if  any)  in  which  a  particle  may 
be  projected  from  one  given  point  A  to  pass  through  a  second  given  point  B.  These 
have  their  foci  S,  S'  one  above  and  the  other  below  the  ohord  AB,  bo  that  SiS"  and 
AB  bisect  each  other  at  right  angles.  These  paths  coincide  when  B  is  at  C,  and 
wherever  B  may  be  one  of  these  has  its  focus  below  AB.  This  parabola  is  the 
path  required. 

Es.  3.  A  particle,  projected  from  a  given  point  A  with  a  given  velocity,  describes 
a  circle  about  a  centre  of  force  on  the  oiroumference  whose  attraction  varies  in- 
versely.as  the  fifth  power  of  the  distance.  If  B  he  any  other  position  on  this  circle 
through  which  the  particle  will  pass  before  arriving  at  the  centre  of  force,  prove 
that  the  action  from  ^  to  B  is  a  minimum  according  to  Jacohi's  condition. 

458  b.  Cluuige  of  the  tndepsnclent  variable.  It  will  be  convenient  for  our 
present  purpose  to  choose  letters  which  have  no  sufKies  to  represent  the  coor- 
dinates.    Let  these  be  8,  i/i,  &c.     The  equation  of  energy  will  talie  the  form 

T=iA„0'^  +  Aj^6'<l>'+...  =  U+h  (1), 

where  h  is  the  whole  energy  of  the  motion. 

Let  us  now  write  dr—Pdt,  where  P  is  an  arbitrary  function  of  the  coordinates 
of  the  system.  For  the  sake  of  distinction  let  suffixes  applied  to  the  coordinates 
ff,  ip,  iSc,mean  differentiation  with  regard  tor,  justas accents  denote  differentiation 
with  regard  to  ( ;  then  e'=Fe-^,    ip'  =  F<t>i,  SiC. 

The  new  element  (It  may  be  defined  as  follows.  When  we  change  the  variable 
(  to  T  we  replace  the  ocilormly  going  clock  which  measures  (  hy  an  irregular  one 
such  that  each  element  dr  of  irregular  time  is  equal  to  Pdt  where  P  ie  a  function  of 
the  instantaneous  position  of  the  system. 

Let  l\  =  iA^J^^  +  AJ^eJ^|.,  +  &e.•,         .:   T  =  P^T^  (3), 

then  (1}  becomes  PT^^(U  +  k)jP  (3), 

It  haa  been  proved  in  Vol.  r.,  Oliap.  vil.,  that  we  may  take  as  a  new  Lagrangian 

function  L,  =  PT,  +  {U  +  h)IP    (4), 

where  k  is  to  be  regarded  as  a  given  constant  determined  by  the  equation  of  energy 
in  terms  of  the  initial  conditions.  By  substituting  this  value  of  L,  in  the 
Lagrangian  forms 

d^dff^'~~d9'         ri^iT^""^'*" *^^' 

we  obtain  eqnations  which  can  be  transformed  into  the  ordinary  dynamical  equations 
by  using  the  principle  of  energy. 

This  theorem  leads  at  once  Ic  a  corresponding   theorem  in  the  calculus  of 
"~'ie  fundamental  theorem  is  by  Art.  442 
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where  the  lumts  aie  ^  t  r;  Let  \\a  •-ubt.titute  foi  ij  tlis  value  given  by  (4),  we 
see  that  eaoh  o!  the  terms  ot  the  'Jummation  in'iide  the  mtegral  ifi  zero  by  equa- 
tions (5)  When  the  initial  and  hoaJ  positions  ate  given,  5S  and  5^  are  zero  at 
both  hmit-  ana  since  P./'i  is  a  homogeneous  tnnetion  of  B^,  ^,  *o.  we  liara 
'L8■^dI^\Ae■^  =  iPT-^  It  fdlowa  that  the  terms  in  the  mtegrated  portion  vanish  by 
the  eqoation  of  energy,  provided  A  la  constant.  W  e  theiefore  infer  that  Ji[(Jr  is  a 
max-min  on  (Tiese  siippositions. 

468  c.  "We  may  also  deduce  3/Xidr  =  0  from  the  integral  3S  (Art.  447|.  It  is 
there  proved  that  5j(r+[J-l-A)d(  =  0 

whethfr  the  time  of  transit  is  varied  or  not  provided  h  is  constant.  We  substitute 
for  T  and  dt  and  immediately  find 

sjLidT=aj{Pr,+((7+?()/P}dT=o (e|. 

It  follows  that  JijdT  is  a  ^ruut-miti  on  the  supposition  that  the  initial  and  final 
poiitions  are  given  and  that  h  is  a  constant. 

Conversely,  we  may  dedace  the  equations  of  dynamics  by  using  the  ordinary 
processes  of  the  calculus  of  variations  treating  the  coordinates  as  indepenrtent 
variables. 

If  we  introduce  into  the  variation  theorem  the  oonilition  that  all  the  variations, 
must  be  such  that  h  is  constant  by  puttmg  W-Li  +  \[PTi- (U  +  h)IL]  we  find  by 
prooeeding  as  in  Art.  453  that  X  =  0. 

Ex.  Let  2r=Af(Ji,e'"  +  2Jijfly  +  ,,.)aniJ  U  +  h  =  BIM,  where  B  aud^i,,.di2„ 
itc.  are  not  fnnctionB  of  9,  but  may  be  functions  of  the  coordinates  ^,  ij/,  &c.  and 
M  is  a  function  of  all  the  coordinates.  II  ft  is  the  whole  energy  provethat  one 
integral  of  tlie  Lagrangian  equations  is 

where  a  is  a  constant. 

To  prove  this  change  the  independent  variable  so  tliat  dr^dtlil,  the  factor  M 
then  disappears  from  the  equation,  and  the  result  is  obvious. 

43$  (i.  Blltniaatlsn  of  tlie  time  In  taei^anee's  eqnatlond*'.  To  efFect  this 
elimination  we  take  some  one  coordinate  0  as  the  independent  variable  and  regard 
the  others  ip,  ^,  &e.  as  unknown  functions  of  ff  whose  forms  are  to  be  determined  by 
the  altered  equations  of  motion.    As  before  we  let 

r  =  iJiifl'2  +  J,ifly  +  iJ23^'!'+^j30Y  +  &o (7), 

ri  =  Jij,+J,5^  +  Ji^*l=-|-i280ii^,  +  &O (8), 

where  accents  denote  di&eientiation  with  regard  to  the  time  and  sufSxes  nith  regai'd 
to  the  coordinate  S. 

dT^dT,  ^^^.„  m 

d^-      dfj     '  ,14>       d^  *  '■ 

Tlie  equation  of  energy  T-  U+  ft  gives 

rjB'^^U+k;  .:    d"'=[U+h)IT^    (10). 

m.     T  -  ..       d   dT     dT     dU    . 

The  Lagrangian  equation  _--_  =  _  gives 

/U+k\i  d    f/U+h\idT,\       dTiU+h     dU 
\~^)  d^\\   T,   )    di^\-  d4,     'I\    "^  di,' 

*  The  equations  (6)  and  the  corresponding  theorem  in  the  Calculus  of  Variations 
are  given  by  Painlevfi  in  his  Lemons  sur  Vintegration  des  Equations  d{ffSrentieUes  de 
la  Micanique,  page  2S7, 1896.  The  elimination  of  the  time  is  also  given  by  Darboux 
in  his  Le-jon)  sur  la  Thiwie  ginSral  de>  surfaces.  Art.  571, 1989. 
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where  all  the  differentiations  ate  partial  except  those  indicated  by  (.I'dS.  Since  U  is 
not  a,  function  of  ^^  this  becomes 

If  then  we  me  Q  =  {{U+h)T^]i  as  if  it  were  the  Lagrangian  function  and  regard 
»  as  the  independent  variable  we  arrive  at  the  equations 
d^dQ^^dQ  d  dQ  _dQ 

de  d^,     rf^ '  (ifl  d>p,  ^  d^'' 

from  which  the  paths  may  be  found.  The  value  of  dtjdS  may  be  found  from  the 
equation  of  energy  (10). 

We  notice  that  however  the  espreasions  for  the  kinetic  energy  and  the  work 
function  may  differ  in  diftereat  problems,  yeJ  30  ioBjf  as  the  product  {U+hi'Tj  remains 
unchanged  the  paths  are  determined  by  the  tame  relatiom  between  tite  coordinatee 
8,  ip,  •£«.  For  example  these  relations  are  not  altered  by  transferring  a  factor  from 
l\to(U+h]. 

45S  e.  The  corresponding  theorem  in  the  oaloulas  of  variations  follows  from 
the  equations  (11).  We  see  at  once  that  SjQde^O  provided  the  initial  and  final 
positions  of  the  system  are  given  and  that  h  is  constant. 

We  may  obtain  the  same  result  by  using  the  integral  for  SV  (Art.  447).  We 
have  by  (10)  Tdt  =  2\e'^dt  =  [Ti{U+h)fd0  =  Q'le. 

It  immediatelj  follows  that  fQd@  is  a  mas-min. 

458/.  Ex.  1.  Deduce  from  the  equations  (11)  the  differential  equation  of  the 
path  of  a  projeotile. 

Let  the  velocity  of  projection  be  ^i{2gh),  we  then  have,  after  omitting  a  constant 
factor  and  taking  the  coordinate  a!  as  the  independent  variable  Q''={h-y)  (1  +  y,'). 
If  a  he  the  angle  of  projection  so  that  when  a=0,  ^  =  0  and  j;i=^tan  a,  we  find 
j/  +  ftcos^oyi'  =  ftBin'a.     An  obvious  integration  leads  to  a  parabola. 

Ex.  2.  If  Q  is  not  an  explicit  function  of  ^,  though  it  is  a  function  of  ^,  prove 
that  one  integralis  dlI'/dP'  =  a,  where  a  is  a  constant.  See  the  author's  Ihj-iiamies  of 
a  Particle,  1898,  note  on  page  408. 

459.  The  inverEdon  of  dynamical  probleniB*,  Since  the  equations  of  motion 
can  be  deduced  from  the  principle  of  least  action,  it  ia  clear  that,  if  in  applying 
the  principle  to  two  different  problems  we  have  to  make  the  same  expression  a 
minimum  under  the  same  conditions,  the  general  integrals  of  these  two  problems 
can  he  inferred  the  one  from  the  other. 

Consider  the  oao      f  gl    p    t   1    m        g      th     f         f     ction  U  +  C  along 

a  path  ^PB  hegii  t         g         p      t  .1      d      d  t        therB.     If  8  =  ^P, 

and  V  is  the  veloo  ty    f  tl     i     t   I     tl     p  th  h  tl    t  J  f       a  minimum.     If 

we  invert  the  ou         nth      g    d  t  p      t  O     t  f  II         that   k^jv  -,-   is  a 

minimum  for  th  t         1  t    ii       h  t  d  I  tters  refer  to  the 

jmerse  cutve  and  !        th  ta  t    f  It  f  11         1  om  the  principle 

of  least  aution  that  this  curve  will  be  the  path  of  a  free  particle  moving  with 
such  a  forte  tunctton  U +t  that  v'  —  k^ijr''.  We  have  therefore  from  the 
principles  of  dynamu-s 

Tl  -n   and    :  i'^(U'  +  C')=  '—     - 
fcince  the  radial  angles  aie  equal  in  a  curve  and 

"  The  substance  of  this  article  is  taken  from  a  paper  by  Larmor  i 
the  Proceedings  of  the  London  Mathematical  Society,  1881. 


y  Google 


ART.  460.]         INVERSION   AND    CONJUGATE    FUNCTIONS.  313 

equationa  shows  that  the  angular  momenta  about  any  axle  through  the  centre  of 
iilTersion  at  corresponding  points  in  the  two  motions  are  ei^ual. 

We  have  therefore  the  followiag  theorein  -.—if  a  particle  dese^ibe  a  path  APB 
with  a  foree  function  P+C,  tlieti  aparticte.  can,  describe  the  inverse  path  A' P'S"  with 
a  force  function  XJ'+G'  given  by  (1)  provided  that  at  oiie  set  of  corresponding  points 
the  velocxttes  are  related  to  each  other  by  the  equation  rv—rv 

Bx  1  A  partiole,  constrained  to  move  on  a  smooth  sphere  and  acted  on  by 
no  torees,  is  known  to  deeonbe  a  great  tirole  Ej  mverting  this  theorem  ihon 
that  a  particle,  conBtiiined  to  move  on  a  smooth  giuen  sphere  with  the  velocity 
from  infinity  and  acted  on  bi  a  tential  force  varjmj?  mveitely  ai  the  fifth  poviei 
of  the  distance  fiom  a  point  O  desciibe=  a  ciiculai  path  Show  alio  that  this 
circle  IS  the  interieetLon  uf  the  ^iven  spheie  with  another  sphere  passmg  throogh 
O  and  a  hxed  point 

Es  2      Prove  that,  in  a  plane  held  of  furoe  of  which  the  potential  referred  to 

polar  ooordinates  is  ^  +  — -5 ,  a  particle  will  describe  a  curve  of  the  form 

{r~aBm9)(r~Ii  sio e)  =  ab.  if  projected  in  the  proper  direction  with  the  velocity 
fcom  mfinity  provided  ~  + +  s=0,  [Math.  Tripos,  1886. 

Ex  3  A  particle  oonstiaincd  to  move  on  an  anchoi  ring  of  evanescent 
apeiture  is  acted  on  by  a  central  force  varymg  inveiselv  is  the  fifth  power 
of  the  distance  from  the  apeiture  piove  that  the  path  outs  all  the  meridians 
at  the  aame  angle 

459ii  Be  may  alio  tranymm  dynamical  theorems  by  the  he!p  of  conjagate 
ftinctiims  This  method  is  analc^ous  to  that  used  m  Chap  iiv  of  this  treatise  to 
deduce  the  motion  of  a  heterogeneous  membrane  from  that  of  a  homogeneous  one. 
A  list  of  the  theorems  required  oc  these  funotions  will  be  given  in  that  chapter*. 

Let  {x,  y),  II,  1;)  be  the  ooordinates  of  two  points  P.  II,  moving  in  corresponding 
or  conjugate  planes,  and  so  related  that  i  +  ij\/-l=/(-T  +  y  V-1).    If  ,u  be  the 

„.d.ta  .t t,...to™.iio„,  tt..    <.'-(i)'+(|)"=(S)'+(g-)'-m. 

Let  ds,  ds  be  corresponding  arcs  of  the  paths  desoribed  by  the  two  points  P,  n, 
then  da-lids.  The  motion  of  the  partiole  n  in  the  plane  [i,  ij)  being  given  by 
Jjii'iiir  =  0,  that  of  P  in  the  plane  !r:y  is  given  by  Bju>(i8  =  0.  The  particles  P  and 
n  therefore  move  freely  with  velocities  «  and  v'  under  foroe  functions  P+  G  and 
P'  +  C,  provided  v^v'^  and   ,■.  U  +  C^,x-'(y'  +  C')...(II). 

Ex.  A  partiole  II  describes  a  central  otbit  whose  polar  equation  isfip,  *)=0 
with  a  velocity  v'  such  that  v'  —  F{p).  Prove  that  a  particle  P  can  describe  the 
centra!  orbit/(r",  nfl)  =  0  with  a  velocity  o=«r""^  F(r")  under  a  central  force  equal 
to  ^dv^ldr.  Show  also  that  the  ratio  of  the  angular  momenta  of  P  and  n  about  the 
oentres  of  foroe  is  equal  to  n:l  and  that  the  times  oE  describing  corresponding 
elementary  arcs  are  in  the  ratio  l:«'r°("~'l. 

460.  £asxaiu;e's  transfttTina.tion.  Lagrange  has  given  a  general  view  of  his 
transformation  from  Cartesian  ooordinates  which  seems  worthy  of  notice.  Let  L 
be  any  Eunotiim  of  x,  x',  *o.,  y,  y',  &a.  and  (,  not  restricting  ourselves  to  dif- 
ferential coefBcients  of  tbe  first  order.  Let  the  variables  x,  y,  &c,  be  transformed 
to  others  q„  jj,  &a.  by  writing  for  x.  y,  &e.  any  fnuctiona  of  3^,  jj,  Sre.  and  (. 

*  The  applications  of  the  theories  of  inversion  and  conjugate  functions  are  mora 
fully  explained  in  the  author's  treatise  on  Dynamics  of  a  Particle.  The  relations 
between  the  pressures  at  correspondiag  points  when  the  two  particles  (^re  constrained 
to  describe  inverse  or  conjagate  surfaces  are  also  given  in  that  treatise. 
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The  function  L  is  thus  eipreesed  in  two  nays.  By  cMmparing  the  two  values  of 
SjLdt,  given  by  the  Calculus  of  Variations  when  the  time  ia  not  yaried,  we  see  that 

J 1^     \dx     dtdx'  J  Ji,     \dii      di  dq'  j    ' 

m  eqoal  to  the  difference  of  the  integrated  portions  of  the  two  variations.  Hence  the 
expression  under  the  integral  sign  must  lie  a  perfect  differential  with  regard  to  (, 
quite  independently  of  the  operation  5.  But  this  eanaot  be  unless  the  espreeaion 
is  aero,  because  it  contains  only  the  variations  to,  Sq,  &c.  and  not  the  differential 
ooeffieients  of  these  variations.    Wa  have  therefore  the  general  equation  of  trans- 


^/dL      d  dL      .    \  ,      „/cIL      d  dL 

formation  2    -i -j-  ^—,  +  &e.  )Sx  =  S{ 3;  3-,+ 

\dx      dt  ch:  J  \dq      dt  dq 

where  the  S  implies  summation  for  all  the  variables  x,  j/,  Ac,  g^,  q^,  &c. 

If  a:,  y,  dto,  be  Cartesian  coordinates  and  if  Z,  be  of  the  usual  form  Zmx''^+  U, 
the  left-hand  side  of  this  equality  vanishes  by  virtual  velocities.  Hence  the  right- 
hand  side  must  also  vanish.  The  q's  being  all  independent,  we  are  led  to  Lagrange's 
equations.     See  Vol.  i.  Art,  399  a. 

4G1.  Cyclical  Kotlons.  When  the  geometrical  equations  do  not  contain  the 
time  esplioitly,  the  symbol  H  or  h  may  be  used  to  express  the  energy  of  the  system. 
If  we  represent  the  energy  by  E,  Sic  W.  E.  Hamilton's  fundamental  equation  may 

bewcitten  2S  j    Tdt  =  tSE  +  'i's^,5q~\   {!). 

This  equation  has  been  applied  to  the  motion  of  a  system  of  bodies  oscillating 
in  such  a  manner  that  the  motion  repeats  itself  in  all  respects  at  some  constant 
interval.  Let  this  interval  be  i.  Suppose  that  some  disturbance  is  given  to  the 
system  by  the  addition  of  a  quantity  of  energy  5E.  Let  the  system  be  such  that 
the  motion  still  recurs  after  a  constant  inters  il  and  let  this  mtecial  be  nov  i  +  Si 
The  symbols  of  variation  in  Hamilton  e  equation  may  be  used  t)  imply  a  change 
from  the  one  kind  of  motion  to  the  othei  If  the  time  1  is  taken  equal  to  the 
period  i  of  complete  recurrence  the  mitiil  and  teimmal  states  oE  motion  aie  the 
same,  and  therefore  the  last  term  vanishes  when  taken  between  the  limits  Thn 
equation  reduces  to  2SJ^Tdt  =  i6L  Let  r„  be  the  mpan  vis  viva  of  the  sjstem 
during  s,  period  of  complete  lecurrence  of  the  motion  then  \'Tdt-iT  We 
thei'ef ore  have  ^=3-Vs-^ 

This  equation  may  be  put  into  a 
energy  of  the  system  during  a  peiiod  of  complete  re 


bP,„  +  3T,^^SK,  SP,„-ST^,^2T„,~  (3). 

These  equations  serve  to  determine  the  change  in  the  mean  potential  and  kinetic 
energies  when  any  additional  enei^y  SE  is  added  to  the  system. 

If  the  system  ia  not  performing  a  principal  oscillation  the  motion  does  not  recur 
at  a  constant  interval  !.  Let  us  suppose  that  the  motion  ia  compounded  of  several 
prlacipal  oscillations,  or  more  generallj  let  the  motion  be  of  the  kind  called 
stationary  motion  in  the  chapter  on  vis  viva  in  Vol.  I.  If  the  means  are  now  faien 
for  any  very  long  time  i,  the  equations  just  arrived  at  are  still  true.  To  show  this 
we  recur  to  Hamilton's  equation  (1).  Dividing  by  (  =  !,  the  last  term  on  the 
r%ht-hand  side  becomes  very  small,  because  the  motion  is  such  that  the  Sq's  ia 
that  term  do-  not  continually  increase  with  tile  time.  We  therefore  have 
2i(ir^)/t  =  5E,  and  the  rest  of  the  proof  is  the  same  as  before. 

These  or  equivalent  equations  have  been  applied  by  Boltzmann,  Clausius  and 
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Sz  Ij  to  the  PiDamiol  Theoij  of  Heat  The  paperj  of  the  t  o  lattei  art,  m 
vaiious  Qimlieis  of  the  Philosophical  Maffaiine  e^teudin);,  fiom  1870  oanards 
See  also  Boltzmanti  Reports  of  the  VteTina  iteetiaja  Vol  53  1866  Olausius 
Amtala  of  Phijites  md  Chemistry  Vol  142  1871  aaid  Vol  146  1872  Sziij 
Annali  of  Phygies  and  Olujmtry  Vol  146  1872  and  Vol  149  1973  The  second 
of  the  equations  (3)  may  be  oaUed  Clausins  equation  The  reader  should  tefer 
to  a  work  by  J  J  Thomson  on  the  Ap^bcitiojs  af  Dyitmio  to  Pliystcs  and 
Chemistry  1888  The  student  will  find  fall  refeieacea  and  explanations  given  in 
the  Report  by  J  Larmoranllj  H  Bryan  to  the  British  AaaociatKn  at  the  Caidifl 
meeting  1891  Ui  the  ■pititat  stiieoj  uu  Iniwl  !;•.  f  Thernodjnami  s  do  The 
lepoit  was  diawn  up  by  Bryan 

462  Es  1  If  the  i  en  1  of  complete  ieenin=noe  )f  a  dynamical  syatam  ik  not 
altered  by  the  addition  of.  enei^y,  prove  that  this  additional  energy  is  equally  dia- 
tribnted  into  potential  and  kinetic  enei^ies.     See  Art.  73. 

Ei.  2.  A  quantity  of  energy  dE  is  communicated  to  a  system  whose  mean 
serai  *is  viva  during  a  period  of  complete  recurrence  is  T^.  This  ia  repeated 
continually  '^o  that  at  last  the  meai  ms  viva  and  the  period  of  complete  recurrence 

are  the  same  as  at  fiist  Piove  that  1^  —  0  This  esample  is  due  to  M.  Szily, 
and  IS  importa  it  in  the  Dynamical  Ihoor;^  of  Heat. 

El  3  A  dynimical  fystem  passes  fieely  fr  m  ne  oonligoraliou  to  another  in 
time  1  with  I,  n  tant  energy  E  with  energy  S  +  SE  its  time  of  free  passage  between 
the  same  config  irat  one  is  i  +  5  veiify  that  on  a  time  avevage  the  increment  of  the 
mean  kinetic  energy  T  of  the  a  stem  throughoi  t  ts  path  is  less  than  half  oi  BE 
by  the  amount  T^a  j  Show  that  in  case  there  aie  two  adjacent  paths  that  take 
the  same  time  then  mean  potential  and  mean  tinetio  ena'gies  differ  by  equal 
am  unts  [Math.  T.  Part  ii.  1003. 

Oi  the  'iohition  of  the  Geneiil  Equations  of  Motion. 

4GS  Hamilton's  Solatlon  Sii  W.  R.  Hamilton  has  ap- 
plied hia  fundamental  theoiem  e^tpressing  the  variation  of  tne 
Piincipil  and  Charaeteiistic  tunctionb  to  obtain  a  new  method  of 
bohing  dynami.,al  problems 

Let  (;Si,  ^1,  yS,,  ^/,  &c.)  be  the  values  of  (q^,  q^,  g^,  q/,  &c.) 
when  t  =  ta,  and  let  2*0  be  the  same  function  of  (^i,  ^,',  &g.)  that 
T  is  of  (gi,  q,',  &c.).  We  have  then  by  Art.  442  when  ( ia  written 
for  the  upper  limit 


'^dfi' 

dT. 

It  is  tleav  that  both  S  and  Y  may  be  regarded  as  fanctioiis  of 
the  time  and  the  initial  conditions  of  the  system  of  bodies,  i.e.  we 
may  regard  either  of  these  quantities  as  a  function  of  ft,,  t,  /3i,  ^a, 
&<;.,  /Si',  0i,  &c.  Also  the  cooi-dinates  g,,  §j,  &c.  are  functions  of 
4,  t  and  the  same  initial  values.  Though  these  functions  are 
in  general  unknown,  yet  we  can  conceive  the  initial  velocities 
&iy  A'i  &c,  eliminated,  so  that  S  and  V  are  now  functions  of  ?„,  t. 


y  Google 


316  THE    CALCULUS    OF    VARIATIONS.  [CHAP,  X. 

and  iSi,  ^j,  &c.,  q„  q^,  &c.,  the  coordinates  of  the  system  at  the 
times  t„  and  t. 

Let  8  be  thus  expressed,  then,  by  the  equation  for  5S,  we  have 
the  typical  equations 

~dq  ~dq"  d0~      da ^   •'■ 

Since  T  is  not  a  function  of  q",  the  first  of  these  equations 
contains  no  differential  coefficient  of  a  coordinate  higher  than  the 
first.  This  equation,  therefore,  represents  typically  all  the  first 
integrals  of  the  eqxtatiwis  of  motion. 

Since  T^  contains  only  the  initial  coordinates  and  the  initial 
velocities,  the  second  equation  has  no  differential  coefficient  of 
any  coordinate  in  it.  This  equation,  therefore,  represents  typically 
all  the  second  integrals  of  the  motion. 

Besides  these  we  have  the  two  equations 

f  =  -«;    l-'^-   ■ •••®- 

where,  if  the  geometrical  equations  do  not  contain  the  time  ex- 
plicitly, we  may  put  /*  for  ff,  h  being  a  constant,  In  this  case 
these  integrals  may  be  used  to  connect  the  constant  of  vis  viva 
with  the  constants  (0,  yS',  &c.). 

Comparing  Art.  447  with  these  results  we  see  that  S  is  a 
function  such  that  all  the  equations  of  motion  and  their  integrals 
are  included  in  the  statement  that  BS  is  a  known  function  of  the 
variation  of  the  limits.  If  we  keep  the  limits  fixed,  we  get 
Lagrange's  equations ;  if  we  vary  the  limits  we  get  the  integrals. 

464.  In  just  the  same  way,  if  we  regard  g/,  5/,  &c.  as 
fimctions  of  t,  the  initial  coordinates,  and  the  initial  velocities,  we 
may  eliminate  t  also  by  means  of  the  equation  [Vol.  L  Art.  414] 

We  may  eliminate  t^  also  by  means  of  a  similar  equation 
giving  S„  in  terms  of  the  initial  conditions.  Both  these  reduce 
to  H  =  II„=T—  U  when  the  geometrical  equations  do  not  contain 
the  time  explicitly. 

Let  i(S  suppose  V  to  he  expressed  in  this  manner  as  a  function 
of  the  initial  coordinates,  the  coordinates  at  the  time  t,  and  H  and 
H„.    Then,  by  the  equation  for  SV, 

dV_dT    dV__dJ\,     dF_       d^__. 
dq  ~dq"    d^         dH"    dH      ■     dH, 

Supposing  V  to  be  known,  the  first  of  these  equations  gives  in 
a  typical  form,  all  the  first  integrals  of  tke  equations  of  motion. 
The  second  supplies  as  many  equations  as  there  are  coordinates 
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(y,,  ^2,  <fcc.).  When  the  geometrical  equations  do  not  contain  the 
time  explicitly  these  do  not  contain  t,  but  they  all  contain  h. 
One  of  them,  therefore,  reduces  to  the  relation  between  this 
constant  and  the  constants  03,  ^',  &c,).  The  two  last  equations 
become  dVjdh  =  t  ~  tt,.  This  will  give  another  second  integral  of 
the  equations  of  motion  containing  the  time. 

465.  The  typical  expression  dTjdq'  has  been  called  in  Vol.  i. 
the  momentum  corresponding  to  the  coordinate  q,  or,  more  briefly, 
the  q  component  of  the  momentum.  We  may  therefore  say  that 
the  q  component  of  the  momentum  is  given  by  dSjdq  or  dVjdq 
according  as  we  arc  using  S  or  V. 

The  momenta  corresponding  to  the  coordinates  q^,  5,,  &c.  will 
be  represented  by  the  symbolspi,p9,&c.,  or  typically  by  the  single 
letter  p. 

By  Lagrange's  equations  dp/dt  =  dLjdq,  we  majr  therefore  also 
say  that  the  rate  of  change  of  each  momentum  is  equal  to  the 
differential  coefBeient  of  a  single  function,  viz.  L,  with  regard  to 
the  corresponding  coordinate. 

466.  If  Q=  I'  {Zq^'  +  H)dt,  where  P  =  ^,  prove  that  Sq  =  '\'HSt  +  :S,qip\  . 
Thenee  Bhow  that,  if  Q  be  espressed  as  a  funetion  of  the  initial  and  terminal 
ooiuponentE  of  momentmn,  viz.  (aj,  Oj,  &e.)  and  (jfj,  JJ3,  &e.),  and  of  the  times  t^ 

aiidf.tlieu^^I,  ^=-S,  ^  =  ff.    ThesereetiltBareduetoSir\V.E.Hamil(oii. 
dp     ^'   da        '^'   dt 

467-  BxampUB.  E2.  1.  A  homogeneous  sphere  of  unit  mass  rolls  down  a 
perieetly  rough  fixed  inclined  plane.  If  the  position  of  the  sphere  is  defined  by  the 
distanoB  g  of  the  point  of  contact  from  a  fixed  point  on  the  inclined  plane,  show  that. 

where  3  is  the  resolved  part  ol  gravity  down  the  plane  and  ((,  =  0. 

Thence  obtain  by  substitution  the  Hamiltonlan  first  and  second  integrals  of  tlie- 
equation  of  motion. 

We  easUy  find,  as  in  Vol.  i.,  that  q^p  +  ^'t  +  ^gfi.  Also  T^^nq",  U=gq. 
To  finds,  we  substitute  in  S  =  j'^{T  +  Uj  dt.  After  integration  we  must  eliminate 
j9'  by  means  of  the  equation  for  q. 

Ex.  2.  Taking  the  same  circumstances  of  motion  as  in  the  last  example,  show 
that  V=—'J^{(sq  +  h)^-(g^  +  kf}.  Thence  also  deduce  the  Hamiltonian  flrat. 
and  second  integrals. 

Ex.  3.     Show  how  to  deduce  the  equation  of  vis  viva  from  the  Hainiltonian 

We  have  V  a  function  of  q,,  g,,  &c.  and  H.  Hence  ■j7  =  '^  j~S'  + jSIF  ' 
which  becomes  hy  Hamilton's  integrals  21  =  3  (dT/dg')  q'  + 1  {dHjdt).  When  T  is  a. 
homogeneous  quadratic  function  of  (q,',  q^',  &c.)  this  givea  dHldt  =  0,  or  H^oon- 
stant.     The  equation  of  vis  viva  may  also  be  dedneed  from  Hamilton's  principal 

Ex.  il.    When  the  geometrical  equations  do  not  contain  the  time  exphoitij, 
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sliow  that  no  two  of  the  HamiltoniaD  integrals  can  te  tlie  same  and  that  no  one 
can  be  deduced  from  two  others. 

If  it  were  possible  that  two  could  be  the  same,  the  ratio  of  dTjdqi  to  dTjdq^ 
must  be  some  constant  m.  Integrating  this  partial  differential  equation,  we  find  T 
to  be  a  homogeneous  quadratic  function  of  Si'  +  ings',  93',  iSo.  It  would,  therefore, 
be  possible  to  get  Uie  sjstem  in  motion,  with  values  of  j,'  and  g^'  which  are  not  zero, 
and  yet  so  that  the  Bjatem  is  without  via  viva. 

Es,  5.  In  any  dynamical  system,  it  the  coordinatea  gj,  jj,  93  and  their  con'a- 
sponding  momenta yi,  jj^,  jijace  expressed  in  teims  of  their  initial  values  and  the 
time  elapsed,  prove  that  the  Jacobian  of  jii.pj,  ^3,  q^,  q,,  q^  with  regard  to  their 
initial  values  is  equal  to  unity  This  theorem  is  due  to  Boltamann;  see  also 
Maswell,  Camb.  Trans.  Vol  iii  Bryan  gives  an  elementary  graphic  illustration 
Phil,  Mag.  June  1895. 

Es.  6.  A  system  whose  cooidmates  are  Ji,  q^,  *e.  is  making  small  oscillations 
about  a  state  of  steiwiy  motion  deteimined  by  3,  =  0,  3^  =  0,  &e.  The  Lagrangian 
function,  as  in  Art.  Ill,  is  given  hy  L^Lg  +  SAq'  +  L^,  where  i,  is  a  homogeneous 
function  of  the  second  older  of  the  cooidinates  and  their  velocities.     Prove  that 

S  =  L^{l-t^+ZA{q-^)  +  ilSqdLJdq'], 
where  the  last  term  is  to  be  taken  between  the  limits  (j  and  (.     Here  the  integra- 
tions have  been  effected,  but  in  order  to  express  S  (Art.  463)  as  a  function  of  the 
coordinates  we  must  finally  substitute  for  q'  and  (3'  in  terms  of  these  quantities. 

Es.  7.  The  position  of  a  system  making  small  oscillations  as  in  Es.  6  is 
defined  by  one  coordinate  q,  so  that 

where  the  coefficients  ate  all  constants.     Prove  that  when  t„  =  0 

■where  vi?=  ('nl^n. 

Ex.  8.     A  particle  oscillates  in  a  straight  line  about  a  centre  of  force  which 
varies  as  the  distance,  show  that  the  Hamiltonian  function 
^  ,./^  (3;,,'  +  x'^)  cos  v'(ft)  (t  -  ;„)  -  2x.x„ 
"3  Bin^(^l((^y 

Verify  this  by  deducing  the  Hamiltonian  Integrals. 

468.  Hamilton's  Differentia,!  Equation.  By  the  pre- 
ceding reasoning  all  ttie  integrals  of  a  dynamical  system  of  equa- 
tions can  be  expressed  in  terms  of  the  differential  coefficients  of 
a  single  function.  But  the  method  supplies  no  loeans  of  discovering 
this  function  d  priori.  We  shall  now  show  that  this  Junction  rmist 
always  satisfy  a  certain,  differential  equation,  so  that  the  solution  of 
all  dynamical  problems  may  he  reduced  to  the  integration  of  one 
differential  equation. 

To  construct  this  differential  equation  we  first  form  the 
reciprocal  H  of  the  Lagrangian  function  L  =  T  -i-  U  according  to 
the  rule  given  in  the  first  volume  of  this  treatise,  Art.  410. 
Briefly  the  rule  is  as  follows — we  put  dLjdq^  =pu  dLjdq^  =Pi,  &c. 
as  in  Art.  465  of  this  volume ;  also  putting  L  +  H  ~  Spq', 

we  eliminate  the  velocities  5/,  §/,  &c.  and  express  //  as  a  function 
of  the  coordinates  gi,  q^,  &c.  and  the  momenta  p„  p^,  &c, 
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When  the  geometrical  equations  do  not  contain  the  time 
explicitly,  tho  vis  viva  2T  is  a  homogeneous  quadratic  function 
of  the  velocities.     If  this  function  be 

2T=  Anqi'  +  S-diag/ja'  +  &C., 

tj  ,  rr  1    \  0    pi     p^...\ 

we  have  jr*  +  t'  =  -3T  a      a 

2i    Pi  All  A,^.., 


where  A  is  the  discriminant  of  T;  see  Vol  i.  Art.  413.  Thus  H 
is  a  quadratic  function  of  the  momenta  p,,  p~,  &c.  We  may 
shortly  write  this  in  the  form 

-H"  =  i5upi=  +  B,,p,p,  +  ...-U. 
But  pj  =  dVldqi,  Pi  =  dV/dg.i,  &e.  and  the  equation  of  vis   viva 
gives  H  =  h.     Since  also  V  is  to  be  expressed  as  a  function  of  the 
coordinates  and  k,  it  must  satisfy  the  equation 

i^.-©'--"fS---^-" m- 

By  using  the  letter  ff  as  a  functional  symbol  this  equation  may  be 
shortly  written 

In  just  the  same  way  pi  =  rfS/rf3i,^B  =  <^S/d93  and  since  S"  is  to  be 
expressed  as  a  function  of  the  coordinates  and  t  (but  not  of  H, 
Ai-t.  46S)  we  write  —  dSjdt  for  H.  Hence  S  must  satisfy  the 
equation 

^-..(|y-^.-^S— -f <«). 

which  may  be  shortly  written 

■d^     dS^       '\^_dS 
.dq,'    dq^'  "7  dt  ' 

Here  the  eoefiicients  JBu,  B^^,  Sic.  are  all  known  functions  of  the 
coordinates  5,,  q.^,  &c. 

We  have  supposed  V  to  be  expressed  as  a  function  of  the 
coordinates  at  the  time  t,  the  initial  coordinates,  and  the  energy 
h.  But  in  this  equation  we  may  also  regard  V  to  be  a  function  of 
the  coordinates  at  the  time  t,  the  etiergy  k,  and  as  many  arbitrary 
constants  as  there  are  coordinates.  In  this  ease  these  constants 
are  really  functions  of  the  initial  coordinates  which  we  do  not 
care  to  determine.  The  equations  giving  the  momenta  pi,  p^,  &c. 
at  the  time  t  as  the  differential  coefficients  of  V  with  regard  to 
ffi,  ?B.  &c-  will  still  be  true;  but  the  equations  expressing  the 
initial  momenta  are  supposed  not  to  be  wanted. 

If  we  take  as  these  constants  the  actual  coordinates  at  any 


/dS^     dS_ 
\dqi '    dq^ ' ' 
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epoch  t  =  t„,  we  may  form  another  equatiou  of  a  form  similar  to 
(I)  with  ^j,  ^B,  &c.  written  for  gi,  5,,  &c.  and  ft,  for  (.  It  is  then 
necessary  that  V  should  satisfy  both,  these  equations. 

469.  When  the  geomelrieal  equatiom  contain  the  time  fxpUcillt/,  tha  vis  viva 
2T  may  oontaiu  first  and  Rero  powers  of  the  velocities  as  well  as  the  usual  quadratic 
powers  and  the  coeffloieats  maj  be  functions  of  the  time,  Vol.  r.  Art.  396.  Take 
the  general  expression 

2r=.i  1381'=  + 2^  ,ja,'gj'+,,.  +  2^i5i'  + 2^393'+... +3^0- 
Then  H+  T+  U-Xpq'  beeanse  H  is  the  reciprocal  function  of  T+  U,  Ait.  442.    We 
eliminate  q{,  j,',  *e.  and  aj^rive  at  the  result 


where  B,,,  *o.  are  the  same  functions  of  ^u ,  A,,^,  &c.  as  in  Art.  463  andBj,  &c.  are 
new  funetiona  of  the  coordinates  and  (.  Since  V  is  to  tie  a  function  of  the  coordinates 
and  H  (Art.  464),  we  fonn  the  differential  eq^uation  corresponding  to  (I)  (Art.  468) 
by  substituting  pi—dVldq-^,  Sx.,  t  =  dVjdH.  Since  S  is  to  be  a  function  of  the 
coordinates  and  (,  we  form  the  differential  equation  corresponding  to  (II|  by  writing 
Pj  =  dS/dsi ,  Ac.  and  replace  H  by  -  dSjdt. 

470.  Jacobi'B  Complete  Integral'  We  thus  have,  in 
general,  a  partial  differential  equation  to  find  V  or  S.  This 
equation  admits  of  many  forms  of  solution,  but  Sir  W.  E.  Hamilton 

fave  no  rule  to  determine  which  integral  is  to  be  taken.  Tins 
efect  has  been  supplied  by  Jacobi  in  the  following  proposition. 
Let  there  he  n  coordinates  in  the  system.  Suppose  a  complete 
integral  to  he  known,  that  is  one  -which  contains  n  constamta  of 
integration,  say  h^,  b^...bn-  One  of  these  appears  as  a  simple 
addition  to  the  function  V.  Besides  these  there  is  the  constant  h. 
These  constants  need  not  be  the  initial  values  of  gi .  -  -  5„  but  vnay  be 
any  constants  whatever.     Let  the  integral  be 

F=/(3„  q....  q,„  h,  h,  h...  b„^,)+b.,  (1). 

Then  the  integrals  of  the  dynamical  equations  will  be 

if  — a,  &     ^^  =  -»„      '?^  = 
dbj  '       '    d,bn^i  '    dh 

where  a^,  a^.. .0,1.^1  and  e  are  n  new  arbitrary  constants,  and  the 
first  integrals  of  the  equations  may,  be  written  in  the  form 
d^^dT      4f_dT    ^^_^ 
dqi     dqi '    dq^     dqi '  ^  ' 

It  appears  from  Jacobi's  proposition  that  any  integral,  provided 
that  it  is  complete,  will  supply  a  solution  to  the  dynamical  problem. 
The  2ji  constants  required  to  sat^fy  the  initial  conditions  of  the 
dynamical  problem  are  61  ...&„_i,  ai...  a„_i,  e  and  h.  The  constant 
6„  disappears  from  the  differential  coefficients  and  is  not  used. 


„&,     ;^  =  -»„,     l-<  +  .  (2). 
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471,  To  prove  these  results  we  must  show  that,  if  the  form  of 
F  given  by  (1)  satisfies  identically  the  equation 

H  =  \B,,p^  +  B,^p,p,  +  ...-U  =  h (I), 

where  p  stauds  for  dV/dq,  then  the  relations  (2)  will  satisfy  iden- 
tically the  two  typical  Harailtonian  equations  (Vol.  i.  Art.  414) 

dHldp=q',  -dHldq=p' (II). 

It  will  immediately  follow,  since  H  and  T  +JJ  are  reciprocal  func- 
tions of  every  p  and  5',  that  the  relations  (2)  will  also  uiake 

p^dT/dq- (III). 

Since  (I)  is  identically  satisfied,  we  may  differentiate  it  partially 
with  regard  to  each  of  the  n  constants  &i ...  b^^i  and  h.  We  thus 
obtain,  after  substitution  from  (1),  m  —  1  equations  of  the  form 

^'^  +  '^<k!+...^0 (4), 

dpi  do      api  do 

and  an  mth  equation  derived  from  this  by  writing  h  for  b  and 
unity  for  the  zero  on  the  right-hand  side.  We  shall  use  these  n 
equations  to  find  dfljdp,,  dHjdp^,  &c. 

But  if  we  differentiate  Jacobi's  integrals  (2)  with  regard  to  ( 
we  have  n  —  1  equations  of  the  form 

I'S^.  +  I'lMi^--'' (»>• 

and  an  nth  equation  derived  from  this  by  writing  h  for  b  and 
putting  unity  on  the  right-hand  side.  We  shall  use  these  n  equa- 
tions to  find  q^,  q^',  &c. 

Comparing  these  two  sets  of  equations,  we  see  that,  when  we 
substitute  for  the  typical  p  its  value  derived  from  p  =  df/dq,  the 
equations  become  identical.     Hence, 

dHjdp,  =  q;,        ^  =  ?=''  *°- 

Again,  if  we  differentiate  the  identical  equation  (I)  with  regard 
to  each  of  the  coordinates  qi-.-q^  ii  turn,  we  obtain  after  sub- 
stitution from  (1)  the  typical  equation 
dB^    dHd^     dHt^ 
dq      dpi  dq      dp^  dq 
dH  _  dqi   d^f       dq^   d^f 
dq       dt  dq,dq      dt  dq^q 
But  since  p=df/dq,  the  right-hand  side  is  the  same  as  dpjdt,  we 
therefore  have  —dHjdqi^p^,         —dH/dqi=—pi,  &c. 

471  a.  We  may  notiee  that  tlie  determinant  of  elimination  for  the  equations  (i) 
or  (5)  cannot  identically  vanish.  This  determJnaDt  ia  the  Jaoobian  of  dfldq^,  &o., 
dfldq^  witii  regard  to  J,,  &e.,  b„_|  and  h.     Now  when  ive  Eubatitute  for  /  in  the 
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equations  'iVjdq^  =  df|dq^,  dto.,  dVjdq^— dfjdq^  the  value  given  bj  (1)  andproeoedto 
eliminate  6j ,  &a. ,  6„_,  tlia  constant  ft  will  also  disappear  if  the  Jaoobian  is  neio.  But 
this  process  of  eliminating  h^ ,  M.,  6„_[  leads  to  the  differential  equation  (I)  in  which 


4T2.  The  correBpondlnK  tlieoreiii  for  tlie  function  S.  Since  the  differential 
equation  for  S  contains  the  differential  coefficient  dSjdt  in  addition  to  dS/dq^,  Ac. 
the  complete  integral  contains  »  +  I  constants;  let  this  integral  be 

Then  the  ii  integrals  of  the  dynamical  equations  are 

dfjdbj  =  -  a„    &c.,        dfldh„  =-a,„ 
and  the  final  integrals  are 

dfldq^=dTld<i-^,    &c,       dfldq^  =  dTldq„'. 
The  proof  is  nearly  the  same  as  that  for  the  V  e([uation,  escept  that  we  have 
-dSjdt  instead  of  ft,  and  this  new  term  may  ba  a  funotion  of  bj..,b„.     It  seems 
unnecessary  to  rewrite  Uie  eq.uationa  merely  to  exhibit  the  additional  terms  <PSIdbdl 
and  d^fjdhdt  to  the  equations  {i)  and  (5). 

473,  OeometiicBl  Bemarlca.  To  simplify  the  argument  let  ua  suppose  that 
the  dynamical  system  depends  only  on  two  coordinates  g,,  q,.  Tlie  Hamiltonian 
equation  (I)  therefore  takes  the  form 

Let  us  suppose  that  a  complete  integral  has  been  found,  viz., 

V=f{<l„<l^^h)-^\    (2). 

Eegarding  j^,  q^  and  V  as  the  Cartesian  ooortiinates  of  a  point  F,  this  is  the 
equation  of  a  double  system  orfamily  of  surfaces.  Let  us  select  any  family  we 
please,  so  that  the  constants  &j,  6j  are  now  related  by  some  equation  h^=^(h{j. 
The  oharaoteristics  of  this  chosen  family  are  given  by 

t'=/(9i.!a. '',)  +  'A(&il.        G  =  df!db^-\rdfld\ (3), 

where  6j  is  regarded  as  a  constant. 

The  genej'al  integral  ia  obtained  by  eliminating  6^  between  the  two  equations  (3). 
Here  6j  in  the  first  equation  ia  to  be  regarded  as  a  function  of  g,,  q^,  determined  by 
the  second  equation.  This  of  course  is  merely  following  Lagrange's  rule  to  find  the 
g  n  -al  ntegral  when  any  complete  integral  is  known. 

In  th    same  way  we  find  that  Lagrange's  singular  solution  is  at  infinity. 

It    PI       s  from  this  that  all  the  characteristics  of  all  the  families  of  surfaces 

in  i   I   1  n  the  complete  integral  (1)  are  used  to  build  op  the  general  integral.    We 

hoo  y   et  of  characteristics  we  ple^e  ao  that  a  surface  can  be  made  to  pass 

th    Ufch       ry  member  of  the  set.    This  surface  is  a  particular  case  of  the  general 

1  t 

174  According  to  Jacobi's  theorem  the  path  of  the  dynamical  system  is  defined 
by  djjdh  =  a, .  Looking  at  the  second  of  equations  (3)  we  eee  that  this  is  equivalent 
to  as  ert  ng  that  d^jdby  and  therefore  fej  is  constant.  It  follows  that  the  possible 
■paths  /  b  dynamical  system  are  the  eharacteriatica  oj  the  favdties  which  vtay  be 
}  f  the  commute  integral. 

475  S  nee  Lagrange's  method  of  finding  the  general  integral  will  give  a  solu- 
t  n  whate  r  the  form  of  f  (J,)  may  be,  we  may  use  that  process  to  obtain  other 
complete  integrals.  Ifwe  wiite^{m,  6,)  +  n  for  ^(ZiJ  and  proceed  to  eliminate  ftj  we 
obtain  a  solution  which  contains  two  constants,  via.  m  and  n,  and  which  ia  therefore 
a  complete  integral.  Here  ip  may  be  any  function  we  please,  and  6i  is  to  be  regarded 
as  a  function  of  gj,  q^  determined  by  the  second  of  the  equations  (3). 
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TJie  paths  deiivod  from  this  new  complete  integral  by  Jacobi's  method  are  given 
hy  (dfldb^  +  dfldbj^dh^jdm  +  dfldm^  -Uj. 

By  the  second  of  equations  (3)  the  teem  in  braeieta  is  zero.  The  path  therefore 
is  de&ied  hy  eqnating  to  a  oonstant  a  fuuotion  of  h^  and  m.  The  paths  are  there- 
fore given  by  equating  \  to  a  constant.  It  follows  that  ths  t\oo  com^lils  integrals 
lead  to  the  aanie  set  of  dyTiamical  paths. 

476.     Solntians  of  the  Hamiltonian  equatioiu.    Ex,  1.     If  the  equation 


'-(S"^ 


is  Buoh  that  B,,.  Cu,  &0.  and  U  are  all  funetiona  of  one  coordinate  q^,  a  complete 
integral  can  he  found  by  writing  V=W+b^q2  +  biqg  +  &ia.  +  b^q^ 

where  W  is  a  function  of  jj  only  and  b^...b^  are  arbitrary  constants.  This  subati- 
tntion  leads  to  a  differential  equation  with  one  independent  valiable  which  can  be 
soiled  by  separating  the  variables. 

E^.  2.     If  the  Hamfltonian  equation  is 

/,(,,)  (,ir;jj,)" +/,(,,)  (<iF;a,,i' + «o. = r,  (I,) + i",  (I,) + io. + *, 

prove  that  a  complete  integral  may  be  obtained  by  adding  together  the  values  of  V 
found  by  integrating 

fi  ISi)  (dVldq^f^F,  (3,)  +  6i.        /^  (q^  {dVldq^^=F^  fe)  +  fi^,  &o. 
where  ii,  +  !j3+*c=ft.     See  also  Vol.  i.,  Art.  407,    Liouville's  integrals. 
Ex.  3,    If  the  Hamiltouiau  equation  is 

-Bu  U^^l^^if  -  ^{\  +  Djj  [(drjdq^f  -  F,]  +  &o.  =  2)1 
it  may  sometimes  be  written  in  the  form  of  the  determinant 

|e„[{dT-'/dg,)=-Fi],  [-Bsa(<iF/d9s)=-F5],  Ac.  I  =271 1  f^,  /,. /,  I 

01  *  02  *  ^^  01  ■  02  T  03  K 

I  ^11  'Pi-  ^'i- 1  I  01 P  ^3 '  0s  I 

where  Fj./,,  0j,  i/-;  are  fanetiona  of  q^  only,  Pj,/^,  ^,  ^j  of  33  only  and  so  on. 
Prove  that  a  complete  integral  may  be  obtained  by  adding  together  the  values  of  V 
given  by  Bj,(rfr/dSi)'-Fi  =  2h/i  +  &0i  +  c0„ 

Bai(dK/dgj)»-Fj  =  2ft/a  +  60a  +  B02,  &c. 

The  reader  may  also  consult  iiouitilk's  Jonmal,  Vol.  xiv.;  Staeekel  andGoursat, 
CompUs  Bendiw,  Vol.  cxvi.,  1893. 

This  method  may  be  osed  to  find  the  Hamiltonian  integrals  giving  the  motion 
of  a  particle  referred  to  elliptie  coordinates  \,  n,  b  provided 

where  -r=(X=-/i=)  («=-!■=)  (^^-X^).     See  Vol.  1.  Art.  407. 

477-  BxamploB-  Ex.  1.  Taking  the  problem  in  Ex.  1  of  Art.  i67,  show  that 
Hamilton's  differential  equation  iorFia^((/f/(ia)'-ug  =  Ji.  Integrate  this  equation 
and  thence  find  the  motion. 

Ex.  2.  Solve  the  oharaoteristio  equation  for  the  motion  of  a  projectile  under  the 
action  of  gravity. 

II  gi,  3j  be  the  coordinates,  the  equation  of  vie  viva  may  be  written 
J  (9i"  +  ?s'')  =  -  ff9a  +  h.  Following  the  rule  of  Art.  468  we  see  that  the  Hamiltonian 
equation  is  ^((if7d9i)=  + J  (dr/dg,)'^  -gq^  +  h.  To  solve  this  we  notice  that  all  the 
coeflioientB  on  the  left  side  are  constants  and  that  U  is  a  function  of  j,  only.  By 
Art.  476  we  therefore  assume  V—W+b^q^.     Substituting  and  integrating  wo  find 

ir,  so  that  finally  V=  b,qj  -  ^   (2ft  -  b^^  -  2gq^^  +  b^. 
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Following  Jacobi'B  rule  (Art.  470),  the  motion  is  given  by 

dK/d6,  =  5,  +  ^(2ft-V-2Mi,)*=-«i.        dVldh=  ^^{'2h-h^^-2ffq,)i  =  t  +  f. 
These  easily  reduce  to  the  ordinary  formulae  for  the  motion  of  a  projectile. 

Es    3     A  particle  desoiibes  an  oilit  about  s.  centre  of  torce  which  attiaots 
aocording  to  the  law  of  nature     If  r    #  be  its  polar  ooordioates  reterred  to  tlic 
centre    1  force  as  origin    shov  that  the  Hamiltoniau  eiuation  i 
ldlldiy  +  {dllrl8)  -2iir-i  ih 

Sh  w  als  that  a  complet*  loteaial  may  be  loind  (as  in  tl  p  la  t  etimp  e|  1  \ 
puttDK  \  -^  +16 

Es  4  i.  laitide  ie  acted  on  by  a  eential  toice  /i  i  foim  th"  hS  icnt  \l 
eqaat    n  toi  the  irmeipal  function   and  show  that 

S-     K  +  H+Zf'+'l       '/['t  +  l, 

ie  a  complete  integral.     Prove  also  that  \  is  the  energy  h,  and  that  \  is  the 
angular  momentum.     By  differentiating   liiia   value   of  S  prove  that   dSjdh  ia 

Es.  5.  Deduce  the  transformation  by  conjugate  fnnotiocs  described  in  Arl^  450  a 
from  Hamilton's  equation. 

The  Hamiltonian  egoation  for  the  motion  of  the  point  P  is 
(dVjdxf  +  {dVldy)^^2{V+k). 
The  equation  for  the  motion  of  II  is  found  by  writing  (|,  tj)  for  [x,  y),  V,  h'  for  U,  ft. 
By  (I)  of  Art.  459  a  these  equations  become  identical  if  the  equation  (II)  is  aatisQed. 

Variation  of  the  Elements. 

478.  Lagrange's  Theorem.  Let  the  coordinates  of  a 
system  be  q^,  q^-'-Qm  iiid  !et  the  con-esponding  momenta  he 
Pi,  ps  ■■■pn-     If  the  Hamiltonian  fuuction  he 

H.f(q,...,.,p,...p„  I)  (1), 

the  equations  of  motion  may  be  written  in  the  typical  form 

p'^-dHldq,    q'  =  dHjdp (2), 

where  accents  denote  differentiations  with  regard  to  the  time. 

Let  two  independent  variations  be  given  to  these  letters,  which 
■we  shall  represent  by  the  symbols  S  and  A.  We  may  imagine 
these  to  be  produced  by  varying  in  two  different  ways  the  initial 
conditions. 

■■•   *-H"-2(^Sj>  +  ^S9)-S(?'Sp-p'S?)  (3), 

the  time  t  not  being  varied.     Performing  the  operation  A  on  both 
sides  of  the  equation,  we  have 

ASff  =  2  (Aq'Sp  -  Ap'Sq  +  q'ASp  -p'ASq) (4). 

But  reversing  the  order  of  the  operations,  we  find 

BAH  =  X(SqAp~Bp'6.q  +  cfSAp''pBAq) (5). 
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Subtracting,  and  remembermg  that  SA  =  AS  we  have 

2  (A  jSp  -  Sg'Ap  -  Ap'Sq  +  Sp'^q)  =  0. 
Since  both  the  operations  A  and  S  are  independent  of  d/dt,  this 
gives  -J-  S  { A^Sp  —  ApSq)  =  0 (fi). 

Thus  the  total  differential  with  regard  to  (  of  the  quantity 
summed  is  zero  throughout  the  motion;  that  quantity  is  therefore 
constant. 

Let  us  suppose  that  the  coordinates  q„  &c.,  and  their  momenta 
p,,  &c.,  have  been  found  by  solving  the  equations  of  motion,  and 
that  each  is  expressed  as  a  function  of  t  and  the  constants  of 
integration,  say  a,  b,  c,  &c  Let  these  constants  receive  any  two 
independent  variations,  represented  by  Ba,  Aa,  &c.,  the  time  not 
being  varied,  then  the  corresponding  variations  Sq,  Aj,  &c.  may  by 
simple  differentiation  be  found  in  terms  of  t,  the  constants  a,  &c. 
and  their  variations.    The  theorem  asserts  that,  on  substituting  these 

in  the  expression  2  (AgSp  —  ApBq) (1'), 

the  time  t  will  disappear  from  the  result,  so  that  the  result  is  a 
function  only  of  the  constants  and  their  variations. 

Let  (,  be  any  time  other  than  t  and  let  aj...9„,  /3i  ...0„  be  the 
values  of  ^i,  &e.,  qi,  &c.  at  that  time.     For  example  we  may  let  t^ 
denote  the  time  of  the  initial  motion,  and  Oj...a„,  ^]...y3„  the 
initial  values  of  the  variables  ^i,  &c.,  q,,  &c.     We  then  have 
t(AqBp-ApBq)'='l.{A0Sa-AaB^) (8). 

Lagi'ange  deduces  the  theorem  from  his  own  general  equations 
of  motion,  see  page  304,  Vol.  i.  of  the  Micanique  Analytique. 
The  proof  juat  given  is  due  to  Boole;  see  Cambridge  Mathematical 
Journal,  Vol.  XI.,  p.  100. 

479.  Extension  of  Lagrange's  Tliemem.  Iq  Lagrange's  tlieorem  the  quantities 
g,  5  +  Ag,  q  +  ^q  are  contemporary  ralues  of  tlie  coordinate  q.  It  is  however  eome- 
times  convenient  to  vary  the  time  also,  just  as  in  the  calculus  of  variations  we 
asorihe  a  variation  to  the  absoiBsa  as  well  as  to  the  ordinate.  Let  then  q,  q  +  A j, 
q  +  Sq  represent  the  values  of  any  coordinate  in  the  undisturbed  and  varied  motions 
at  the  times  t,  l  +  Ai,  t  +  dt  respectively,  where  At  and  St  are  any  small  arbitrary 
functions  of  the  time.  On  this  Buppoaition  we  must  alter  Lagrange's  theorem  by 
writing  Aq-q'At  and.  Sq-q'St,  Ac,  for  Aq  and  Bj,  &o.,  see  Art.  445.  In  the  same 
way,  if  A'„  and  St„  be  the  arbitrary  changes  in  the  initial  time,  we  write  Aa  -  a' At,  &c. 
tor  An,  &e. 

Let  also  H„  represent  the  same  funetinn  of  („,  ii,...ii„,  ft...f?s  that  H  is  of  (, 
Pi---Pv.'  Si---9n'     Then,  making  these  substitotions  in  (8)  and  remembering  that 

AH-'S{q'Ap-p'Aq)  +  n'At (9), 

with  similar  expressions  for  SH,  AH,,  and  iH„,  we  find 

S  {Aqdp  -  ApSq)  +  AHdt  -  AISH  =  S  {A^Sa  -  Aadji)  +  AH^St^  -  At^BH^.. .  (10) , 
If  tho  geometrical  equations  do  not  contain  the  time  espHcitly,  H  is  not  a 
function  of  (  and  Iherefote  H—H^=h.     The  ecjuation  (10)  then  becomes 

S  (ili(5p-Ap55)+Aft5  ((-(„)- A  (t-t„)3fe  =  S(Afi5a-Ao3p) (11). 
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480.  2'd  dediiee  Hamilton's  equations.  Let  the  symbol  A  represent  simply  djdt. 
Then  Aq  is  the  difiereiiee  between  the  values  of  the  ooordiiiate  q  in  the  undisturbed 
m  ti  D  at  t1     t'm     t  anl  t  +  At  li     ge  being  ma.de  in  the  initial  conditions. 

I  wiiaAOAjSOA       0    AHo=0.     Dividing  equation  (10)  by  At,  we 

ha       li  SH         qip-p'Sq)  +  H'U, 

wh    h  jmb  hoa  h  d       w     u  k  the  Hamiltonian  equations. 

n  th    sani  w    ma         A     p    sent  different  at    ns  v  th  tegard  to  some 

h  F  mp      \v    m  gai  1  H  a    the    ndeinndent  vac  able    and 

p  iS      3  and       n  of  H  a  d  tl  e  constants  of  integration ; 

h  n  tab  ng  A  p  dH     b         istants  not  be  ng  vannl   we  obta  n  the 

Ha  n      nanciati        wh       oA  H  p  s.   \  q    nte  change  1 

481      E  A    u    mg   ff      p      g      H„    Jo'    j9  0     solve    lie  Ham  Iton  an 

equations  of  motion,  and  expieas  p,  q  and  H  in  terms  of  t  and  the  initial  values 
of  p  and  q.  Thence  verify  by  substitution  both  Lagrange's  variation  theorem  and 
n  of  that  theorem. 


Ex.  2.  Let  },,  g^.,.?,!  be  the  coordinates  of  a  dynamical  sjstem  and  let  the 
correBponding  momenta  be  Pi^p^...'pn•  Taking  these  in  pairs,  let  {pigj),  {Vililt  ■■■ 
be  the  Cartesian  rectangular  coordinates  of  n  moving  points  Pj,  Pj...P„  whose 
positions  in  a  plane  at  the  time  ( therefore  determine  the  position  of  the  system. 
Suppose  that,  when  any  two  small  arbitraiy  changes  are  given  to  the  initial  values 
of  tlieji's  and  g's,  these  points  take  the  positions  Q\,  Q^,  ■■.;  Sj,  H^,  ...  at  the  same 
time  (.  Prove  that  the  sum  of  the  areas  of  the  triangles  P^QiIt,,  Pj^sBa.  (fv.  is 
coititant  throughout  the  molioit. 

ProTe  also  that,  if  the  Hamiltoiiian  function  H  be  expressed  as  a  function  of  the 
Cartesian  or  polar  coordinates  of  the  points  Pj,  Pj,  ....  then  H  acts  like  the  stream 
functiim  used  in  Hydrodynamics,  ie.  its  partial  cHfferential  coefficients  with  regard 
to  the  Eoordinates,  taken  with  the  proper  signs,  give  the  resolved  velodties  of  the 
points  P],  Pj,  fto.,  in  the  perpendionlar  directions. 

Ex.  3.  Brassinne't  extension  of  Lagrange's  variation  formula.  Supposing  the 
Lagrangian  function  L  to  be  a  function  of  the  typical  variables  q,  q',  q"  and  the 
difteiential  equations  of  motion  to  have  the  form 

<^_ddL      d^^^g 
dq      dt  dq'     dl"  dq"       ' 
show  that,  when  the  time  is  not  varied,  Lagrange's  variation  formula  becomes 

(Aj3p  -  ApSjl  +  (Aj  Sr  -  Aroq  )  +(Ar  Sq  -  AgBr')  =constaiit, 
where  p  =  dLji}     i  =dLlii  [Li  itcilie's  Journal,  Tome  xvi.  1861. 

BraoBinne  deduces  the  lesult  from  Lagrange  s  equations,  bnt  it  follows  more 
easih  fiom  the  corresponding  Hamiltonian  ferns.  Following  Boole's  method 
(Art   478)  the  lesult  is  anived  ^t  by  equating  SMI  and  ASff. 

482  Hormai  TEanefOnuatloiii  Vie  have  supposed  that  the  constants 
a,  a  ^1  ^„  are  the  values  of  tl  e  variables  p,  j!„,  gi...g„  at  some  time  t  =  [„. 
But  this  restriction  is  not  neoeasai^  Let  the  ii  independent  integrals  of  the 
equations  of  motiin  be 

/i(Pi    P      9i     ?™    t|=/iK     «,„ft     /9„,  („)      /JdLo.)  =/,(&!!.),     &e.  =  &o....(A). 
It  is  evident  that  we  may  combine  these  together  in  an  arbitrary  manner  so  as  to 
arvive  at  2n  other  independent  equations,  which  may  equally  serve  as  integrals. 
Thns,  supposing  we  write 

*i(ai--<^.ft..-W-''i.     ■PA&o.)  =  a.^,     &0.1 

^!',K,..^,ft..A)-6„     ^,(&c.)  =  6„     &c.\ '■^'' 

where  o,,  Ac,  ij,  Ac.  are  2n  new  constants,  the  new  forms  of  the  integrals  are 
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obtained  by  eliminating  a,,,.a„,  ft...0„,  between  (A)  and  (E).  The  resulting  forms 
contain  („,  but,  if  desiied,  we  may  eliminata  („  also,  either  by  giving  it  some  definite 
value,  or  by  properly  introducing  it  into  the  functions  ^i,  Ac.,  ^i,  &e.  The  former 
course  is  the  simpler  of  the  two. 

The  only  restriction  on  the  arbitrary  functions  0,,  die.  which  it  is  necessary  to 
make  for  our  present  purpose  is  that  the  yariations  of  the  two  sets  of  constants 
should  obey  Lagrange's  variation  formula,  viz. 

2(AMa-Aaa;>)  =  S(A^So-Aaa/3) (12). 

The  coDstants  Oj ,  &c„  ft ,  &e.  are  distinguished  as  being  the  initial  Talnes  of 
j>j,  etc.,  5i,  ic,  the  two  seiies  of  constants  a^,  &c.,  b,,  cftc.  are  here  distinguished 
from  each  other  by  their  order  in  eq^uatiou  (12). 

Supposing  this  to  be  the  case,  let  Hg  be  expressed  in  terms  of  the  new  constants 
and  tg.     The  extended  LagrangiSiU  variation  formula  then  takes  the  form 

2(a35p-Ap5g)  +  iff8(-AtBfl'-S(A63a-Aaafc)-AHaS(o+At(,airi,=0...(13), 
where  the  letters  aj,  &a.,  b,,  &a.  are  either  the  values  of  the  elements  at  soma 
arbitrary  time  („,  or  some  constants  derived  from  them  by  a  normal  transformation; 
the  terms  containing  St^  and  SH^  being  omitted  if  the  arbitrary  time  tg  is  not  varied. 

There  are  many  ways  of  so  choosing  the  relations  between  the  two  sets  of 
constants  that  the  variation  formula  (12)  may  hold.  It  will  be  presently  proved 
that,  X  being  any  arbitrary  function  of  the  quantities  Oj.-.a^,  ft,.,^„,  the  equation 
(12)isBatisfiedif  the  two  sets  are  so  related  that  eaoh  b  —  dKjda  and  each  a  =  dKjdp. 

When  qiiantitiea  (oi,  c^e.),  (ft,  tBc.)  are  changed  into  others  {a,,  d:c.},  (6, ,  iBc)  bif 
relations  each  that  each  b  —  dKjda  aiid  each  a=.dICjdp,  the  trane/ormation  lta»  been, 
called  normal  hy  Donkin,  lee  Phil.  Trans.  1855.  We  shall  however  extend  the 
meaning  of  this  term  to  include  all  transformations  tehiek  tatitfy  equation  (12). 

483.  CoDj-ogaM  alemeata.  We  notice  that  the  elements  or  letters  used  in 
equations  (10)   or  (13)  run  in  pairs,  so  that  in   using  the  theorem  it  will  be 

Pi'P2—Pn'-to.  -"1.  -"^--'^ni   '. 
where  one  or  both  of  the  columns  containing  H,  t;  H„,  t^  are  omitted  when  we  dc 
not  wish  to  vary  toit„.    The  letters  or  elements  here  placed  in  any  column  are 
usually  called  conjugates.     If  x,  y  be  any  two  conjugates  the  equation  (IS)  may  he 

shortly  written  S(AiSiy-A^53;)  =  0  (14). 

We  further  notice  that  Lagrange's  theorem  is  not  altered  by  interchanging  any 
tao  conjugates  provided  we  change  one  of  tlieir  signs.  For  instance  we  may  write 
the  letters  in  the  order  ai-.as,  -Ho.  ai...a„,  H, 

It  is  evident  that  the  effect  of  the  change  of  order  in  {a,  h)  is  exactly  counteracted 
by  the  change  of  sign. 

464.  Two  ways  of  expresBing:  tlie  .solutions.  Supposing  ff  to  be  a  given 
function  of  ji, ,  &a.,  Qj,  &o.  and  t,  we  can  form  the  Hamiltonian  equations  of  motion; 
let  these  be  solved  and  let  the  constants  of  integration  be  expressed  in  terms  of 
either  the  initial  elements  at  the  time  t„  or  the  functions  of  them  represented  by 

&c  b  &  In  th  s  way  we  have ''  equations  connecting  the  variables  Pi,  ilfcc., 
q  Ac  w  th  the  2  constant  elements  a  1  the  two  tinies  (  and  t„.  If  necessary  we 
may  }am  to  the  e  tl  e  two  equat  ons  connecting  R  and  H„  with  the  same  letters. 
Tl  ese  "n  +  Z  eqnat  ons  ma  be  mb  ncd  together  in  a  great  variety  of  ways,  and 
(    th    on  ept  on  )     0  may  eip  ny  2n  +  1i  of  the  letters  in  terms  of  the 

rroanng2  +2  as  ndependent  a  ible  Two  combinations  are  generally  used, 
though  othe  s  nay  be  ma    ned 
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(1]  Suppose  the  elements  ivritten  in  two  rowa  having  eoDJugate  elements  in  the 
same  oolamn,  as  in  Art.  483,  then  the  elementa  in  either  row  may  be  regnrded  as 
functions  of  those  in  the  other. 

(2)  Omitting  the  eolumne  which  contain  H,  t  and  H„,  t^  and  ari'angir^  the 
remaining  columns  so  that  the  p's  and  ;'s  are  on  one  side  of  the  middle  vertical 
line  and  the  o's  and  ft's  on  the  other;  the  letters  on  either  aide  of  the  middle  line 
may  be  regarded  as  fnnotiona  of  thoee  on  the  other  aide  together  with  t  and  („. 

In  Lagrange's  variation  formula  the  operations  A  and  S  mnat  be  (1)  independent 
of  each  other,  (2)  mast  not  be  inconsistent  with  the  eguationa  which  connect  the 
dependant  and  independent  variables.  We  may  therefore  make  A  and  S  represent 
variation  or  differentiation  with  regard  lo  any  of  the  lettert  vikich  have  been  chosen 
as  the  indeper>dent  variables. 

485.  Various  Potential  flmettone.    Writing  the  letters  in  the  order 

let  the  elements  in  the  upper  row  be  regarded  ae  the  independent  variables.  Let 
the  operation  A  represent  variation  with  regard  to  any  one  element  in  theapperrow, 
say  g^.  The  variations  of  the  elements  in  the  lower  row  due  to  A  are  not  zero,  bnt 
taking  any  one  of  them  say  p,  Ap  =  dpldg^  ■  Aq,. .  In  the  same  way  let  S  represent 
variation  with  regard  to  q,.  Then  as  before  5p  =  dpjdq,.Sq^.  The  theorem  es. 
pressed  by  equation  (14)  then  becomes  Aq^Sp^-  Apgiq^^O. 

It  immediately  follows  that  dp^dq^^dp^/dq^. 

By  interchanging  conjugate  elements  and  changing  the  sign  of  one  of  them  ne 
may  obtain  a  numhec  of  similar  equations.  In  whichever  of  these  orders  the  rows 
are  written,  it  follows  that,  if  the  elements  in  either  row  are  independent,  the 
differential  coefficients  of  any  tioo  dependent  elements,  each  takai  with  regard  lo  the 
conjugate  of  the  other,  are  eqJtal. 

486.  The  equality  of  these  differentia]  coefficients  espvesses  the  fact  that 

p^dq^  + ...  +p„dq^- a-,db^-  &c.  -IIdt  +  Hodtt, (I) 

is  a  perfect  differential  of  some  function  of  the  coordinates  g, ...<;„,  bj...b^,  [and  ((. 
If  S  be  this  function  we  have  the  typical  equations 

p^dSjdq,         -a^dSjdb,         -fl"=i?S/d(,        ff„  =  ifS/ii!o. 
In  the  same  way,  if  we  interobange  the  conjugate  elements  (~-H,  t),  {flu,  („)  and 
give  the  proper  change  of  sign,  we  see  that 

Pjdq,  +  &c.-a^dby--&e.  +  tdH-tgdH^ (9) 

is  a  perfect  differential  of  some  function  of  the  coordinates  s, ,  &c.,  6j,  &o..  H  and 
H„.     If  7  be  this  function  we  have 

p^dVjdq,  -a  =  dVldb,  t^dVldH.  -t„  =  dVldH„. 
To  discover  the  meanings  ot  the  functions  here  called  S  and  V  we  recall  the 
letters  L  and  H  as  defined  in  Art.  412.  Putting  L  for  the  Lagrangian  function  and 
remembering  that  H  is  its  reciprocal  (Vol.  i.  Art.  410),  we  have  L  +  H-'S^q'. 
From  the  equation  giving  the  total  differential  of  S  we  have  (i5/(it  =  Sp}'-fl'=X. 
If  the  constant  elements  are  the  initial  values  of  q^,  &o.,  pj,  &c.,  we  have  in  the 
same  way,  dSjdta—  -L,,,  where  i„  is  the  initial  value  of  L.  We  therefore  have 
S^^Ldt  where  the  limits  are  t  —  t„  and  t  =  (. 

Again,  comparing  the  total  differentials  of  S  and  V,  we  see  that 
d(S-V)^-d{Ht)+d  (Jfj(„), 
-whence  S  =  F  -  J?J  +  J7„l£,.     This  leads  lo  the  same  value  of   V  as  that  given  in 
Art.  443. 


y  Google 


ART,  489,]  VARIOUS    POTKNTJAL    FUNCTIONS.  S29 

e  evident  that  we  maj  obtain  a  variety  of  functions  besides  S  and 

3  analogous  properties.    We  have  only  to   iaterohange  tvfo  eon- 

ts,  changing  the  sign  of  one  of  them,  and  a  new  function  may  be 

!e  from  the  new  arrangement.     The  relations  between  these  functions 

■e  generally  as  follows. 

Let  any  two  series  ot  variables  be  represented  by  tlie  two  rows 

12:.^ '"■ 

For  example,  in  Che  expression  (1)  of  Art.  486  the  x'a  represent  3i...</„,  ii...b,,, 
(  and  *(  while  the  ^'a  represent  jij...j)„,  -ii]...-a^,  -HaaHH^. 

First,  let  each  element  (^  in  the  lower  raw  he  obtained  by  differentiating  some 
function  A,  of  the  elements  in  the  upper  line  with  regard  to  the  conjugate,  viz.  e,. 
This  series  of  equations  we  may  write  typically  i^dAJdx    (2). 

Then  A^,  =  (i(J|/di,)A3;,  +  &o.  =  Sfa3;, 

.-.   Ba,di  =  S(Bfaai  +  iMi},         Similarly  A3jli  =  S(A£!3;  +  |iiS3:). 
Equating  these  results  esactly  as  in  Art,  478,  we  have      S(a3;3^-A^Bj:)  =  0...(3). 
This  corresponds  to  Lagrange's  theorem. 

Umae  d[x,i)-xdi  +  ^x  and  c!4i=.2fite,  we  see  that  S.rdf  is  also  a  perfect  difier- 
entialof  some  function  ^j  of  tbeai'sandf's.  Also  .^j  may  be  espressed  as  a  function 
of  the  elements  in  the  lower  line  of  (1)  by  using  the  relations  (3).  It  follows  that 
each  X  is  the  diSerential  ooefQcient  of  some  function  A^  of  the  elements  in  the  lower 
line  with  regard  to  its  conjugate  f.    Thus         s:  —  dAjJd^ (4). 

Since  (i^j=2^  and  d43=2a(Jf,  we  have  by  addition  and  integration 

Hence  jIj  and  A^  are  reaiproaal  fimetiona  aoeording  to  the  definition  given  in 
Vol.  I.  Art.  410. 

Let  us  nest  reverse  the  order  of  one  of  the  conjugate  elements,  wiitmg  the 
scheme  in  the  form  e,,  3:j...a;„_i,    JJ 

f„&...f„-„-iri 

As  before  iidxi  + ...  -  x„d^^  —  dA^-  d{x^^„)  and  is  therefore  a  perfect  differential 
of  some  (unction  B„.  Eiprees  jB„  as  a  function  of  the  elements  in  the  upper  line 
of  (S),  and  we  have  ^,-dBJdx,  from  r  =  l  to  i-=ii-l,  -x^^dBJd^^.  It  im- 
mediately follows  that  £„=^i-a;„i„,  Eeferrlng  to  Vol,  i.  Art.  418  we  see  that 
£„  !8  the  modified  function  of  A^  for  the  caujugate  set  [x^,  f„). 

488,  We  may  now  express  in  a  convenient  manner  the  relation  between  the 
oonstant  element  a,...a„,  b,...bs  and  the  initial  values  of  yi...jj„,  ii-.q^.  Putting 
<i]...o„i  3i...|9„  for  these  initial  values,  we  have  by  Art.  482 

2(a!>5a-Aoa6)-2{A^8a-S^ao)  =  0. 

Wrifo  the  letters  in  the  order  "i--""-      "i-     °"  I 

hy..\,  -^i...-(3„| 

as  in  Arts.  485,  486,  each  tetter  in  either  row  is  the  differential  coefficient  with  regard 
to  its  conjugate  of  some  function.  Thus,  if  K  be  any  arbitrary  function  of  the 
letters  in  the  upper  row,  we  have  b^dKjda  and  -^^dKjda.  Other  orders  of  the 
letters  give  other  rules. 

489.  Canonical  elementa.  We  shall  now  return  to  Lagrange's  equation  and 
show  how  we  may  arrive  at  another  set  of  relations  by  arranging  the  equations  in  a 
different  manner.     Writing  the  letters  in  the  order 

Jl|,  Pj...p„  I  &i,  \.-.b.a 
9i,  ga...9„|ai,a2...o„ 


(5) 
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we  shall  regard  the  elemeiits  on  one  side  of  the  vertical  bar  as  functions  of  those  oa 
the  other  together  with  (  acd  l„.  As  we  are  about  to  nse  Lagrange's  variation 
theorem,  the  oonEtants  muat  he  either  the  initial  values  of  the  variables  or  those 
derived  from  them  by  a  normal  transformation.  Siaoe  the  time  will  not  be  varied 
in  what  immediately  follows  the  presence  of  t  or  (g  is  not  material. 

We  shall  now  prove  that  the  partial  inferential  coejicient  of  an  element  in  one 
row  on  one  tide  of  the  bar  with  regard  to  any  element  in  the  other  rote  on  the  other 
side  of  the  bar  is  eqaal  to  the  partial  differential  coefficient  of  the  coT^agate  of  the 
latter  with  regard  to  the  conjugate  of  the  former. 

To  prove  this  we  use  Lagrange's  theorem.  Let  the  aymhol  A  mean  that  the 
variation  of  every  letter  on  the  left-hand  side  except  p^  is  zeio,  so  that  i  represents 
djdp^.Ap,.  Let  3  mean  that  the  variation  of  eveiy  letter  on  the  right-hand  side 
esicept  Z),  is  zero,  so  that  8  represents  dldb,.Sb,.     We  then  have  Ap^Sj,.- Aa^Sftg^O, 

dp^di,  =  dblij 
which  proves  the  thejrem 

If  we  interchange  the  eonjufeates  on  the  light  hand  side  of  the  \LitiGil  bar 
changing  the  signs  ol  one  of  the  r  wb    we  deduce  at  onoe  dp  /H,=     dajdqr 

The  method  of  denting  the  equality  of  these  diffeiential  coeftioients  fiom 
s  theorem  is  due  to  Donkin 


(., .)- 


490.  We  shall  now  mtioduce  a  new  symbol  dne  to  PoiKSOn  Let  i,  i  b--  any 
vo  functions  of  the  variables  pj  -.Pn'  3i  ■■•  Sni  then 

w  dv      da  dv'\ 

Oidqi'd^idfJ' 

where  the  summation  is  to  he  taken  for  all  values  of  i  from  !  =  1  to  i  =  n.  We  may 
also  include  the  conjugate  elements  (ff,  (}  if  u,  v  are  functions  of  H  or  (,  but  this 
term  is  not  to  be  ineladed  nuless  it  is  expressly  mentioned.  In  using  the  abridged 
notation  («,  v)  the  order  of  the  letters  is  to  be  attended  to.  The  first  factor  on  the 
right-hand  sicle  is  dnjdp  not  dajdq. 

There  is  anotJiet  summation  which  Lagi'ange  has  represented  by  the  same 
symbol.  To  prevent  contusion  we  shall  slightly  alter  its  form.  Let  u  and  v  he 
two  quantities  of  which  the  variables  pj,  iSc,  gj,  i6o.  are  functions,  then 

\  du  dii      dv,  dv  J' 
where  the  summation  is  to  be  talien  for  all  values  of  i,  the  denominators  li,  v  being 

491.  Let  any  integral  of  the  differential  equations  be  written  in  the  form 

''i-/(j'.,fi.  ?-■.!/"-■') (!)■ 

ae  explained  n  Ait  48       It  h  t  tut    f     ;     9i,  &e.  their  values  in  terms  of  I 

and  the  con  taut  a  &o  (  A  th  qu  t  (1)  becomes  an  identity;  we  can 
therefore  diff  ntia  t  pa  t  ally  w  1  ga  d  t  any  letter.  Differentiating  with 
respect  to  a  I  ta     b    Art  489 

fj    ttej     dq  da      dp  da      dq^da^ 

_  dn,  d6,      All  <"4      ''"l  '^'■l      "^1  '^'^1  , 

tip,  dqj     dq-,  dft     dpj  dq^     dq^  dpg 

This  is  (Oj,  6,),  where  n, ,  6,  are  any  two  conjugate  elements.    If  we  differentiate 

■with  regard  to  a^,  b,,  6,  in  turn  we  obviously  arrive  at  0  =  (a,,  65),  0  =  («,,  Oj), 

0=(a],  Oj)  by  changing  the  letters.     In  general  we  find  {a^,  (',)  =  1  or  0  according 

as  s  ts  or  is  not  equal  to  r,  that  is  according  as  the  elements  ai'e  conjugate  or  not. 

If  we  substitute  for  do,/iipi,  &c.  their  values  given  in  Art.  499,  we  find  that 
K,  6,)  =  K,  6,]. 
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When  the  dynamical  equations  have  been  Bolyed  we  have  2ra  equationa  giving 
the  values  of  jpj,  &a.),  (q^,  &o.)  in  terms  of  (and  the  constants  (<(|,&o.),  (6,,  &a.)  of 
integration.  If  these  constants  are  so  eliosen  as  to  be  the  iuitial  valnea  of  (p, ,  &e.), 
[q,,  &o.},  or  if  they  are  any  oonstaats  derived  from  them  bya  normal  transformation, 

me  have  just  proved  {a,  &)=0  or  1 (I). 

But  it  the  constants  are  merely  those  intioduoed  at  each  integration  it  may  happen 
that  they  do  not  aatisfy  the  above  relations.  To  distinguish  these  eases,  the 
constants  are  ealied  canoniaul  lolien  they  are  so  arranged  tliat  tliey  satisfij  Ike 
relations  (I). 

492.  Ex.  Melmboltz'a  Theoram.  The  natural  motion  of  a  conservative 
system  would  carry  it  from  a  position  .1  to  a  position  B  in  a  time  ( ;  the  system 
would  also  describe  the  reversed  motion  ftrom  B  to  ^  in  the  same  time.  Let  its 
coordinates  and  momenta  at  A  and  B  be  respectively  6;  ...■6„,  Oj  ...  "«  and  g^  ...  g„  , 
Pi  ...jj„.  Suppose  that  in  passing  through  the  position  .i  the  system  receives  soma 
email  impulse,  bo  that  tie  momentum  u^  is  increased  by  80^,  all  the  other  elements 
being  nnchanged,  and  that  the'  coordinates  after  a  time  t  are  in  Gonsequenoe  altered 
'>J  Sjj ...  3c|„.  Suppose  again  that,  when  passing  the  position  B  in  the  reversed 
motion  from  £  to  J ,  a  small  impulse  ia  given  to  the  system  by  which  the  momentum 
J),  is  increased  by  Apj,  and  let  Ab^  ...  Aft„  be  the  corresponding  changes  in  the  co- 
ordinates after  a  time  (.     Then  SqJSa^  =  AhffAp,,     Crelle's  Joariial,  Vol.  100. 

Prof.  Horace  Lamb  in  commenting  on  this  theorem  gives  a  number  of  applica- 
tions [o  Acoustiea,  Optica,  <6e.  See  Recipj'oail  Theorems  in  Dj/nwiiics,  Vol.  sis.  of 
the  Proceedings  of  the  London  Mathematical  Society,  1888. 

493.  roiHon'B  Theorem.    If  any  two  integrals  of  the  equations  of  motio-n  are 
written  in  the  forms        "i^^fPii  <^o.,  Jj,  itc.  t),        <'i='i>s{Pi!  <^i'v  9ii  '^^-  'ji 
tft^n  regarding  c,  and  c^  as  fuvetions  of  pj,  <&c.,  g,,  etc.,  t  being  constant,  the  quantity 
(c, ,  Cj)  is  constant  tkroughoat  the  inotion. 

Since  there  cannot  be  more  than  the  proper  number  of  integrals  of  the  equations 
of  motion,  it  must  be  possible  to  derive  these  two  from  the  3n  integrals  with  the 
initial  values  for  the  arbitrary  constants.  If  (a^,  &q.),  (|3,,  &a.)  be  these  initial  values, 
we  have  therefore  Ci^/K,  iSc,  jSi,  Ac),         i:2  =  F(iii,  &o.,  jSj,  &o.), 

where  (<t]  I  &o.),  fft,  &a.)  aretoberegarded  aa  known  functions  of  (pi,&e.j,  (g,,&c,). 

Now  !?S.—  ^^  +  -^£?>  +  ,&  dc^ _dF doi     dF  do,2     . 

dp     do,  dp      da^  dp         ■'        dq  ~  doi  dq      da^  dq 
.    dc,dc^_de,dc^^.^/dfdF_^df^dF\/da,da^_da^da,\ 
dp  dq      dq  dp        \daj  iioj     da^daiJ  \dp  dq       dq  dp  J  ' 
_    .         ,     „[dfdF      dfdF\,  . 

■■  ^'"'^=^[d^:dra,-d^,d^J^^"'^^- 

Since  the  integrals  Bj,  a^ ,  iSe.  are  canonical,  {a,,  091  =  0  or  ±1.  Also  their  coefficientB 
in  this  series  are  all  fmictiona  of  a,,  0^  &a.  and  are  therefore  constants.  It  follows 
that  (Cj,  c^)  ia  constant  throughout  the  motion. 

It  follows  from  Poiaaon'a  theorem  that  wkeiiever  two  integrals,  say  Ci  =  0,  c^  —  ij/, 
of  the  differential  eqtiatione  are  known,  the  relation  Cg  —  {(ti,  ifi)  mast  be  a  third 
iMegral  of  the  equations  of  motion,  or  an  identity,  or  dedueible  from  thx  two  integrals 
already  known. 

494.  Another  p'oof.  Since  the  integral  Ci  =  it^{pj,  &o.  q,,  &a.  t)  satisfies  the 
Hamiltonian  equations,  we  shall  obtain  an  identical  reault  if  we  diSereutiate  it 
totally  and  substitute  for  p'  and  </  their  values  given  by  the  Hamiltonian  equations. 

w.ti,.,ow.i„         o.z('-Ji*?+*S;')  +  :5i  m. 

\      dp  dq      dq  dp  J      dt 
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This  equation  may  also  be  written  in  the  compact  form  0  =  (H,  Ci)  +  dCi/iii,  and 
ea^reiees  the  cimditioii  that  Ci  =  'ti  {/^.)  is  an  integral  of  the  equations  of  motion. 

Let  J  =  2    -r^-T^-j-'j-^    i  we  hare  to  prove  that,  A  being  regarded  as  a 

function  of  p, ,  q,,  ito.  and  t,  the  total  differential  coegicient  d.Ajdt  is  lero.    Now 


The  letters^],  g,,  &e.  enter  into  the  espreBEion  for  A  oiilj  through  e,  and  Cj. 
Let  US  consider  only  the  part  of  d,  Ajdt  due  to  the  variation  of  Cj,  then  the  part  due 
to  the  variation  of  Cj  may  be  found  by  interchangins  Cj  and  O3,  and  changing  the 
aign  of  the  whole.     The  complete  yalue  of  d .  Ajdt  is  the  sum  of  these  two  parts. 
The  part  of  d .  Ajdt  due  to  the  variation  of  C[  is 
rdca  J  d  dci       iPci    dH       d\    liHI       dc^ldde,        cFt,   dH       d^c,   dH\  "1 
LdPj  Vst  >*'      dp^dqgdqr     dg^q^dprj       dq,\dpg  dt      dp^dq^dq^     dqydp,dpyj  J 
If  we  aubstitnte  for  dc,ldt  its  value  given  by  the  identity  (1),  we  get 

rdCg  (^   fjag   _  dej    dm  1   _  dcj  j^    jPH    _  (?«j    rf°.H  1 1 
V.dp,  \dpr  dq^/iqr     dq^  dp^q,]       dq^Xdpr  dp,dq^     dq^  ^pAlJ  J  ' 
If  we  now  interchange  Cj  and  «,  we  get  the  same  result.     Hcnoe  when  the  two 
parte  of  d ,  Ajdt  are  added  together,  the  signs  being  opposite,  the  sum  is  zero. 

495.  Bxan^lea.  Ei.  1.  If  Ci  =  H  ia  the  equation  of  via  viva  and  £3=  ^j  (*o.) 
is  any  other  integral  not  containing  t,  prove  that  (c,,  c^)  ia  identically  zero.  But  if 
the  integral  Cj  contain  t  and  is  written  in  the  form  e,  =  0a  (*c. )  - 1,  then  (C[ ,  c^)  is 
identically  nnity.  [Bertrand,  Liouville's  J.  1862  and  Lagrange  M£c.  Notes. 

The  results  follow  from  (ff,  c)  +dcldt=0. 

Ex.  2.  If  Cj  =  ^  (Ac.)  be  any  integral  not  oontaininK  t,  there  must  be  at  least 
one  other  integral  «2  =  ^  (&o.)  such  that  (Ci,  Cj)  ia  not  zero. 

For  if  possible  let  {c,,  (!()  =  0  for  all  integrals  c,  ...Ca,i.  This  equality  may  be 
regarded  as  a  differential  equation  to  find  Cj,  and  it  must  eoraprehend  all  the 
scJntionB  of  {H,  ei)  =  0,  since  this  last  equation  espressea  the  fact  that  c;  ia  an 
inlegral  of  the  equations  of  motion  not  containing  (  explicitly.  But  two  linear 
equations  having  the  same  number  of  variablea  cannot  have  the  same  integrals 
nnlesa  they  are  identical.  Hence  Cj  or  ^j  ia  a  funotion  of  H  and  the  given  integral 
is  the  equation  of  via  viva.  But  if  «i  is  the  equation  of  vis  viva  there  is  au  integral 
which,  combined  with  it,  gives  the  result  unity,  vin.  that  one  in  which  tlie  constant 
is  joined  to  the  time.  [Bertrand, 


496.  We  shall  now  prove  that  the  c 
integral  form  a  canojiical  ut.  Keferring  U 
are  written  according  to  the  aoheme 

9i.,.g„,|7i  ,  61. -Vi. 
3>i-P«.!  '  +  «■  -"i-.-'^i, 
each  element  in  the  lower  row  is  the  partial  differential  ooefSoient  with  regard  to  its 
conjugate  of  a  function/.  It  follows  that  Lagrange's  theorem  applies  to  this  scheme 
of  elements  when  we  treat  (  +  e  as  one  of  them.  Art.  487.  But,  when  the  elements 
on  the  right-hand  side  are  regarded  aa  functions  of  those  on  the  left,  Lagrange'a 
theorem  (by  Acts.  489,  i91)  supplies  all  that  ia  necessary  to  obtain  the  relations 
[a,  6)  =  0  or  1.  Since  (  and  e  enter  in  the  form  of  the  aum  t  +  e,  these  relations 
reduce  to  (a,  6}=0orl,   (i,  e)  =  0,   (ft,  e)  =  1. 

The  constants  are  therefore  canonical.    This  theorem  ia  given  by  Douliin. 
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Ex.  Taiiog  the  example  of  the  motion  of  a  projectile  given  in  Art.  477,  ahow 
that  the  four  integrals  deduced  from  Jaoobi's  complete  iategral  ore 

Verify  that  these  oonstanta  are  oauonical. 

497.  Ex.  Bei:lra.nd'a  Thaoram.  Let  o  =  0(pj,  &c.,  qj,  &a.,  <)  be  .in  inlcjirxl 
of  (he  oquatione  of  motion  aud  let  ft  7,  8  be  three  others  of  the  same  kmd  Form 
the  delemiinant  iu  whioh  the  first  row  is  dajdpr,  dajdqr,  da/dp,,  dajdq^  and  the 
three  other  rows  are  deduced  from  the  lirat  by  writing  p,  y,  S  for  a.  Let  {a  p  t  0) 
represent  the  sum  of  these  determinaitts  for  all  values  of  r  and  s.  Pro^e  that 
(a,  ft  y,  5)  is  oonstaat  throughout  the  motion.  [Comptes  Eendus,  lt»2. 

Briosohi  gives  a  short  proof  of  this  by  expanding  (a,  ft  y,  S)  in  a  series  of 
deteiminants  each  of  two  rows.     The  expansion  is 

2(..ffl(,,  »)+2(.,-,)H,  fl  +  2(.,  J)(fl,7l, 
whioh  is  constant  by  Poiseon's  theorem.    If  the  constants  are  canonical  this  reduoea 
to  2  or  0,  according  as  there  are  or  are  not  two  pairs  of  conjugate  elements.   He  also 
shows  that 
(.,  ft  T,  s, ,,  g.Si;  « (,!,8+s(..  7)  VHl) 

+  3(.,  >)(/!»■: «l+«(«,»)(/ivSi)+3  (-.8  (ftTS* 
Tortoiini,  Annali  di  Scieme  mateaiatiche  ejkiehe,  Vol.  iv.,  1853. 


(17,  F)  = 


B  Of  (u,  v).     As  the  symbol  (u,  v)  has  considerable  importance 
in  theoretical  dynamics,  it  will  be  found  usefnl  to  uotice  the  following  properties : 
(1)     («,v]=-{v,u).        (2)     («,«)  =  0.         (3)     (}>i,  9^  =  1  and  (p(,4,.)  =  0. 

(4)  Let  U=f{Ui,  Hj,..iiJ,  r=P(i([,  ii3...u„),  where  u,,  &e.  are  functions  of  the 
dements  (p,,  &c.),  {7,,  Ac).     Then 

rdU  dV_dU  dV\ 

\d\ty  du,     du,  da, I  ^  ''    '' ' 
where  S  implies  summation  for  all  values  o£  )■  and  e.     Bertrand,  see  notes  to  the 
M^canique  Analytiqae  of  Lagrange,  1953. 

(5)  The  following  is  a  more  general  theorem.    Let 

Then  (i;,K)  =  (U;F)  +  sjgK,F)  +  g(r,^  +  ii, 

where  (V\  V)  is  partial  with  regard  to  p  aod  q,  and  E  stands  for  the  result  given  in 
Theorem  4.  This  theorem  is  given  by  Imschenetsky,  see  the  translation  from 
Russian  into  French  in  Gritnert's  Aruhiv,  1869. 

(6)  If  M  andu  are  fanotiona  of  (p,,  &o,),  (q,,  &o.)  and  any  letter  x,  it  follows, 
by  the  rule  for  difFerentiating  determinants  that 

dx^  ■    '     \dx'    )^\   '  dxj 
Proceeding  as  in  LeibcitK'a  theorem,  we  have 


IS  (".")  = 


Imechenetsky. 

(7)    If  H,  u,  i«  are  three  functions  of  the  variables,  then 
{«,(«,«.)!  +  («,(«., »))  +  {«.,  («.-^))  =  0. 
Jaeobi,    Crelle's  Journal,  li.  p.  42.      A  proof  is  given  in  Forsyth's  Bij^era 
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40^.  Transformation  of  Coordinates.  The  Hamiltouian  equatiouB  of  matiaii 
may  te  written  in  the  typical  forma 

p'--dHldq,        q'  =  dHldp (1). 

If  we  now  ohangp  the  cooidinatea  q^.-.q^  to  others  Qi...Q„  connected  with  the 
foinier  by  equationa  ot  the  foim.  9=/(Qi...Qn),  wa  linow  from  djnamieal  oon- 
sideiatious  that  the  tiansformed  e<[uationa  take  the  typical  fonns 

P^-dHjdQ,         Q'  =  dH!dP    (2), 

Mbeie  Fi  P„  are  the  momenta  corresponding  to  §i.,.Q„  respectively  aod  may  be 
derived  fiom  the  ttaneformed  value  ot  the  vis  viva  by  the  same  rules  as  before. 

In  Older  to  generalize  thi',  let  ns  enquire  whether  we  can  find  any  tranafonna- 

3i  =  fi(ft     Q.   Pi    fJ.'So     ....(3),        ii.,  =  Fi(g,...^„,  P,...PJ,&e (4), 

so  that  the  Hamiltonian  equations  (1)  when  transformed  will  take  the  form  (2).  We 
suppose  that  H  is  any  given  function  of  (pi,  &e.),  (gj,  &c.)  and  of  I,  bnt  that  the 
formulae  of  transformation  (3)  and  (4)  do  not  contain  f  explicitly. 

Since  the  Hamiltonian  equations  (Art.  480)  may  be  written  in  the  form 

S(A3S}J-Ap33)  +  AHa(-AWir=  constant (5), 

it  is  clear  that  the  transformation  can  be  effected  if  we  tate 

S(Ag3p-ApB9)  =  S(A(35P-APim  ,. (6), 

where  d  and  S  have  tie  meanings  giien  to  them  in  Art.  476. 
If  we  write  the  letters  according  to  the  scheme 

y,...p„,     -P,...-P„, 
Si.-Sn.        «i-     «™, 
we  can  infer  from  Art,  487  the  following  rule,  originaJly  due  to  Jacobi  (sea  his 
Dynamik) :   Assume  any  arbitrary  fuiictioa,   •l^ili-.g^,  Qi-.-Q^,  of  the  given  co- 
ordinatet  and  of  tlie  new  set  to  be  introduced,  titen  the  required  relaliom  (3)  and 
(4)  are  equivalent  to  the  typical  relations  p  =  ti^/dj  and  ~F—d^jdQ. 

Other  rules  may  be  obtained  by  interchanging  the  conjugate  elements  with  the 
necessary  change  of  sign.     Thus  taking  the  order 
Si    3«.     P-i    K, 

we   may  obtain   transformation  formulae  equivalent   to   (3)   and   (-1)  by  putting 
q  =  dfldp  and  P—d^jdQ   lekeie  f  is  an  aibdia-iy  Jtiiiitimi  of  Pi    p„,  Q^...Q^. 
This  rule  is  also  given  by  Jaeobi,  see  the  Comples  BeTtdui,  1837   iome  v.  p.  66. 
500.     Examplas.    E\  1     Let  us  choose  the  aibitraiy  function  f  to  be 

•^^PifiiQi-Q^+vMQ,-QJ+ C). 

We  then  find  by  Jacobi'a  second  rule  that  the  requited  formulae  of  transformation 

Are  Qi=fi(Qv:Q«) (3|.  Fi^PidfJdQi+p^<lfJdQ(+ (3). 

We  shall  now  prove  that  these  are  the  ordinary  formulae  of  transformation  when 
we  change  from  one  set  of  coordinates  j,...9„  to  another  Q^.-.Q^. 

By  remembering  the  definition  of  pi,  p,,  iSc.  (Art.  465)  and  noticing  that 
$,',  Qs,  &c..  do  not  enter  into  (2),  we  easily  find  that 

dTjdQf'  =p,  dq{ldQi'  +p^  dq^'jdQ^  +  cftc. 
This  by  differentiating  (2)  is  seen  to  lead  to  the  right-hand  side  of  (S).     It  therefore 
follows  that  in  this  case  P^  is  the  momentum  corresponding  to  the  coordinate  Qj, 

Ei.  2.  A  system  depends  on  two  paira  of  elements,  viz.  ^p^,  q^  (pj,  jj) ;  taking 
-Jacobi's  arbitrary  function  to  be  2;3f ^tai-QiJ^  +  fe-Qa)^  find  the  formulae  of 
transformation  and  examine  what  they  heeomo  when  ^  =  0. 
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Ex.  3.  Donkin's  I'vle.  In  Jaoobi's  rale  the  arbitrary  function  f  ia  not  to  contain 
(  explicitly.  If  we  suppose  (1-  to  be  an  arbitrary  fanction  of  p^,  &c.,  Qi,  &o,  and 
t,  prove  tliat  the  transfowaation  formulae  typioally  written  g^^dfjdp,  F=difi!dQ 
will  obange  the  differential  equations  into  others  stiil  of  the  Hamiltoaian  form  bat 
with  S-df!dl  written  for  R.  [Phil.  Trans.  1885, 

Let  X  be  such  a  funotion  of  the  variables  and  t  that  the  equation  (6}  Art.  499  ia 
true  after  the  addition  of  S  (AlSi  -  Axii)  to  its  right-hand  side.  The  possibility  of 
this  assumption  is  proved  by  finding  the  proper  form  for  x.  The  second  sehenie  is 
then  altered  b;  the  addition  of  another  set  of  elements,  viz.  x  to  the  upper  and  t  to 
the  lower  line.  It  than  follows  by  the  same  reasoning  as  before  that  x—d^fdl  and 
oonveraely.  The  equation  (5)  then  shows  that  H-x  must  be  written  tor  H  in  the 
Hamilton  ian  eqnations. 

Ex.  4.  Mathieu'e  rule.  If  the  -variables  (p,,  &o.),  (31,  Ac.)  aie  changed  into 
fP,,iSo.).  (§1,  &c.)  by  relations  suoh  that  SpSg^SPBQ,  prove  that  the  Hamiltonian 
equations  when  so  trauEfoFned  retain  the  Hamiltonian  form.  Thence  deduce  the 
following  rule  to  obtain  a  set  of  transformation  formulae.  Assume  any  arbitrary 
function  of  the  old  and  new  coordinates,  eay  f(qi,  &c.,  Qi,  &o.),  and  equate  it 
to  zero.  The  required  relations  may  be  typically  written  p  —  iidtpjdq  and 
-P^lid<j/jdQ.  We  thus  have  3)1+ 1  equations  to  find  (P,,  &e.),  (Qi,  &c.)  and  /i. 
\IAouville'>  Jouraal,  xix.,  1874. 

To  prove  the  first  part  of  this  theorem  Mathieu  remarks  that  the  Hamiltonian 
equations  may  be  written  in  the  form 

m=Z\S{vi')-dldi{pSq)}   (1). 

Hence  if  we  choose  2jiSg  =  2P5(3  for  all  variatiom  the  Hamiltonian  form  ia 
unchanged. 

We  may  generalize  this  and  choose  the  new  variables  so  that  'Zpiq-'ZFhQ  =  SW 
is  true  for  all  variations,  where  W  is  a  funotion  of  either  set  of  coordinates.  Wa 
then  have 

23ipg'-PQ')=itr',        2,dldt(y5q-PSq)^d.ldtSW. 
Subtracting  these  we  see  that  SW  disappears  from  the  expression  for  iH.     The 
HmiiilMnian,  eqiiatiojis  wlien  thus  transformed  mil  therefore  retain  tlie  Hamiltonian 
form.     This  is  called  a  contact  transformation,  a  name  due  to  Lie. 

To  prove  the  second  part,  Mathieu  notices  that  the  equation  ZpSq  =  'ZPSQ  loads 
to  2fi  eqnations  which  may  be  typically  written 

'■i^.S-*"'-. (■)■  '.llr*.^/--- '■■'■ 

where  i  has  any  value  from  1  to  ni  The  set  (II)  shows,  by  elimination,  that  the 
Jacobian  of  q-^.-qa  vdth  regard  to  Pi...F,i  is  zero.  Hence  the  n  equations  (3)  of 
Art.  499  are  such  that,  if  we  eliminate  n  - 1  of  the  P's,  the  nth  will  also  disappear, 
and  leave  aji  equation  containing  only  3,,..gaand'Qi...i3„.  This  is  the  equation  he 
calls  1^=0.  Differentiating  f—0  with  regard  to  Pi...P„  in  turn,  the  equatioas  (II) 
show  ih&t  pi—zidtpldqi-  Then,  substituting  in  (I)  it  follows  that  Pj—  -/idilildQj. 
It  may  be  noticed  that  the  unknown  quantity  /i  is  not  restricted  to  be  a  function  of 
3i-..9n^  '3i..'3„onlj. 

501.  The  use  of  changmg  the  variables  p^,  *e.,  q^,  &o,  inio  P,,  *o.,  Q„  &e. 
is  that  if  the  arbitrary  funotion  ^  is  properly  chosen  the  expression  for  M  can  be 
simplified,  while  the  Hamiltonian  form  of  the  differential  equations  is  still  retained. 
The  letters  (Pj,  Q-J,  (P, .  Q,),  tio,  retain  their  dual  character  so  far  as  the  differential 
equations  are  concerned,  but  P  does  not  represent  the  momentum  corresponding  to 
Q  unless  dTjdQ'—P  where  T  is  to  be  expressed  as  a  (unction  of  {Q^,  Q,'j,  dfcc. 

Ex.  Show  that  in  Jaoobi's  first  rule,  if  we  take  (t  =  ^  (g  -  C)"  or  4'^Aq^  (f,  we 
do  not  have  <jr/rfQ'  =  P  except  when  n  =  2. 
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G(l'2.  Hamilton's  equations  witb  Indstermlnate  JSnlttpllera.  Let  17^,., i;^. 
Jii.,,p„  he  tbe  coordinatee  and  momenta  of  the  system,  L  tlia  Lagrftngian  funotion 
and  H  its  reciprocal.     By  tbe  priDciple  of  yirtual  n 


SI  T-,:3-i-:^    60=0    (1), 

\dtdq'      d<i)    ' 


for  all  variations  consistent  with  tbe  neometrical  relations.    Again  by  tbe  definition 

of  a  reciprocal  function  H+L^'Spq'   (2). 

Taking  the  total  variation  of  this  as  in  Vol.  r.  Art.  410  we  have 

5ir-^2^B3  +  2(-^,+y)8e'  +  29'5,.  (3|. 

llemembering  tliat  p~dLjdq'  by  definition  and  eliminating  S  {dLjdq)Sq  by  (1),  we 

have  SH=-Sp'Sq-t-Sq'Sp  (4). 

If  all  the  p's  Olid  q's  were  independent,  we  could  deduce  at  once  from  this  the 
Hamiltonian  equations.  If  however  there  are  equations  of  condition  between  tbe 
variables  we  ma;  use  the  method  of  indeterminate  multipliers.  Let  there  be  t 
situations  of  condition  and  let  these  be  expressed  by 

/*ta-.p«,   Ti-gJ^O (5), 

where  i  has  any  valne  from  i  =  l  to  i'.  Differentiating  these,  and  subtracting  them 
from  (4)  after  multiplication  by  \,  A.j...Xri  we  have 

M.z{-p'-x.|-x,|-«..[»,+2j,--x,|^*c[a, (6), 

where  the  2  implies  summation  for  all  the  ooocdinataa.  From  this  we  deduce  the 
following  )(  equations,  which  are  typically  written 

^         d<l  ^  llq         ^  dq  ^        dp         ^  dp         'dp  ^    ' 

If  WO  put  K=H+\Jj  +  \f,  +  &e (8), 

we  see  that  the  equations  (7),  by  virtue  of  {5],  take  the  forms 

p'^-dKjdq,    q'^dKjdp  (9). 

The  r  equations  represented  by  (5)  and  the  2/i  equations  represented 'by  (7)  or  (9|  ate 
sufficient  to  determine  the  r  muItipUers  and  the  2n  coordinates  and  momenta. 

503.  The  values  of  the  r  multipliers  \...\  may  be  found  as  follows.  Differen- 
tiating (5 )  we  have  Sq'dfjdq  +  Xp'dfjdp  =  0. 

Substituting  from  (7)  the  values  of  jj'  and  g',  we  find 

(H,f)  +  \{fj,f)  +  }.^{f^,f)+     =0  (10) 

where  the  symbol  (it,  v)  has  the  meaning  given  to  it  m  Art  490  Writing  _/[  f^ 
successively  for  /  in  this  typical  equation,  we  have  r  Iracar  equations  to  hnd  the 
multipliers.  Substituting  their  values  in  (7),  we  have  2rt  eiiuations  to  Sod  the 
coordinates.     The  et[uation3  (10)  are  given  by  Mathieu  lu  Liouttlk  »  J>ui  n/il  1874. 

504.  The  equations  of  condition  (5)  have  been  taken  to  contain  the  momenta 
as  well  as  the  coordinates,  as  this  supposition  made  tho  investigation  more 
symmetrical,  but  in  most  cases  the  momenta  are  absent  and  the  results  are 
accordingly  simplifled, 

505.  Variation  of  tlie  elements.  Let  there  be  two  dynamical  problems  in 
one  of  whicli  the  Hamiltonian  function  is  H  and  in  the  other  H+K.  Their 
differential  equations  are  therefore  respectively 

dH  ,     dH  ,,.  ,         dH     dli  ,     dH     dK 

y  =  -  di'  '^  =  ^ '^''    ^"- w"rf7'   '^^^^'•^p ''*■ 

IiCt  the  integrals  of  the  first  problem  be 

Ci=/i(Pi,  &0.,  3„  &c„  (),        <:i=fAPu  *i:-,  1i<  'SiC,  I),  &e (3). 


y  Google 


ART.  607.]  INDETERMINATE    MULTIPLIERS.  337 

If  d  d.      t\  t     t      f  th        1  t  f  the  first  problem, 

tbf      t    nt,    t  p     StO     q     &         d       wm)       ppo      th     solution  of  the 

ec     dp    bl  m  t    I        prese  ted  bj      t  gral      f  tl         m    f    m  (3)  as  those  of 

tl     fi    t  p    bl  m      It  h^ect  id  wh  t  f      t  ^,  c^,  inc.  are  of 

p     &       i     &  i         Thft        A  Udldtbg  fnnetion,  and  ia 

11     »  11     mp      d      th  H 

S         tl       q     t         (3)  th        t  g    1      f  th   d  ft        ti  1    ciuation  (1)  when 

t.  d  d  a^  CO    taut    w     h  U    bt        d     t     1  eq     t    ua  by  substituting 

f         ()       (1)      H  dff        t    t    g(5)      d     b  tt  t    gf    p    nd  9' their  values 

given  by  (1),  we  have  the  tjpical  equation 

^_      dn  dH  ,  'ic  dH  da  ... 

dp  dq      dq  dp       "     dt    '  " 

where  c  stands  for  any  one  of  the  constants  Cj,  Ca,  &e.     See  Art.  494. 

Bnt,  when  i:j,e^,...  are  considered  as  variables,  the  equations  (3)  are  the  integrals 
otthe  difleceutial  equations  (3).     Hence,  repeating  the  same  process,  we  have 
,_      dc  dH     dcdH  dcdcdIC     dcdK 

~     dp  dq      dq  dp     '"     dt      dp  dq      dq  dp      "*' 
where  the  differential  coel!icients  on  the  left-hand  side  are  total,  and  those  on  the 
right-hand  side  partial. 

Hence,  using  the  identities  (4),  "'^  Set  i^i  ~  -  j^  ^T  +  jT  ;j~   (5), 

■with  similar  expressions  for  Cj',  &a- 

If  K  be  given  as  a  fmiclion  of  p,  q,  i6e.  and  t,  we  have  lici/itt,  Ac.  expressed  as 
functions  of  p,  q,  *e.  and  t.  Joining  these  equations  to  those  marked  (3)  we  find 
C],  Cg, ...  as  fuuotious  oft. 

IfEbe  giveyi  as  a  function  of  e,,  c^,  ...  avd  t,  we  may  continue  thus, 
dK^dEdCi     dKdc^  dK^dKdcy     dKde^ 

dp~  dc^dp     de^  dp     '"'  dq      dc^  dq      dc^dq 

Sabstittiting  in  the  expression  for  «,',  we  get 

' ""     \-^9  #      "Jp  dq_\da^        \__dq  dp      dp  djjdcj     '' 

where  the  Z  means  summation  for  ail  values  otp,  q,  viz.  pj,  qi,  p^,  q^,  &c. 

By  using  the  abbreviated  notation  explained  in  Art.  490  this   equation  may 

be  written  in  the  compact  form 

=.-(-'.iS-<-'.iJ^ PI- 

506.  The  formulae  giving  the  variations  of  the  constants  are  greatly  simplified 
when  the  elements  chosen  are  oanonical.  When  this  is  the  case  the  constants 
run  in.  pairs,  let  these  pairs  be  Cj,  Cg;  c^,  Oj;  Ac.,  then  (cj,  Ci)  =  l,  (e,,  Cg)=0 
and  so  on.     The  formulae  then  take  the  form 

.,'=«:/*,    1           v=«/*.    1    s,.  18, 

c'^-iKjdcJ'        »4'=-jjir;*.t'  *• '"■ 

507.  Beturniog  to  the  general  equation  (7)  where  the  oonstants  are  unrestricted 
we  notice  that,  when  c,,  c,,  i6o.  are  expressed  as  functions  of  {jti ,  q,).  Sea.  and  (,  aain 
(3),  the  ooefficients  (cj,  Cj),  &c.  may  be  foand  by  simple  differentiation.  It  will 
usually  be  found  more  convenient  to  express  them  in  terms  of  the  constants 
"i,  '^i,  *"■  *"''  ''  ^y  substituting  for  {p,,  q,),  &o.  their  values  given  by  the 
integrals  (3). 

On  effecting  this  substitution  it  is  found  that  t  disappears  fi'dm  the  expressiojis. 
This  follows  at  once  from  Poisson's  theorem  given  in  Art.  494.     Thus  when  the 
R.  D.    II.  22 
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disturbina  Jmi,tton  u  giieii  in  te-nu,  of  tie  (in  e  and  tin  onstants  of  the  tmdiatiiibed 
motion  the  rirtattoni  of  those  constants  piodueel  by  the  issdo*  ng  forces  mn  be 
eipressed  ra  terms  aj  tke  different  al  coeffiaeit*  of  the  distu  bmj functton  wtthotit 
t  appearing  ecpltatlj    n  aity  Loe£i   eit 

508  As  an  example  coaeider  the  ca^e  of  a  paiticle  or  planet  desatibm);  aa 
ellipse  about  a  centre  of  loice  The  co  tstants  of  the  elliptic  motion  s,re  i  snallj 
taken  to  be  the  major  asia  ">  the  eotantricity  e  the  longitude  of  one  apae  u  iSo 
Supposing  the  motim  ol  the  particle  to  be  distarbed  b;  the  attraction  of  some 
other  particle  the  object  of  Lagrange  a  metho]  of  tieating  the  planetary  theoi-y 
IS  to  tind  how  these  constants  aie  alterei  hy  the  disturbing  fotte^  To  efiect 
this  the  diBtmbing  function  A  la  first  ejipiesaed  m  terms  of  the  time  and  the 
constants  a    e    u  &o     and  secoidly  formulae  are  found  giving  a  u    d.c     □ 

terms  of  dKfda  dKfde  &e  These  formulae  do  not  oonta  n  t  except  imphoitlj 
through  the  disturbing  funotion  and  this  rematkal  le  charaoteristia  la  not  lestrioted 
to  these  partioulai  Constanta  but  hohia  tiue  whatever  constants  are  chosen  to  fix 
the  elliptic  motion  We  ma;  altio  notice  that  this  propeity  holds  when  £  is  a 
function  not  metely  of  the  coord  nates  Ji  q^  *c  bnt  of  both  the  eoordi  lates  ai  d 
then  Gonespond  ng  momenta 

500  The  equitiona  (b)  fciveu  above  expie  5mg  r  c  iVc  in  terms  of  the 
1  ftereitial  coeflii.ienis  of  A  ftie  due  to  Poia  on  the  coriespondmg  fcrmulae  ot 
Lsigiani^e  are  lifieientiv  airan^ed  Begaiding  Ji.  as  a  fincti  n  of  the  coord  nates 
lud  the  momenta   we  have 

d  I      iq,  rfC[       (y    iti  ij  I  dc  ^  ' 

Taking  the  differential  equations  of  the  undisturbed  motion  in  the  Hamiltonian 
foim  (1)   let  their  solutions  be  3i  =  J*'i  ((    i     2  ^c  )     9^=40  (10) 

These  if  auhfctituted  in  (1)  treating  1  e  do  as  constants  satiaf;  (1)  identioalh 
Hence  when  they  aie  substituted  in  (2)  t  ti  g  Cj  b;  as  functionaof  (  all 
teims  will  cancel  each  othei  identi  all        cap     h    e  which  contain  Cj  &c 

an  I  the  tet  ns  dKjdq  dKjdp  Th  oe  d  te  m  which  contain  <.,  j  ic 
can  enter  onlj  thiough  p   and  q"  h 

dq       ifcj   '  ^dc^  dc,    '  ^      *^^'- 

Substituting  these  in  (9),  we  find   h             sap    ars  frani  the  result,  and  that 
g=K,  .,].,■  +  [,„  ..1,.'+ (12), 

whore  [e, ,  c^]  has  the  meaning  given  to  it  in  Art.  490.  Similar  relations  hold  for 
each  of  the  Jifterential  coefficients  IKj  t  ^  &c  fit  that  we  have  as  many  eciuations 
at,  there  are  constants 

Cumiaring  the  equations  (7)  and  |12)  we  see  that  in  both  the  disturbing 
function  A  IS  supposed  to  be  kntwn  aa  a  function  of  the  constants  of  the 
unhsturbed  mobon  and  (  To  hnd  the  eoe&oients  in  (7)  the  integials  ot  the 
nndistuibed  motion  must  be  ej-j-ioased  m  the  form  (d)  1  e  each  constant  must 
be  given  as  a  function  of  the  vari'ibles  and  the  time  To  find  the  coeflitients 
in  (13)  the  integials  must  be  expiesaed  in  the  form  (10)  1  e  each  variable  must 
be  given  as  a  function  of  the  time  and  the  constants  Aj,ain  in  (")  j  ,  do 
are  found  directly  in  terms  of  iKjdc  &o  but  m  [121  >  ajstem  of  Imoai  equations 
must  be  solved  to  find  '•j  c  &a  In  both  (7)  and  (12)  the  coefiioienta  (cj  cJ 
[i-j   e]    dc    do  not  0  ntam  the  time  exphoitlj 

510  Lagiante  =ho  vs  thit  when  the  constants  nre  the  in  t  \\  values  of  the 
variabW  tp     q  )    i-i-    iheie  ejiat  ons  leijce  to  ampler  Inima  1  ke  those  m  (8) 
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liegarding  any  oonatllnts  whioli  may  be  ictiodueed  in  the  mtesrations  as 
cf  theee,  Le  prooeeds  in  the  Mecanique  Analyttqui.  to  eipiess  their  yai 
terms  of  the  differential  coeffioients  of  ff  in  a  form  rsaembhug  (7). 

611.  One  peonliarity  of  the  method  of  the  variation  of  coaatacts  ii 
«oordinatea  3, ,...  g»  ancl  the  momenta  jj, ....  j)„  are  espresaed  by  the  samt 
of  fj,  Cj,  *o.  and  (,  whether  the  motion  couBidered  is  the  undisturbed  or  the  varied 
moUon.  It  immediately  follows  that  the  TeJocities  j/, ...  q^'  are  also  expressed  by 
the  Bame  functions  of  c,,  c^,  &o.  and  t  in  both  motions.  To  prove  this  it  is 
aufBoient  to  notioe  that,  since  pi^dTjdq^',  y^  =  dTldq^',  *c,,  we  can  expreaa 
q{,  q^',  &o.  in  terms  of  p^,  p^,  *c.,  q^,  q^,  &a. 

512.  The  subject  of  Theoretical  Dynamics  is  so  lai^  that  it  is  impossible  to 
discuss  it  fully  in  a  treatise  which  contains  so  mimy  applications  of  dynamics.  We 
can  therefore  only  allude  to  Donlsin's  theorem  that  a  knowledge  of  half  the  integrals 
of  the  Eamiltonian  system  mil  in  certain  cases  lead  to  a  determination  of  the  rest 
{PInl.  Trans.  186i,  1855).  or  to  Hour's  meUiod  of  reducing  the  number  of  variables 
when  some  of  the  integrals  are  known  {LdoavilWs  Journal,  Vol.  xs. ,  1855), 

Many  references  to  the  older  writers  ou  Theoretical  Dynamics  may  be  found  in 
Cayley's  iieporf  to  the  British  Aaeociation,  1857,  Dublin. 
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CHAPTER   XI. 

PRECESSION  AND   NUTATION. 

On  the  Potential. 

513.  To  find  the  potential  of  u  body  of  any  form  at  anij 
external  distant  point. 

Let  the  centre  of  gravity  Q  of  the  body  be  taken  as  the  origin 
of  coordinates,  and  let  the  axis  of  x  pass  through  S  the  external 
point.  Let  the  distance  G8  =  p.  Let  (x,  y,  2)  be  the  coordinates 
of  any  element  dm  of  the  body  situated  at  any  point  P  and  let 
GP  =  r,  then  P^  =  p=  +  r=  ~  2pa).     The  potential  of  the  body  is 

-PS  pi  p=      1 


l^en 


-rei—p^j  +1551  >— j  +■■■} 


arranging  these  terms  in  descending  powers  of  p,  we  get 

Let  M  be  the  mass  of  the  body,  then  Xdmi  —  M.  Also  since  the 
origin  is  at  the  centre  of  gravity,  we  have  %xdm  ~  0. 

Let  A,  B,  G  be  the  principal  moments  of  inertia  at  the  centre 
of  gi'avity,  /  the  moment  of  inertia  about  the  axis  of  x,  which  in 
our  case  is  the  line  joining  the  centre  of  gravity  of  the  body  to 
the  attracted  point.     Then 

tdmr^  =  ^(A+B+G), 
%dmi>f  =  %dm(f'-y'-^')^^{A+B  +  Cr)-I. 
Let  I  be  any  linear  dimension  of  the  body,  then,  if  p  be  so 
great  compared  with  I  that  we  may  neglect  the  fraction  (l/pf  of 
the  potential,  we  have 

^^^M     A+B  +  C-SI 
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If  we  wish  to  make  a  nearer  approximation  to  the  value  of  V, 

^  ^  1                ^    i>  ..V          ^  X            ■     527M?  -  dtmxr^ 
we  must  take  account  ot  the  next  tenn,  viz.  ^—- . 

Let  (f,  1],  £■)  be  the  coordinates  of  m  referred  to  any  fixed 
rectangular  axes  having  the  origin  at  G,  and  let  (a,  ^,  7)  be  the 
angles  GS  makes  with  these  axes.     Then 

ifc'  =  1^  cos  a  +  ij  cos  /S  +  f  cos  7 ; 
.'.    Sma^^cos^aSwip  +  'Scos^acos/SSm^^i?  + 

If  the  body  is  symmetrical  about  any  set  of  rectangular  axes 
meeting  at  G,  we  have  2)/i^'  =  0,  Xm^t}  =  0,  &c.  =  0,  so  that  the 
next  terra  in  the  expression  for  the  potential  vanishes  altogether. 
Thus  the  error  of  the  preceding  expression  for  V  is  comparable 
to  only  the  fraction  (IjpJ*  of  the  potential.  This  is  the  case  with 
the  earth,  the  form  and  structure  of  which  are  very  nearly  sym- 
metrical about  the  principal  axes  at  its  centre  of  gravity. 

514.  In  this  investigation  S  has  been  supposed  to  be  at  a  very 
great  distance.  Bvt  the  eiepression  for  the  potential  is  also  very 
nearly  correct  wherever  the  point  S  is  situated,  provided  the  body  is_ 
an  ellipsoid  whose  strata  of  equal  density  are  concentric  ellipsoids 
of  small  ellipticity. 

To  prove  this,  we  may  use  a  theorem  in  attractions  due  to 
Maclaurin,  viz.,  the  potentials  of  confocal  ellipsoids  at  any  ex- 
ternal point  are  proportional  to  their  masses.  Let  us  iirst  con- 
sider the  case  of  a  solid  homogeneous  ellipsoid.  Describe  an 
internal  confocal  ellipsoid  of  very  small  dimensions,  and  let  a',  b',  c' 
be  its  semi-axes.  Then,  because  the  ellipticity  is  very  smali,  we 
can  take  a',  b',  c'  so  small  that  S  may  be  regarded  as  a  distant 
point  with  regard  to  the  internal  ellipsoid.  Hence  the  potential 
due  to  the  internal  ellipsoid  is 

^'p  ^  V 

where  accented  letters  have  the  same  meaning  relatively  to  the 
internal  eliijBoid  that  unaccented  letters  have  with  regard  to  the 
given  ellipsoid.  The  eiTor  made  in  this  expression  is  of  the 
order  {a'jpyV.  Hence,  by  Maciaurin's  theorem,  the  potential  V 
of  the  given  ellipsoid  is 

p^  M'  2p' 

and  the  error  is  of  the  order  {a'jpyV. 

If  a,  h,  c  be  the  semi-axes  of  the  given  ellipsoid,  wo  have 
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Similarly,     i?  = -,^,  B' +  v  i/X=,        C  = -.-,  C -V  i  M\\ 

Also  if  (h,  /3,  7)  be  the  direction-angles  of  the  line  GS  with 
reference  to  the  principal  axes  at  0,  we  have 

M  2 

I^A  cos=  a  +  B  cos=  /3  +  Gcos'  7  =  ^',  /'  +  ^  M\\ 

If  a,  h,  c  are  arranged  in  descending  order  of  magnitude,  we 
can  by  diminishing  the  size  of  the  internal  ellipsoid  make  c'  as 
small  as  we  please,  though  in  the  limit  the  ellipticities  of  both  the 
sections  containing  c'a'  and  c'b'  become  equal  to  unity.  In  this 
case  we  have  ultimately  a'  =  '/a?  —  c^.  Let  e  be  the  ellipticity  of 
the  section  containing  a  and  c  the  greatest  and  least  semi-axes. 
Then  a'=a^2e,  and  the  error  of  the  above  expre^ion  for  Fis  of 
the  order  4  {ajpY  e^V. 

The  theorem  being  true  for  any  solid  homogeneous  ellipsoid 
is  also  tnie  for  any  homogeneous  shell  bounded  by  concentric 
ellipsoids  of  small  ellipticity.  For  the  potential  of  such  a  shell 
may  be  found  by  subtracting  the  potentials  of  the  bounding 
ellipsoids,  A+B-^G  (see  Vol,  i.)  being  independent  of  the  direc- 
tions of  the  axes. 

Lastly,  suppose  the  body  to  be  an  ellipsoid  whose  strata  of 
equal  density  are  concentric  ellipsoids  of  small  ellipticity,  the 
external  boundary  being  homogeneous.  Then  the  proposition, 
being  true  for  each  stratum,  is  also  true  for  the  whole  body. 

Ej.  Verify  that  when  the  attracting  body  is  a  homogeneous  ellipeoii  the  terms 
of  the  fourth  order  given  in  Art.  613  rise  to  the  order  ^ajpYe'V. 

We  first  show  by  integration  tliat  (he  terms  of  the  fourth  order  are 
g-^  ^  [35  (\%s+ ,i'6=  +  Ai^^  -  20  (X%*  +  fc5fr*+ 1- V) 

whete  {X,  IX,  v)  are  the  direotion-oosines  of  GS.  If  the  ellipsoid  is  nearly  spherical 
we  put  6/a=l-e  and  c/a  =  l-E'.  It  is  easily  seen  on  substitution  that  not  onlj 
are  all  the  terms  independent  of  6,  t'  equal  to  zero  but  that  tlie  terms  containing 
the  first  powers  of  e  and  f'  disappear. 

614a.  The  theorem  of  Art.  513  is  due  to  Poisson,  but  it  was  put  into  the  con- 
venient form  given  in  that  article  by  MaicGull^b.  The  fact  that  this  theorem  is 
very  nearly  true  even  when  the  attracting  body  is  close  to  the  earth  provided  that 
the  earth  is  ellipsoidal  is  given  by  Laplace,  M^caniqlte  CSleste,  Book  v.  The  proof 
in  Art.  515  is  nearly  tbe  same  as  that  of  MaeCuUagh,  Tramactions  of  the  Royal 
Irish  Academy,  Vol.  Jcxir.  Parts  i.  and  11.  Science. 

516.  The  following  geometrical  interpretation  of  the  formula  of  Art.  313  is 
also  due  to  MacCnUagh.  His  demonstration  and  another  by  the  Bev.  B.  Townsend 
may  be  found  in  the  Irish  Tramactions  for  1855. 
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A  system  of  maternl  po  nts  ati  a  ta  a  %o  it  b  wl aee  distance  from  the  centre 
of  gravity  G  of  the  attracting  mai$  u  very  great  compared  with  the  mutual 
diitanees  of  the  partteles  If  a  tangent  plane  be  drama  to  the  elHpsoid  of  gyration 
perpendicular  lo  GS  toxKhing  the  eUipso  d  n  T  aid  e  itting  OS  in  U,  then  the 
TenUtant  attraction  on  S  li^a  tn  the  plane  Sti*  The  eo  ipone}it  P  of  tlie  attraction 
on  S  i"n  the  direction   TU= ^  GO .  VT.     The  component  of  the  attraction  on 

r 

S  tn  the  direct-ton  UG--r,  +  -^- r . 

/a  P* 

These  theorems  are  also  true  if  we  replace  the  ellipaoicl  of  gyration  by  any 
confocal  ellipsoid.  Let  a,  6,  c  be  tUe  aemi-ases  of  this  oonfocal,  and  let  p  be  the 
perpendicular  OV  ou  the  tangent  plane.    Sinee  (see  Vol.  i.)  A  -  Ma^  +  X,  B=Mb^  +  \, 

^-       V     "■ 

To  prove  that  the  resultant  force  on  S  lies  in  the  plane  SGT,  let  tts  displace 
S  to  S'  where  8S'  is  perpendicular  to  this  plane  and  ia  equal  to  pdf.  Because  V  is 
a  potential,  the  force  on  S  in  the  direction  S8'  is  dVlpdf.  But  after  this  displace- 
ment the  tangent  plane  perpendicular  to  OS 'intersects  along  T  (7  the  former  tangent 
plane,  hence  (Sp/dV  =  0,  and  .-.dVldif/^O. 

TofindtheforcePaotingatSin  the  direction  T(/,  let  lis  displaces  to  S",  where 
SS"  is  parallel  to  TU  and  is  equal  ti 
pd^.     Since  GU  is  perpendicular  U 
VT  we  have  TU=dpld^.    Hence 

pd^ 

^      ^,  „         dV     M      SA  +  B  +  G-3I 

Lastly.  K=  — r-  —  —i  +  ^ . 

'•  dp      p>       2  p* 

Ex.     Show  that  the  product  GU ,  TU  is  the  same  for  all  confocala. 

516.  Ejcamples  on  attractJons.  Ex.  I.  Let  OP  be  a  etra^htline  throngh  the 
centre  of  graTity  such  that  the  moment  of  inertia  about  it  is  equal  to  the  mean  of 
the  three  principal  moments  of  inertia  at  G.  then  the  resolved  attraction  of  the 
body  oa  any  point  S  in  the  direction  8G  is,  when  S  lies  ia  GF,  more  nearly  the 
same  as  if  the  body  were  collected  into  its  centre  of  gravity  than  when  S  lies  in 
any  other  straight  line  through  O. 

Show  also  that  the  moment  of  inertia  about  GF  is  equal  to  the  mean  of  the 
moments  of  inertia  about  all  straight  lines  passing  through  O. 

If  two  of  the  principal  moments  of  inertia  are  equal,  prove  that  GF  makes  with 
the  asis  of  unequal  moment  an  angle  equal  to  cos-' [l/.y3).  In  the  ease  of  the 
earth  thie  line  is  in  latitude  51°  45'. 

517.  OtHer  laws  of  attraction.  Ex.  3.  If  the  law  of  attraction  had  been 
-^(diet.)  instead  of  the  inverse  square,  the  potential  of  a  body  on  any  external 
point  S  would  have  been  represented  by  Shi^j  (PS),  where  0  (p)  is  tho  differential 
coKfiicient  of  -fi^  (p).    In  this  case,  by  reasoning  in  the  same  way  as  in  Art.  513,  we  get 

where  A,  B,  C  and  I  have  the  same  meanings  as  before. 

If  {if,  y',  !')  be  the  coordinates  of  S  referred  to  the  principal  axes  at  O,  the 
moment  of  the  attraction  of  S  about  the  asis  of  y  i8=-  j-  ^-i^  .{C~A)  x'z'. 


where  ^  is  some  constant,  we  have  V. 


rP  ■  '^^■ 


518.     To  find  the  Force-function  due  to  the  attraction  of  any 
hody  on  any  other  distani  body. 
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Lot  G,  G'  be  the  centres  of  gravity  of  the  two  bodies,  and  let 
GG'  =  K  Let  A,  B,  0;  A',  B',  C  be  the  principal  moments  of 
inertia  of  the  two  bodies  at  G  and  G'  respectively;  /,  /'  the 
moments  of  inertia  about  OG',  and  let  M,  M'  be  the  masses  of 
the  two  bodies. 

Let  m  be  any  element  of  the  body  M'  situated  at  a  point  S, 
and  let   GS  =  p.     Then  the  potential  of  the  body  M  at  m'  is 

m  J— ^ S-; }■ ,  where  i,  is  the  moment  of  merfcia  oi 

\p  V  J 

the  body  M  about  GS.     We  have  now  to  sum  this  expression  for 

all  values  oi  m.     L  his  gives       M2.  —  +  2,m  — - — -rr— . 

p  2p> 

The  firat  term  by  the  sanje  reasoning  as  before  gives 

MM'      j^A'  +  B'  +  C'-2r 

In  the  second  term,  lot  x',  y' ,  s  be  the  coordinates  of  in' 
referred  to  G'  as  origin.     Then 


■^('  +  s 


+  squares  ai  x 


/i  =  /  ( 1  +  H«'  +  ^?/'  +  7/  +  squares), 
where  a,;?,  7  are  some  constants.     Substituting  these,  and  remem- 
bering that  Sm'a;'  =  0,  Sm'/  =  0,  2mV  =  0,  we  get 

j^,  A+B-\-Q  —  ^I  {        /terms  depending  on  tiie  J 
■^  ■  %R''  1        \      squares  of  a', /,  s'     ))■ 

Hence  the  required  force- function  is 

T^_ MM'     ,^^'  +  .B'+C'-3r  ,  ^^,^  +  g  +  C-3/ 
^  ~    n    '^   ^  2ff        "     ^  2ii= 

The  error  of  this  expression  is  of  the  order  {WjR^yV,  where 
I,  V  are  any  linear  dimensions  of  the  two  bodies  respectively. 

519.  Moment  of  the  Sun's  force.  To  find  the  moment  of 
the  attraction  of  the  sun  or  moon  about  one  of  the  principal  axes  of 
the  earth  at  its  centre  of  gravity. 

Let  the  principal  axes  of  the  earth  at  its  centre  of  gravity  be 
taken  as  tbe  axes  of  reference,  and  let  a,  /3,  7  be  the  direction- 
angles  of  the  centre  of  gravity  G'  of  the  sun.  Then,  if  Vhe  the 
potential  of  the  sun  or  moon  on  the  earth,  we  have 

r-^^  +  M ^'  +  ^'+g'-3/'  .  „- A  +  B  +  G-3I 

R    ^  "'  2i?  ^^^  2R' 

where  unaccented  letters  refer  to  the  earth,  and  accented  letters  to 

the  sun  or  moon.    Let  0  be  the  angle  which  the  plane  through  the 

sun  and  the  axis  of  ?/  makes  with  the  plane  of  xy,  then  dVjd8  is 
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the  required  moment  in  the  direction  in  which  we  must  turn  the 
body  to  increase  $.     From  the  above  expression,  since  6  enters 

dV         3M'dI 
only  tbrouga  1,  we  have  7m  ~  ~  9  "R^  (7i9 ' 

Now  I  =  A  coa^  a  +  B  cos^ ^  +  Ccos^7,  and,  by  Spherical  Trigo- 
nometry, we  have         cos  7  =  sin  (9  sin  S,        cos  a  =  sin  y5  cos  $ ; 

■■  dd 

.-.  the  moment  required)  ^  _  3  :^(t?_^)cosacos7. 
about  the  axis  of  y     J  K^ 

In  this  expression  the  mass  of  the  attracting  body  is  measured 
in  astronomical  units.  We  may  eliminate  this  unit  in  the  follow- 
ing manner.  Let  n'  be  the  mean  angular  velocity  of  the  sun 
about  the  earth,  Jt„  its  mean  distance,  so  that  if  M  be  the  mass 
of  the  earth,  we  have  {W +  M)IR^'  =  n'\  Now  M  is  very  small 
compared  with  M',  so  small  that  MjM'  is  of  the  order  of  terms 
already  neglected.  Hence  we  may  in  the  same  terms  put 
M'/Ro'  =  n'^,  and  therefore 

the  moment  of  the  sun's  at-l  „  _  3„..  (p - ^)  cos  «  cos  7  f^")' . 

traction  about  the  axis  oi  y)  \Ji/ 

Let  11"  be  the  mean  angular  velocity  of  the  moon  about  the 
earth,  so  that,  if  M"  be  the  mass  of  the  moon,  R'o  the  mean 
distance,  we  have  (M"  +  M)jlt\'  =  n"\  Let  v  be  the  ratio  of  the 
mass  of  the  earth  to  that  of  the  moon,  tlien  M"  (1  -|-  v)jR'^  =  n"^. 
and  therefore,  if  iS'  be  the  distance  of  the  moon, 

the  moment  of  the  moon's  ^t-\^_^  (C-A)co8acosy  f^T- 
traction  about  the  axis  ot^/J         l-l-i'  K-HJ 

In  the  same  way  the  moments  about  the  other  axes  may  be 
found.     Putting  K  for  the  coefficient,  we  have 

moment  about  axis  of  ic  =  -  3/c  (B  -  0)  cos  ^  cos  7, 
moment  about  axis  oi  z  =  —  Bk(A  —  B)  cos  a  cos  ^. 

630.  Examples.  Ex.  1.  The  foroe-fuDction  between  a  body  of  unj  form  and 
a  uniform  cironlar  ring  whose  oeutra  ia  at  the  centre  of  gravity  of  the  body  and 

whose  masa  la  M  is  F= M  —— — j-^ —  , 

where  J  is  the  moment  of  inertia  of  the  body  about  an  aiia  through  its  centra  of 
gravity  perpendioular  to  the  plane  of  the  ring,  and  A,  B,  C  arc  the  principal 
momenta  of  inertia  at  the  centre  of  gravity. 

Thenee  show  that  Saturn's  ring  supposed  nnifoim  would  have  the  same  momenta 
to  turn  Saturn  about  its  centre  of  gravity  as  it  half  the  whole  maaa  were  eoUeoted 
into  a  particle  and  placed  in  the  axis  of  the  ring  at  the  same  distance  from  Saturn, 
provided  that  the  particle  repelled  instead  of  attracted  Saturn. 

Ex.  2.  If  the  earth  be  formed  of  oonoentrio  spheroidal  strata  of  smalt  but 
difierent  ellipticities  and  of  different  densities,  show  that  the  ratio  of  6'  to  A  may  be 
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fooaci  from  the  equation  Cjpd  {ah)  ~{C  -  -i]Jpd  (ii*),  where  e  is  tlie  elliptioity  ancl  p 
the  density  of  &  stratum,  the  major-axis  of  which  is  a  ;  the  square  of  e  being  neg- 
leoted.  It  follows  that,  if  e  be  constant,  the  ratio  of  C  to  ^i  is  indopendent  of  the 
law  of  density. 

If  ne  assnme  the  law  of  densit;  and  the  law  of  ellipticity  usually  taken  for  (he 
earth,  this  formala  gives  (C-J|/C  =  '003I3S93.    See  ^saifs  Figure  of  tite  Eartk. 

Ex.  3.  A  body  free  to  turn  about  a  ^xed  straight  line  passing  through  the 
centre  of  gravity  is  in  equilibrium  under  the  attraction  of  a  distant  fixed  particle. 

Show  that  the  time  of  a  small  oscillation  is  Si- -{„.„,  ..^      ,.  ^     „  ,\   ,  where  the 

|3Af  f  {(C-J)|  +  Fij1| 
fised  straight  line  is  the  axis  of  y,  the  plane  of  xi/  in  equilibrium  passes  through  the 
attracting  particle,  and  f,  17  are  the  coordinates  of  the  particle.  Also  A,  B,  C,  I),  E,  F 
are  the  moments  and  products  of  inertia  of  the  body  about  the  ases.  If  the  straight 
line  did  not  pass  through  the  centre  of  gravity  show  that  the  time  would  be  propor- 
tional to  p. 

Motion  of  the  Earth  about  its  Centre  of  Gravity. 

521.  To  find  tlie  motion  of  the  pole  of  the  earth  aho^ut  its 
centre  of  gramty  when  disturbed  by  the  attraction,  of  the  sun  and 
moon,  tlie  figure  of  the  earth  being  taken  to  be  one  of  revolution. 

Let  us  consider  the  effect  of  these  two  bodies  separately. 
Then,  provided  we  neglect  terms  depending  on  the  square  of 
the  disturbing  force,  we  can  by  addition  determine  their  joint 
effect. 

The  Bun  attracts  the  parts  of  the  earth  nearer  to  it  with  a 
force  slightly  greater  than  that  with  which  it  attracts  the  parts 
more  remote,  and  thus  produces  a  small  couple,  which  tends 
to  turn  the  earth  about  an  axis  lying  in  the  plane  of  the  equator 
and  perpendicular  to  the  line  joining  the  centre  of  the  earth 
to  the  centre  of  the  sun.  It  is  the  effect  of  this  couple  which 
we  have  now  to  determine.  It  clearly  produces  small  angular- 
velocities  about  axes  perpendicular  to  the  axis  of  figure.  We 
shall  suppose  that  the  initial  axis  of  rotation  so  nearly  coin- 
cides with  the  axis  of  figure,  that  we  may  regard  the  angular 
velocities  about  axes  lying  in  the  plane  of  the  equator  to  be  small 
compared  with  the  atigular  velocity  about  the  axis  of  figure. 

Let  us  take  as  axes  of  reference  in  the  earth,  OG  the  axis 
of  figure,  GA  and  GB  moving  in  the  earth  with  an  angular 
velocity  $s  round  GC.  Then,  following  the  notation  of  Art.  10, 
we  have  h^^Awi,    h^^Ato^,     Aa  =  Ows, 

The  equations  of  motion  are  therefore 

Ado),/dt  -  A  w,^5  +  Co.,™,  =  L  1 

Adco^/dt-  Cm^a,  +  Aco^d,  =  m\  (1). 

Cdms/dt 
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The  last  of  these  equations  shows  that  0)3  is  constant.  Let 
this  constant  be  denoted  by  n. 

The  angular  velocities  <u,  and  <i)g  are  to  be  found  by  solving 
the  other  two  equations.  The  solution  must  be  conducted  by  the 
method  of  continued  approximation,  Wi  and  Wj  being  regarded  as 
small  compared  with  n. 

In  the  first  instance  let  us  suppose  the  orbit  of  the  disturbing 
body  to  be  fixed  in  space.  This  is  very  nearly  true  in  the  case  of 
the  sun,  less  nearly  so  for  the  moon.  This  limitation  of  the 
problem  proposed  will  be  found  greatly  to  simplify  the  solution. 
We  can  now  choose  as  our  axes  of  reference  in  space  two  straight 
lines  OX,  GY  at  right  angles  to  each  other  in  the  plane  of  the 
orbit  and  a  third  axis  GZ  normal  to  the  plane. 


522.  In  these  equations  ot  motun  the  quantity  6^  is  at  our 
choice,  let  it  be  so  chosen*  that  the  plane  containing  the  axes 

*  We  raight  also  very  oonvenieiitly  ha^e  ohoeon  ai  axes  of  refeienoe  dC  the 
axis  of  flgnre  and  axes  GA\  GB'  moving  on  the  earth  so  tliat  &B  la  the  asia  of 
the  resultant  couple  produced  by  tlie  action  of  the  disturbinK  body  on  the  eaith 
In  this  ease  the  plane  GA'  moves  bo  as  always  to  contain  the  diatuibms  hodj  S 
thuH  S3  ia  the  angular  velocity  of  tl>  round  C  and  is  therefoie  a  small  quantity  ot 
the  order  n'.  We  shall  therefore  reject  the  small  terms  111203  ^"^  '"i^s  '"  equations 
(1),     The  equations  now  become 

AdwJdt  +  Cni^^O.        Adaildl-Cm>,  =  M=  -  3k(C- J)eosacos-)', 
where  the  value  of  M  is  at  once  obtained  ftom  Art.  619,  and  in  our  case  0,  =  ^^--/. 


Ehnnnating  w^  >ve  haie 


(Tw, 
dt 


m 


A'' 


ce  the  angalai  dibtance  -,  of  the  diotarbing  body  from  the  pole  of  the  earth 
le"  leij  olowlj  the  teim  on  the  n^ht  hand  aide  ia  very  neaily  constant.  If 
5  be  legarded  at  a  'suflioient  appiti 
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GG,  GA  also  contains  GZ.  Then  6^  is  the  angular  velocity  of  the 
plane  ZGO  round  GG.  The  velocity  of  A  in  the  direction  AB  is 
therefore  represented  both  by  6^  and  by  sin  ZA  .  d^p-jdt,  where  ■^ 
is  the  angle  the  plane  ZGG  maJiea  with  some  fixed  plane  ZGX. 
Equating  these,  as  we  do  in  forming  the  third  Eulerian  geometrical 

equation,  we  have  ^3=  cos  dd-y^jdt (2). 

If,  as  usual,  d  represent  the  angle  ZG,  we  have  also  the  two 
geometrical  equations     Wi  =  —  sin ^^i^/rf(,        con^dO/dt (3). 

These  follow  at  once  from  a  mere  inspection  of  tlie  figure,  or 
we  may  deduce  them  from  Euler's  geometrical  equations  (see 
Vol.  I.)  by  putting  <^  =  0. 

The  terms  63W1  and  ^jtoj  in  the  differential  equations  (1) 
contain  the  squares  of  the  small  quantities  to  be  Ibund.  As  it 
will  appear  that  both  dd/dt  and  d-^jdt  are  of  the  same  order  as 
the  disturbing  moments  L  and  M,  we  shall  presently  neglect  these 
two  terms.  Eetaining  them  for  the  present,  to  show  how  they 
affect  the  steady  motion,  the  equations  of  motion  take  the  form 

-sm^-^--2cos^^^  +  ^-^-  =  ^ 


d''0       .    ,        .fd^Y  .  Gn   .     .d^     Ml  '^  '' 

^-s:n^cos^(^)+-^sm^^  =  -^.j 

523.  We  have  now  to  find  the  magnitudes  of  L  and  M.  Let 
8  be  the  disturbing  body  and  let  it  move  in  the  direction  X  to  T. 
According  to  the  usual  rule  in  Astronomy,  we  shall  suppose  the 
longitude  ?  of  S  to  be  measured  in  tiie  direction  of  motion  from 
some  fixed  line  in  the  plane  of  XY.  say  the  axis  of  X.  Then 
8^=1 -ifr  and  BS  =  ^ir  —  (I  —  ^r).  Also  i^-^tt  is  the  longitude 
of  the  ascending  node  in  which  the  plane  of  the  orbit  of  Scuts 
the  equator.  When  8  represents  the  sun,  this  node  is  called  the 
first  point  of  Aries.     By  Art.  519  we  have 

Bnt  in  fact  these  are  nearly  true  when  we  take  account  of  the  periodical  term 
provided  that  S  moves  slowly.     For  suppose  M-M^  +  ZP sin  {pt+Q), 

where  J)  IB  small;  we  have  in  that  ease       10,^=  --^-2-^j-j— jj-^Bin(yt+ Q), 

neglecting  the  small  termp^  in  the  denominator  we  have  as  liefore  ai,—  ~^  . 

The  motion  of  the  axis  G  in  space  is  therefore  simply  that  due  to  an  angular 
velocity  uj  about  the  axis  A'.  Since  the  plane  A'C  moves  so  as  always  to  contain 
the  distarbing  body  S,  the  axis  oi  figure  GC  is  at  any  instant  moving  perpondlcular 
to  the  plane  oontaining  it  and  the  disturbing  body  (i.e.  in  the  figure  C  is  always 

moving  perpendicular  to  8C)  with  an  angular  velocity  equal  to  ^ ^  sin  2y.     If 

we  resolve  this  in  the  directions  along  and  perpandicnlar  to  ZC,  we  easily  deduce  the 
equations  (7)  of  the  text,  and  the  solution  may  be  continued  as  above. 
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L  =  -SK(B-C)cos^Gosj=^-Sic(A-C)smSNcosSNdn0 

==  !«  (C  -  ^)  sin  e  sin  2  (;  -  f) (5). 

M  ==  -  S/c  {G  -  j1)  cos  a  cos  7  =  -  S-c  (C  -  A)  cos^  ySif  sin  5  cos  0 
=  -i/c{C- A)  sine  cos  d[l+Gos2  {I- ^(r)] (6). 

These  values  of  L  and  M  contain  the  two  small  multipliers  « 
and  (C  —  A).  They  are  not  the  complete  values  of  L  and  M,  but 
only  the  principal  terms  (Art.  514).  We  shall  therefore  suppose 
that  the  square  of  k(C  —  A)  is  to  be  neglected.  The  mean  value 
of  K  is  n'^  where  n'  is  the  angular  velocity  of  the  disturbing  body. 
The  ratio  n'fn  is  very  small,  being  about  ^  for  the  moon  and  ^^^ 
for  the  sun. 

By  referring  to  Art.  519  we  notice  that  k  contains  the  factor 
{RojRf.  If  the  eccentricity  e'  of  the  orbit  of  the  disturbing  body 
is  not  rejected,  even  when  multiplied  by  n'^(C—A).  we  must 
substitute  in  (5)  and  (6)  for  R  and  also  for  I  their  values  given 
by  the  theory  of  elliptic  motion.     The  value  of  I  is  known  to  be  of 

the  form  I  =  n't  +  e'  +  2e' sia  (n't  +  e'  -ia')  +  &c (7), 

and  there  is  a  similar  expression  for  the  reciprocal  of  R.  In  these 
series  the  coefficients  of  the  trigonometrical  terms  and  the  co- 
efficients of  ( in  the  ai'guments  are  all  small  compared  with  ii, 

524,    To  find  the   steady   motion   or  precession.     We 

notice  that  the  quantities  L  and  M  contain  only  one  term  which 
is  not  an  explicit  function  of  the  longitude  of  the  disturbing  body. 
We  find  the  steady  motion  by  taking  this  one  term  alone.  We 
have  therefore  i  =  0,  M=  -  ^ic{C-  A}sin  0  cos  8.  The  differential, 
equations  are  satisfied  if  we  put  8  =  a,         d'^jdt  =  ft 

where  a  and  /t  are  two  constants  which  satisfy 

sin  a  [A  cos  a/*^  —  Gn/i  —  |«  (C  —  A)  cos  aj  =  0. 
Since  a  in  the  case  of  the  earth  is  about  23|°,  the  quadratic  factor 
is  to  be  zero.    Since  n  is  not  small,  this  gives  two  values  of  /j.,  one 

nearly  equal  to  —  ^ -=j—  cos  a,  and  the  other  to -j  n  sec  a. 

As  in  the  analogous  case  of  the  top,  considered  in  Art.  207, 
either  of  these  values  of  fi  might  be  the  true  one  if  the  proper 
initial  conditions  were  given  to  the  earth. 

The  latter  value  of  (l  gives,  by  (3),  wi  =  -  (GIA)  n  tan  a,  and  in 
this  case  the  axis  of  rotation  can  not  closely  coincide  with  the  axis 
of  figure.  The  initial  conditions  must  therefore  have  been  such 
as  to  give  ^  the  smaller  value. 

The  actual  steady  motion  is  therefore  such  that  the  pole  C  of 
the  earth  describes  a  small  circle  of  radius  a  about  the  pole  Z  of 
the  orbit  of  the  disturbing  body  with  a  retrograde  angular  velocity 

equal  to  ^ ^—  cos  ct. 
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We  notice  that,  if  the  angalar  velocity  n  of  the  earth  about  its  axis  ware  very 
smail  or  zero,  the  roots  of  the  quadratic  to  find  ft  would  take  a,  different  form,  so 
that  the  expression  just  found  for  the  retrograde  wotion  of  the  pole  o(  the  eacth 
would  cease  to  be  even  approsimately  true. 

We  may  also  notice  that,  if  the  pole  of  the  equator  were  very  close  to  the  pole  of 
the  ecliptic  or  veiy  nearly  W  from  it,  we  should  have  a  different  state  of  steady 
motion.  As  in  the  case  of  the  top  already  referred  to,  the  oscillations  or  nutations 
about  this  state  of  motion  woald  have  to  be  treated  by  a  diEterent  analysis. 

525.  To  find  the  Nutation.  We  must  nest  consider  the 
terms  in  L  and  M  which  contain  the  longitude  I  of  the  disturbing 
body  explicitly.  At  the  same  time  to  make  the  differential 
equations  linear  we  might  write  8  —  a  +  9i,  d'^jdt^' fi-Vd-^ijdt, 
where  the  additional  tenns  6i  and  d'^ijdt  are  so  email  that  their 
squares  can  be  neglected.  This  substitution  is  however  un- 
necessary, for  having  now  ascertained  that  the  constant  part  ^ 
of  d-^jdt  is  of  the  order  k(C  —  A)  we  may  at  once  neglect  the 
terms  d,(ii,  and  83(0^  in  the  differential  equations  (1).  They  now 
take  the  linear  form 


Admijdt-^  Gnai- 


A  dwi/dt  -  Gno},  =  M. . 


..(8). 


Since  the  motion  of  the  disturbing  body  is  very  slow  compared 
with  the  angular  velocity  of  the  earth  about  its  axis,  I  is,  and 
therefore  L  and  M  are,  very  nearly  constant.  If  this  be  regarded 
as  a  sufficiently  near  approximation  we  have  at  once 


"''     On' 
These  give  by  (3),  (5)  and  (6) 


On' 


'^-  dt~%i 
sin«~  dt 


^^sin«sin2(;-^) 


-cosa(l  +  cos  2  (i  -  a|/')} 


...(9). 


526.  To  find  the  motion  of  the  pole  of  the  earth  in  space 
referred  to  the  pole  of  the  orbit  of  the  disturbing  body  as  ongin, 
we  integrate  the  equations  (9).     If  we  write  for  I  its  approximate 


i  =  «'(  +  e'w6fiiid 

3«  0-A    . 
e  =  a.--. — ;■"■;=-  sinac( 

)s2(!-+) 

3«  G-A 

os.(!  +  i« 

i2(i-t)J 

In  these  equations  Z  —  1^  +  ^tt  is  the  longitude  of  the  disturbing 
body  measured  from  the  ascending  node  of  the  orbit.  This,  as 
before  mentioned,  is  the  iirst  point  of  Aries  when  the  body  is 
the  sun. 

If  the  origin  of  measurement  of  I  and  i^  is  such  that  they 
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vanish  together,  the  constant  of  integration  in  the  second  equation 
is  zero, 

527.  We  may  meaante  the  degree  of  approximation  of  equations  (9)  in  the 
followiug  inaiiner.     If  we  eliminate  <i>^  between  the  equations  (8)  we  have 

ainoe  we  reject  the  eqaares  of  u  (C  -  A),  we  may,  in  calculating  the  value  of  the 
right-hand  side  from  the  eiprBssions  (5)  and  (6),  put  d  =  a  and  f=iJ,t  +  B,  8abali- 
tuting  the  values  of  I  and  R  given  in  (7),  suppose  we  find 

where  the  oonetant  pact  of -W  is  given  byX^Oandall  the  other  values  of  X  ace  small. 
Thensolving,  wefind         ^^  s  ^^^^^oo^{\t+f). 

Since  F  and  X'  are  both  small,  we  may  rejeot  the  small  term  \^  in  the  deuoxninator, 
wethenhave  .,=  _  l.sl.cos(M+/)= -^  +  ^f (10). 

In  the  same  way  we  find  '^  =  cS  +  c^Tt" '^^*- 

In  this  approximalion  we  have  rejected  terms  of  the  order  \'M  or  \'L.  We  see  by 
(7)  that  this  is  equivalent  to  rejecting  terms  of  ilie  order  (n'/n)'Jlf  or  {n'fnyL. 

By  referring  to  (-5)  and  (S)  we  see  that  the  terms  dt-jdl  and  dMjdt  contain, 
L      1      th      m  11  f    t         (C    A)  th       mall  factor  «'  which  arises  from  the 

dH        t    t  ti     Th       tern  th      f    e  of  the  order  (n'/")  ^  O''  ("7")  J*^- 

A    th    B    t  ten  th       ghth      1     d      f  |X0)  and  (11)  give  rise  to  nutations 

wl    h  y         11  ly  ]    t  p       p  hi     it  is  unnecessary  to  take  account 

fth  it-m        \tlBc  fth    same  general  forms,  viz.  Pcos2i  and 

Q         I         h   fli  t      m  t      th  t  th  3  will  not  be  divided  on  integration  by 

m  11  laot       wh   h  d        t    1      d     d    th    first  term  (see  Art.  337).    Bejeoting 
then  these  tetmn  we  have  the  same  result  as  (H) 

528  The  integratioa  in  Art  526  by  itaelf  is  not  altogether  satisfactory.  For, 
when  we  substitute  lor  I  its  full  elliptic  valie  g  ven  m  [i/,  each  of  the  moments  L 
and  M  assumes  the  form  of  a  series  of  terms  suih  as  I'oos(X!  +  ^),  where  the 
values  of  \  ire  small  After  integiation  these  ierma  get  maguihed  by  the  divisor 
\  and  if  ani  constant  term  should  oc(,ur  it  would  get  multiplieti  by  (  after  inte 
gration 

By  a  shght  modification  of  the  equations  (suggested  b3  Laplace)  we  may  evade 
this  difticulty  Tailing  for  ;  its  value  yven  by  the  theory  of  Uhpltc  motion  we 
have  E!  (i/ ((  =  constant  Tl  is  constant  is  eiilently  R^'n  (l-«'^*  Substitutmg 
for  K  its  value  given  m  Art  519  and  talma  I  as  the  mdtpendwt  ^miabU,  the 
equations  (9)   i^siue  the  foim 

dff      Pfi„     n'>{l     ^)  if^         tR  ttsat;     ji-) 

U  Ji(l-./)S  il      ^  i  (1     '   )= 

where  F,  P'  and  Q  are  small  constant  terms. 

From  the  equation  of  the  ellipse,  we  have  "'    — !  =  l  +  e'cos(I-I,). 

If  this  value  of  R  be  substituted,  the  integrations  can  be  effected  without  difficulty. 
It  is  clear  however  that  the  combinations  of  the  one  term  cos  {I  -  L)  with  sin  3  (i  -  V) 
and  cos  ^{l-'f)  can  produce  only  periodic  terms.     These  are  of  the  form 
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equations  (12).     For  the  sake  of  brevity,  let  us  put  S  =  -^ — , 
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and  after  integration  are  divided  only  by  the  same  small  factor  n'  that  divides  the 
terms  independent  of  e'.  Sinee  /  is  small,  we  see  that  the  terma  which  depend  on 
loity  of  the  orbit  of  the  disturbing  body  retain  always  their  relative 
le  compared  with  the  principal  terma  calculated  in  equations  (12). 

Let  US  now  examine  the  geometrical  meaning  of  the 
^   3«:  r 
2nw' 

ing  as  the  sun  or  moon  is  the  disturbing  body,  the  orbit  of  the 
disturbing  body  being  in  both  cases  regarded  as  circular. 

Let  us  consider  first  the  term  —S  cos  SI  in  the  value  of 
yfr.  Let  a  point  C„  describe  a  small  circle  round  Z  the  pole  of 
the  orbit  of  the  disturbing  planet,  the  distance  OZ  being  constant 
and  equal  to  the  mean  value  of  0.  Let  the  velocity  be  uniform 
and  equal  to  jSn'  cos  6  sin  B,  and  let  the  direction  of  motion  be 
opposite  to  that  of  the  disturbing  body.  Then  C^  represents 
the  motion  of  the  pole  of  the  earth  so  far  as  this  term  is  concerned. 
This  uniform  motion  is  called  Precession. 

Next  let  us  consider  the  two  terms 

Sd^^S&inff  cos  21,         S^  =  ^  S cos  f  sin  21. 

If  we  put  X  =  sin  OS\jr,  y  =  M,  we  have 


(^Scos^ain  OJ     {\8t^m  Of       ' 
which  is  the  equation  of  an  ellipse. 

Let  us  then  describe  round  G^  as  centre  an  ellipse  whose 
semi-axes  are  JScos^sin^  and  |jSsin^  respectively  perpen- 
dicular to  and  along  ZC;  and  let  a  point  C,  describe  this  ellipse 
in  a  period  equal  to  half  the  periodic  time  of  the  disturbing 
body.  Also  let  the  velocity  of  0^  be  the  same  as  if  it  were 
a  material  point  attracted  by  a  centre  of  force  in  the  centre 
varying  as  the  distance.  Then  the  motion  of  G^  represents  that 
of  the  pole  of  the  earth  as  affected  both  by  Precession  and  the 
principal  parts  of  Nutatioo. 

If  we  had  chosen  to  include  in  our  approximate  values  of 
6  and  -^  any  small  term  of  a  higher  order,  we  might  have  repre- 
sented its  effect  by  the  motion  of  a  point  G^  describing  another 
small  ellipse  having  Ot  for  centre.  And  in  a  similar  manner  by 
drawing  succe^ive  ellipses  we  can  represent  geometrically  all  the 
terms  of  0  and  ■v|f, 

530.  Numerical  results.  The  preceding  investigations  are 
of  course  approximations.  In  the  first  instance  we  neglected  in 
the  differential  equations  the  squares  of  the  ratios  of  w,  and  wj 
to  n,  and  afterwards  some  periodical  terms  which  are  an  (n'jn)th. 
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of  those  retained.  We  see  by  equations  (3)  and  (12)  that  the 
second  set  of  terms  rejected  is  much  greater  than  the  iirst,  and 
yet  when  the  sun  is  the  disturbing  body  these  terms  are  only 
about  sJirth  part  of  those  retained,  and  when  the  moon  ia  the 
disturbing  body  they  are  only  ^th  pajt  of  terms  which  themselves 
are  imperceptible. 

We  have  also  regarded  the  earth  as  a  solid  of  revolution,  so 
that  A  =B,  a  siipposition  which  cannot  be  strictly  correct. 

531,  In  the  case  of  the  sun  we  have  jS  =  =j  — 7t~ — >  ^'^  ^^^^ 

the  precession  in  one  year  is  ^  — ™ cos  $ .  27r.     It  is  shown  in 

treatises  on  the  Figure  of  the  Earth  that  there  is  reason  to  sup- 
pose that  (C  -  A)/G  lies  between  "0031  and  'OOSS.  Also  we  have 
n'/n  =  3^5,  and  ^=23°  S'.  This  gives  a  precession  of  about  15"'42 
per  annum.  Similarly  the  coefficients  of  Solar  ^Nutation  in  1^ 
and  &  are  respectively  found  to  be  1""23  and  0""53.  If  we  sup- 
posed the  moon's  orbit  to  be  fixed,  we  could  find  in  a  similar 
manner  the  motion  produced  by  the  moon,  referred  to  the  pole 

of  the   moon's  orbit.     In  this  case  8=^ — tt — —  r ■.      The 

value  of  0  varies  between  the  limits  23°  +  5°.  Putting  n'/n  =  j^, 
v=HO,  &■=  23'',  we  find  a  precession  in  one  year  a  little  more  than 
double  that  produced  by  the  sun.  The  coefficients  of  what  would 
be  the  nutations  are  about  one-sixth  of  those  produced  by  the  sun. 

631  a.  The  two  numerioa!  values  which  it  is  important  to  determine  with,  gieat 
accuracy  are  the  precession  and  tile  coefficient  of  the  principal  term  in  the  nutation. 
Even  after  the  terms  which  depend  i>u  the  elliptic  values  of  the  moon's  coordinates 
have  been  taken  account  of,  some  difficulties  have  remained  when  comparing  the 
values  thus  obtained  with  other  results.  Prof.  G.  W.  Hill  has  therefore  computed 
these  two  constants  up  to  the  seventh  order  inclusive  of  small  qnantities.  In  this 
way  he  includes  the  efFect  of  the  perturbations  of  the  lunar  orbit  due  to  the 
attraction  of  the  sun.  The  results  are  too  locg  and  too  complicated  to  be  repro- 
daced  here.  They  may  be  found  in  No.  289  of  Gould's  Asln'oiioifdcal  Jatirnal, 
Vol.  sni.,  1893.  A  similar  calculation  had  already  been  made  by  Prof.  Stone  in 
which  terms  of  the  third  order  bad  been  included;  see  the  Monthly  Notices  of  the 
AalTonomieal  Society,  Vol.  xsviii.,  1868  and  Vol.  wii.,  1893. 

&S1  i!>.  The  numerical  values  of  the  constants  of  precession  and  natation  have 
been  found  by  observation,  and  we  may  conversely  nse  these  to  find  both  the  mass 
of  the  moon  and  the  value  of  (C-/l)/C,  Struve's  value  of  the  preoessioa  and 
Peter's  value  oi  the  nutation,  are  respectively  50"-38  and  0"-83.  Taking  these 
Prof.  Hill  finds 

(C-^)/C= -003273995,        (K  +  JW)/M=e2'31500, 
whore  E  and  M  are  the  roaHses  of  the  earth  and  moon. 

532.  The  complementary  flinctions.  In  this  solution  we 
have  not  yet  considered  the  complementary  functions.  If  we 
abstract  at!  the  disturbing  forces  and  regard  the  earth  as  simply 
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set  in  rotation  and  left  to  itself,  tho  equations  of  Art.  525  take  the 
form  Aeo,'  +CnD},  =  0,        Awi  —  Gno}i  =  0. 

We  find  o,,  =  Hsm(qt  +  K),  (^ ^  -  H cos (qt  +  K), 

where  q=GnjA,  and  H,  K  are  two  arbitrary  constants.  The 
effect  of  these  terms,  if  of  sensible  ma^itude,  would  be  to  produce 
a  snjall  oscillation  in  the  earth's  axis.  This  is  sometimes  called  the 
Euierian  nidation. 

As  fche  initial  values  of  Wi  and  w^  are  unknown,  the  magnitude 
of  H  must  be  determined  by  obsei'ving  the  changes  produced  in 
the  position  of  the  pole  of  the  earth.  Since  the  latitudes  of  places 
on  the  earth  ai  e  j  n  aily  ta  it,  we  conclude  that  the  magni- 
tude of  if  is      a  ly  n  en   11 

533.     The  efiec  h  p  y  fanctioaa  on  the  motion  of  the  pole 

of  tile  eaith  ha  n  Arte.  180—183.    Let  i  and  y  be  the 

inolinatiouB  of    h  aj  eo      a       G      ni  the  invariable  line  GL  to  the  axiH  of 

flgnre  GC.     Th  /      nd  an  i .  AjC.    In  the  case  of  the  earth  A 

and  C  are  very  d       AjOh     been  varioualy  estimated  to  lie  between 

0031  and  -0033.  Thus  y  and  i  differ  at  most  by  -ji^th  part  of  either  and  must 
therefore  be  regarded  as  very  nearly  equal. 

As  explained  in  the  articles  just  referred  to,  the  isEtantaneous  axis  GI  describes 
a  right  eone  in  space  whose  aiis  is  GL  and  whose  angular  radius  is  equal  to  t  -  7, 
the  time  of  a  complete  It        b      g  nearly  eqaa!  to   a  sidereal  day.     The 

instantaneous  asia  is  th      f  1     fi     d  in  space  and  coincident  witli  GL, 

The  instantaneous  asi        d  th  ble  line  describe  right  cones  in  the  body 

whose  common  axis  is  th  f  fiRu        tlie  time  of  a  revolution  being  the 

Bin7/Bin(i-7)thpart  of  dy  11  pe  d  is  therefore  306  to  335  days  according 
to  the  value  taken  for  AfC      Th  ft         Ued  Enler'i  ten-monthly  period. 

634.  The  common  metliod  Qt  bndmg  the  latitude  of  a  place  F  depends  on 
observations  made  on  a  star  at  an  interval  of  half  a  day.  The  latitude  found  is 
therefore  the  angle  between  GP  and  the  invariable  line.  As  the  invariable  line 
travels  in  the  body  round  the  axis  of  figure,  the  latitude  should  have  a  ten-monthly 
period  whose  magnitude  is  S.  For  the  pnipose  of  detecting  the  possible  changes  of 
latitude  special  methods  have  been  used,  but  they  cannot  he  described  here. 

A  series  of  observations  made  at  Berlin  in  1884 — 36,  to  determine  the  coefficient 
of  aberration,  and  another  series  made  quite  independently  by  Mr  S.  C.  Chandler 
at  Cambri(^e  (Ma«s.),  both  showed  that  the  Pole  had  moved  ff'-B  in  one  year. 
These  results  were  unespeeted,  for  up  to  that  time  all  searches  for  an  osciOation  of 
the  Pole  in  Euler's  ten-monthly  period  had  been  unauooessful.  Interest  in  the 
problem  being  reawakened,  careful  observations  were  made  at  Berlin,  Potsdam  and 
Prague  from  1889  onwards,  which  showed  tliat  small  periodic  changes  of  latitude 
do  occur  amounting  to  half  a  second.  Before,  however,  the  law  of  these  variations 
had  been  arrived  at  from  a  study  of  these  observations,  it  was  announced  by 
Mr  Chandler  in  November  1891  that  from  a  discussion  oi  numerous  old  observations 
he  had  found  "  a  revolution  of  the  earth's  pole  in  a  period  of  437  days,  from  west 
to  east,  with  a  radius  of  thirty  feet,  measured  at  the  earth's  suifaoe  "  {AslroTiomical 
Journal,  Nov.  23,  1891),  This  result  was  received  at  the  time  with  scepticism,  for 
it  seemed  to  be  in  flat  contradiction  with  theory,  as  worked  out  by  Euler;  and 
even  the  enormous  mass  of  evidence  in  support  of  it  which  was  marshalled  by 
Mr  Chandler  failed  to  carry  conviction  until  Professor  Simon  Newoomb  pointed  out 
that  the  defect  was  in  the  theory,  which  started  with  the  assumption  that  the 


y  Google 


ART.  536.]  THF.  COMPLEMENTARY   FUNCTIONS.  355 

earth  was  a   ligid   body.    In  December  1891  he  summed  np  ihe   situation  as 
follows  :— 

"The  question  now  arises  whether  Mr  Chandler's  result  can  be  reconciled  with 
dynamic  theory.  I  answer  that  it  can,  becauee  the  theory  which  assigns  306  days 
as  the  time  of  revolution  is  based  on  the  hypothesis  that  the  earth  ia  an  abaolutely 
r^d  body.  Bat,  as  a  matter  of  faot,  the  fluidity  of  the  ocean  plays  an  important 
part  in  the  phenomenon,  as  does  also  the  elasticity  of  the  earth.  The  combined 
effect  of  this  fluidity  and  elasticity  is  that  if  the  axis  of  rotation  is  displaced  by  a 
certain  amount,  the  axis  of  figure  will,  by  the  changed  action  of  the  centrifugal 
force,  be  moved  toward  coincidence  with  the  new  asis  of  rotation.  The  result  is, 
that  the  motion  of  the  latter  will  be  diminished  in  a  corresponding  ratio,  and  thus 
the  time  of  revolution  will  be  lengthened.  An  esaet  computation  of  the  effect  ia 
not  possible  without  a  knowlei^e  of  the  earth's  modulus  of  elasticity.  But  I  think 
the  result  of  investigation  will  be  that  the  rigidity  derived  from  Mr  Chandler's 
period  is  as  great  as  that  olaimed  by  Sir  William  Thomson  from  the  phenomena  of 
the  tides"  (Astronomical  Joamal,  December  1891) *. 

636.  These  changes  of  latitude  may  be  due  to  other  oausee  acting  jointly  with 
the  Eulerian  nutation,  as  modified  by  the  want  of  rigidity  of  the  earth,  and  amongat 
these  we  must  include  the  yearly  meteorological  changes  of  the  earth.  The  con- 
sequence is  that  the  change  of  latitude  appears  to  have  a  doable  oscillation,  the 
period  of  one  being  foarteen  months  and  of  the  other  a  year.  The  least  common 
multiple  of  theee  is  seven  yeara,  ao  that,  if  the  meteorological  oaoillation  were  the 
same  every  year,  the  changes  repeat  themselves  in  this  time.  Again,  when  the  two 
oscillations  are  compounded  together,  the  rate  at  which  the  latitude  changes  is  not 
uniform.  At  one  time  the  magnitudes  of  the  two  oscillations  are  both  increasing 
and  their  rates  of  change  are  added  together,  at  another  time  they  are  subtracted 
from  each  other;  aee  Art.  8tF  on  the  transference  of  oscillations.  It  follows,  as 
Prof.  Forster  remarlts,  that  one  series  of  observations  may  be  favourable  to  exhibit 
the  change  of  latitude,  while  another  series  made  at  a  different  time  may  ahow  but 
faint  traces  of  change.  Further,  it  would  appear  from  the  numerous  special  obser- 
vations made  during  the  last  15  years,  and  also  from  the  discussion  of  old  observa- 
tions by  Mr  Chandler,  that  the  magnitudes  of  the  oaoillatioua  are  themselves  subject 
to  periodic  changes.     The  motion  of  the  pole  thus  becomes  very  complex. 

A  diagram  of  the  path  of  the  pole  for  1890—1897  ia  given  in  Nature,  May  IS, 
1S98,  copied  from  one  in  Astr.  Nackr.  No.  3489  by  Prof,  Albreoht.  Another  map  is 
given  in  The  Observatmy,  Match,  1893,  copied  from  one  by  Chandler  in  The  Astro- 
nomical Journal,  No.  329. 

In  connection  with  thie  doable  oscillation  the  problem  of  HeJmert  given  at  the 
end  of  Art.  24  is  interesting.  It  should  also  be  noticed  that  the  displacement  of 
the  instantaneous  axis  has  been  magnified  by  the  nearness  of  the  period  of  Bnler's 
nutation  to  that  of  the  meteorological  diatarbance. 

53b     We  should  notice  that  the   complementary  functions   are  not  al^riotly 
repreaeuted  by  the  Eulerian  nutation.     Taking   only  the  forces   which  produce 
prei-es  ion   the  equations  ot  motion  are,  by  Art.  532  (4), 
A  sin e^" - 2A  ao399'f  +  CnS'^0, 
AH   ~Ama9eo-^ef^  +  CnBme<p'=-iK{C-A)smdeose, 

*  The  author  is  much  indebted  to  Prof.  H.  H.  Turner  who  in  bis  book  entitled 
Aetronomical  Diseovery  has  given  a  very  oomplete  history  of  the  solution  of  this 
difficult  question. 

23—2 
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nhers  aooaota  denote  differentiations  with  regard  to  the  time.  The  precession 
being  detennined  by  writing  fl  =  a  and  i/i'=)i,  we  substitute  0  =  a  +  x  and  ilz—fit  +  y 
to  find  the  nutations.  We  shall  evidently  find  on  the  right-hand  side  terms  whioh 
oontwn  the  first  power  of  x,  and,  though  these  are  of  the  second  order  of  small 
quantities,  they  should  be  examined  into  for  the  reason  given  in  Art.  3SG.  Like  the 
terms  in,  the  Lunar  theory  of  the  form  cS  -  a,  they  modify  the  first  appro limation. 
Art.  359. 

Making  these  substitutions  we  find  that  one  effect  of  these  terms  is  to  alter  the 
Bulerian  period.    If  2»-/gj  is  the  altered  period,  we  have 

Cn     C-ASs,      „       ,    •   ,   , 
«^  =  T+-^    -(eos^a-ism^a). 

The  value  of  },  differs  very  slightly  from  that  defined  hy  q  in  Art.  539.  Since 
the  Eulerian  period  is  uot  yet  known  with  suffioient  accuracy  to  make  this  difference 
of  importance  (Art.  533],  it  is  unnecessary  to  disonss  at  length  the  effects  of  these 

537.  Bxamples.  Es.  1.  If  the  earth  ^yere  a  h 
siiDilar  eOipsoidB,  the  interior  being  empty,  the  piac 
the  earth  were  solid  throughout. 

Ex.  3.  If  the  earth  were  a  iomogeneous  shell  bounded  ustemally  by  b,  spheroid 
and  internally  by  a  eoncentrio  sphere,  the  interior  being  filled  with  a  perfcot  fluid 
of  the  same  density  as  the  earth,  show  that  the  precession  would  be  greater  than  if 
the  earth  were  solid  throughout. 

Let  (n,  o,  e)  be  the  semi-axes  of  the  spheroid,  r  the  radius  of  the  sphere.  Then, 
since  the  precession  variesas  (iV-JJ/Oby  Art  529  the  precession  is  increased  in 
th       t  r» 

E      3     If  th       in  w  m      d  t    tw        t    p         tit  h  w  th  t  tl 

sol      p    ce  p  t    f  tiro    w    id  h      ed      d  t  ghth    ftp         t 

al  dthjoe  |         eatbt         thidttpestl 

E4Ahiyyth         tit  gbihdptaotd        byy 

f  h    h  t     d  to  ^    d  tc       t  t         bo  t  t     ght      gl     t    th         ta 

taneous  axis,  show  that  the  angular  velocity  cannot  be  uniform  unless  the  momental 
eUipsoid  at  the  fixed  point  is  a  spheroid. 

The  axis  about  whioh  the  forces  tend  to  produce  rotation  is  that  axis  about 
which  it  would  begin  to  turn  if  the  body  were  placed  at  test. 

Es.  5.  A  body  free  to  turn  about  its  centre  of  gravity,  which  is  fixed,  is  in  stable 
equilibrium  under  the  attraction  of  a  distant  fixed  particle.  Show  that  the  axis  of 
least  moment  is  turned  toward  the  particle.  Show  also  that  the  times  of  th& 
principal  oscillations  are  respectively  2ir  jgjjTT^rXU   ^"^^'^Igj^f/jJ  _^|[    ■ 

If  the  body  be  the  earth  and  M'  be  the  sun,  show  that  the  smaller  of  these  two 
periods  is  about  ten  ;years. 

538,  TTnoqual  moments  of  Inertia  Th  m  th  d  usel  Art  C  1  s  w  a 
adapted  to  find  the  precession  and  n  tat  n  f  tl  a  th  h  th  t  a  Ji  t  and  to 
higher  degrees  of  approximation  when  e  aa  d  th  a  -tli  a  a  nn  a  al  b  dy 
Though  the  method  may  be  used  when  1  n  t  qual  tByttl  mbf 
its  brevity.  We  shall  therefore  adopt  a  diffe  ent  m  tb.  d  t  d  t  nun  b.  the 
preoession  and  nutation  are  altered  wh  n  w  ega  d  all  tl  th  [  n  pal  m  m  nt 
of  inertia  as  tmequal,  though  their  ratios  are  supposed  not  to  differ  much  from  anity. 


y  Google 


ART.  539.]  UNEQUAL   MOMENTS   OP   INERTIA.  367 

Keferriug  tba  motion  to  the  principal  asea,  tlie  Bulerian  eqaationa  become 

S<-(C-d)«,iUg^JK=-3K(C-^)EOB7CoeQl (1), 

Cbj' -  (.<  -  B)  <j,W5=  Jf  =  -  3«  (.1  -  B)  OOB  a  COB  iSj 

-sinfl^t'^iaiOOB^-uiasiii^i-  (2). 

eo8Sf'  +  *'=«,  J 

We  see  by  (1)  that  la^,  u,  are  of  the  order  of  the  constant  of  precession,  i.e. 
k(C-A}IC ;  henoa,  as  wa  reject  tlie  square  of  tliis  gnantity,  we  shaJl  reject  the 
second  term  on  the  left-hand  side  of  each  of  the  equations  (1),     To  find  Aw,,  Bu^, 
Cuj  we  have  therefore  merely  to  integrate  the  right-hand  sides  of  these  equations. 
Proceeding  as  in  Art.  623  we  find 

ooa^=sin(i-5t)ooa0-coa(Z-V)eosC3in0i  (3) 

cos7  =  cos(J    i^lsine  J 

Tl  e  th  d  of  equations  (2|  tho^is  that  ip  diHers  fiom  a  oonstant,  viz  n,  by 
qaan  t  s  of  the  order  u£  the  preoesiion  hence,  if  we  reject  the  product  of  this 
qaant  ty  ly  n'/n,  we  may  on  the  right  hand  sides  of  (1)  put  ip—nt  +  e,  and  m  the 
integration  treat  I,  8,  and  ^  aa  constants  We  therefore  see  that  njcos^iit  and 
mjcoa  adt  liffer  from  ong  o  and  eos  p  only  by  constant  terms  Those  constant 
terms  may  be  omitted,  as  they  represent  the  complementary  tunetions  whi  Ji  aie 
considered  separately;  it  is  also  evident  from  (2)  that  small  constant  additions  to  Wj 
and  Uj  only  give  rise  to  small  daily  periodic  terms  in  S'  and  •//' .  We  therefore  have 
_3k  C-B  _3ii  C-A 

Since  we  have  rejected  the  squares  of  {C  -  B)jA  and  (C  -  ^}/-B,  we  may  to  the  same 
degree  of  approximation  write  C  for  A  and  B  in  the  denominators  of  these 
expresaiona.     Subatituting  these  values  of  uii ,  uj  in  the  equations  (2)  we  find 

-£^-^^*-— "-«--.• 

*'- '£"-^^5^ ~""l'+~"'' ''-*»+"■' 
where  E^  and  B^  contain  only  terms  whose  period  is  about  half  a  day  and  whose 
coefficients  contain  the  small  faotor  k.(A-  B)jC.  The  value  of  {A  -  S)IG  has  not  been 
determined,  but  it  is  known  to  be  very  much  leaa  than  (G  -  A)IC.  As  only  terms  of 
long  periods  can  rise  into  importance  alter  integration  with  regard  to  t,  R,  and  Jfj 
may  be  alt<«ether  rejected. 

Omitting  the  terms  J!i  and  E^  ^^  being  quite  insensible,  we  see  that  both  the 
precession  and  nutatii^t  of  the  earth,  wilh  unequal  principal  ToomenU  of  inertia 
A,  B,  C,  are  the  same  as  those  for  auniaxal  earth  with  jrrtiutpal  moments  of  inertia 
iiA+  B),  i{A  +  B)  and  C.    Laplace,  Mie.  Cel.  Book  t 

fi39.  Oonstancy  of  the  lengtb  of  tlie  day.  As  the  tonstancy  of  the  angular 
Velocity  wj  is  a  matter  of  importance  it  may  be  proper  to  esamine  it  to  a  higher 
degree  of  approsimation.  Let  ua  then  consider  the  third  of  equations  (1)  in 
Art.  538.  This  equation  aa  it  appears  in  (1)  is  accurate,  except  that  on  the  right- 
hand  side  we  hare  rejected  some  small  terms  depending  on  the  higher  inverse 
powers  of  the  distance  of  the  disturbing  body;  see  Art.  513.  The  values  of  Wi  and 
Uj  have  been  found,  rejecting  terms  of  the  order  k{C-A)JC  when  multiplied 
by  n'jn.    Substituting  these  in  the  small  terms  we  have 
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If  we  now  write  for  cos  a,  coa  ;3,  cos  y  their  values  given  by  (3),  we  obtain  only  a 
long  aeries  of  trigonoaaetrioai  terms  whose  periods  are  about  half  a  day  and  whose 
ooefGcientB  are  very  small.  It  is  unnecessary  to  calculate  tbese  at  length,  it  being 
sufficient  to  notice  that  the  periods  are  not  such  that  the  coefficients  are  magnified 
by  integration.  We  infer  that  th^  attraeliom  of  the  san  or  moon  eanw>t  prodiiee 
seasible  change)  m  the  period  of  rotation  of  the  earth. 

It  is  possible  that  the  angular  velocity  of  the  earth  might  be  altered  by  other 
causes  aueh  as  its  gradual  refrigeration,  tidal  friction,  Ao.,  for  these  have  not  been 
-included  in  the  above  disoussion.  The  eSect  of  the  cooling  of  the  earth  on  the 
length  of  the  day  is  discussed  by  Laplace  in  the  Corwaissance  des  Terns  1833  and  in 
the  Mecanique  CiUite,  Book  ii.,  cbap.  iv.  See  also  Thomion  and  Tail's  Nat.  PJdl. 
1883,  Appendix  D,  and  Woodward  in  the  Astronomical  Journal,  July  1901. 
Newcomb,  Canutes  Bendus,  June  1896.  The  effect  of  tidal  friction  is  discussed  by 
Darwin  in  Thomson  and  Tail's  Nat.  Phil.,  Appendix  G. 

540.  Changes  in  the  principal  moments.  Bi,  If  the  principal  axes  of  the  earth 
remain  fixed  in  position,  but  the  magnitudes  A,  B,  G  alter  slowly  and  become  equal 
to  A  +  at,  B  +  bt,  G  +  ct  after  a  time  (,  show  that  the  secular  inequality  in  the 

obliquity  is  given  by  tt  =  s- .  y;  — ■  sin  &,  where  P  is  the  preaession  of  the  equi- 
noses,  i.e.  50".  Darwic,  On  the  influence  of  geological  changes  on  the  Barlh'a  axis 
of  rotation.    Phil.  Trans.,  1876. 

To  prove  this,  we  may  begin  with  the  equations  used  in  Art.  24,  Ei.  2  and 
proceed  as  in  Art.  539. 

The  existing  difteronce  C~A  between  the  moments  of  inertia  of  the  earth 
corresponds  to  an  excess  of  the  equatorial  over  the  polar  radius  of  thirteen  miles. 
Unless  we  can  suppose  that  geological  changes  could  produce  alterations  of  level 
comparable  with  this,  it  is  clear  that  the  coeHieient  of  sin  $  in  the  expression  given 
above  wiU  be  a  small  fraction  of  P. 

540a.  Tlia  Bnlerlan  period.  Tlie  Euleriau  period  of  ten  months  has  been 
obtained  on  two  suppositions,  (1)  that  A  =  B  and  (2)  that  the  earth  is  a  rigid  body. 
As  neither  supposition  is  strictly  correct,  it  is  important  to  deterniine  whether  the 
period  is  lengthened  or  shortened  when  these  assumptions  are  removed. 

Let  us  suppose  that  Uie  three  principal  moments  of  inertia  A,  B,  C  are  all 
unequal.  As  the  instantaneous  axis  of  the  earth  is  always  close  to  the  a^is  of  C, 
the  Enlerian  period  should  be  replaced  by  that  found  in  Art.  150  b,  Ex.  2.  Putting 
^  =  (G-A)  {G-B)IAB  and  remembering  that  Sir/n  is  equal  to  a  day  we  find  that  the 
new  period  is  3jr/p  days. 

Now  there  are  two  observed  results  which  teli  ua  something  about  the  values  of 
A,  B.  C.  There  is  the  precession  (Art.  526)  whieh  requires  (by  Art,  538)  that 
{C-i{A  +B))jC  should  have  a  given  value.  Then  the  known  motion  of  the  moon 
inIatitude(Art.  586)  determines  the  ratio  {C- 4  (jl  +  5)}/Jlf'i^whei'eiU' is  the  mass 
of  the  earth  and  r  its  distance  from  the  moon.  It  follows  that  both  G  and  ^{A  +  B) 
are  known  and  we  have  to  determine  if  Sir/p  can  be  lengthened  by  making  A  and  B 

nnequal.     Nowp^=l i — — ^  and  since  ^  +  i!  -  C  is  positive,  it  follows  that 

2wIp  is  a  minimum  when  AB  is  greatest,  that  is  when  A  —  B.  The  Eulerian  pe^'iod 
would  therefore  be  lengthened  by  taking  A  and  B  unequal.  But  since  the  observed 
Taloe  of  gravity  as  determined  by  the  pendulum  does  not  appear  to  depend  on  the 
longitude  of  the  place  of  observation  we  cannot  suppose  that  a  diftereace  A-B 
can  exist  sufBcient  to  lengthen  the  Eulerian  period  from  300  days  to  423  days 
which  is  the  period  required  by  Chandler.  The  reader  may  consult  a  memoir  by 
R.  S.  Woodward  in  No.  345  of  Gould's  AstroMniieal  Journal,  1895,  and  No.  418 
of  the  same  Journal,  1897. 
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Tlie  effect  of  the  want  of  rigidity  of  the  earth  hae  been  diBoasBed  by  Newoomb. 
Id  his  Dynamics  of  His  earth's  rotation  he  hae  explained  that  the  general  effect  of  the 
elasticity  of  the  earth  would  aUo  le  to  lengthen  the  Eulerian  period.  For  tiiis  we 
refer  the  readei  to  tl  e  Mo  thiy  Not  ces  of  titf  A  tronomical  Society,  Maroh  1S92. 
See  Art.  634. 

541.  To  gne  a  aeneral  explanat  on  of  the  manner  in  which  the 
attraction  cfthe  Sun  cautes  P  ecession  and  Nutation.     Art.  209. 

In  order  to  e\plain  the  effect  of  the  sun's  attraction  on  the 
earth  it  will  be  convei  lent  to  lefei  to  Poinsot's  construction  for 
the  motion  of  a  body  tlescnbed  in  140  and  the  following  articles. 

If  a  body  la  bet  m  lotation  about  a  fixed  point  0  under  the 
action  of  no  forces,  we  know  that  the  momenta  of  all  the  particles 
are  together  equivalent  to  a  couple  which  we  shall  represent  by  G 
about  an  axis  OL  called  the  invariable  line.  Let  T  be  the  vis 
viva  of  the  body.  If  a  plane  be  drawn  perpendicular  to  the  axis 
of  (r  at  a  distance  -/KT/G  from  the  fixed  point,  then  the  whole 
motion  is  represented  hj  making  the  momental  ellipsoid  whose 
parameter  is  K  roll  on  this  plane.  In  the  case  of  the  earth,  the 
axis  01  of  instantaneous  rotation  so  nearly  coincides  with  00,  the 
axis  of  figure,  that  the  fixed  plane  on  which  the  ellipsoid  rolls  is 
very  nearly  a  tangent  plane  at  the  extremity  of  the  axis  of  figure. 
This  is  80  nearly  the  case  that  we  shall  neglect  the  squares  of  small 
terms  depending  on  the  resolved  part  of  the  angular  velocity  about 
any  axis  of  the  earth  perpendicular  to  the  a^is  of  figure. 

Let  us  now  consider  how  this  motion  is  disturbed  by  the  action 
of  the  sun.  The  sun  attracts  the  parts  of  the  earth  nearer  to  it 
with  a  slightly  greater  force  than  it  attracts  those  more  remote. 
Hence,  when  the  sun  is  either  north  or  south  of  the  equator,  its 
attraction  will  produce  a  couple  tending  to  turn  the  earth  about 
that  axis  in  the  plane  of  the  equator  which  is  perpendicular  to 
the  line  joining  the  centre  of  the  earth  to  the  centre  of  the  sun. 
Let  the  magnitude  of  this  couple  be  represented  by  a,  and  let  us 
suppose  that  it  acts  impulsively  at  intervals  of  time  dt 

At  any  one  instant  this  couple  will  generate  a  new  momentum 
adt  about  the  axis  of  the  couple  a.  This  has  to  he  compounded 
with  the  existing  momentum  G  to  form  a  resultant  couple  G'. 
If  the  axis  of  a  were  exactly  perpendicular  to  that  of  G  we  should 
have  G'  =  VfJ^  +  (adty  =  G  ultimately. 

Let  0  be  the  angle  that  the  axis  of  G  makes  with  OG,  then 
^  is  a  quantity  of  that  order  of  small  quantities  whose  square  is 
to  be  neglected.  Taking  the  case  when  OC,  the  axis  of  G,  and 
the  asis  of  a  are  in  one  plane,  for  this  is  the  case  in  which  G'  will 
most  differ  from  G,  we  have 

(?'2  =  {0  cos  ey  +  (G  sin  e  +  adty  ^G^  +  2Ga  sin  ddt . .  .(1). 
Then,  a  and  8  being  of  the  same  order  of  small  quantities,  the 
term  a  sin  0  is  to  be  neglected.     Hence  we  have  G'  =  G.     But  the 
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axis  of  G  is  altered  in  space  by  an  angle  adtjO  m  a  plane  passing 
through  it  and  the  axis  of  a. 

Next  let  us  consider  how  the  vis  viva  T  is  altered.  If  1"  be 
the  new  vis  viva,  we  have 

2"-2'=twice  the  work  done  by  the  couple  a  =  2a(a>cos^)di...(2), 
where  a  cos  /3  is  the  resolved  part  of  the  angular  velocity  about 
the  axis  of  a.  For  the  same  reason  as  before  the  product  of  this 
angular  velocity  and  a  is  to  be  neglected.  Hence  we  have  2"  =  T. 
It  follows  from  these  results  that  the  distance  '■JKTjG  of  the  fixed 
plane  from  the  fixed  point  is  unaltered  by  the  action  of  a. 

Thus  the  fixed  plane  on  which  the  ellipsoid  rolls  keeps  at  the 
same  distance  from  the  fixed  point,  so  that  the  three  lines  OG, 
01,  OL,  being  initially  very  near  each  other,  will  always  remain 
very  close  to  each  other.  But  the  normal  OL  to  this  plane  has 
a  motion  in  space,  hence  the  others  must  accompany  it.  This 
motion  is  what  we  call  Precession  and  Nutation. 

Lastly  the  small  terms  which  have  been  neglected  will  not 
continually  accumulate  so  as  to  produce  any  sensible  effect.  As 
the  earth  turns  round  in  one  day,  the  axis  00  will  describe 
a  cone  of  small  angle  0  round  OL.  The  axis  about  which  the  sun 
generates  the  angular  velocity  a  is  always  at  right  angles  to  the 
plane  containing  the  sun  and  00.  Hence,  regarding  the  sun  as 
fixed  for  a  day,  the  angle  $  in  equation  (1)  changes  its  sign  every 
half  day.  Thus  G'  is  alternately  greater  and  less  than  G.  Simi- 
larly, since  the  instantaneous  axis  describes  a  cone  about  OL,  it 
inay  be  shown  that  2"  is  alternately  greater  and  less  than  T. 

542.  Solar  Precession  and  Nutation.  The  three  axes  in 
the  eai'th  which  are  the  most  important  in  our  theory  are  (1)  the 
axis  of  figure  00,  (2)  the  instantaneous  axis  of  rotation  01,  (3)  the 
invariable  line  OL.  It  has  just  been  proved  in  the  last  article 
that,  if  these  three  are  at  any  one  instant  very  nearly  coincident 
with  each  other,  they  will,  notwithstanding  the  sun's  attraction, 
always  remain  very  close  together.  It  is  therefore  sufficient  for  our 
present  purpose  to  find  the  motion  in  space  of  any  one  of  the  three. 

Let  OA,  OB  be  two  perpendicular  axes  in  the  earth's  equator, 
and  let  the  earth  turn  round  00  in  the  positive  direction  AB. 
Let  the  sun  S  at  the  time  t  be  in  the  plane  COA  and  on  the 
positive  or  north  side  of  the  equator.  The  sun's  attraction  during 
the  time  dt  generates  a  couple  adt  about  the  axis  OB,  which  acts 
in  the  negative  direction  AG.  It  follows  from  the  last  article 
that  OL  (which  is  very  nearly  coincident  with  OG)  moves  in  space 
in  the  plane  BOG  with  an  angular  velocity  equal  to  a/&  in  the 
direction  BG.  Since  the  sun  moves  round  0  in  the  same  direction 
as  the  earth  turns  round  its  axis  00,  it  follows  that,  when  a  is 
positive,  the  axes  OL  and  OG  move  very  nearly  at  right  angles  to 
the  plane  COS  in  a  direction  opposite  to  the  sun's  motion. 
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Knowing  the  motion  produced  in  these  axes  by  the  sun  in  the 
time  dt,  we  now  proceed  to  sum  up  the  whole  effects  produced  by 
the  sun  in  one  year.  For  simplicity  we  shall  speak  only  of  the 
axis  of  figure,  viz.  OG. 

Describe  a  sphere  whose  centre  is  at  0,  and  let  us  refer  the 
motion  to  the  surface  of 
this  sphere.  Let  K  be 
the  pole  of  the  ecliptic, 
and  Jet  the  sun  S  de- 
scribe the  circle  DEFH 
of  which  K  is  the  pole. 
Let  DF  be  a  great  circle 
perpendicular  to  KG, 
then  since  OG  and  the 
ajtis  of  figure  of  the 
earth  are  so  close  that 
we  may  treat  them  as 
coincident,  J)  and  F  will 
be  the  intersections  of 
the  equator  and  ecliptic. 
When  the  sun  is  north 
or  south  of  the  equator, 
its  attraction  generates 
the  couple  a,  which  will  be  positive  or  negative  according  as  the 
sun  is  on  one  side  or  the  other.  This  couple  vanishes  when  the 
sun  is  pa-ssing  through  the  equator  at  D  or  F.  If  the  sun  be  any- 
where in  DEF,  i.e.  north  of  the  equator,  G  is  moved  in  a  direction 
perpendicular  to  the  arc  GS,  towards  D.  If  the  sun  be  anywhere 
in  FHD,  a  has  the  opposite  sign,  and  hence  C  is  again  moved 
perpendicular  to  the  instantaneous  position  of  GS  but  still  towards 
D.  Considering  the  whole  effect  produced  in  one  year  while  the 
sun  describes  the  circle  DEFH,  we  see  that  G  will  be  moved  a  very 
small  space  towards  D,  i.e.  in  the  direction  opposite  to  the  sun's 
motion.  Resolving  this  along  the  tangent  to  the  circle  with 
centre  K  and  radius  KG,  we  see  that  the  motion  of  C  is  made  up 
of  (1)  a  uniform  motion  of  G  along  this  circle  backwards,  which  is 
called  Precession,  and  (2)  an  inequality  in  this  uniform  motion 
which  is  one  part  of  Solar  Nutation,  Again,  as  the  sun  moves 
from  D  bo  E,  G  is  moved  inwards  so  that  the  distance  KG  is 
diminished,  but,  as  the  sun  moves  from  E  to  J?",  KC  is  as  much 
increased.  So  that  on  the  whole  the  distance  KG  is  unaltered, 
but  it  has  an  inequality  which  is  the  other  part  of  Solar  Nutation, 

It  is  evident  that  each  of  these  inequalities  goes  through  its 
period  in  half  a  year. 

543.  Lunar  Nutation.  To  explain  the  cause  of  Lunar 
Nutation. 

The  attraction  of  the  sun  on  the  protuberant  parts  at  the 


y  Google 


362  PRECESSION    AND    NUTATION,  [CHAP.  XI. 

earth's  equator  causes  the  pole  0  of  the  earth  to  describe  a  small 
circle  with  uniform  velocity  round  K  the  pole  of  the  ecliptic  with 
two  inequalities,  one  in  latitude  and  one  in  longitude,  whose  period 
is  half  a  year.  These  two  inequalities  are  called  Solar  Nutations. 
In  the  same  way  the  attraction  of  the  moon  causes  the  pole  of  the 
earth  to  describe  a  small  circle  round  M,  the  pole  of  the  lunar 
orbit,  with  two  inequalities.  These  inequalities  are  very  small 
and  of  short  period,  viz.  a  fortnight,  and  are  therefore  generally 
neglected.  All  that  is  taken  account  of  is  the  uniform  motion 
of  C  round  M.  Now  K  is  the  origin  of  reference,  hence  if  M 
were  fixed  the  motion  of  0  round  M  would  be  represented  by  a 
slow  uniform  motion  of  C  round  K,  together  with  two  inequalities 
whose  magnitude  would  be  equal  to  the  arc  MK,  or  5  degrees, 
and  whose  period  would  be  very  long,  viz.  equal  to  that  of  G 
round  K  produced  by  the  uniform  motion.  Bub  we  know  by 
Lunar  Theory  that  M  describes  a  circle  round  K  as  centre  with 
a  velocity  much  more  rapid  than  that  of  G.  Hence  the  motion 
of  G  will  be  represented  by  a  slow  uniform  motion  round  K, 
together  with  two  inequalities  which  will  be  the  smaller  as  the 
velocity  of  M  round  K  is  greater,  and  whose  period  will  be  nearly 
equal  to  that  of  M  round  K.  This  period  we  know  to  be  about 
19  years.  These  two  inequalities  are  called  the  Lunai-  Nutations. 
It  will  be  perceived  that  their  origin  is  different  from  that  of  Solar 
Nutation. 

544.  Motion  of  the  plane  of  the  disturhing  body.  In 
the  reasoning  in  Art.  521  the  plane  of  the  orbit  of  the  disturbing 
body  was  treated  as  if  it  were  fixed  in  space.  In  order  to  discuss 
the  Lunar  Nutations  it  will  be  necessary  to  determine  how  far  its 
motion  affects  the  precession.  We  shall  continue  to  take  the 
principal  axis  OA  so  that  the  plane  OOA  is  perpendicular  to  the 
in.stanbaneous  position  of  the  orbit  at  the  moment  under  con- 
sideration. The  quantity  0i  will  nob  be  the  same  as  before*,  but,  if 
the  motion  of  the  orbit  in  space  is  very  slow,  0,  will  still  be  very 
small.  We  may  therefore  neglect  the  small  terms  ^jMi  and  ^jffla 
as  before.  The  dynamical  equations  will  not  therefore  be  materially 
altered.  With  regard  to  the  geometrical  equations  (3),  it  is  clear 
that  (Oa,  Ml  will  continue  to  express  the  resolved  parts  of  the 
velocity  of  G  in  space  along  and  perpendicular  to  the  instantaneous 
position  of  ZG.     These  velocities  are  therefore  expressed  by  the 

*  The  value  of  6^  may  be  fonnd  in  the  following  manner.  The  orbit  at  any 
instant  iH  turning  about  the  radius  vector  oi  the  planet  ae  an  inatautaneoua  asia. 
Let  u  be  tliia  angular  velocity,  whioli  we  shall  suppose  known.  Let  Z,  Z' ;  i(,  S'  be 
two  suooessive  positiona  of  the  pole  of  the  orbit  and  the  extremity  of  the  axis  of  B 
respectively.  Then  ZB=  a  right  angle=  Z'B'.  Hence  the  projections  of  ZZ',  BB', 
on  ZB  are  equal.  This  gives,  since  ZS  is  at  right  angles  to  both  CH  and  SB, 
B^B" smBS^ZaZ- BinZG.  Now  the  angle  ZC2'=W„  and  the  angle  BSB'  =  u, 
hence  Bflj.sin  S  =  u  ein  I.    The  value  of  SSs  must  be  added  to  the  former  value  of  0,. 


y  Google 


ART.  545.]  LUNAR  PRECESSION   AND  NUTATION.  363 

values  of  dOjdt  and  —  sin  dd^^ldt  given  in  equations  (9).  To  this 
degree  of  approximation,  therefore,  all  the  change  that  will  be 
necessary  is  to  refer  the  velocities  as  given  by  equations  (9)  to 
axes  fixed  in  space,  and  then  by  integration  we  shall  find  the  motion 
of  C.     This  is  the  course  we  shall  pursue  to  find  the  lunar  nutation, 

545.     To  calculate  the  Lunar  Precession  wnd  Nutation. 

Let  K  be  the  pole  of  the  ecliptic,  M  that  of  the  lunar  orbit, 
G  the  pole  of  the  earth.  Let  KX  be  any  fixed  arc,  KG  =  $, 
XKG  —  1^,  then  we  have  to  find  0  and  -i^  in  terms  of  (.  In 
calculating  the  lunar  precession  and  nutation  we  are,  by  Art.  543, 
to  take  account  only  of  one  part  of  the  motion  of  0,  viz.  that  called 
the  uniform  motion  of  C  round  M.  By  Art.  529  we  know  that 
this  motion  is  represented  by  a  velocity  equal  to  —  Sn" sin  MG cos  MG 
in  a  direction  perpendicular  to  the  arc  MC.  Substituting  for  S  its 
value  given  in  that  Article,  it  follows  that  the  velocity  of  0  in 
space  IS  at  any  instant  in  a  direction  perpendicular  to  MG,  and  is 
equal  to 

~  -^  =—  cos  MG  sin  MC. 

For  the  sake  of  brevity  let  the  coefficient  of  cos  il/C  sin  Jl/C 
be  represented  by  P.  Then  resolving  this  velocity  along  and 
perpendicular  to  KG,  we  have 

de/dt  =  -  P  sin  MG  cos  MG  sin  KGM\ 
sine  d^lrldt  =  -P  Bin  MCcoaMC  cos  ECMy 
By  Lunar  theory  we  know  that  M  regredes  round  K  uniformly, 
the  distance  KM  remaining  unaltered.     Let   then  KM  =  i,  and 
the  angle  XKM=—mt  +  a.     Now,  by  spherical  trigonometry, 
cos  MC  =  cos  i  cos  ^  +  sin  i  sin  8  cos  MKC, 

■     trr.        TT^iTi    COS  i  —  COS  il/C  COS  5 
sm  MC  cm  KGM  = ——.—„ — 

=  cos  I  sin  ^  —  sin  i  cos  9  cos  MKG, 
sin  MC .  sin  KCM  =  sin  i  sin  MKC. 
Substituting  these  values,  we  have 
dOjdt  =  -P  {sin  i  COB  i  cos  0s\n  MKG+  ^  sin^  i  sin  6  sin  2MKG], 
sin  dd^jdt  =  —  P  {sin  d cos  d (cos° i~\  sin' i) 

—  sin  i  cos  *  cos  16  cos  MKG  —  ^  sin"  i  sin  6  cos  9  cos  2MKG\ . 
For  a  first  approximation  we  may  neglect  the  variations  of  9 
and  ^  when  multiplied  by  the  small  quantity  P.  Hence  dSjdt 
contains  only  periodic  terms,  and  the  inclination  9  has  no  per- 
manent alteration.  But  d-^jdt  contains  a  term  independent  of 
MKG;  considering  only  this  term,  we  have 

if-  —  constant  —  P  cos  6  (cos"  i~\  sin^  i)  t. 
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This  equation  expresses  the  precessional  motion  of  the  pole 
due  to  the  attraction  of  the  moon.  We  may  write  this  equation 
in  the  form  i^  =  i^o  — pi. 

To  find  the  nutations,  we  must  substitute  for  MKC  its  ap- 
proximate value      MKO—  (—  m  +p)  t  +  a  — 1^„. 

We  then  have,  after  integration, 

rt  .      Psin*cos*cos^         n^rr^     Psin^tsin^        mnirn 

^  =  const. cos MKG ri —  ^^  coslMKG. 

m-p  4  (to      -- 


The   second   of  these   two   periodic  terms,  being  about  one- 
fiftieth  part  of  the  first,  which  is   itself  very  small,  ia  usually 
Aisop  is  very  small  compared  with  m,  hence  we  have 


This  term  expresses  the  Lunar  Nutation  in  the  obliquity. 
The  coefficient  of  the  periodical  terms  cos  MKG  lies  between  8" 
and  9". 

In  the  same  way  by  integrating  the  expression  for  i/^,  and 
neglecting  the  veiy  small  terms,  we  have 

Jr  =  ./.„-  P  cos  e  (cos=  •;  -  A  sin=  i)t-P  5^  .  ^^-f  sin  MKC. 

The  angle  MKC  is  the  longitude  of  the  moon's  descending 
node,  and  the  line  of  nodes  is  known  to  complete  a  revolution 
in  about  18  years  and  7  months.  If  we  represent  this  period  by 
T,  we  have  MKG  =  -  l-TrtjT  -|-  constant.  The  coetBcient  of  sin  MKG 
lies  between  16"  and  1'?". 

The  pole  M  of  the  lunar  orbit  moves  round  the  point  of  re- 
ference K  with  an  angular  velocity,  which  is  rapid  compared  with  p, 
but  yet  is  sufficiently  small  to  make  the  Lunar  Nutations  greater 
than  the  Solar.  We  may  also  notice  that,  if  M  had  moved  round 
K  with  an  angular  velocity  more  nearly  equal  to  p,  the  Nutations 
would  have  been  still  larger. 
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346.  We  may  also  malie  some  allowance  bj  this  method  for  tie  effect  of  the 
motion  of  the  edlptie.  We  now  let  M  be  the  pole  of  the  moying  ecliptic  at  any  time 
t,  K  that  of  some  fixed  circle  of  refecence.  Assuming  that  the  chief  effect  of  the 
solar  preeeeBiou  ia  to  make  the  pole  C  of  the  earth  move  perpendioulaily  to  the  arc 
CJ/with  a  velocity  equal  to  P cos MC.ainffiC,  we  Snd  the  same  values  for  dBidt 
and  sin  edfjdt  as  before.  The  motion  of  the  eoliptio  is  so  slow  that,  if  we  take  as 
the  flsed  point  K  the  pole  of  the  eeliptie  at  some  not  very  remote  date,  we  may 
neglect  the  squares  of  i.     We  tlius  have 

dSjdt=  -Pi  cose  sin  MKC. 
sin  ed^jdt  =  -  P  (aia  S  ooa  fl  -  i  cos  20  cos  MKC), 
where  JfC^B  and  the  ai^le  GKX--=-ij>. 

Since  tbe  pole  of  the  lusar  orbit  describes  very  nearly  a  small  circle  with  a 
uniform  motion  we  were  able  in  Art.  545  to  substitute  for  the  angle  MKC  its  valae 
(p-m)  t  +  &o.  In  the  ease  of  the  eoliptio  we  proceed  otherwise.  Let  (=0  be  the 
time  at  which  the  pole  of  the  eoliptio  is  at  K  and  let  the  arc  KX  join  K  to  the  pole 
Cg  of  the  equator  at  the  same  time.  Let  the  resolved  velocities  of  K  along  and 
perpendicular  to  KX  be  g'  and  g.  Assuming  that  tile  time  t  is  not  so  long  that  the 
direction  and  velocity  of  K  has  had  time  to  change  sensibly,  we  may  regard  g't  and 
gt  as  the  coordinates  of  M  referred  to  EX  as  ads  of  x.    Hence 

isinJUKC=3tcos^-s'iain^,        t  coBJlf.ffC=/(coa  ^H-gtBiDi/-. 
Now  ip  is  aero  when  (=0,  and  increases  at  about  60"  per  year,  so  that  in  a  hundred 
years  ^  amounts  to  a  little  over  one  degree.     Since  P,  g,  g'  and  f  ^.xe  all  small 
quantities,  we  shaU  write  in  the  small  terras  is,\aMKC  =  gt  and  icosMKC=g't. 

Substituting  these  in  the  above  expressions  and  integrating  we  have 
d  =  ea'iP COS  e^t",        ^=-P  (cos  e^t -  J  cos  2et  coseo  ff^g'fi), 
where  S,  is  the  angular  distance  of  the  pole  Co  of  the  earth  from  the  pole  K  of  the 
ecliptic  at  some  chosen  epoch,  and  9,  \j/  are  the  coordinates  of  C  after  a  time  t 
referred  to  the  same  point  as  origin. 


6*7.  It  is  soraetimes  more  convenient  to  refer  the  motion  of  C  to  the  pole  M  of 
the  ecliptic  at  the  time  t.  Putting  MC^e,  and  the  angle  CMG^^fi,  we  evidently 
have  e^  =  e-g't.  Bemembering  that  KM  is  leas  than  one  degree  while  the  four 
arcs  CK,  CM,  G^K,  G^M  are  each  about  23'',  we  have  ^^  sin  6^  and  f  ain  0  each  nearly 
equal  to  G^G.  We  therefore  have  •f'^=>l/{l+g'taote).  Thus,  when  8  and  f  are 
known,  the  values  of  6,  and  \j/^  follow  at  once. 

Ex.    If  the  pole  M  of  the  ecliptic,  starting  from  K,  describe  a  great  circle  KX 
with  a  constant  angular  velocity  v,  prove  that  the  motion  of  the  pole  G  of  the 
earth  is  given  by        dgldt= -voosf,        (ff/<ii=PCot«sin  f -PcosS, 
where  e  =  3fC,  it  =  CAfX,  and  P  has  the  meaning  given  to  it  in  Art.  5i6.    Show  also 
that,  if  the  square  of  vjP  is  neglected,  these  equations  are  satisfied  by 
e=a-(WP)seoasin(Pcosa(),  -  ^-Pcosaf- WP}sec=aoosee<.cos  (Pcosa(). 

If  there  were  no  precession,  i.e.  if  P  were  zero,  the  changes  in  the  obliquity  due 
to  the  motion  ot  the  ecUptic  would  be  nearly  given  by  9=a-vt;  it  follows  that  one 
effect  of  the  precession  is  to  bring  the  possible  changes  of  the  obliquity  wilhiu 
narrow  bounds. 

The  actual  motion  of  the  pole  of  the  ecliptic  is  different  from  that  supposed  in 
Uiis  example,  bat  Laplace  has  shown  that,  when  we  take  the  coordinatea  of  ST 
supplied  by  the  planetary  theory,  a  similar  tlieorem  is  still  true.  One  effect  of  the- 
preeeision  is  to  cause  the  plane  of  the  eqjiator  to  irKtve  mtk  the  plane  of  the  eeUptic, 
so  that  the  possible  change  of  obliquity  ie  less  than  it  would  be  if  there  were  no  pre- 
ceidon;  Micanique  Celeste,  VoL  u.  p.  367. 
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548.  Numecical  results.  Let  BDE  and  DA  be  the  positions  of  the  ecliptic 
and  equator  at  some  fised  epoch,  say  Jan.  1,  Ift^O ;  CAE  and  EOF  their  positions 
after  a  time  (  measured  In  Julian  years,  i.e.  years  of  365'25  mean  aolar  days. 


BDE  is  the  fixed  ecliptic,  DA  the  fixed  equator,  CAE  the  moving  ecliptic  and 
BG  the  moving  equatot. 

Consider  first  the  Precession.  That  part  of  the  precession  which  is  due  to  the 
action  of  the  sun  and  moon  on  the  earth  is  called  luni^solar  precession.  This  ia 
referred  to  the  fised  eoliptio  and  is  represented  in  the  figure  by  BD,  we  have 

V-  ^  BD  ^  60"  ■37140*  -  O"-0OO1088O6(3. 
The  inclination  of  the  equator  to  the  eohptic  would  be  constant  if  the  motion  of  the 
ecliptic  did  not  modify  the  forces  (Art.  E24).     The  inclination  CBD  of  the  ecliptic 
to  the  equator  is  therefore  given  by 

fl=CBD  =  a3°27'32"  +  0"-0OO00719(^ 

To  these  values  of  ^  and  8  we  mnst  add  the  geometrical  efiect  of  the  motion  of 
the  ecliptic,  or,  as  it  is  usually  called,  planetai'y  precession.  The  resultant  of  luni- 
solar  and  planetary  precession  is  oalled  general  preeeation.  Taking  a  point  D'  on  the 
moving  ecliptic  bo  that  Ejy^ED,  the  arc  D'C  repreEenta  the  general  p 
We  have  ,/-,=D'C  =  60"'23572i  +  0"-00011290(2, 

flj  ^ACF=  23"  27' 32"  -  0"-47566l  - 1 

The  planes  of  the  moving  ecliptic  and  equator  determined  by  these  angular 
coordinates  are  usually  oalled  the  mean  ecliptic  and  mean  eqmitor  at  the  time  t. 

The  coefficient  of  (  in  the  expiession  for  \j/^  is  usually  called  the  constant  of 
precession.  It  represents  the  sum  ot  the  preoessioiiB  due  to  the  sun  and  moon 
found  in  Arts  624  and  545  togethei  with  the  correction  depending  on  3' cot  9 
mentioned  in  Art    546 

Consider  nej,t  the  Nutations      These  are  so  small  that  the  amounts  to  be  added 
to  ^  or  fi,  e  or  ^1  are  the  same,  let  these  be  called  respectively  *  and  9.     Then 
*=  ^  17"  251  sm  0  +  0"  207  sin  3fi-  l"-269Bin  2g 

-  0"-204  sin  2  P  +  0"-069  sin  J„,  + 0"-128  sin  J, , 
e  =  9"-223eo8ii-0"'090cos2n  +  0''-551coB2O  +  0"-089  0OB2Ii. 
Let  the  dotted  line  in  the  figure  represent  the  lunar  orbit,  so  that  G  is  its  ascending 
node,  then  Q—  GG  is  the  longitude  of  G  measured  on  the  true  ecliptic  from  the  true 
spring  equinox,  but  it  is  sufRcient  in  these  small  terms  to  regard  Ji  as  representing 
the  longitude  of  the  mean  node  measured  from  the  mean  equinox.  Similarly  in 
these  terms  o  and  5  are  the  longitude!  ot  the  sun  and  moon  measured  on  the 
moving  ecliptic  from  either  the  true  or  mean  equinox.  The  symbols  Ag  and  A^ 
represent  the  mean  anomalies  of  the  sun  and  moon  in  their  elliptic  orbits. 

Several  terms  are  here  eshibited  which  have  been  rejected  in  the  preceding 
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theory  in  order  that  the  relative  magDitudea  of  the  terms  may  be  more  clearly 
understood. 

The  coeltioient  of  ain  H  in  tho  espressioc  for  *  is  colled  the  constant  of  nutation. 
It  reprefieats  the  coeffioient  of  sin  MKC  in  the  espreesion  for  ij/  in  Art.  545. 

The  terms  in  *  and  6  oontaining  sin  20  and  oob3S!  are  diseuBBed  in  Art.  545, 
and  then  rejected.  The  terma  with  sin2o  and  oos2o  aie  the  solar  nutations,  see 
Art.  526.  The  terms  containing  sin  2  D  and  cos 21)  aie  diBcassed  m  Art.  531  and 
it  is  pointed  out  in  Art,  543  that  they  are  usually  neglected  The  terms  depending 
on  A^  and  A,  are  alluded  to  in  Art.  538. 

The  numerical  Taluea  of  the  several  terms  are  vaiioaslj  given  by  diflerent 
oalonlatora,  though  the  variations  are  not  important.  The  vaiuea  here  followed  are 
given  by  Serret,  Annalea  de  V Observatoire,  t.  v.  1859.  Another  list  differing  from 
these  is  given  in  Main's  AetTonomy  (1863),  where  Bessel's  cohstants  are  used.  In 
these  the  year  17S0  is  taken  as  the  fixed  epoch  from  which  the  time  is  measured. 

549.  ^arge  Natations.  We  shall  now  eni^uire  what  the  motion  of  the  earth 
would  be  if  the  initial  oonditions  were  greatly  altered. 

We  reonr  to  the  equations  (4)  of  Art.  522,  where  L  and  M  are  given  by  (5)  and  (6). 
We  notice  that  the  term  L  and  tlie  second  term  of  M  are  periodic  and  go  throu^ 
all  their  magnitudes  in  a  time  as  short  as  half  a  year,  while  the  first  term  of  M  is 
secular  and  is  nearly  constant.  Before  either  periodic  term  has  had  time  to  produce 
a  sensible  e&ect,  its  sign  is  reversed,  and  it  begins  to  undo  its  previoas  work.  On 
the  contrary  the  secular  term  keeps  one  sign  and  works  in  one  way  nntil  S  is  so  far 
changed  that  either  sin  9  or  cos  S  has  changed  sign  (see  also  Art.  3i6) .  Further, 
the  magnitude  of  either  periodic  term,  when  greatest,  is  only  equal  to  that  of  the 
secular  term.  For  these  reasons  we  may  as  a  first  approximation  neglect  tiie 
periodio  terms  and  consider  only  the  effect  of  the  secular  term.  When  this  is  done 
we  can  obtain  (by  Art.  13  6)  iioo  accurate  first  mtegrale  of  the  equations  of  motiort 
and  thaa  determine  what  mould  le  the  motion  of  a  rigid  earth  corresponding  lo  any 
initial  conditions. 

Putting  I.  =  0,  M=  ~nBhi0cos8,  where  ^  has  been  written  for  the  coefficient 
given  in  Art.  523,  we  find 

Asia^ef  +  Cnooaff^E,        J  (S'=  +  sin'9f'»)  =  F-^sin' 9 (1), 

where  E,  F  are  the  two  oonstants  of  integration  and  accents  denote  differentiation 
with  regard  to  the  time.  Tbe  constant  E  is  clearly  the  angular  momentum  about 
the  norma!  to  the  ecliptic  and  F  is  tbe  enei^  (Art,  200). 

To  interpret  these  equations,  we  proceed  as  in  Art.  203,  we  put  cos  9  =  ^  for 
brevity,  aad  eliminate  ^.     We  then  have 

J=^'»-J(F'+>.|=)(l-f=)-(E-Cnf)=    (2), 

where  F'=F---ii.  To  determine  the  estent  of  the  oscillation  we  examine  the  roots 
of  the  biquadratic  formed  by  putting  f  =  0.  Supposing  that  at  some  instant  the 
position  of  the  body  is  such  that  8  =  a,  the  right-hand  side  of  (3)  is  positive  when 
f=C03a.  It  is  clearly  negative  when  f  =±1  esoept  when  £=  ±C«  or  both  B  and 
n  aie  zero.  With  these  exceptions  tlie  uiigle  9  must  vary  betiesen  (wo  limiting  values 
both  of  which  He  betineen  0  and  jr.  In  esiating  circumstances  we  have  £  =  Cnooso 
nearly  aud  the  limiting  values  are  shown  in.  Art.  52S. 

When  the  initial  conditions  are  such  as  to  make  E=  Cn  exactly,  tho  equation 
(2)  talies  the  simpler  form 

A^r'  =  A{F-p.^,,i^-GhiHl-i)!(l  +  i). 

It  is  clear  that  (unless  ji  =  0),  a  superior  limit  {which  lies  between  9  =  n  and  6  =  ^) 
must  always  exist.  If  (nlu'f^%{C-A)A!C^,  it  may  be  Bho\vn  that  the  angle  e 
will  vary  between  the  limits  ±7,  where  y  lies  hetween  0  and  »■  (see  Art.  203  e). 
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The  general  reault  ia  that,  with  different  initial  coKditiona,  the  obliquity  of  the 
eeliptie  will  still  be  restricted  to  lie  between  two  fixed  limiti. 

5S0.  Nutatloit  of  Uie  eartli  s  axia  when  tlie  im«an  obliquity  is  zero.  When 
the  instantaneous  obliqnitj  is  s)  all,  a  1  ght    h     g     n  the  position  of  the 

equator  ma?  greatly  alter  its  liue  f  nt  ett  n  w  th  th  1  ptic.  It  in  theiefore 
not  convenient  to  measure  our  angl  f  n  th  fi  t  po  nt  £  Aries.  Let  OZ  be  a 
normal  to  the  ecliptic,  GC  the  a  f  figur  n  h]  t  is  to  fincl  the  small 
osoillatiotia  of  GO  about  GZ.  Iiet  <i\  GYb  a  es  fi  ed  n  the  eeliptie,  and  let  the 
longitude  of  the  sun  be  measured  f  m  OX  L  t  (P  Q  1)  b  the  rlirection  cosines 
of  GC  referred  to  the  ases  of  X,  Y,  Z,  It  is  uunecessar;  to  go  through  all  the  steps 
of  the  investigation,  it  is  enot^h  to  say  that  the  equations  of  motion  to  find  P  and 
Q  take  the  form  given  in  Art.  15.  Bemembering  that  the  disturbing  couple  due  to 
tie  sun's  attraction  is  equal  to  ~3ft(C-.d)sin  (7S. cos  CS,  and  that  its  axis  mates 
an  angle  l+ir  with  OX,  we  obtain  the  equations 

AQ"-Crd"+/Q^-fem2l.P+feos2l.QI 

AF'  +  CnQ'+fP=-fGos2l.F-feiti2l.Q\' 

where  f—^k{G-A)  and  I  — n't.     The  small  terms  fP  and  fQ  must  be  retained  in 

the  first  approsimaiion,  for  the  reason  given  ill  Art.  356.     The  first  approsimation 

is  then  found  by  omitting  the  right-hand  side  and  assuming 

P=lfcos(p!  +  e],         Q^Kmn(pt  +  ,). 

We  then  find  the  quadratic  Ap'  -  Cup  -f—  0,  so  that  the  two  values  of  p  are  nearly 

equal  to  GnjA  and  -flCii.     Also  K=  H.     If  p  and  p'  be  the  roots  of  the  quadratic, 

we  have  for  a  second  approximation 

P^U<:os(pt  +  ,)^\co%{{in'-p)t-eHS'ooB{p't  +  e')  +  S-cos[{2n'-p')t-,'). 

(?-Hsm(pi  +  e}+\sin{fSn'-p)t-.}+H'sm(p'J  +  f')  +  Z'sin{(2«'-p')l-E'|, 

wlieie     \{i{Un  -p)''-C«.{2n'-p)-f}^X'  {A{2n'-p')'-Gn{'in'-p')-f}=Hf. 

It  may  he  noticed  that,  when  k  is  small,  it  has  not  been  assumed  that  A  and  G 

are  nearly  ejial      The  method  of  approximation  adopted  requires  that  X  and  X' 

si  ould  be  small  compared  with  H,  and  this  "will  be  true  if  »'/"  is  small  and  Of  A  not 

small      It  TFill  also  be  tme  if  n  =  0  and  C  ii  nearly  equal  to  A 

Poisson  attached  so  much  importance  to  this  problem  tliat  he  wiote  at  leaot  two 
memoirs  on  it  The  first  was  published  in  the  Cmttaiaaiue  de'  Terns  for  1837, 
where  he  ontioises  a  dynamical  argument  of  Laplace  on  this  subject  m  the 
Ei.position  di  syaliBK  du  numde,  Invie  iv  chap  xin  Soon  afterwards  he  returns 
to  the  subject  giving  a  new  solution  in  the  fourteenth  volume  of  the  Meiaoiiee 
de  t  icadimie  det  Sciencis  1S38  He  lefcrs  the  motion  to  a  set  ot  aies  difiprect 
fiom  those  used  above,  though  the  equations  are  afteiwards  rertuoed  to  a  somewhat 
similar  form.  He  then  obtains  an  accurate  solution  of  the  equations,  but  the  easy 
approximations  here  given  sue  sufEoiect  for  our  present  purpose. 
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CHAPTER   XII. 

MOTION  OF  THE  MOON  ABOUT  ITS  CENTRE  OF  GRAVITY. 

551.  In  the  theory  of  precession  and  nutation  the  earth  is 
generally  regarded  as  a  uniaxal  body.  This  is  a  sufficient  ap- 
proximation in  the  case  of  the  earth,  for  we  have  seen  in  Art.  63S 
that  no  important  phenomenon  of  the  motion  is  caused  by  the 
slight  differences  which  really  exist  between  the  equatorial  mo- 
ments. But  in  the  case  of  the  moon  the  supposition  would  cause 
us  to  miss  some  of  the  most  interesting  peculiarities  of  the  motion. 
Besides  this  there  are  other  differences  so  great  that  the  two 
theories  are  perfectly  distinct. 

Aa  our  object  is  to  examine  the  mode  in  which  the  disturbing 
forces  alter  the  several  motions  of  the  moon  about  its  centre  of 
gravity,  rather  than  to  obtain  arithmetical  results  of  the  greatest 
possible  accuracy,  we  shall  separate  the  problem  into  two.  In  the 
first  place  we  ahaJl  suppose  the  moon  to  describe  an  orbit  which  is 
very  nearly  circular,  in  a  plane  which  is  one  of  the  principal  planes 
at  its  centre  of  gravity.  In  the  second  case  we  shall  remove  the 
latter  restriction,  and  examine  the  effects  of  the  obliquity  of  the 
moon's  orbit  to  the  moon's  equator. 

652.  The  Ttioon  describes  an  orbit  about  the  centre  of  the  earth 
which  is  very  -marly  circular.  Supposing  the  plane  of  ilie  orbit  to 
be  one  of  the  principal  planes  of  the  moon  at  its  centre  of  gravity, 
it  is  required  to  find  the  motion  of  the  moon  about  its  centre  of 
gravity/. 

Let  6 A,  QB,  GC  be  the  principal  axes  at  G  the  centre  of 
gravity  of  the  moon,  and  let  60  be  the  axis  perpendicular  to  the 
plane  in  which  G  moves.  Let  A,  B,  G  be  the  moments  of  inertia 
about  GA,  GB,  GG  respectively,  and  let  M  be  the  mass  of  the 
moon,  and  let  accented  letters  denote  corresponding  quantities  for 
the  earth. 

Let  0  be  the  centre  of  the  earth,  and  let  Ox  be  the  initial  line. 
Let  OG  =  r,  GOx  =  $.  Let  us  suppose  that  the  moon  turns  round 
its  axis  GG  in  the  same  direction  that  the  centre  of  gravity  describes 
its  orbit  about  0,  and  let  the  angle  00^1  =  0. 

E.  D.    11.  24 
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The  mutual  potential  of  the  earth  and  moon  is,  by  Art.  518, 

y_MM'     jjA'  +  B'+C'-sr     ^,A+B  +  C-SI 

r  2r"  2r^ 


Here  1=  A  cos'  0  +  -B  sin^  <j>,  and  therefore  the  moment  of  the 
forces  tending  to  turn  the  moon  round  GC  is 

^  =  -2^(S-^)«m20  (1). 

Since  ^  +  i^  is  the  angle  which  GA,  a  line  fixed  in  the  body, 
makes  with  Oo,  a  line  fixed  in  space,  the  equation  of  the  motion  of 
the  moon  round  GG  is 

S-^=-i^^»-* (^)- 

The  motion  of  the  centre  of  gravity  of  the  moon  referred  to  the 
centre  of  the  earth  as  a  fixed  point  is  found  in  the  Lunar  Theory, 
It  is  there  shown  that  r  and  0  may  be  expressed  in  the  form 
r  =  c[l+L<io&(pt  +  a)  +  &c], 
ddjdt  =  n  +  ^t  +  Fp  cos  (pt  +  a)  +  &c., 
where  ^t  is  a  very  small  term  which  represents  a  secular  change 
in  the  moon's  angular  velocity  about  the  earth,  and  is  really  the 
first  term  of  the  expansion  of  a  trigonometrical  expression. 

If  we  substitute  the  value  of  d0/dt  in  equation  (2),  we  have  the 
following  equation  to  determine  <j), 

^  =  _|2'Jsin20-y3  +  i^^^sin(p(  +  a)  +  &c.     ...(3), 

where  for  the  sake  of  brevity  we  have  put  n^  ^  — r=; —  =  ^ . 

Now  we  know  by  observation  that  the  moon  always  turns  the 
same  face  towards  the  earth,  so  that  amongst  the  various  motions 
which  may  result  from  different  initial  conditions,  the  one  which 
we  wish  to  examine  is  characterized  by  <j>  being  nearly  constant. 
Let  us  then  introduce  into  this  equation  the  assumption  that  ^  is 
nearly  constant ;  we  may  then  deduce  irom  the  integral  how  far 
this  assumption  is  compatible  with  any  given  initial   conditions 
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which  we  may  suppose  to  have  been  imposed  on  the  moon. 
Putting  0  =  1^0+  '}>',  where  0,  is  supposed  to  contain  all  the  con- 
stant part  of  0,  we  easily  find 

i5^sin20„ y3  I 

^  +  5=cos20„0'=#p=siD{pi  +  M)  +  &c.  I  

Put  q^  cos  200  =  g,'  for  brevity,  then 

<f,  =  H  Bin  {q,t  +  K)  +  <f>,  +  ^^^  sin  (pt  +  a)  +  &c (5), 

where  II  and  K  are  two  arbitrary  constants  whose  values  depend 
on  the  initial  conditions.  The  angular  velocity  of  the  moon  about 
its  axis  is  therefore  given  by  the  formula 

f  +  J  =  »  +  ^  +  i^?.0O!(?.(  +  /O  +  ^SS^,CO8(j,i  +  .)  +  te....(6). 

In  this  investigation  the  axis  GA  which  makes  the  angle  0 
with  the  radius  vector  GO  drawn  to  the  earth  may  be  either  of  the 
principal  axes  in  the  moon's  equator.  If  we  choose  OA  to  be  that 
axis  whose  mean  position  makes  the  lesser  angle  with  the  radius 
vector  GO,  the  quantity  cos  20o  will  be  positive.  The  quantity  5' 
will  be  positive  or  negative  according  as  that  asia  QA  has  the 
least  or  greatest  moment.  In  the  solution  just  wiitten  down  ^ 
has  been  taken  to  be  positive. 

If  ^  were  negative  or  zero,  the  character  of  the  solution  of  (S) 
would  be  altered.  In  the  former  case  the  expression  for  0  would 
contain  real  exponentials.  If  the  initial  conditions  were  so  nicely 
adjusted  that  the  coefficient  of  the  term  containing  the  positive 
exponent  were  zero,  the  value  of  0'  would  still  be  always  small. 
But  this  motion  would  be  unstable,  the  smallest  disturbances 
would  alter  the  values  of  the  arbitrary  constants,  and  then  0' 
would  become  large.  If  we  also  examine  the  solution  when  (^  =  0, 
we  easily  see  that  0'  eould  not  remain  small.  The  complementary 
function  would  then  take  the  form  St  +  K,  and  as  before  some 
small  disturbance  might  cause  0'  to  become  great.  We  therefore 
infer  that,  of  the  axes  GA,  GB  of  the  moon,  the  axis  of"  least 
moment  is  more  turned  towards  the  earth  than  the  other,  and  that 
these  two  principal  moments  are  not  equal. 

In  order  that  the  expression  (5)  for  0  may  represent  the  actual 
motion  it  is  necessary  and  sufficient  that  H  when  found  from  the 
initial  conditions  should  be  small.  We  see,  by  differentiation,  that 
Mqi  is  of  the  same  order  of  small  quantities  as  d<f>ldt.  Hence  H 
will  be  small  if  the  angular  velocity,  viz.  dS/di  +  dtftjdt,  of  the 
moon  about  GG,  is  at  any  instant  so  nearly  equal  to  the  ajigular 
velocity,  viz.  dd/dt,  of  its  centre  of  gravity  round  the  earth,  that 
the  ratio  of  the  difference  to  ji  is  very  small. 

24—2 
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We  see  from  the  tirat  of  equations  (4)  that  the  magnitude  of 
the  constant  part  ^^  of  the  angle  which  the  axis  of  least  moment 
in  the  moon's  equator  makes  with  the  radius  vector  di'awn  to  the 
earth  depends  on  the  ratio  2/3 jq\  The  value  of  0  is  found  in  the 
Lunar  Theory  and  is  known  to  be  extremely  small.  It  represents 
an  increase  in  each  century  of  the  angular  velocity  of  the  moon  in 
her  orbit  round  the  earth  of  about  25  seconds  per  century.  The 
numerical  value  of  q^  depends  on  the  structure  of  the  moon,  and  is 
not  properly  known.  Its  value  can  only  be  found  by  comparing 
the  results  of  this  or  some  other  investigation  with  those  of 
observation.  It  will  presently  be  shown  that  according  to  Nicollet 
3(5-j1)/C  =  -0016'7.  This  would  make  ^„  so  smaU  as  to  be 
inappreciable. 

The  first  of  equations  (4)  shows  that  2^  must  be  less  than  q' ; 
80  that,  unless  the  moments  of  inertia  A  and  B  in  the  moon  are 
sufficiently  unequal  to  satisfy  this  condition,  the  moon  could  not 
move  so  aa  always  to  turn  the  same  face  to  the  earth. 

If  we  enquire  what  can  be  the  physical  cause  of  the  difference 
between  the  moments  of  inertia  about  the  two  principal  axes  in 
the  moon's  equator  we  naturally  think  of  the  attraction  of  the 
earth  on  that  body.  This  attraction,  either  in  the  past  or  in  the 
present  time,  would  tend  to  lengthen  that  diameter  which  is 
directed  to  the  earth.  Taking  the  suppositions  usually  made  in 
the  theory  of  the  Figure  of  the  Earth,  Laplace  has  attempted  to 
deduce  from  this  the  value  of  q\  The  only  result  we  are  here 
concerned  with  is  that  the  ratio  2^/q'  is  so  small  that  we  may 
reject  its  square.  Assuming  this,  we  again  see  that  ^o  niust  also 
be  very  small.  It  follows  also  that  we  may  write  —^j(f  for  0o  and 
unity  for  cos  2^a  in  equations  (5)  and  (6),  also  ji  =  q. 

If  therefore  we  suppose  the  moon  at  any  instant  to  be  moving 
with  its  cuds  of  least  moment  pointed  towards  the  earth,  and  its 
angular  velod^  about  its  axis  of  rotation  to  be  nearly  equal  to  that 
of  the  moon  round  the  earth,  then  the  axis  of  least  moment  will 
conUnue  always  to  point  very  nearly  to  the  earth.  The  mean 
angular  velocity  of  the  moon  ahout  its  axis  will  immediately  become 
equal  to  that  of  the  moon  about  the  earth  and  will  partake  of  all  its 
secular  changes.  This  is  Laplace's  theorem.  It  shows  that  the 
present  state  of  motion  of  the  moon  ia  stable,  rather  than  explains 
how  the  angular  velocity  about  the  axis  came  to  be  so  nearly  equal 
to  tho  angular  velocity  about  the  earth. 

553,  The  statement  that  the  moon  always  presents  the  same  face  to  the  earth 
muEt  be  understood  witli  some  limitation.  The  angnlar  velocity  of  the  moon  about 
its  axis  is  very  nearly  uniform,  bnt  the  angular  velocity  in  its  orbit  about  the  earth 
is  not  constant,  and  hence  there  arises  nn  inequality  or  libration  in  longitude  wbicll 
may  amount  to  as  much  as  six  degrees.  Again,  the  a:tiB  of  rotation  of  the  moon  ia 
not  quite  perpendionlar  to  the  plane  of  its  orbit,  so  that  there  is  a  librsition  in 
latitude.    Lastly,  as  the  observer  is  not  situated  at  the  centre  of  the  earth,  there  is 
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a  diurnal  libration  whiei  ariaeK  from  parallas  and  iii'jy  amtimt  ic  nearly  one 
degree.  These  are  called  the  apparent  or  geomefricul  librataous  After  all  these 
httre  been  allowed  for,  there  remains  a  real  libration  in  the  angulai  i  elocity  of  the 
moon  about  its  axis  and  it  is  this  laat  inequality  oi  hbratiun  which  we  are  here 
eonBicIering. 

554.    If  the  longitude  of  the  centre  ol  the  mojn  at  oeen  funi  the  omtre  of  the 
earth  be  e  =  8^  +  Fsia{pt  +  a)  +  &e 

where  B-^  —  iit  +  ^pt^  +  e,  then  the  longitode  of  anj  spot  on  the  moon  ab  seen  from  the 
i-entip  of  the  moon  and  mea^uied  from  the  fiiht  point  of  Aiiee  is 

Z,  =  J  +  7r  +  ei  +  Hsm(3(  +  ^)  +  -pl^'-m(p(  +  a)  +  ^t 

where  I  is  ■some  constant  Any  lunai  jneiidian  who--e  longitude  la  anon  by  this 
expre^ion  is  fixed  on  the  moou  and  moves  with  it  That  partioulai  meridian 
whose  longitude  is  defined  bj  this  eipresBioa  when  f  is  omitted  la  called  the 
first  meridian  and  I  is  the  longitude  of  the  tpot  under  CDn><ideratian  mefuied 
fiom  the  first  meridian  If  the  peiiudio  teims  in  the  esprcsaion  for  L  aie 
□milled  as  being  almost  insensible,  the  fUit  meridian  will  be  dehn^d  by  the 
longitude  i  =  jr  +  &,,  and  this  meridian  will  bisect  the  visible  diso  of  the  moon, 
supposing  it  to  more  in  the  eoliptio  with  an  angular  velocity  n  +  j3(  about  the  earth, 
to  rotate  with  the  same  angular  velocity  about  an  axis  perpendicular  to  the  ecliptic, 
and  to  be  seen  from  the  centre  of  the  earth, 
555, 
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If  th  te  m  Hi;  OS  (5  +i)  colli  1  d  teoted  by  obaervations  we  should  deduce 
th  1  t  {B  A)l  f  m  t  pen  d  Am  ng  the  other  terms  of  the  expression  for 
the  angulai  velocity  ot  the  moon  about  its  axis  those  will  be  best  suited  to  discover 
the  value  of  q  which  have  the  largest  coefficients,  that  is,  those  in  which  either  the 
numerator  F  is  the  greatest,  or  the  denominator  q^-p'  the  least,  possible.  The 
term  with  the  largest  F  is  the  elUptio  inequality,  and  if  {B-A)IC  were  as  great  as 
■03,  Laplace  has  shown  that  it  could  be  reoognised  by  observation.  The  term  with 
the  least  value  of  p  is  the  annual  equation,  and  here  n/p  =  13-36,  F=  -662".  If  we 
ascribe  the  variation  of  the  spots  wholly  to  this  inequality  we  have  Fq'j{p''  -  9°)  =  985, 
"We  easily  deduce  (B-A)IG  =  -00OB7. 

The  spot  Mantlius  was  at  first  selected  as  being  both  distinct  and  not  far  from 
-the  centre  of  the  visible  diso  and  was  observed  by  Bouvard  at  Paris  at  every 
opportunity  during  the  four  years  1806-10.  These  measurements  were  reduoed- 
Jind  discussed  by  Nicollet  who  gave  his  results  in  the  GonnaissaTtce  des  Terns  for  the 
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year  1822  published  in  1820.  The  choice  of  MaiiiUua  was  afterwards  objected  to 
by  Beer  and  Maedler  because  its  aspect  differs  according  to  the  mode  of  illumina- 
tion.; and  tbey  an^ested  the  crater  Moeeting  A,  which  is  desciibed  by  Webb,  in  his 
"Celestial  objects,"  as  minute  and  yery  lurainouB.  This  spot  was  aooordingly 
observed  by  H.  Schlilter,  under  BesserB  superintendenoe,  at  Kiinigsberg  durii^  the 
two  and  a  halt  years  1841-43.  These  were  afterwards  discussed  by  J.  Frana  in 
Vol.  Kixvin.  of  the  KSiiigsberg  Observations,  1889.  The  observations  at  Eflnigsberg 
were  eontinuetl  by  Wickmann  during  1845,  AHr.  Ncu:h:  No.  6X9  Ac,  1847.  In 
1878,  Hartwig  at  Strassburg  made  42  more  sets  of  observations  ou  the  same  crater. 
Lastly,  at  Oiford  about  1880  Pritchard  derived  the  lunar  libration  from  measurea 
of  two  spots  on  a  aeries  of  lunar  photographs.  One  of  these  was  Triesnecker  B, 
which  Maedler  had  recommended  in  1837  should  be  substituted  for  the  bright  limb 
in  eertaia  observations  on  the  moon. 

556.  Matioii  of  tlis  csntre  of  gravity  of  the  Moon,  One  of  the  chief  effects 
of  the  attraction  of  an  oblate  earth  on  the  motion  of  the  moon  is  to  alter  the 
latitude  of  that  body.  To  find  this  we  use  the  expression  for  the  potential  given  in 
Art.  513,  It  is  clearly  sufficient  to  regard  the  earth  as  a  umasal  body  and  to 
suppose  the  moon  to  be  collected  into  a  particle.  The  investigation  ts  given  in 
moat  treatises  on  the  Lunar  and  Planetary  theories  or  on  the  Figure  of  tlie  earth, 
and  it  is  unnecessary  to  repeat  it  here.  See  Brown's  Lunar  Thsory,  Art.  314.  Pratt's 
Mechanical  Philosophy,  Art.  556.     The  chief  ineq^uality  in   the  latitude  of  the 
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moon  in  longitude,  ft  that  of  the  node  and  w  the  obliquity  of 
the  ecliptic.     The  numerical  value  of  the  coefficient  of  sin  {nt  +  c')  is  about  8". 

It  appears  from  this  resall  titat  the  ^ect  of  the  earth's  oblateness  oh  the  moon 
depends  on  the  factor  {C'-A')IM't^  wftiie  the  precession  of  the  earth's  axis  due  to  the 
^won  depends  on  the  ratio  {G'-A')IC'.  Observations  on  the  latitude  of  the  moon 
and  on  the  precession  are  used  to  determine  these  two  important  constants. 

556  a.  Ex.  The  centre  of  gravity  G  of  a  rigid  body  describes  an  orbit  which  is 
nearly  cirealar  about  a  very  distant  fised  centre  of  force  O  attracting  according 
to  the  Newtonian  law  and  situated  in  one  of  the  principal  planes  through  G.  If 
T=c{i.  +  p),  0=nt+n^  be  the  polar  coordinates  of  G  referred  to  O,  M  the  mass  and 
j'  as  in  Art.  652,  show  that  the  equations  of  motion  are 

cP0        (Pii         q"  ■   ^  ,  B-A       ,     2C-A-B 

-T-T  +  "  -^  —  -  ^  sm  2d>,  where  -y  =:  —:=-^  ,   y  =  — irrrr. — . 

We  may  notice  that  the  values  of  y  and  y'  are  much  smaller  than  that  of  q^  aia&. 
might  therefore  be  rejected  in  a  first  approximation. 

If  the  body,  like  the  moon,  always  tarns  the  same  (ace  to  the  centre  of  force  so. 
that  ^  is  nearly  constant  and  is  small,  show  that  there  will  be  two  small  inequalities, 
in  the  value  of  ^  of  the  form  Lsia{pt-\-a),  where  j)  is  given  by 

(2)2  -  «s)  (p2  -  j3)  _  3«V  (pH  3«=)  =  0, 
one  of  theae  periods  being  nearly  the  same  as  that  of  the  body  round  the  centre  of 
force,  and  the  other  being  very  long. 

If  the  body,  like  the  earth,  turns  very  nearly  uniformly  round  its  axis  GC  and, 
does  not  always  turn  the  same  face  to  its  primary,  so  that  ip=:!i'(+  e'  nearly,  show 
that  there  will  be  two  small  inequalities  in  the  value  of  ^,  one  in  which  p  =  n  andi 
another  in  which  p = 2«'. 


y  Google 


ART.  557.]  EXAMPLKS.  375 

Show  that  the  moon  always  very  nearly  turns  the  same 
n  which  the  earth  is  not  aituated.  [Smith's  Prize. 
Ex.  2.  If  the  centre  of  gravity  O  of  the  moon  is  constrained  to  desoribe  a 
circle  with  a  uniform  angular  velocity  n  about  a  fised  centre  of  force  O  attracting 
according  to  the  Newtonian  law,  show  that  the  axis  GA  of  the  moon  will  oscillate 
on  each  side  of  GO,  or  will  make  complete  revolutions  relatively  to  GO,  according 
as  the  angular  velocity  of  the  moon  about  its  asia  at  the  moment  when  OA  and  GO 
coincide  in  direction  is  less  or  greater  than  n  +  q,  nhere  q  has  the  meaning  given  to 
it  in  Art.  552.    Fiiid  also  the  extent  of  the  osoillatioas, 

Ex.  3.  A  particle  m  moves  without  pressure  along  a  smooth  oiroulac  wire  of 
mass  M  with  uniform  velocity  nnder  the  action  of  a  central  force  situated  in  the 
centre  of  the  wire  attracting  according  to  the  law  of  nature.     Show  that  this  system 

of       t  t  bl     f  —      — TV       ■     -'■^^  dieturbanoe  is  supposed  to  be  given  to 

th   p    t   1        t    th    wir     th   centre  of  force  remaining  fixed  in  apace. 

E  i  AunfTQiugf  mass  M  and  of  very  amajl  section  is  loaded  with  a 
he  vy  1     t   1      f  m  t      point  on  its  circunifeceuoe,  and  the.  whole  is  in 

nnfmmt         bt  eof  force  attracting  according  to  the  law  of  nature. 

8h  w  th  t  th  m  t  ca  t  be  stable  unless  mj{M  +  m)  lies  between  ■816866  and 
8^79 

Th  mjl      h  w    (1)  that  if  a  ring,  such  as  Saturn's  ring,  be   in   motion 

abt  oet  ffcetp  ition  cannot  be  stable,  if  the  ring  be  uniform  ;  and 
(3)  t!  t  f  t  d  th  m  t  on  stable,  the  ring  be  weighted,  a  most  delicate 
ad]     tm     t     f        ght  essary.    A  very  small  change  in  the  distribution  of 

th  feht  wU  h  g  t  Heoorabination  toonethatisnoatable.  This  example 
flti      fmPfM     wU    Essay  on  Saturn's  Rings. 

Es.  5.  The  centre  of  gravity  of  a  body  of  mass  M,  symmetrioal  about  the  plane 
of  xy,h  G ;  and  O  is  a  point  such  that  the  reaultant  attraction  of  the  body  on  0  is 
along  the  line  GO.  Then,  if  the  body  be  placed  with  O  coinciding  with  a  fixed 
centre  of  force  S,  and  be  set  in  rotation  abont  an  axis  through  0  perpendicular  to 
the  plane  of  im/  with  an  angular  velooity  a,  O  will,  if  undistarbed,  revolve  uniformly 
in  a  circle,  always  turning  the  same  face  towarda  0,  provided  that  Maa"  is  equal  to 
the  resultant  attraction  along  GO,  where  a  is  the  distance  GO.  It  is  required  to 
determine  the  conditions  that  this  motion  should  be  stable. 

Th  m  tion  being  disturbed,  0  will  no  longer  ooinoide  with  the  centre  of  force 
S  L  t  t  0  straight  lines  at  right  angles  revolving  uniformly  round  S  as  origin 
w  th  an  angular  velocity  w  be  chosen  as  coordinate  ases,  and  let  x  be  initially 
pa  all  1  t  OG.  Let  {x,  y)  be  the  coordinates  of  0,  iji  the  ajigle  which  OG  makes 
w  th  th  sis  of  X,  then  a,  s,  ^  are  all  small.  Let  Vhe  the  potential  of  the  body  at 
0  an.\lt^Vldx^=a,d^Fldxdy=y,^VId9''=0.  Let  She  the  amountof  matter  in 
the  centre  of  foice.  The  equations  of  motion  of  a  particle  referred  to  axes  moving 
in  one  plane  round  a  fixed  origin  are  given  in  Vol.  i.  These  equations  may  also  be 
deduced  from  Arts.  4  and  5  of  this  volume  by  putting  ?j  =  0  and  S^=(l.  In  this  way 
the  equations  of  motion  of  G  reduce  to 

{|.--S-)-K4r)»--.4*-. 
H,-Sv)"(S--l')."£*=». 

about  S  will  lead  to 
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ere  k  is  the  radins  of  gyration  ot  the  bodj  about  0.     Combining  these  equations 
a  deteiminaiit,  and.  reducing,  we  find  tJiat  the  differential  equation  in  i,  ij-or  0 


The  condition  of  stability  ia  that  the  roots  ot  this  equation  should  be  real  and 
negative.  Hence  A,  B,  C  muat  be  of  the  same  sign  and  B'^iAG.  This  proposi- 
tion ia  due  to  Kelrin  and  ia  given  in  Maxwell's  Essay  on  Saturn's  Rings. 

558.  CasBlni's  theorsm  on  tlie  noon's  equator.  Before  we  proceed  to  the 
theoretical  diseuBalon  of  this  problem  it  will  be  oonvenient  to  mention  the  mOGt 
striiing  of  the  reaulta  arriyed  at.  There  are  three  planes  with  which  we  are 
ooucerned,  via.  (1)  the  plane  of  the  moon's  orbit  round  the  earth  or,  which  is  the 
same  thing,  the  plane  of  the  earth's  orbit  as  aeen  from  the  moon;  (2)  a  plane  drawn 
through  the  centre  of  the  moon  parallel  to  the  ecliptic,  i.e.  parallel  to  the  plane  ot 
the  earth's  orbit  round  the  sun ;  (3)  the  plane  ot  the  moon's  equator.  This  last  is 
a  plane  perpendicular  to  that  axis  of  figure  which  moat  nearly  ooinoidea  ^¥ith  the 
axis  of  rotation.  Now  Oaseini  discovered  that  these  three  planes  intersect  in  the 
same  straight  line,  so  that  (he  plane  of  the  moon's  equator  baa  to  follow  the  plane 
of  the  moon's  orbit  as  it  regredes  along  the  ecliptic.  He  also  discovered  that  the 
plane  parallel  to  the  ecliptic  always  lies  between  the  other  two  planes,  Memoirei 
de  rAcadSmie  des  Seienees,  Vol.  viir.  These  results  were  afterwards  confirmed  by 
T.  Mayer,  who  undertook  a  series  of  observations  on  the  spots  o(  the  moon  during 
the  years  1748  and  1719.  He  also  corrected  the  inclinations  of  the  three  planes 
as  given  by  Cassini.  Subsequently  Lalande  confirmed  Caasini'a  theorems  a  second 
time,  see  the  Mgmoirea  de  I'Acadimie  des  Sciences,  1764. 

The  investigations- have  been  continued  by  subsequent  astronomers,  but  the 
history  ot  this  subject  ia  too  long  for  insertion  here,  we  can  only  refer  the  reader  to 
the  slight  sketch  already  given  in  Art.  556.  We  notice  merely  that  the  inclination 
of  the  lunar  equator  to  the  ecliptic  given  by  astronomers  lies  between  1°  28'  45" 
and  1"  36'  34",  while  the  physical  libration  is  variously  estimated  from  300"  to 
350".  For  a  fuller  account  of  the  history  the  reader  may  consult  Grant's  History 
of  Fhysieal  Astronomy  1852,  the  Connaissance  des  Terns  for  1822,  and  The  Monthly 
NoUeet  of  the  Aitronomcal  Society  for  1881  and  1890. 

These  relations  between  Hie  three  planes  are  so  interesting  and  e>:tmordinai7  that 
a  theoretical  eiplanation  was  soon  sought  after.  D'Alembert  ia  1754  was  the  first 
to  attempt  the  solution.  But  his  reaulta  were  far  from  complete.  The  Academy 
of  Soieucea  ofiered  their  priae  o(  1764  tor  a  complete  theory  of  the  moon's  libration. 
This  was  gained  by  Lt^range.  In  1780  ha  proved  tliat,  if  the  three  planes  originally 
coincided,  the  attraction  of  the  eaith  on  the  moon  would  maintain  the  coincidence, 
see  the  Mimoirei  de  Berlin,  1780.  Laplace  showed  further  that  these  theorems  are 
disturbed  neither  by  the  secular  inequalities  of  the  mean  motion  of  the  moon  nor 
by  the  secular  cbai^ea  of  the  ecliptic.  Poisson  repeated  and  cstended  Lagrange's 
theory  and  discovered  some  new  inequalities  in  the  motion.  These  results  may  be 
found  in  the  GonnaUsance  des  Tews  for  1831.  For  a  further  aoeount  of  the  history 
the  reader  may  consult  GiaaVs  History  of  Physical  Astraitomy  tuid  the  Connaissance 
des  Te-ms  for  1892. 

559.  TbeoretiDal  Inve^gatlon  of  Caaslnl's  tbeorem.  The  motion  of  a 
rigid  body  about  a  distant  centre  of  force  has  been  inveat^ated  on  the  supposition 
that  the  motion  takes  place  entirely  in  one  plane.  We  see  by  equation  (2)  of  Art. 
552  that  the  case  in  which  the  centre  of  gravity  describes  a  circular  orbit,  and  the 
rigid  body  always  turns  a  principal  asis  towards  the  centre  of  force,  is  one  of  steady 
motion.  The  preceding  investigation  also  shows  that  this  motion  is  stable  for  all 
disturbances  which  do  not  alter  the  plane  of  motion,  provided  that  the  moment  of 
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inertia  about  that  principal  asis  which  is  direetod  towards  the  centre  of  force  ia  less 
than  the  moment  of  inertia  about  the  other  principal  asia  in  the  plane  of  motion. 
It  remains  now  to  determine  the  effect  of  these  disturbances  in  the  more  general 
flase  when  the  motion  takes  place  in.  three  dimensiona. 

Siateinent  of  problem.  The  problem  we  have  to  consider  may  therefore  be 
summed  up  thus.  The  moon  turns  about  its  centre  of  gravity  G  and  is  acted  on  by 
a  centre  of  force  E  which  moves  in  a  given  manner.  The  instantaneous  axis  is 
very  nearly  coincident  with  one  principal  aiis  GC,  and  is  nearly  perpendicular  to 
the  plane  of  the  ecliptic  The  mean  angular  velocity  is  equal  to  that  of  E  round 
G,  BO  that  a  principal  axis  QA  is  nearly  pointed  to  £  Th  t  f  force  S  moves 
in  a  nearly  circular  orbit  in  a  plane  which  is  v  y  ly  P  P  dicular  to  GC, 
This  plane  is  known  to  have  a  slow  motion  in  space        th      th  mal  GM  to  its 

instantaneous  position  describes  a  cone  of  small  a 
ecliptic.  The  two  normals  GM  and  GZ  maintaii 
about  5°  8'.  The  motion  of  the  normal  GM  rou 
complete  revolution  is  effected  in  about  18  years  a 
the  orhit  of  E  round  G  regrede  on  the  ecliptic  at 
angular  velocity  of  E  round  G. 

Before  proceeding  further  it  will  be  ueefn!  to  t  t  th 
of  some  of  the  small  terms.  The  direction  cosin  s  of  i  a  e  A,  / ,  f .  Now  the 
inclinations  of  tho  moon's  equator  and  the  moon's  orbit  to  the  ecliptic  are  respectively 
XJ"  and  S°.  Hence  the  greatest  value  of  v  ia  sin  6^',  which  is  about  ^,  It  appears 
from  Art.  552  that  the  mean  value  of  li  is  zero,  while  the  libration  in  longitude 
is  about  4  or  5  minutes.  This  would  make  the  greatest  value  of  /i  =  sin6'^,-|^. 
ThusX  =  l-3^.  Again)-=oo8CZ  =  coslJ'  =  l-s^  nearly.  Hence  i.3.(.g9  =  ^^^ 
BO  that  the  greatest  value  of  either  p  or  g  is  about  ^.  We  shall  now  be  able  to 
estimate  the  magnitudes  of  the  small  terms  rejected  in  the  investigation. 

We  have  to  prove  that  the  poles  C,  Z,  M  are  on  a  great  circle  and  that  Z  lies 
between  C  and  M. 

560.  It  will  clearly  he  convenient  to  refer  the  motion  to  axes  QX,  GY,  GZ 
fixed  in  space  such  that  GZ  is  normal  to  the  ecliptic.  Let  GA,  OB,  QG  be  the 
principal  axes  of  the  moon  at  the  centre  of  gravity  G.  Let  (p,  q,  r)  he  the  direction- 
cosines  ot  OZ  referred  to  the  coordinate  axes  GA,  GB,  GG.  Then  we  have  by 
Art.  18,  since  GZ  is  fised  in  space, 

p'-W35  +  U3r=0.        q'-<c,r  +  a^  =  0,        r' -  ii^p  +  ujig ^ 0 (I), 

where  accents  denote  differential  coefficients  with  regard  to  the  time. 

Let  GG  be  the  axis  of  rotation  of  the  moon,  and  as  before  let  the  moment  of 
inertia  about  GA  be  less  than  that  about  GB. 

Now  our  object  is  to  find  the  small  oscillations  about  the  state  of  steady  motion 
in  which  GZ,  QG,  GM  coincide.  We  shall  therefore  have  y,  q,  w^,  uij  small,  and  r 
very  nearly  equal  to  unity.     The  equations  (1)  therefore  become 

p'-m  +  '^—O,        g'-[Oi  +  mp  =  0, 
where  n  is  the  mean  value  of  tij. 

Let  \  /J,,  t  be  the  direction -cosines  of  the  centre  of  force  E  as  seen  from  G. 
Then  we  have  by  Euler's  equations  and  Art.  519, 

A^;  -(B-G)  W2U3=  -  3n-^  {B-G)iw^ 

B<-(C-.i}t.i3iJi=-Sn''(0-^)A     (II). 

Cuj' -(A-B) iDiioj  =  - 3ti" [A  -B)\n) 

In  the  case  of  steady  motion,  the  rigid  body  always  turns  the  axis  {GA)  of  lesser 
moment  towards  the  centre  of  force,  and  ui3  =  ii.  We  have  then  both  jj,  and  v  small 
quantities,  so  that  in  tiie  first  equation,  we  may  neglect  their  product  ii.v,  and  in 
the  second  equation  we  may  put  vX—v.    Also,  we  may  put  a^^n^n'  in  the  small 
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If  I  be  the  latitude  of  tlie  earth  as  seen  from  the  moon,  we  liave 

sin  I  —  COB  ZE  =j)X  +  qif  +  rv  =p  +  i'  nearly. 
Henee  the  two  first  of  Enler'a  equations  take  the  form 

B«2'  -  (C-^)  ni.Ji=  -  3n2  (G-A)  (  -p  +  sm  !)f 
If  the  earth,  as  aeen  from  the  moon,  be  suppoead  to  move  in  a  circular  orbit  in 

B,  plane  mailing  a  constant  inclination  k  with  the  ecliptic,  and  the  longitude  of 

whose  ascending  node  is  -gt  +  p,  we  shall  hare        sin  I  — t  sin  (nt  +  gt-p). 

In  this  expression  g  measaraa  the  rate  at  which  the  node  regredes,  and  is  about 

the  two  hundred  and  fiftieth  part  of  n.    We  shall  therefore  regard  gja  as  a  small 

iiuantity. 


...(III). 


To  solve  these  equations,  it  will  be  found  convenient  to  substitute  for  uij,  u^ 
their  values  in  terms  of  p,  q.     We  then  have,  as  in  Art.  IS, 

Aq"  +  {A  +  B-C)np'  -  n'{B-C)q^O  i 

Bp"-{A  +  B-G)nq'  +  in^{C-A)p  =  Sn^€-A)ainlf    ^     '" 

TofiudjJ,  3,Ietuapnt        p  =  Ps,m  {{n  +  g)t-p],     q^Qaos{{n+g)t-fi}, 
where  P,  Q  are  aome  constants  to  be  determined  by  substitution  in  the  equation. 

Wehave'^^-^*"  +  ''''  +  '^"*'*'''^=-^'^  +  -^^'^*''*"  +  ^'  I 

*  ^  P\B{n  +  gf-i{C-A}n'')-Q{A  +  B-C}n{n  +  g]=-Sn''k{C-A)\' 

We  may  solve  these  equations  and  find  P  and  Q  accurately.     In  the  case  of  the 
moon  the  ratios —:; — ,  — ^ — ,  and-are  allsmall;  it  we  neglaet  the  products 

of  these  small  quantities,  we  have 

«^,_fl  3nlc(C-A) 

P  n'  '^     Sn(C-A)-2Bg' 

501.     The  complementary  fimcHona.     To  find  these  we  put 
p  =  Fsmist  +  H),        s  =  Goos(si  +  ir). 
On  substituting  we  have  the  quadratic 

ABi*-{{A  +  B--Cf-B{B-C)-iA{A-C]}nV  +  i{A-C){B-Gjn'^0 

,    ,    .   „        ,  O      (A  +  II-C)m 

to  find  .^  and  _  =  ^^^____, 
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to  find  the  ratio  of  the  ooeffioients  of  oorresponding  terms  in  p  and  q.  If  the  roots 
of  this  equation  were  negati^'e  p  and  q  would  he  represented  by  exponentiEil  valaea 
of  (,  and  thus  they  would  in  time  cease  to  be  small.  It  ia  therefore  necessary  Eor 
stability  that  the  coeffioieut  of  s^  should,  be  uegatiTe  and  the  product  {A-C}{B-  C) 
positive.  Both  these  conditions  are  probably  satisfied  in  the  case  of  the  moon. 
For  since  B-C  and  A-C  are  both  small,  the  term  {A  i- B  -  C)'' ia  much  greater 
than  the  two  other  terms  in  the  coejHcient  of  s^.  Also,  since  the  moon  is  flattened 
at  its  poles,  we  shall  probably  have  both  A  and  B  leM  than  C. 

We  may  approximate  to  the  roots  of  this  biquadratic  in  the  following  manner. 
Sinoe  the  product  of  the  roots  (as  indicated  bj  tile  last  term)  is  very  small,  and  the 
sum  of  the  roots  (as  indicated  by  the  coefficient  of  s^)  is  nearly  eq^ual  to  # ;  we  see 
that  one  of  the  roots  is  very  small  and  the  other  is  nearly  equal  to  it^.  To  find  the 
latter  we  pui  s^^n?  +  x,  substitute  in  the  equation,  ajld  neglect  the  squB 
This  gives  i  =  3n=  (C  -  d)/C  nearly.    We  thus  find 

To  find  tile  former  we  reject  s*,  writing  e^  for  this  r< 
fO-AC-B\^ 


»(i+|!L-4). 


=  2. 


Substituting  these  values  in  the  expression  Eor  GjF,  we  find  in  these  two  cases 
F_K  F-,_     JC-B\i 

ti'i-  G,-     ^[g-AJ   ■ 

It  wai  be  presently  shown  that  (C-^)/C= -000597  and  (C- B)/C  =  '0O0O33. 
Taking  these  we  see  that  the  period  of  one  of  the  complementai'y  functious  is  very 
little  leas  than  a  month  and  the  ppiud  of  the  eeoo  d  s  about  i  1  months  or 
274  years 

oC2  It  appeals  therefore  that  eai,h  of  the  expies  ons  for  j  ani  g  eonta  a 
thiee  periodic  teims  but  nc  Dnstant  teimh  The  per  d  c  te  ms  are  the  f  iced 
vibration  due  tc  the  term  ■iiu  J  in  eiuations  (III)  Art  560  an!  the  tvo  tomple 
mentarj  functions      We  may  approaimatelj  wiite  these  eipre  s  onE  in  the  turm 


p=  -M[l  + 
q=-M(l- 


n(st  +  H)  +  A',3, 


u(s,' 


-H,) 


+  H)-iN^npcos{Sit  +  H^) 


The  numerical  value  of  3 


2g  -  3np  jj 

Art.  559,  so  that  M  is  about  two-sevenths  of  k.     It  will  presently  appear  that 
(C  -  A]IB  is  -0006  and,  since  gjn  is  about  -0043,  it  follows  that  M  ia  positive, 

563.  To  find  the  Tooiimi  of  the  priiieipal  axis  OC  ia  space  and  to  deduce  Casiini't 
theorem.  Let  M  be  the  pole  of  the  orbit  of  i'  as  seen  fiom  the  centre  of  the  moon, 
then  M  is  the  pole  of  the  dotted  line  in  the  figure  of  Art.  560.  If  the  longitude  of  E, 
viz.  e^(n  +  g)  t-p,  is  measured  in  the  ecliptic  from  the  ascending  node  of  the 
orbit,  the  angle  EZM  measured  positively  in  the  direction  of  motion  is  Jjr  +  9. 

Again,  since  p  and  q  ere  the  coordinates  of  Z  referred  to  tangents  at  C  to  CA, 
CB  as  axes  and  E  never  deviates  far  from  A,  we  have  cos  EZC=  -pl^ip'  +  q''j,  and 
smEZC—qU(v^  +  c[^},  where  the  radical  has  the  positive  sign.     Heuce 


n  CZM-  sin  EZC  cos  EZM  ~  cob  EZO  si 
8in=  CZ=y'  +  g 
Firstly,  taliing  the  forced  vibration  only,  ^ 


.EZM- 


-asi 


■t.  562, 
and  5=  -  M{l-gj2n)coBS.     We  easily  find  that 

Bin  CZM=  ( -  gftn)  sin  28.  sin  CZ  =M  { 1  -  0/2nj 


p=^M{l  +  g, 
26  j. 
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Thus  tke  mean  value  of  the  angle  CZM  is  zero  The  three  •poinU  C,  £  unA  M 
therefore  make  teyy  small  osi-tllations  about  a  state  oj  steady  fiwtwn  such  that  aU 
three  he  on  the  same  great  c^itle  At  the  same  tiirte  tke  CZ  is  lensibly  conata'at 
thi  oaglioitt  thi,  motion  * 

Next,  if  we  include  the  complementaty  faucfions  in  the  values  of  p  and  q,  we  fiuJ 
more  complicated  values  for  am  CZM  and  sin  CZ.  Supposing  however  that  NjM 
(Art.  662)  is  so  small  that  we  ma;  reject  all  terms  bejond  its  square,  we  again  find 
that  sin  CZM  is  periodic,  and  that  sin  CZ  differs  from  a  oonstant  only  bj  periodic 
terms.  Thus  we  again  arrive  at  the  result  that  the  three  poles  C,  Z,  M  lie  very 
nearly  on  the  same  great  circle,  at  distances  apart  wkich  are  sensibly  constant. 

We  may  show  that  the  pole  Z  always  lies  between  C  and  M  by  esamining  the 
relative  positions  when  the  longitude  of  E  has  any  convenient  value.  When  9  =  ifw, 
the  disturbing  body  E  lies  on  the  great  circle  MZ,  so  that  the  points  M,  Z  and 
E  lie  on  the  circle  AC  very  neai-ly.  Also,  sinoe  E  is  then  in  north  latitude,  EM  is 
greater  than  EZ,  i.e.  AM  is  greater  than  AZ.  But,  when  S  has  the  value  ^t,  the 
expressions  for  p  and  q  in  Art.  562  show  that  p  is  negative,  if  we  assume  that  the 
magnitude  of  the  forced  oscillation  is  greater  than  that  of  both  the  free  oscillations. 
The  arc  AZ  is  therefore  greater  than  AC.  It  follows,  on  these  suppositions,  that  Z 
lies  between  G  and  M. 

564.  Inclination  of  the  moon's  equator  to  the  ecliptic  and  tke  numeiictd  value  of 
{G-A}jB.  It  appears  fiom  what  precedes  that,  when  we  neglect  the  free  oscil- 
lations, the  incliuatiou  CZ  of  the  moon's  equator  to  the  ecliptic  is  given  by 

Cif=M-M^co83!(n  +  p)t-)9[. 
This  ie  very  nearly  oonstant,  the  variations  from  its  mean  value  being  at  moat  rtu*'' 
part  of  the  inclination  itaeU.     The  period  of  these  variations  is  about  half  a  month, 
strictly  half  a  synodic  month  of  the  moon  and  node. 

The  mean  inoiination  is  M,  a  quantity  not  arbitrary  bat  depending  on  the  values 
of  {C-A)IB  andg.  Now  p  is  well  known,  we  may  therefore  use  the  expression  for  . 
M  given  in  Art.  562  to  deduce  an  approximate  value  of  {C-A)jB.  The  actual 
numerical  value  of  the  inoiination  has  been  found  by  Mayer  and  Niooilet  to  be  1°  2B'. 

Neglecting  all  the  periodical  inequahties  as  being  at  most  only  a  small  fraotion 
oiM,  Laplace  found  in  this  way  ((7- J)/B= '000599,  which  is  nearly  equal  to  fp/n. 

*  If  wa  represent  by  dfjdt  the  angular  velocity  of  GC  round  QZ  we  have  by 
Art.  13  (y  +  ga)^'  =  ((mg,  yel.  about  GZ}  - (ang.  vel.  about  GC)cosC2 

Substituting  for  ui,,  Uj  from  equations  (I)  of  Art.  560  we  have 

f^-^^^Vp^^    Alsosin=CZ=p'  +  g'. 

This  espression  for  df/di  is  aocnrate,  and  therefore  when  we  substitute  forp  and  q 
their  approximate  values  we  shall  he  able  to  estimate  the  effect  of  rejecting  any 
small  terms.  This  result  may  also  be  deduced  from  Baler's  geometrical  formula, 
since  p  =- sin  e  cos  ^,  g  =  sin  fl  sin  ^. 

Effecting  the  substitution  and  retaining  the  squares  of  W/M,  we  find  that  d-j/jdt 
differs  from  -g,  and  sin  CZ  from  M,  only  by  small  periodic  terms. 

It  ia  known  that  the  pole  M  moves  backwards  round  the  pole  Z  at  the  ecliptic 
with  a  mean  angular  velocity  which  we  have  called  g.  Thus  M  and  C  regrede  round 
Z  with  the  same  mean  angular  velocity.  It  follows  that  the  angle  MZC  remains 
very  nearly  constant  thronghoot  the  motion. 

By  examining  the  value  of  the  angle  MZC  when  E  is  90°  from  the  node  of  its 
orbit  and  remembering  that  E  is  very  close  to  the  meridian  CA  we  find  that  the 
ai^e  MZC  is  very  small. 
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565.  Motion  of  the  instantaneous  aris  in  the  body.  Taking  the  oomplete  values 
of  p  aod  q  with  the  compleinentary  functions  given  in  Art.  5fi3  we  easily  find  Wj^,  w^ 
by  tJie  help  of  the  formulae  <ii,  =  np  +  dqldt,        tij=jig  -  (!p/c!(, 

given  in  Art.  560.    We  thue  find 

«i=WinSj9ia(Sit  +  -ffi), 

If  we  disregard  all  but  the  forced  vibration,  we  liave 

■«j=0,         .^  =  2gM  cos  {{n+g)t-^\. 
Thus  the  instantaneom  axis  moues  in  that  principal  plane  which  is  at  right  angles  to 
the  axis  pointed  to  the  earth.    It  osoiUates  about  the  asie  of  figure  6C  with  a  period 
which  ia  about  a  month.     The  extent  of  the  oscillation  is  however  very  small  since 
the  maximwn  value  of  uj/n  is  about  45". 

see.  Ex.  Taking  the  same  degree  of  approximation  b.s  before,  deduce  from 
the  third  of  equations  (II)  in  Art.  560  that  the  rotation  of  the  moon,  as  found  in 
Art,  552,  is  not  affected  by  the  obliquity  of  the  ecliptic  to  the  lunar  etimitor. 

567.  Effect  of  the  motion  of  the  ecliptic.  It  has  just  been  proved  that  if  the 
three  planes  are  initially  properly  placed,  with  reference  to  a  fixed  ecliptic,  the 
arrangement  described  above  is  stable.  But  it  is  known  that  the  ecliptic  ia  not 
fixed  and  it  m^ht  be  considered  possible  that  as  it  moved  away  the  other  planes 
might  remain  behind.  It  may  be  shown  that,  however  far  the  ecliptic  may  move 
from  its  original  position,  jet,  provided  it  moves  suflioiently  slowly,  it  will  so  drag 
the  other  planes  with  it  that  the  mean  positions  of  the  three  will  continue  to  inter- 
aeot  in  the  same  straight  line.  For  a  proof  of  this  result  we  refer  to  the  Mecanique 
Celeste  of  Laplaoe,  Vol.  n.  Book  v.,  or  to  ibe  Mgcanique  Celeste  of  Tisaerand,  Vol.  ii. 
Chap,  xxvm.,  the  steps  of  the  work  being  more  fully  given  in  the  latter  volume. 

Omitting  some  trigonometrical  detaUa  the  following  is  a  general  shet<:h  of  the 
argument.  Laplace  first  forms  the  equations  of  motion  corresponding  to  (II)  in 
Art.  560,  GZ  being  a  normal  to  a  fiied  eoliptic.  He  deduoea  eqnationa  similar  to 
(lY)  and  remarks  that  sin  I  is  the  latitude  of  the  earth  seen  from  the  moon  referred 
to  the  fixed  plane  and  should  be  replaced  by  a  senee  of  the  form  SJ;sinS  +  2<!sin^ 
where  S  =  {n  +  g)t-0  and  ip  =  {n-k)t-y.  Here  nt  ia  Uie  mean  longitude  of  the 
earth  seen  from  the  moon  relatively  to  a  fixed  equinox  and  -(rl  +  |9  ia,  relatively  to 
the  same  eqainox,  the  longitude  of  the  ascending  node  of  the  lunar  orbit  on  the 
moving  ecliptic.  The  functions  2csin(ft(  +  7)  and  Sccoii{ht  +  y)  depend  on  the 
displacements  of  the  moving  ecliptic. 

Solving  the  equations  (IV)  tbua  altered  the  values  of  p  and  q  contain  additional 
terms  ZPj  sin  ip  and  SQ^  cos  ij>  where  F^  and  §j  are  very  nearly  equal  to  each  other 
and  each  ia  repreaented  by  the  value  of  P  given  at  the  end  of  Art.  560  after  c  has  been 
written  for  k  and  -  h  for  g.  If  then  the  angular  velocity  ft  is  insensible  when  com- 
pared with  3n  (C  -  -J)/2B  we  have  P^  =  c. 

If  (p[,  5j,  1)  are  the  direction  cosines  of  the  normal  GZ^  to  the  moving  ecliptic, 
we  hatspi=:p  -2c  sin^,  9]=g-  Secoa^,  so  that  when  the  new  terms  depending  on 
P^,  Qj  aie  added  to  p,  g,  the  values  of  pi,  q,  become  independent  of  the  motion  of 
the  ecliptic  and  are  the  aamc  as  those  found  for  ji,  q  in  Art.  562. 

568.  Second  Appr<»[liiia.tloii.  PotsBon'B  term  of  long;  pectod.  Having 
obtained  a  first  approximation  to  the  values  of  p  and  q  in  Art.  560  we  may  proceed 
to  a  second  approximation  by  substituting  the  values  thus  found  in  the  terms  which 
were  rejected  in  the  first  approximation.  The  terms  of  the  firat  approsimatioa 
being  themselves. very  email,  we  can  expect  those  of  the  second  to  become  sensible 
only  when  they  are  magnified  in  the   solution   as  explained   in  Art.   333,     By 


y  Google 


382  LiFr  YTiuNS  (  r  the  moon  [  h  \p.  xii. 

reterring  to  that  article  we  see  that  tho  e  termi  are  magnifiel  whose  periods  are 
nearly  the  tame  as  those  of  the  omplementaiy  funotDHi  Hence  by  Art  661, 
thosd  termt  of  the  ''econd  order  will  be  magn  fied  whose  periods  are  very  long 
ox  neaily  eqial  to  that  of  the  moon  jo  inl  the  earth  "We  shall  l-)dk  foi  s  ich  terms, 
and  if  ani  be  found  w©  can  then  di-tetmine  if  thtj  are  suflioiLntly  magniSed  to 
become  eeneible. 

The  only  term  which  thus  rises  into  importanee  is  one  of  long  period  discovered 
by  PoisBon,  see  the  Connaisaance  dea  Terns  lo-c  1821  pablifihed  in  1819.'  The  phase 
of  this  terra  is  the  difierenoe  between  the  loufiitndefi  of  the  apse  of  the  Moon's  orbit 
and  its  node  on  the  ecliptio.  The  former  of  these  advances  slov^ly  at  the  rata  of 
3°  pel'  month,  while  the  latter  regredee  at  the  rate  of  ly  per  month.  Thus  the 
period  at  which  they  sepaiate  by  360°  is  very  long  and  equal  to  ahoat  80  mouths  or 
six  years.  Let  h  be  the  rate  at  which  the  apse  advances,  then  the  longitude  of  the 
moving  apse  is  a^  =  ht  +  a.  The  longitude  of  the  moving  node  is  j3,=  ~gt  +  ^.  For 
the  saie  of  brevity  we  shall  put  E=^^g  +  h)t^■a-~^, 

then  E  is  the  phase  of  Poisaon's  term,  aaA  g  +  k—-^it. 

569.  To  investigate  the  coefficient  of  Poisson's  term  we  must  recur  to  equations 
(II)  of  Art.  560.  We  rauat  esamine  the  terms  liv  and  v\  to  discover  what  combina- 
tions will  give  rise  to  terms  of  the  form  sinBoreosB. 

Let  us  begin  with  the  term  ^i-.  Since  n  =  eoa  EB  and  is  positive  when  E  is  in 
front  of  ^,  we  see  that  -^  is  the  same  as  ^  in  Art.  532.  Taking  the  elliptio 
inequality,  we  have  ^  =  __^_^sin(«(-aj). 

i^am  y  =  ^l-p-{li:  +  M)sin{{n  +  g)t-p].  Combining  those  two  and  rejecting 
all  terms  in  the  product  eioept  those  of  long  period,  we  have 

fir  =  e{k  +  M)B(,BE. 
Wehave  also  rejected  the  small  term  3(J3-^)/C  =  '00167  in  the  denominator,  as 
this  only  alters  the  result  by  about  one  six-handredth  part. 

Let  us  nest  examine  the  term  vX  in  the  second  of  equations  (II),  If  S  be  the 
longitude  of  the  moon  we  have,  as  in  Art,  660,  sin  i  =  ft  sin  (d  +  gt-  ^). 

But,  by  the  theory  of  elliptio  motion,  S  =  Ti[  +  2e8in{)i[-o,). 

Substituting  and  retaining  only  that  term  of  the  second  order  whose  phase  is  E,  we 
have  ain;  =  ftBini(n  +  g)(-^}-fcesin£. 

In  the  Lunar  Theory*  we  find  an  additional  terra  in  the  expression  for  sin  I,  bo  that 
we  should  write        sin  i  =  ft  sin  {{n-frg)i-?)  -  fte  (1  -  Sm^)  sinfi, 
where  t»  is  the  ratio  of  the  angular  velocities  of  the  sun  and  moon  round  the  earth 
and  is  about  equal  to  -f^.    But  this  additional  term  is  a  very  small  fraction  of  those 
retained,  and  is  of  only  slight  importance.   As  in  Art.  560  wehave  sml=pk  +  qit  +  rn. 

*  Referring  to  Brown's  Lunar  Theory  (1896),  Art.  16,  we  take  the  second  of  the 
equations  (II).  The  required  term  of  P  or  E  given  in  Art.  108  is  -j-p?-''- 
Substituting  and  writing  r  =  1/u,  r"  =  !/»',  r  =  S,  the  differential  equation  to  determine 
the  latitude  is 

£+'  =  -^'S'+ =  -Vft{l-^«cos(.S-a)(sin(ffS-7)  +  .„ 

=  -^.«=ft{l-4*C03(e-Bi)jsm(fl-7i)  +  -.. 
where  %  and  y-^  are  the  longitudes  of  the  moving  apse  and  node.     Combining  these 
and  retaining  only  the  term  with  the  phase  E,  we  find  +|m^i  .2e  sin£. 

Solving  the  differential  equation,  we  find  «  =  3in'ifcesinB. 
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Nowg=-Jlfeo3{(n  +  ^)!-j3}  aud  p  =  2e  sin  (h<- Oi).  AlsoX^l  atidf  =  I.  Hence, 
Bubetituling  and  retaining  only  that  teem  of  the  second  order  in  which  E  is  the 
phase,  we  find  sinl^p  +  y  +  MeEinE. 

Hence,  aubstituting  for  aini,  we  have,  since  \  =  1, 

y\^{k-na][d>i  {(n  +  g)t-0)-e  sin  E}  +  Sm^  lie  sin  E. 
Again,  refarring  to  Art.  619,  we  see  that  the  moment  of  the  forces  about  the  asis 
of  y  contains  in  the  denominator  the  factor  B".  Hence  we  muHt  multiply  the  term 
-  3#(C  -  A)p\  on  the  right-hand  side  of  equation  (U)  in  Art.  660 by  1  +  Seeos  {0  -  a,). 
Effeotiug  the  multipUeation,  and  retaining  only  those  terms  of  the  second  order  in 
which  the  phase  ie  B,  we  have 

(fc  +  M)rsin(n(  +  pt-|3)-eainE  +  ^EinEl  +  3mU«ainE. 

We  thus  find  for  the  t^jht-hand  side  ot  the  second  of  equations  (II) 

-^n^{G-A)li(k  +  M)Bin{nt  +  gt-^}  +  {k  +  M+6m''Ji]esi-nE'\. 

570.     The  equations  (III)  now  take  the  form 


C-A 


-in^ 


Writing  HoosE  and  -STsinE  for  the  right-hand  sides,  the  solution  of  these 
equations  becomes  «[=iin8iHE,  iaj=S»ieosE,  where 
Rn{g  +  h)  +  Sii'{C-B)IA  =  Bi 
8n^s  +  h)  +  Sn^C-A)jB  =  K\^ 
Though  the  period,  2jr/(fl  +  h),  of  Poiason's  term  is  as  long  as  six  years,  yet  the 
period,  2?r/ei,  of  the  long  free  vibration  is 
than  an  A**!  P*'''  of  g  +  h  (Art.  666). 
contain  (C-B)  and  {C-A)  as  factors.     We  thus  i 

'  A      g  +  k 

3n''G-A  k  +  M  +  em^h 


We  add  these  values  to  the  first  approximate  values  of  uj ,  Wg  found  in  Art.  565 
and  write  Uj  =  Jfn  sin  B,         lu^  =  »n  cos  E  +  2gM  cosD. 

where  D  =  {n  +  g)  t  -  ^,  so  that  Z>  is  the  mean  angular  distance  of  the  moon  from  the 
ascending  node.  We  omit  the  complementary  functions  as  they  appear  to  be 
insensible. 

Since  ai  =  Jip  +  q'  and  •i)^=nq  -p',  we  find  to  the  same  degree  of  approximation 
jp=JJsinE,  3  =  SoosE.  To  these  we  add  the  first  approsimate  values  from 
Art.  662,  hence  p= -3f sinD-HRsiuE,        3= -AfcosZJ+SeosE. 

Substituting  these  values  of  u,  and  ia,  in  Euler's  geometricai  eijuations,  and 
writing  ^=D  -  Jn-  we  have 

e~e^=-{gMI'>Ji)cos'>D     RsinDsiaf      ScosDcosE 
(^-fo)sine„=-(9M/     )Bm2i)-HEoo  DsuA     bs     i  oosE    gMt 

571  The  theory  of  the  tern  of  long  per  od  s  gven  l>  Po  son  n  the 
Comiaissait'  e  dea  Temt  !  1821  and  the  numer  cal  values  of  the  c  effic  enta  are 
deduced  fiom  Hiccdlet's  measu  es  n  the  volu  ne  f  r  the  sue  eed  ng  year  These 
ooefBoieath  have  been  irapro  ed  by  C  S  m  n  n  tl  e  th  1  1  n  of  the  ,4  al  de 
l'£ioUnoimah,lSSO    The  eoefiie  ents  as  ale  latedfiom  the  Ko    gibe  g  ol  serv  tons 
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are  verj  different  from  Poisson's.  They  may  be  found  in  Tiaserand'a  MScanique 
Celeste,  1891.  As  it  cannot  be  considered  that  the  ratios  of  the  moraeata  of  inertia 
J,  B,  C  have  yet  been  determined  with  aconcao;,  it  eeems  needless  to  examine  into 
these  (lifferences.  Merely  to  inclieate  the  order  of  the  several  terms,  we  reproduce 
Simon's  result 

e=ea  -  (10" -7)  0OS2D  -  (10"-5)  sin  D  ain  E  -  (34"'15)  cos  DeosF] 
<l'  =  'l/f,-  (414"'7)  sin  2D  +  (105"-6)  oos  D  sin  E  -  (3649"'3)  sin  D  cos  E  ) 

These  eqnaiions  give  the  nutations  of  the  polar  aiia  of  the  moon.  The  i  leoph  ion 
of  that  axis  is  included  in  the  term  ^g  and  has  been  determined  in  Art  5ti3  The 
real  libration  round  the  polai  axis  has  been  found  ic  Art  552  The  visible  cscillation 
oi  any  spot  is  the  resultant  of  all  thiee 

573.  A  diffloiilty  In  tbe  fignra  of  tlie  moon  It  appears  Irim  Bonvard  ^ 
and  Nii!ollBt's  observations  on  the  moons  tine  lihiation  in  longituie  that 
[B  -J)/C  = '000564  (Art.  555) ;  an!  fiom  Mayei  a  obaervaliona  on  the  inohnatjon 
of  the  moon's  equator  to  the  ecliptic  Laplace  tounl  that  ((,  -  J}/C=  [0Oa<W  Art 
564.  We  thei-efoie  have  (C-B)/C  =  -000035,  These  values  may  appear  very  small 
but  they  are  much  larger  than  could  have  been  expe  ted   t  th    m  fac    h  d 

the  form  of  equilibrium  given  hy  theory.     Snpposin    th    moo    t    b    h  m  g 
and  attracted  by  the  earth,  we  may  deduce  from  th    prj      plea    f  hyd      t  ti     (aa 
Laplace  does)  that  (B  -  A.)jC=  OOOOOOSeiSX  and  (C     i)lC-  0000004834)i,  vfh       \ 
is  the  ratio  of  the  mass  of  the  earth  to  that  of  the  moo       N     U  t      m    k    th  t 
even  ifweputX=1000  (instead  of  80),  these  oannotb   in 
deduced  from  his  observations  on  Maniliua.    Laplac 
geneous  moon,  it  we  suppose  the  density  to  increase  f    m 
the  hydroatatic  theoiy  woulcl  give  values  for  {B~A)j 
homogeneous  moon     He  therefore  concludes  that    ' 
eqaiXibnvm  iihich  it  loouiif  hai'e  if  ongmally  Jliiid     Laplao 
high  mountains  and  oUiei  inequalities  on  th   m 
the  moments  of  iseitia,  and  that  this  effect  is  tl 
the  moon  a  aurface  la  small  and  tts  mass  i 
the  omission  of  the  complementary  fnnct         ly 
difficulty;    he  thinks  it  doubtful  that  th        f 
appeared ;  Comnainance  dea  Tems  foe  the  1822     Th    dis 

observations  by  Dr  Franz  shows  however  th  t  th 
be  determined. 

573.  When  it  is  remembered  that  the  real  libration  of  i^'  obaerved  by  Nicollet 
only  subtends  IJ"  at  the  earth,  it  may  he  well  believed  that  the  errors  of  hia  observa- 
tions may  account  for  much  of  the  discrepancy.  This  is  rendered  more  probable 
when  we  learn  from  Tisaeracd  that  the  more  recent  observations  at  KQnigsberg  make 
the  real  libration  in  longitude  about  half  that  found  by  Nicollet.  On  the  other  hand 
these  later  observations  make 

(B-J)/C= -000315,     (C-J1/C  =  -000614,     (C-B)/C  = -000299, 
and  thus  do  not  help  to  explain  the  discrepancy  between  the  hydrostatic  theory  of 
the  figure  of  the  moon  and  the  observations  made  on  its  surface. 
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CHAPTER   5III. 

MOTION  OF  A  STRING  OR  CHAIN. 

The  Equations  of  Motion. 

574.  Cartesian  equations.  To  determine  the  general  equa- 
tions of  Tnotion  of  an  inextensible  string  under  the  action  of  any 
forces*. 

Let  Ox,  Oy,  Oz  be  any  axes  fixed  in  spa<3e.  Let  Xmds,  Ymds, 
Zmds  be  the  impressed  forces  that  act  on  any  element  ds  of  the 
string  whose  mass  is  mds.  Let  u,  v,  w  be  the  resolved  parts  of  the 
velocities  of  this  element  parallel  to  the  axes.  Then,  by  D'Alem- 
bert's  principle,  the  element  ds  of  the  string  is  in  equilibrium 
under  the  action  of  the  forces 

and  the  tensions  at  its  two  ends. 

Let  T  be  the  tension  at  the  point  («,  y,  z),  then  T  dxjds, 
Tdyjds,  Tdzjds  are  its  resolved  parts  parallel  to  the  axes. 
The  resolved  jKtvts  of  the  tensions  at  the  other  end  of  the  element 

and  two  similar  quantities  with  y  and  s  written  for  x. 

*  The  Cartesian  equations  of  Art.  57i  agree  with  those  given  by  Poisson,  Journal 
de  ViicoU  Polytechiique,  1820,  and  reproduced  by  him  in  his  Traite  de  Mieamqae. 
The  geometrical  equation  is  not  there  given,  being  replaced  bj  Hoolie's  law.  He 
thenoe  deiluces  the  differential  equations  al  the  motion  of  a  t^ht  string  given  in 
irt.  612.  The  proofs  of  the  tangential  and  normal  equations  (1)  to  (4)  for  two 
djmenaionfi  in  Art.  577  are  very  nearly  the  same  as  those  given  in  Vol.  rv.  of  the 
Quarterly  Journal.  Though  the  date  of  the  volume  is  subsequent  to  that  oi  the 
first  edition  of  this  treatise,  1860,  yet  that  of  the  paper  itself  must  have  been  so 
nearly  the  same,  that  the  solutions  should  be  regarded  aa  having  been  obtained 
independently.  The  author  has  not  met  with  the  two  equations  (5)  and  (6)  of 
Art.  580  in  any  place  with  a  date  earlier  than  that  of  their  publication  in  this 
treatise.  Their  application  to  initial  motions  is  given  further  on.  The  two  equations 
(1)  and  (3)  for  impulsive  forces  in  Art.  693  appear  to  have  been  first  given  in  College 
examination  papers.  The  author  believes  the  first  to  be  due  to  Todhunter. 
B.  D.    II.  2S 
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Hence  the  equations  of  motion  are 

*'  =  —  (t—'\+     x\ 
dt     ds  \    dsj  I 

-S4.f^t)+'»4 w 


•di 

dw      d 


dw  _  d  f  „dz\ 
dt      ds\    ds) 


mZ 


In  these  equations  the  variables  s  and  t  are  independent.  For 
any  the  same  element  of  the  string,  s  is  always  constant,  and  its 
path  is  traced  out  by  variation  of  (.  On  the  other  hand,  the  curve 
in  which  the  string  hangs  at  any  proposed  time  is  given  by  varia- 
tions of  s,  t  being  constant.  In  this  investigation  s  is  measured 
from  any  arbitrary  point,  fixed  in  the  string,  to  the  element  under 
consideration. 

To  find  the  geometrical  equations.     We  have 

^  (S)"-(l)'-©'- <^)- 

Differentiating  this  with  respect  to  (,  we  get 

do)  dti,     dpdv     dzdw  _/.  ,, , 

ds  ds      dsds     ds  ds         

The  equations  (2)  and  (4)  are  sufiicient  to  determine  jc,  y,  z, 
and  T,  in  terms  of  s  and  t. 

673.  Tha  equations  ot  motion  may  be  put  under  another  form.  Let  ^,  <^,  x 
be  the  angles  made  by  the  tangent  at  jt,  y,  s,  with  the  ases  of  ooordinateg.    Then 

the  equations  (2)  become  '"^  ~T  (2'coa^)  +  HiX (5), 

with  similar  equations  for  v  and  w. 

To  find  the  geometrical  equations,  differentiate  eos  </i=^ds:lds  with  reejiGot  to  (; 


Similarly,  hy  differentiating  aosf^dylda  and  cosx  =  '^/*'*.  "«  6^'  'w  similar 
equations   for   •fj  and  X'     Taking  these  six   equations  in  oonjunotion  with  the 

foUowing,  oos2$  +  co3'f  +  ooa»x=l    ('). 

we  have  seven  equations  to  determine  u.  v,  w,  ■^,  f,  x  and  T. 

If  the  motion  takes  place  in  one  plane,  these  heeome 

4'  =  i,Tco.„.rt  .S  =  |(r.,.„..,.r „), 

-'■■4t-S.       "■*t't I* 

The  arbitrary  conetants  and  funotions  which  enter  into  the  solutions  of  these 
equations  must  be  determined  from  the  peculiar  circumstances  of  each  problem. 

676.  Elastic  Sttrings.  Let  a  be  the  unstrelched  length  of  the  arc  .;,  and  let 
mde  be  the  mass  o£  an  element  do-  of  unstretohed  length  or  ds  of  stretched  length. 
Then,  by  the  same  reasoning  as  before,  the  equations  of  motion  beoome 


v\     dsJ 
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and  two  similar  eqviationa  for  u  and  lu.    To  find  the  geometrical  equations  \v 


difFerentiSite 


\da)   "^  \d<,)   "'■  \dit)  "  {dsj 


the  independent  variables  being  now  a  and  (.     Difierectiating  with  regard  to  I,  we 
,  dx dit     dy  dv     dz dill  _ds  d  /ds \ 

dirdiT      da  da      da  da      d<r  dt\dir /  ' 

But,  if  ^  be  the  modalns  ot  elastioity  of  tlie  string,  we  have     j-  =  1  +  t-    (")■ 

dx  dv     dydv     di  dw      f       T\l  dT 

SubstitHting  we  hflTB     ■5-T-+j5-  +  :r:5-=l  +  T    TjT    ('")■ 

^  dada      dada      de  du       \        \J  \  dt 

The  two  equations  (ii)  and  (iii)  together  with  the  three  epilations  (i),  will  aufBoe 
for  the  determination  of  it,  v,  v>,  s  and  T  in  terms  of  a  and  t. 

K  we  wish  to  use  the  equations  of  motion,  in  the  forms  corresponding  to  (5)  or 
{8),  the  dynamioal  equations  become 

ivith  similar  equatioue  foi'  v  and  tu. 

The  geometrical  equations  corresponding  to  (6)  or  (9)  may  be  found  thus.     We 
dx  ds  /,     T\ 

iavc  ^  =  cos^^=cos^6(^l  +  -j. 

Differentiating,  we  have      ^^=  -  sin  0  ^^  +  j^  |  {T  oos  4>), 
ivith  similar  expressions  for  v  and  w. 

oil.  Tangential  and  Normal  Resolutions.  When  the 
motion  of  the  string  takes  place  in  one  plane,  it  is  often  con- 
venient to  resolve  the  velocities  along  the  tangent  and  normal 
to  the  curve. 

Let  u,  V  be  the  resolved  parts  of  the  velocity  of  the  element  ds 
along  the  tangent  and  normal  to  the  curve  at  that  element.  Let 
^  be  the  angle  which  the  tangent  at  the  element  makes  with  the  axis 
of  a:.  Let  Pmds,  Qmds  be  the  impressed  forces  on  the  element  ds, 
resolved  respectively  in  the  directions  of  the  tangent  and  nonnal. 
Then,  by  Chap.  iv.  of  Vol.  I.,  or  by  putting  ^3  =  d4>/dt,  ^,  =  0,  ^^  =  0 
in  Art.  5  of  this  Volume,  the  equations  of  motion  ai'e 


du       ^4*  _ -p      ^^ 


dt' 


-^+^ (1). 


-.(2). 


dt  dt  trip 

The  geometrical  equations  may  be  obtained  as  follows.     If  Ux 
be  the  resolved  velocity  parallel  to  Ox,  we  have 
iix  =  w  cos  1^  —  i!  sin  ^. 
Differentiating  with  respect  to  s,  we  have,  by  Art.  575, 


Since  the  axis  of  x  is  arbitrary  in  position,  let  us  take  it  so  that 

25—2 
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the  tangent  to  the  element  during  its  motion  is  parallel  to  it  at  the 
instant  under  consideration;  then  0  =  0,  and  we  have 


0=  T--V-J- 


..(3), 


Similarly,  by  taking  the  axis  of  x  parallel  to  the  normal, 
di})  __dv        d(j> 
dt      ds        ds 

These  four  equations  are  sufficient  to  determine  u,  v,  <p  and  T 
in  terms  of  s  and  t. 


..(4). 


If  the  Btriiig  is  extensible,  1 
till        ^'i>_p 


a  may  differentiate  iij,=uco. 


a  same  reasoning  aa  before,  this  reduces 


578.  The  equations  (3)  and  (4)  ma.y  also  lie  obtai 
The  motion  of  the  point  P  of  the  string  bi 
along  the  tangent  FA  and  the  normal  PC  at  P.  the 
motion  of  a  consecutive  point  Q  will  be  represented 
by  velocities  u  +  du  and  v  +  dv  along  the  tangent 
QB,  and  normal  QG  at  Q.  Let  the  aro  PQ-ds, 
and  let  QN  he  a  pecpendicnlai:  on  FA.  Sinee  the 
string  is  inextensible,  the  resultant  velooity  of  Q 
resolTod  along  the  tangent  at  P  mnst  be  altimately 
the  same  as  the  resolved  part  of  the  velocity  of  P 
in  the  Game  direction.     Hence 


(u  +  du)  cos  d<ji  -  {v  +  dv)  i 


Agam,  dipjdt  is  the  angular  velocity  of  FQ  lounil  P.  Hence  the  difference  of 
the  veloojtiea  of  P  and  Q  resolved  in  any  direction  whieh.  ig  ultimately  perpendicular 
to  PQ  must  be  equal  to  PQ  dipjdt ; 

.:  {u  +  du]  aind'p  +  (v  +  dv]cosd^~v=^ds^, 

dip  __  dv     n 

Ex.  1.  If  y  be  the  vis  viva  of  any  are  AB  of  a  chain  j 
Ti,  Tj  the  tensions  at  the  extremities  ot  the  arc;  iij',  u^  the  velocities  of  the 
estremitiea  resolved  along  the  tangents  at  those  extremities,  a,  d,  vi  the  Cartesiaa 
components  of  the  velocity  at  any  point,  prove  that 

idridl=  T^u^'  -  T^u,'  +  j{Xu  +  Yv  -l-  Ziu)  niiis, 
the  integration  extending  over  the  whole  arc. 


n  t!io  limit 
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Ex.  2.  Invostigate  the  polar  equations  of  motion  of  s,  string  in 
Let  u,  V  be  the  resolved  parts  of  the  velooity  of  the  element  dg  along  and  perpan- 
dloular  to  tlie  radius  vector,  let  Pmds,  Qmds  be  the  resolved  forces  in  the  same 
directions,  then 


^'°  ^  df      rfs  '         ""^  '^  dt      d3  "*"     '  r    "  >■      ' 

■where  ip  is  the  angle  the  ladius  vector  maliea  with  the  tangent  iiud  ji  is  tho  per- 
pendicular on  the  tangent. 

580.  The  four  equations  of  motion  of  Art.  577  may  be  reduced 
to  two  by  the  eHmination  of  u  and  v.  It  will  he  found  that  we 
thus  obtain  two  equations  of  convenient  form  which  contain  only 
the  two  unknown  quantities  T  and  <f>.  By  eliminating  T  we  may 
reduce  these  two  equations  to  one  and  thus  make  the  determination 
of  the  motion  of  the  string  depend  on  the  solution  of  one  differen- 
tial equation.  The  elimination  presents  no  difficulty  but  the  result 
13  not  veiy  simple. 

Differentiating  equation  (1)  with  regard  to  s  and  (3)  with 
regard  to  (,  we  have 

ds      ds^         ds       d$      m  ds"  ' 

du'      ,dd>       dd>'     - 

d^        ds        ds 
where  the  accent  represents  differentiation  with  regard  to  t.     Sub- 
tracting and  substituting  for  v'  and  dvjds  from  (2)  and  (4),  we  have 

s-(sy-(S^«S)=-"'©" <^> 

In  the  same  way,  differentiating  the  equation  (2)  with  regard  to  s, 
(4)  with  regard  to  t,  and  substituting,  we  have 

TdsV    dsj^'^V  ds^  dsj-'^dt- ^^•'■ 


^(d-py   dF     d^_    1  /d<py 
^    [d^J  '*'d^~^d^-    m\dt)  • 

T  dff  \       da  J         drr      da      md 


The  equations  (5)  and  (6)  are  of  considerable  utility.  If  the 
forces  P,  Q,  the  angular  velocity  tj>',  and  the  angular  acceleration  <j}" 
of  each  element  are  known  in  terms  of  s,  we  can  deduce  the  tension 
of  the  string  and  the  intrinsic  equation  of  the  curve  in  which  it 
lies.  Conversely  if  the  distribution  of  tension,  the  curve  of  the 
string  and  the  forces  are  known,  the  angular  velocity  and  accelera- 
tion of  every  element  are  given  at  once. 
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581.  Consider  the  position  of  the  atring  at  any  inatant.  Lot  M  be  any  point 
on  the  string,  draw  a  straiglit  line  0!^  from  the  origin  O  parallel  to  the  tangent  at 
M  and  proportional  in  length  to  the  tension  of  the  string  at  M,  The  loeiiB  of  N  for 
all  poeitions  of  M  represents  (as  a  kinil  of  hodograph)  the  inBtantaneous  diatrihution 
of  tension  along  the  string. 

To  simplity  matters,  let  us  sappose  that  the  inipieBsed  forces  P  and  Q  are  zero. 
The  equations  (B|  and  (6)  show  that  the  inatantancous  values  of  T.  ip,  s,  -  i>'\  tj." 
for  a  string  are  connected  together  jnat  as  the  radius  vector,  longitude,  time,  radial 
and  tan         alf      esa         nntdfoa  paiti  1   descr'b'n    th   1    d     raph 

By  ana  gy  na  nu  aataitu  to  the  □  ta  laneo  b 
di        u     n       tenfii  n  a    ng  a        Bf,  a   i       lam  1      pblmnthmtn 

anga  h  gmaleduthalldu  alo 

d  h  g  h  d       h         □  nal      ad  t    n    mu      be   na  1    to 

p     d   n    h      w 

6         Exunp  ee     E  h      h  d  in      tl     an  1  gy    t  A  t   581  fl  m 

th    Ca        an    qua     n  n       □       a     n  g  Ait  574    and  th  n      ad  q  a 

tin5andG        mhang       Shwas    that  th      n  1        h  Id       h  n  th 

ng  m  n   h  m  n 

Ex.  _.  Detcmjiiie  the  mtnn.ic  equation  to  th  f  m  t  a  1  d  t  ng  a  d  the 
difltribution  of  tension  when  it  is  given  that  t  ally  th  qua  f  th  ang  la 
velocity  of  each  element  is  proportional  to  the  t  n  f  that    1   u     t    a  d  that 

the  angular  velocity  remains  constant  for  a  tim    d       It  jpo     I  that  th    e  ace 

no  impressed  forces. 

In  this  case,  equations  (5)  anci  (U)  become 

■!»=     ^\ds)         '"'■'  Tdt\      ds)     '■ 

If  a  represented  the  time  these  would  be  the  equations  of  motion  of  a  particle 
moving  under  a  central  force  varying  as  the  distance.  This  particle  must  deseribe 
an  ellipse.    Thus  we  have 

1      eos^  ^     smV  ,      .     6 .        , 

These  give  the  distribution  of  tension  and  the  intrinsic  equation.  If  I  be  tlie  length 
of  the  string  we  see  that  ,Jiil  =  %Tr.     lta  =  b  the  curve  is  a  circle. 

Ei,  3,  Show  that  the  resultant  acceleration  of  any  point  M  of  a  string,  4ue 
to  Uie  tension  alone,  is  represented  in  direction  by  the  tangent  at  N  to  the  allied 
curve  and  in  magnitude  by  the  ratio  of  an  elementary  arc  at  N  to  the  corresponding 
arc  at  M.    Put  X:=0,  Y^d  in  the  equations  of  Art.  574. 

583,  Impuleive  forces.  When  the  forces  are  impulsive  the 
equations  undergo  some  modifications.  These  may  alt  be  deduced 
in  the  usual  manner  from  the  corresponding  equations  for  finite 
forces  by  integrating  with  regard  to  the  time.  But  generally  it 
■will  be  found  simpler  to  obtain  them  from  first  principles. 

A  string  rests  on  a  smooth  horizontal  table  and  is  acted  on  at  one 
extremity  by  an  impulsive  tension,  to  find  the  impulsive  tension  at 
any  point  and  the  initial  motion. 

Let  T  be  the  impulsive  tension  at  any  point  P,  T  +  dT  the 
tension  at  a  consecutive  point  Q,  then  the  element  PQ  is  acted  on 
by  the  tensions  T  and  T  +  dT  at  the  extremities.  Let  cji  be  the 
angle  made  by  the  tangent  at  P  to  the  string  with  any  iixed  Hue  ; 
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u,  V  the  initial  velocities  of  the  element  resolved  respectively  along 
the  bEiiigent  and  normal  at  P  bo  the  string.  Then,  resolving  along 
the  tangent  and  normal,  we  have 

muds  =  (T  +  dT)cos  diji-T) 

mvds  =  {T  +  dT)amd<p         J' 

therefore,  proceedinEC  to  the  limit,         w  =  — ^j- ,         ^  =  —  — . 
^  "  m.  as  m  p 

But,  by  Art.  577,  we  have  dujds  =  vjp.     Hence  the  equation  to 

fiodrbecomes  ^--  =  0  (1). 

ds^      p^ 

If  the  chain  be  heterogeneous  we  easily  iind  in  the  same  way 

l(l<E\^ll (2). 

dsym  ds)      m p^ 

If  o)  be  the  ioitial  angular  velocity  of  the  element  ds,  we  have 

by  Art.  o77,  '"  =  j-  +  -  =  7frj-   —      ('^)- 

■'  ds     p     TdsKmpJ 

-584.  If  the  string  be  in  motion  just  before  the  action  of  the 
impulsive  tension  at  one  extremity,  only  a  very  slight  modification 
of  these  equations  is  necessary.  Let  (Mj,  v^)  (u^,  v^)  be  the  resolved 
velocities  of  the  element  PQ  just  before  andjust  after  the  impulse. 
We  then  simply  modify  the  equations  of  the  last  article  by  writing 

U  =  Ui~U„         v  =  v^  —  v,. 
Each  of  the  resokitions  (uiVi),  (ihVi)  must  of  course   satisfy  the 
geometrical  equations  obtained  in  Art.  577. 

585.  Ek.  1.  If  Tj,  ]',  be  the  impnleiee  teuKiong  at  the  ei:tremities  of  any  arc 
of  the  ohaia,  measured  positively  in  the  eanie  direction,  u,,  u^  the  initial  Yelocities 
at  the  extremities  reaolved  along  the  tangents  at  the  eitremitiea,  prove  ihat  the 
initiaJ  kinetic  energy  of  the  wliole  are  is  i  [T^u^-  T-^u^j. 

This  readily  follows  by  integrating  m  (u^  +  v^ds  along  the  whole  length  of  the 
arc  But  it  also  follows  at  once  from  the  proposition  proved  in  Vol.  i.  that  the 
work  due  to  an  impulse  in  the  prodnct  of  the  impulse  into  the  mean  of  the  resolved 
velocities  of  the  point  of  appUcation  just  before  aud  jast  after  the  action  of  the 
impulse.  Hence,  since  the  string  starts  from  rest  the  work  done  at  either  extre- 
mity is  the  product  of  the  tension  into  half  the  initial  tangential  velocity. 

Ex.  2.  A  liomogeneouB  string  AB  is  placed  at  rest  on  a  smooth  table  in 
the  form  of  a  oircnlar  arc.  One  end  B  is  jerked  along  the  tangent  so  that  it  be- 
gins to  move  with  a  velocity  V.  Prove  that  the  initial  tension  at  any  point  P  is 
mar(/-c"*)/(«''  +  e~°),whereaistheradins  and  aP  ia  thaler^  of  the  arc  ^P. 

586.  To  find  the  impuleive  Imuiiiya  and  the  motimiwheii  theBtring,  being  inUialty 
at  rest,  forms  a  cuj^e  of  double  curvature. 

Let  H,  V,  w  be  the  resolved  initial  velocities  of  an  element  ds  ia  the  directions 
of  the  principal  axes  of  the  curve  at  that  element;  the  axis  of  x  being  the  principal 
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normal,  that  of  y  the  tangent,  and  a  the  binormal.     Since  the  only  foreca 
element  ave  the  impulsive  tensioES  at  the  estiemitiee  we  have  as  in  Art.  683, 
I  r  IdT 


(1). 


To  find  the  geometrical  equations,  we  notice  that  while  (u,  u,  w)  represent  the 
resolved  velocities  at  one  estremitj  A  of  the  element  da  aloaR  the  principal  asea  at 
A,  (ii  +  (i«,  iSo.)  represent  the  resolved  velooities  at  the  other  extremity  B  of  the 
same  element  along  the  principal  axes  at  B.  It  follows  that  the  relative  velocities 
(5u,  Sv,  Sw)  of  the  extremities  A  and  B  resolved  along  the  pi'inoipal  axes  at  A  are 
given  bj  Art.  31,  where  dijl^ ,  ii^,  dip^  are  the  angular  displaoemsnts  bj  which  the 
principal  axes  at  ^  are  screwed  into  the  positions  of  those  at  B.  If  dr  and  de  are 
the  angles  of  torsion  and  eontlngenee,  we  have  if^j  =  0,  <l^=-tiT,  dip^= -de. 
But,  if  Uj,  uj,  iijj  are  the  angular  velocities  of  the  element  lis  in  space  about  the 
principal  axes  at  A,  we  have  Su=  -injds,  Sk  =  0,  Sic^Uirfs,  Equating  these  two 
seki  lit  values  of  Su,  Sv,  Sw,  we  have 

'-.^^      T,-l-^'      ^n— ^ (^). 


"i-jH,!!-'  rfsV"^/     mi?      '  "^-Tds\mpJ    '  '■ 

The  second  of  the^e  determines  the  initial  tension  when  the  form  of  the  string 
is  hnown,  it  is  the  same  as  the  corresponding  equation  in  two  dimensions,  so  that 
the  initial  temion  does  not  depend  on  the  angle  of  torsion  of  the  curve.  The  other 
two  equations  determine  the  initial  angular  velocities  of  the  element,  the  angular 
velocity  about  the  tangent  not  being  required  to  find  the  initial  motion. 

We  may  verify  these  equations  by  a  geometrical  proof  similar  to  that  given  in 
Art.  576  for  a  string  in  two  dimensions. 

£87.    .a.  differential  equation.    If  [Reform  of  the  string  is  given  by  its 
etiuation  p  =  F(s],  the  initial  tension  is  to  be  found  by  solving  the  equation 


n  the  right-hand  side 

the  particular  integial 
s  gi^eu  m  the  theoiy 
thod  IS  to  substitute 
s  a  lineai  form  fiom 
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Case  1.  Let  p  be  constant,  say  p^ii.  The  form  of  the  string  is  then  a  circle. 
The  solution  is  evidently  T  =  Ae'l^  +  Be-'l'^. 

Gate  2.  Let  p  ba  a  linear  fnnotion  of  s,  Bay  p  =  n  +  6e.  The  form,  of  the  string 
is  then  an  equiangular  spiral  whoge  angle  is  eot"'  6,  To  solve  the  eqimtion  we  put 
a  +  bs  =  (^,  the  equation  then  takes  the  form  oonaidered  in  the  last  case.  The  eoin- 
plementary  function  rednoea  to  T  =  A{a  +  bs)'"  +  B{a  +  bs)", 

where  m  and  n  ate  the  roots  of  the  quadratic  6V(k  -  1)  =  I. 

Case  3.  Let  p  be  a  quadratic  function  of  e,  say  p—a  +  bs  +  cs^.  If  the  faotorg 
arerealwemay  write  this  p  =  c(s- a)  (s-p).    Assume  as  a  trial  solution 

T  =  A{s-ar{^-p)-- 
Substituting  in  the  differential  equation  and  dividing  by  (s  -  o)™~^  fs  -  (3]"-  ^  we  find 
{»i  +  n-l){{m  +  n)s^-2{m  +  Ms}  ] 

+  o%(n-i)  +  2a^n  +  (3%(in-l)-c-!f       ' 
The  equation  is  satistied  if  we  choose  m  and  n  so  that  the  ooeffioients  of  the 
several  powers  of  e  ate  aero.     The  two  first  powers  lead  to  iii  +  n  — 1,  and  the  last 
then  gives  mn[a- ^f  +  <r''=0.     The  required  eolatioB  is  therefore 

T=AI,,-ar(s-ffr+S(s-a)-{>~pY\ 
where  Ml  and  n  are  the  roots  of  the  qaadtatio3:5-a;  =  {(a-^)(;}-*.     Tliia  solution  is 
given  by  Sir  G.  Stotes  in  the  eighth  volume  of  the  Cantbndge  Pkil.  Trails.,  1849. 

If  the  factors  of  the  quadratic  p  =  o  +  bs  +  es"  are  imaginary,  we  may  detluoe  the 
solution  by  rationalizing  the  value  of  T  just  found.  But,  putting  p  =  e  {(e  +  a)'+^}, 
it  will  be  more  convenieat  to  proceed  thus.  If  we  put  s  +  a  =j3  tau  8,  lie  differential 
equation  tatea  the  form 

The  solution  of  this  equation  is  well  known,  and  is  trigonometrical  or  exponential 
according  as  pe  is  greater  or  less  than  unity. 

If  the  quadratic  is  g  =  c(s-  a)\  we  may  solve  the  equation  by  writing  T~[s-a)z 
and  « -a  =  l/.T.    The  equation  then  reduces  to  j-^^-j.     We  therefore  have 

If  cfi  —  s^  +  a"^  the  string  has  the  form  of  a  catenary.  The  solution  is  then 
T^y{Ae  +  B], 
where  y  is  the  ordinate  measured  from  the  directrix,  and  8  is  the  angle  the  tangent 
makes  with  the  horizon.  This  result  may  be  found,  as  jast  explained,  by  writing 
s^ctanS.  But  it  may  also  be  easily  obtained  by  another  process.  We  notice  that 
T=y  is  one  solution;  putting  T—yz  we  have  a  linear  equation  of  the  first  order  to 
find  cJs/iis.     See  Cambridge  Senate  House  Problems  for  1860  with  Solutions,  page  65. 

Another  solution  is  given  in  the  ninth  volume  of  LioavilU's  Journal,  1844,  by 
Besge,  who  reduces  the  equation  to  one  solved  by  Euler, 

Let  us  write  the  equation  in  the  form  53" ~  I   +Shtj. — ^' 

Putting  log  T-  SVds,  we  find  bv  substitution      -r-  +  [7»= , ;;; ^, . 

The  denominator  on  the  right-hand  side  suggests  that  a  solution  ean  be  found  of 
the  form  U  =  — ^ ^ .    Substituting  in  the  differential  equation  we  find 

^^a  +  m  +  cs')  +  {V-b-cs)'^-(b  +  cs)'  +  A. 
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Now  it  is  obvious  that  if  we  put  V~b  -cs^k,  mheie  k  is  some  constant,  the 
equation  reduces  to  ac-b'  +  lfi=A. 

Thus  we  have  two  values  for  k.    Two  particular  integrals  have  therefore  been 

found,  viz.  log  T=  j    '"t^"^    j, ds. 

Each  of  these  integrations  ean  he  effected  in  finite  terms.  It  the  values  of  T 
thus  found  be  ^  (s)  and  f  (s),  the  geuei-al  integral  required  is  T-Mij,(s)  +  Nf[sj, 
where  M  and  N  are  two  arbitrary  constants. 


provided  the  qua diatiL  '■n(ii-l)  =  I  gives  ajjooiliw  uitegial  looc  This  quadratic 
expresses  the  condition  that  the  aenea  for  T  has  a  highest  term,  it  is  therefore 
found  by  substituting  only  the  highest  power  A^'^  of  the  SBiiea  m  the  differential 
eqaation  and  lejeotmg  all  lowei  powers  as  they  oooui  The  lelation  between  the 
BUooessive  ooefEoients  may  be  easily  found  by  substitution  This  relation  will  be 
mnch  simplified  by  previoaslj  cUitnng  the  quadratic  toi  i?  of  eiihej  of  the  tenns  6s, 
or  a.     This  is  effected  by  wiitrog  s  =  s  +m  and  choosing  the  constant  m  properly. 

If  Jibe  an  integral  root  of  the  quadratic  cn{a -1)  =  1,  a  solution  may  be  written 
in  either  of  the  forma 

■^Mi)''""-        '■■■''{&"'•-■ 

see  a  paper  by  the  author  in  the  P^-ooeedUiga  of  the  Mathematical  Society,  1885. 

Oas£5.   If  l/p2  be  a  quadratic  function  of  s,  say  l/p'^a  +  fis  +  cs',  put  T=je'"^^'''. 
Substituting,  and  choosing  a  and  (3  properly,  we  reduce  the  equation  to  the  form 

This  artifice  is  attributed  to  Liouville. 

Putting  a  +  2j38  =  ir,  a  solution  in  the  form  of  a  finite  series,  via. 

..J[,»+Ji.|,i-1)/J,-— +4.1..(7,-l)(n-2)(»-3)(i",-'+fc.l 
may  be  found  by  substitntion  when  ijiii  +  k  —  0  gives  a  positive  integral  value  of  Ji. 
It  follows  that  x  =  ~  {-^yE  where  logJl  =  |^  and  «  is  positive.  [Math,  Soo.  1885. 


.  1.     If  the  curve  in  which  the  string  is  placed  be  such  that  i!'  =  ^. — rv  , 

X), 


Es.  2.     Trace  the  curve  (Sp^s^-c^ 

Put  fi—dsjd'j/,  then  log4(6-c)/(s  +  (;)  =  2c^/(i  Whei  J  is  negative  ^  changes 
from  +  (O  to  -  <o  as  s  varies  from  - 1;  to  +  c  and  tfr  i=  imaoin  r>  outside  these 
limits.  When  A  is  positive  f  changes  from  -o:  to  +o-  as  varies  tiom  +e 
Hirough  infinity  to  -c  and  is  imaginary  within  the  limits  >,=  ±c  In  the  first 
case  the  curve  terminates  at  each  extremity  with  an  infinite  numbei  of  dimtnishmg 
convolutions  being  ultimately  au  equiangular  spiral  wh one  angle  is  tan~*/j/2  In 
the  second  case  the  curve  (beginning  at  s=o)  unwinds  like  an  equiangular  spiral 
and  finally  proceeds  to  infinity  like  one  end  of  the  catenary  fip  —  s-v  The  other 
hl'anch  e:ctends  from  e=  -c  lo  -so  and  resembles  the  branch  just  described 
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estremitj  of  a  nmlorm  per£ei,tly  flexible  heavy  strmg  lying  on  a  smooth  plane.  If 
all  the  pai'tiolea  of  the  string  start  with  equal  velocities,  prove  that  the  string  must 
lie  in  the  form  of  ft  catenary  or  of  r  straight  line.  [May  Ex. 

Ex.  3,  An  inelastic  string,  at  rest  in  a  oironlar  tnbe  which  it  just  tills,  is  plucked 
at  one  end  in  the  direction  of  the  tangent  at  that  end  and  begioa  to  mOTe  with  kinetio 
energy  E.  If  the  string  were  nnooufiiied  and  similarly  plucked  when  at  rest,  show 
that  it  would  move  off  with  kinetio  energy  BttE  coth  (2ir).  [Math.  Tripos. 

Ex.  4.  A  unit  impulse  applied  at  the  end  J  of  a  chain  AB  produces  tangential 
velocities  », ,  %  at  those  ends.  If  the  impulse  be  applied  at  the  eud  B  the  corre- 
eponding  velocities  are  «,',  «j'.  If  a  particle  of  unit  mass  be  tied  to  the  end  B  and 
the  unit  impulee  be  applied  at  the  end  A,  then  the  velocities  of  the  two  ends  are 
now  in  the  ratio  tij  +  tij'iij-  u^'ui :  u^,  all  the  velocities  being  measured  in  the  same 
direction  along  the  arc.  [St  John  3  College   1396 

Since  T  —  Aipls)  +  B^{sj,  we  aee  that  when  a  stiinj,  is  a,i,ted  on  by  impulsive 
tensions  T„  T^  at  its  ends,  the  tangential  velocitj  at  any  point  is  given  by 

«  =  T./(s)  +  r,F(s) 
where /(s),  F(«)  are  some  functions  of  s.     In  the  first  case  ri  =  l    T„—li  henoe 
/(0)="i. /(')  =  "!■    In  the  second  case  r,  =  0    7,^1    henceF(n]_ij    F(i)  =  Uj 
In  the  third  case,  if  Uj,  V^  are  the  required  velocities  of  the  two  ends,  ^i  =  l,  and 
the  impulse  between  the  particle  and  string  is  'I\=  U^.     We  thus  have 

The  result  follows  at  once. 

589.  Initial  motions.  A  string  in  one  plane  is  either  at  rest 
under  the  action  of  given  forces  or  has  its  instantaneous  motion  known. 
Supposing  a  fracture  or  some  other  change  to  occur,  it  is  required  to 
fmd  the  initwl  changes  of  motion  and  the  initial  change  of  tension. 

Let  mPds,  mQds  be  the  resolved  parte  of  the  forces  respectively 
along  the  tangent  and  radius  of  curvature  at  any  element  ds  of  the 
sti'ing.  Let  u,  v  be  the  resolved  parts  of  the  velocity  in  the  same 
directions.  Let  T  he  the  tension.  Let  ip  be  the  angle  which  the 
tangent  at  the  element  ds  makes  with  the  axis  of  x,  and  let 
o)  =  d^/dt  be  the  angular  velocity  of  the  element  ds. 

We  have,  by  Art.  577,  the  equations 

•j-.„.P+if: (1).    f!-!.o (3). 

dt  nuis  as      p 

^^u<o^Q  +  ^   (2).  ?  +  -  =  - (4). 

dt  ^     mp  ^-  '  ds     p  ^  ' 

We  now  write  mds  —  da,iiiid  deduce  as  in  Art.  580 

g-^(SVf-«S-l»- (^), 


1  d   {^d<p\      j^d^     dQ  _ldM 
Td<r\      dj  i<r*  da 


I'TJ+p^+^-r^  (6). 
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where  of  course  da^ds  when  the  string  is  homogeneous.  When 
the  initial  position  is  one  without  velocity  or  acceleiutioii,  these 
equations  follow  from  those  for  impulsive  forces  as  in  Art.  583  by 
treating  Pdt  and  Qdt  as  small  impulses. 

The  instantaneous  motion  of  the  string  being  given  and  also 
the  forces,  w,  P  and  Q  are  all  known  functions  of  a.  Thus  (5)  is 
the  differential  equation  from  which  we  have  to  find  T.  This 
differential  equation  can  sometimes  be  reduced  to  the  one  already 
considered  in  Art.  587.  We  shall  suppose  its  solution  to  have  been 
found.  The  constants  of  integration  are  to  be  determined  by  the 
given  conditions  at  the  extremities  of  the  string.  Thus  the  initial 
tension  is  found. 

The  initial  values  of  m,  v,  la,  P,  Q  and  T  being  known,  the 
values  of  dujdt,  dv/dt  and  dwldt  are  Ibund  from  (1),  (2)  and  (6). 
Thus  alt  the  initial  accelerations  have  been  determined. 

Differentiating  (o)  with  regard  to  t,  we  have  another  differential 
equation  to  find  dTjdt  of  the  same  kind  as  be/ore.  Having  solved 
this,  we  may  find  the  second  differential  coeiScients  of  m,  v,  <o  by 
differentiating  (1),  (2)  and  (6). 

Proceeding  in  this  way  we  may  find  the  instantaneous  values 
of  all  the  differential  coefficients  of  it,  v,  to  at  the  instant  when  the 
fracture  occurs. 

If  M(,  Vt,  a>t  are  the  values  of  these  quantities  after  any  time  t, 
we  have  by  Taylor's  theorem  {see  Vol.  i.  Art.  199) 

ut  =  u+u't  +  ^ti"t+... 
with   similar   expressions   for   %   and   wt,  where   accents  denote 
differential  coefficients  with  regard  to  (.     Thus  the  initial  motion 
has  been  found  to  any  degree  of  approximation. 

590.  To  find  the  initial  radius  of  curvature  B  of  the  path  in 
space  of  any  element  of  the  string,  we  resolve  the  forces  on  that 
element  in  a  direction  pei^pendicuW  to  the  tangent  to  its  path  and 
equate  the  result  fco  {u'  +  tf')IR.  The  direction  of  motion  of  the 
element  makes  angles  with  the  tangent  and  normal  to  the  string 
whose  sines  are  vl(ii'  +  v''}i  and  u/iri'^+v^y.  The  forces  on  the 
element  are  P  +  dT/mds  and  Q  +  Tjmp.     We  therefore  have 

<-^'^"(«^i)-"(--S «■ 

To  find  the  rate  at  which  the  radius  of  curvatare  of  the  string 

begins   to   change,   we   notice  that  -  =  -r^ .       Hence  -r:  -  =  — t-  ■ 
*  °  '  p      ds  dt  p      ds 

Thus  by  differentiating  (5)  with  regard  to  s,  we  find  the  rate  at 
which  the  curvature  of  the  string  begins  to  change.  By  differen- 
tiating (6)  with  regard  to  s,  we  tind  the  acceleration  of  the  change 
of  curvature. 
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591.  Tlie  initial  direction  of  motion  of  any  element  is  found  by  compouutHiig  the 
accelerations  u'dt,  v'dt  so  that  ihe  direction  of  motion  makes  with  the  tangent  to 
the  string  an  angle  equal  to  tan"'  v'ju'.  To  find  the  initial  radius  of  enrvatuce  of 
the  path  of  any  paitiole,  we  see  by  Vol.  I.  Art.  312,  that  we  must  find  «'",  v'"  by 
diSerentiating  twice  the  equations  (1)  and  (2). 

532  EzamplsB.  Ex  1  A  string  is  in  equilibriiaa  in  the  f ami  of  a  circle  about 
a  ceatre  of  leptilsme  fmce  %n  tlw  centre.  If  the  stnng  be  jiow  cut  at  any  point  A, 
prove  that  the  ItMicm  at  any  point  P  ie  imtantaneeuily  clianged  in  the  ratio 

■aih^re  $  n  the  anqie  iubti.nded  at  the  centre  by  the  are  AP, 

Let  F  be  the  central  foice.  thenP=0,  and  inQ—  -  F.    Let  a  be  the  radius  of  the 
(PT      T        F 
circle.    Then  the  eq^iiation  of  Art.  589  to  determine  3'  becomes  -j-j  — 5= . 

Let  s  be  measured  from  the  point  .^  towards  P,  then  s  =  aS;  also  JP' is  independent 
ofs.    Heneewehave  T=Fa  +  A/ +  Bs~^. 

To  determine  the  arbitrary  coastants-i  and  B  we  have  the  condition  2'  — 0  when 
8  =  0  and  S  =  3!r;  also  just  before  the  string  was  01.1t  T=:Fa.  Henoe  the  result  giyen 
in  the  enunciation  follows. 

Es.  3.  A  striaft  is  wound  round  the  under  part  of  a  vertioal  circle  and  is  juet 
supported  in  equilibrium  at  the  ends  of  a,  horizontal  diameter  by  two  forces  The 
circle  being  suddenly  removed,  prove  that  the  tension  at  the  lowest  point  10 
instantly  decreased  in  the  ratio  4  :  e     +e       . 

Ex.  3.  The  extreme  links  of  a  uniform  chain  can  slide  freely  on  two  intcrneit 
ing  straight  lines,  which  are  at  right  angles  and  equally  inclined  to  the  veitical. 
The  chain  is  m  equUibrinm  under  the  action  of  gravity.  If  now  the  (.ham  bieak 
at  the  lowest  point,  show  that  the  tension  at  any  point  P  is  equal  to  the  statical 
tension  multiphed  by  4^/(ir  + 4),  where  ^  is  the  angle  which  the  tangent  at  P  mates 
with  the  horizon. 

Ex.  4.  A  string  rests  on  a  smooth  table  in  the  form  of  an  arc  of  an  equiangular 
spiral,  and  begins  to  mote  from  rest  under  the  action  of  a  central  foroe  F  which 
tends  from  the  pole  and  varies  as  the  nth  power  of  the  distance,  show  that  the  initial 

tension  is  given  by  T—  -rF— rr ^ ^-^ +Ai^  +  Bi-^,  where  a  is  the  angle 

of  the  spiral,  andp,  3  are  the  roots  of  the  quadratic  :c  (it-l)  =  tftn*a.  Show  that 
the  solution  changes  its  form  when  a  is  such  that  the  first  term  is  infinite,  and  find 
the  new  form. 

B92  a.  Ex.  1.  The  eii^s  of  a  chain  of  any  giaen  laic  of  density  are  fastened  ta 
fixed  points;  shem  that  if  the  chain  is  severed  at  the  lowest  point,  the  vertical 
eompanejii  of  the  initial  acceleratiott  of  eitlter  of  the  seeered  ends  is  g,  and  the 
horieontal  component  i>  gjlp  +  col^),  where  0  ie  the  inclinatioji  to  the  hariion  of  the 
tangent  at  the  corresponding  Jixed  end.  [Math.  Tripos,  1903. 

Let  r,  be  the  tension  of  the  chain  when  in  equilibrium;  by  resolving  horizontally 
and  normally  we  have 

T»d-h  ,  .        Odd, 

r„oosoi=C,  -V^=SfcosA;  .-.  d^^mds^- =- , 

"  ntfis  g  cos'  ip 

where  C  is  a  constant. 

To  find  tie  initial  tension  T  we  put  d^jdt^O  in  equation  (5)  Art.  589.  Since 
this  equation  applies  to  all  kmds  of  motion  it  must  be  true  when  the  chain  is  in 
equilibrium.  It  follows  that  one  solution  is  T^T,,,  To  find  the  general  solution 
we  put  T=zT^.  After  an  eacy  mtegiabon  we  arrive  at  T^dzjdir^E,  where  B  is  a 
constant.     This  gives  after  substitution  r  =  (.d0  +  B)sec^, 

where  A  and  B  are  two  arbitnry  oon'JtantT 
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At  the  point  of  severaDoe  the  tension  becomes  instantaneously  zero  and  since 
this  is  the  lowest  point  of  the  chain,  we  have  B-0.  The  tangential  aecelemlion  of 
the  string  at  the  fixed  end  is  zero,  henoe  by  equation  (1)  -  P^dTjmdi  when  *  =  ;3. 
This  gives  C/-J=/3  +  eot  (3.  Substitute  the  valnes  of  T  aad  min  the  eqaations  (1) 
and  (2)  and  pnt  ^=0  after  difierentiation.  We  fintl  that  the  initial  vertical  and 
horizontal  aeoelerations  of  the  point  ot  ssveranoe  are  those  stated  in  the  enun- 

The  acceleration  at  tiie  extreme  link  B  in  the  direction  nonnal  to  the  chain  is 
Td>p      -nootflcosS 

_3OOS0+--=-^^^^^^      - 

This  is  not  zero,  but  the  small  velocity  which  would  be  generated  in  the  time  dt  is 
destroyed  by  a  corresponding  normal  impulse  at  the  fixed  point.  A  change  of 
curvature  is  therefore  produced  which  extends  through  a  small  length  of  chain. 
As  time  is  required  for  the  disturbance  thus  produced  to  travel  along  the  chain  the 
initial  vioiion  is  not  affected. 

Ex.  2.  A  heavy  uniform  inelastic  chain  is  stretched  nearly  straight  with  the 
two  ends  at  the  same  level;  suddenly  one  end  is  released,  prove  that,  to  a  first 
approximation,  twice  the  product  of  the  tensions  at  the  other  end  before  and  after 
release  is  equal  to  the  square  of  the  weight  of  the  chain.  [Math.  Tripos,  1888. 

593.  Ex.  1.  An  endless  string  in  the  form  of  a  circle  is  rotating  in  its  own 
plane  with  a  uniform  angular  velocity  u.  The  string  being  out  at  any  point,  find  the 
initial  tension,  the  initiai  radius  of  curvature  of  the  path  of  any  element,  and  the 
rate  at  which  the  tension  is  changing. 

Let  OCA  be  the  diameter  through  the  point  of  fracture  A,  and  let  the  arc  be 
measured  from  0.  Let  a  be  the  radius  and  let  s  — a^.  Since  there  are  no 
impressed  forces,  P-0,  Q-0.     Wb  have  at  once  by  (5),  since  p  =  a, 

T=ma^bi'  +  A  cosh  0  +  B  sinh^, 
also  ?'=0  when  ^=iir,  .■.  T=mo^ui*(l-co3hy'/ooshir). 

To  find  the  radius  of  curvature  of  the  path  of  any  element,  we  notice  that  each 
element  is  moving  with  a  velocity  ti  =  aui  along  the  tangent  to  the  siring.  Eesolving 
these  along  the  normal  to  the  string,  we  have  u^lR  —  Tja  whence  B  =  ii'u/2'.  This 
result  follows  at  onee  from  equation  (7)  since  v=0,  Q^O.  To  find  lo',  we  have  from 
(6),  since  p^a,  aW  =  MTId\l/,    By  differentiating  (5)  with  regard  to  (  we  find 

<PT'     T'     iTda        „     , 

-^5 —=  -2aa'm. 

as'       p'       p    lis 

Since  dai!ds  =  il,  we  find  by  solving  this  differential  equation, 


By  difierentiating  (5)  and  (6)  with  regard  to  s  we  may  also  show  that  the  rate  p'  at 

which  tlie  radius  of  cnrvature  of  the  string  is  changing  is  initially  zero  and  that 

the  acceleration  is  initially  equal  to  2aw^oosh^.sechjr. 

Ks.  3.    A  string  moves  under  the  action  of  a  central  force  F^t)  tending  from 

the  origin,     The  instantaneous  motion  being  known,  show  that  T  may  be  found 

iPT     T     dF      ,       F  .   ,  ^  „ 

from  — j--^  +  — cos=*  +  -sm3^=-mw=. 

If  the  string  start  from  rest  and  both  its  extremities  are  free,  prove  that  dTjdt  is 
initially  aero  throughout  the  string. 

Ex,  3.    A  string  of  length  2aa  is  at  rest  in  the  form  of  an  arc  of  a  circle  of 
radius  a  and  is  acted  on  by  a  central  force  -P(i-)  tending  from  the  centre  of  the 
circle.    Show  that  the  instantaneous  tension  at  any  point  P  is 
r=aP  (aHl  -  cosh  e/cosh  a]. 
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where  $  ia  the  angle  subtended  at  the  centre  by  the  are  OP  measured  fi-om.  llie 
middle  point  0  of  the  string. 

Es.  i.  A.  heavy  uniform  string  of  given  lei^tb  ia  placed  at  I'est  on  a  rougli 
taWe  whose  coefficient  of  friction  is  p,  and  is  aeled  on  bj  a  finite  force  at  each  end. 
If  each  element  of  the  string  begin  to  move  in  a  direction  making  a  given  angle  0 
with  the  tangent  at  the  element,  prove  that  tie  intrinsic  eqnation  to  the  string  is 


where  ifi  ia  the  angle  the  tangent  makes  with  a  filed  si 
the  force  at  either  end  must  be  /iftsinpe*'"'"  whert 


On  bteady  Motion. 

594.  Def.  When  the  motion  of  a  etrin?  is  such  that  the 
curve  which  it  forma  in  space  ia  always  equal,  similar,  and  similarly 
situated  to  that  which  it  formed  in  its  initial  position,  that  motion 
may  be  oallod  steady. 

To  find  the  steady  motion  of  a  homogeneous  ineietensible  string. 

It  is  obvious  that  every  element  of  the  string  is  animated  with 
two  velocities,  one  due  to  the  motion  of  the  curve  in  space,  and 
the  other  to  the  motion  of  the  string  along  the  cm've  which  it 
forms  in  space.  Let  a  and  b  be  the  resolved  parts  along  the  axes 
of  the  velocity  of  the  curve  at  the  time  (,  and  let  c  be  the  velocity 
of  the  String  along  its  curve.  Then,  following  the  usual  notation, 
we  have  M  =  a  +  ccos*/),     u  =  6  +csin  ^ (1). 

Now  a,  b,  c  are  functions  of  t  only,  hence  dulds=~c  sin  i^d^jds. 
Therefore  by  equation  (9)  of  Art.  576  we  have 

'di-'^Ts  ^^^- 

Substituting  the  values  of  u  and  v  in  the  Cartesian  equations 
of  motion,  Art.  574,  we  get 
da  ,  dc 


dc        ,  ■    ,dd>      „     d  fT 

-rr  cos  li  -  c  ain  A  -^  =  A  +-;-   —  cos  © 

at       ^  ^  at  ds\m        ^/ 

ib     dc  .     .   _  .d<f>     „d(T. 

uting  for  d^jdt,  these  equations  reduce  to 
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The  form  of  the  curve  is  to  be  independent  of  ( ;  hence,  on 
eliminating  T,  the  I'esulting  equation  must  not  contain  t.  This 
will  not  generally  be  the  case  unless  dajdt,  db/dt,  dcjdt  are  con- 
stants. In  any  case  their  values  will  be  determined  by  the  known 
circumstances  of  the  problem.  The  above  equations  must  tben  be 
solved,  s  being  supposed  to  be  the  only  independent  variable,  and 
(  being  constant. 

595.  Uniform  steady  -motion.  If  a,  b,  c  are  constants,  these 
equations  take  a  simpler  form.     We  then  have 

0  =  mX  +  j-{T'aosi^),  0^1,1,1.  -r  j-v- 

where  T'  =  T  —  mc'<  These  are  the  equations  of  equilibrium  of  a 
string  acted  on  by  the  same  given  forces,  viz.  mX  and  mY.  Thus 
we  have  a  very  convenient  analogy  between  the  steady  motion  and 
the  equilibrium  of  a  homogeneous  string. 

For  example,  if  a  string  can  move  in  a  uniform  steady  motion 
under  the  action  of  gravity,  we  see  that  its  form  at  any  and  every 
moment  must  be  the  same  as  that  of  a  string  in  equilihriwm  under 
the  action  of  gravity.  The  form  of  the  travelling  curve  must 
therefore  be  a  catenary.  The  parameter  of  the  catenary  depends 
on  the  terminal  conditions,  and  if  these  are  inconsistent  with  the 
properties  of  a  catenary  no  uniform  steady  motion  is  possible. 

Whatever  catenary  the  string  assumes,  the  tension  T  at  any 
point  of  the  moving  string  will  exceed  the  tension  at  the  corre- 
sponding point  of  the  stationarj-  catenary  by  mc''.  We  have 
therefore  at  any  point  T  =  m(gy  +  c^),  where  y  is  the  oi'dinate  of 
that  point  measured  from  the  directrix. 

More  generally,  we  see  from  the  equatioas  (4)  that  a  string  caimot  move  in 
aniforra  steady  motion  unleea  every  one  of  its  positions  is  one  in  which  a  etring 
could  rest  in  eq.uilibiiom  under  the  action  of  the  inatantaneous  forces.  Sopposicg 
this  condition  to  he  satisfied,  the  conditions  at  the  sxtremitieB  (if  the  string  form  an 
unolosed  ourve)  must  also  be  consistent  with  this  form  of  the  string.  These  are  the 
neeeBsary  and  sufficient  conditions. 

One  important  case  of  tliis  theorem  is  when  the  string  forms  a  closed  curve 
which  does  not  travel  in  space.  This  case  was  first  given  in  the  Solutions  of 
Cambridge  ProUejiis,  1854,  Ziy  Woitim,  and  Mackenzie,  who  ennneiated  the  theorem  as 
follows.  If  a  uniform  endless  chain  rest  in  any  form  subject  to  the  action  of  forces 
depending  only  on  the  position  of  the  particle  acted  on  and  to  the  reaetions  of 
smooth  Burfaoes,  it  will  continue  to  move  in  the  same  form  if  put  in  motion  in 
such  a  manner  that  every  point  of  the  chain  begins  to  move  in  the  direction  of  the 
tangent  at  that  point. 

596.  Examplea.  Ex.  1.  A  horizontal  cylinder  revolves  with  uniform  velocity 
about  its  asis  and  an  endless  chain  passing  round  it  revolves  with  it  in  such  a. 
manner  that  the  form  of  the  chain  in  space  is  always  the  same;  show  that  the  form 
o£  the  ourve  is  independent  of  the  velocity.  [Math.  Tripos,  18S4. 

Ex.  9,  A  uniform  string  AB  of  any  given  length  is  placed  in  the  form  of  an  arc 
of  an  equiangular  spiral,  and  is  acted  on  by  a  centre  of  repulsive  force  situated  in 
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a  F     Pa.     If  Fi  =  m{«3  +  ^/0J)  and  F,  =  m(u^+p.lOB) 
t  of  length,  prove  that  the  Etring  will  deBoribe  the 

teuEible  tube  of  small  tmiform  seotioa  suspended 

1    rizoutal  line  by  its  ends  is  toil  of  water  whicii  flows 

tj      Prove  that  it  hangs  in  the  form  of  the  oommon 

t  dmal  tension  is  constant.  [Math.  Tdpos. 

5<)7  E  Form  of  an  electric  cable.  An  electric  cahU  U  deposited  at  the 
b  f  J       1        d  p  h  from  a  $hip  moving  with  uniform  velocity  in  a 

gh  I  d  tl    eah}    u  d  livered  vtith  a  velocHg  c  equal  to  that  o/  the  ship. 

D  tern  ne   h  J         f  he         g  nhen  the  motion  is  tteady. 

C  neid  th  p  t  n  t  th  cable  between  the  ship  A  and  the  groand  B.  If  the 
ft         fthwt  tht      g  is  neglected,  gravity  diminished  by  the  bnojancy 

of  the  water  will  be  the  only  force  acting  on  the  string,  let  this  be  represented  by  g'. 
Then  the  form  of  the  travelling  curve  is  the  comm 
any  point  exceeds  the  tension  in  the  catenary  (se 
length  of  string  equal  to  c^jg'. 

To  determine  the  particular  a  na 
conditions  e,t  the  extremities  A  and  B  I 
ground  the  tangent  to  the  oatenai  mua 
string  at  B  would  have  the  tang  nt  a 
finite  angle.  Then  since  T  oann  be 
wonld  be  acted  on  by  a  finite  resu  an  { 
position  with  an  infinite  velocity.     Th 

To  fix  the  catenary  one  more  c  n 

the  parameter  y  of  the  catenary  mast  sat" 

If  L  be  the  length  of  the  cable  paid 
have  by  a  property  of  the  catenary 

D  -  L  +  i =7  log  (ft  +  7  +  i)  ~  y  log  7, 
each  side  being  the  abscissa  of  the  ship  referred  to  B  as  origin.     Substituting  for  L 
we  have  an  equation  to  Hud  y  when  h,  L,  and  D  are  known. 

The  problem  of  the  deposition  of  an  electric  cable  appears  first  to  have  been 
considered  by  Longridge  and  Brooks  (Institution  of  Civil  Engineers,  Feb.  1858). 
Another  solution  was  given  by  Sir  G.  Airy  iuthePftii.  Jlfaji.  for  July,  1858.  A  further 
disouasion  by  Mr  Woolhouse  may  be  found  in  the  Phil.  Mag.  for  May,  1360.  All 
these  include  in  their  investigations  the  friction  between  the  water  and  the  cabie. 

598.  We  shall  now  consider  how  the  solntion  is  affected  when  the  friction  ot 
the  water  on  the  cable  is  taken  account  of.  We  shall  assume  that  the  friction  on 
any  element  of  the  cable  varies  at  the  velocity  in  space  of  thnt  element,  and  acts  in  a 
direction  opposite  to  the  direction  of  motion  of  the  element.  Each  element  has 
motions  both  along  the  cable  and  transverse  to  it;  and  the  ooelficients  of  friction  tor 
these  t\Yo  motions  are  probably  not  strictly  equal.  In  order  however  to  simplify 
the  formulae  we  here  treat  them  as  eq.ual.    Let  /t  be  the  coefBoient  of  friction. 

Let  the  axis  of  x  be  horizontal,  and  let  s/  be  the  abscissa  of  any  point  of  the 
cable  measured  from  the  place  where  the  cable  touches  the  ground,  in  the  direction 
of  the  ship's  motion.  Also  let  a'  be  the  length  of  the  curve  measured  from  the 
same  point.    Then  .t^x'  +  ct,  and  s  =  s'  +  ct. 

R.  D.     II.  26 
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aa  before,  we 
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0=-, 

?'+;» 

■--IK; 

|:-.^).i, 

To  inti 

3gvate  tbeae  put  ( 

(in^; 

=  dl,/dS,  003^  = 

=  rf3;/(J(.    ] 

[chap.  xin. 


where  A  and  if  are  two  arbitrary  constants. 

At  the  point  where  the  cable  meets  the  ground,  we  must  have  either  T  =  0  or 
^=0.  For  if  ip  be  not  zero,  the  tanRenta  at  the  extremities  of  au  infinitely  small 
portion  of  the  string  make  a  finite  angle  with  each  other.  Thea,  it  T  be  not  aero, 
KBolving  the  tensions  at  the  two  ends  in  anj  direction,  we  have  an  infinitely  small 
mass  acted  on  by  a  finite  force.  Henoe  the  element  will  in  that  case  alter  its  posi- 
tion with  au  infinite  velocity.  Firstly,  let  us  suppose  that  ip  =  0.  Also,  at  the  same 
point,  ^  =  0  andi'^O.    Henee  B—  -cl. 

p.w„g^=,,„g..i,ai™»      %--i^ji^- «■ 

This  is  the  differential  equation  of  the  curve  in  which  the  cable  hangs.     To 
solye  this  equation  we  put  p  for  dyjdx'  and  find  s'  in  terms  of  the  other  quantities- 
Then  differentiating,  and  writing  l+p'  for  {ds' jdxf  bmA  v  iot  A  -  exf  -fr  eh)  via  have 
do  -  edp 

The  variablea  are  now  separated,  and  the  integrations  can  be  effected.  The 
equation  can  be  integrated  a  second  time,  but  the  result  is  very  long.  The  arbi- 
trary constant  A  may  have  any  value,  depending  on  the  length  of  the  cable  hanging 
from  the  ship  at  the  time  (=0. 

The  curve  in  its  lowest  part  resembies  a  circular  arc,  or  the  lower  part  of  a  com- 
mon catenary.  Bat  in  its  upper  part  the  curve  does  not  tend  to  become  vertical, 
but  tends  to  approach  an  asymptote  making  an  angle  cot"'  e  with  the  horizon.  The 
asymptote  does  not  pass  through  the  point  where  the  cable  touches  the  ground,  bat 
telowit,  the  smallest  dietanoe  being  J/e{e^  +  l)*;  the  asymptote  also  passes  below 
the  ship. 

It  Uie  conditions  of  the  question  are  such  that  the  tension  at  the  lowest  point 
of  the  cable  is  equal  to  zero,  the  tangent  to  the  curve  at  that  point  is  not  neces- 
sarily horizontal.     Let  'K   be  the   angle  this  tangent  makes   with   the  horizon. 
Referring  to  equations  (1)  of  Art.  59i  we  have  simultaneously 
x'-O,  ij  =  0,  e'  =  0,  T=0,  and  ■p  =  \. 

Henee  Ag'—  -e'coeJi,        Bg'—  -c^Bia\~g'ct. 

The  difierential  equation  of  the  curve  now  becomes 
dy  _   -c'ain^  +  g'{s'-ey) 

^--,.oosA  +  g'K-.:r') '^J' 

which  can  be  integrated  in  the  same  manner  as  before.  One  case  deserves  notice; 
viz.  whene  =  ootX.     The  equation  is  then  evidentl.y  satisfied  by  j/  =  3:'/^-    The  two 
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he  iotegtal  of  (3)  are  to  be  determiued  by  the  oondition  that,  when 
x'  =  0,  y  =  0,  then  d]il4^=tiin\.  Both  these  conditions  axe  satieGed  by  the  relation 
y  =3:'le.  Henoe  this  ia  the  required  integral.  The  form  of  the  cable  is  therefore  a 
straight  line,  inclined  to  the  horizon  at  an  angle  Ji  =  oot~^«;  and  the  tension  may  be 
foand  from  the  formnla  T=~ — - — r- 

Ex.  2.  Let  a  cable  be  deliyered  with  lalitityt  fiom  a  ship  moving  with  unifoim 
velocity  c  in  a  straight  line  on  tte  euifaoc  of  a  »ea  of  tiniforoi  depth.  If  the  re- 
sistance of  the  water  to  the  cable  be  proportional  to  the  square  of  the  velocity, 
the  coefficient  B  of  resistanoe  foi  longitudinal  motion  being  different  from  the 
coefficient  A  for  lateral  motion,  pro\e  that  the  cable  may  take  the  form  of  a 
Bta-aight  line  mailing  an  angle  \  with  the  honaon,  such  that  eot^\=Je*  +  ^--i, 
where  e  is  the  ratio  of  the  speed  of  the  ship  to  the  terminal  velooit;  of  a  length  of 
cable  falling  latei'ally  in  water.  Piove  also  that  the  tension  will  be  found  from  the 
equation  T=  J^  -- ^^(--cosXJ  -^-|  mg'.  {Phil.  Man.  185S. 

Small  Oscillations  of  a  Loose  Chain. 

599.  Chain  suspended  by  one  extremity.  A  heavy 
heterogeneous  chain  is  suspended  hy  one  extremity,  and  hangs  in  a 
straight  line  under  the  action  of  gravity.  A  small  distwrbance 
being  given  to  the  chain  in  a  vertical  plane,  it  is  required  to  find 
the  equations  of  motion'^. 

Let  0  he  the  point  of  aupporfe,  let  the  axis  Ox  be  measured 
vertically  downwards,  and  Oy  horizontally  in  the  plane  of  disturb- 
ance. Let  i)ids  be  the  mass  of  any  elementary  arc  whose  length 
PQ  IB  ds,  and  iet  T  be  the  tension  at  P.  Let  I  be  the  length  of 
the  string,  and  let  us  suppose  that  a  weight  Mg  is  attached  to  the 
lower  extremity.     The  equations  of  motion,  as  in  Art.  574,  are 

df~mds\     rfs/     ^'         dt'      mds\     ds}  '^  -'■ 

Since  the  motion  is  very  small,  the  point  P  wiil  oscillate  in  a 
very  small  ai'c,  the  tangent  at  the  middle  point  being  horizontal. 
Hence  we  may  put  dxfdt  =  0.     For  a  similar  reason  we  may  put 
dx  =  ds.     We  therefore  have  by  integrating  the  first  equation 
T  =  Mg  +  gflmda;    (2), 

'  This    problem  waa    studied  first   by  Daniel  Bern     U'     C  n       Act.  PeW., 

1732—1735.     Afterwards  Poisson  discussed  the  probi  m  m  th    S  th  Volama  of 

ths  Journal  Polyteckmque.lWl.    Patting  (i-.-rj^i^if*     q    It  s' according 

aa  the  upper  or  lower  sign  is  taken,  and  y'  =  yil-x)^'i        d  th    equation  to 

the  foim  SH-  =  -  .  ,"     .        He  obtams  th        It        b    m  f  two  definite 

d-ds  4(s  +  s) 

integiaJs  and  two  series,  and  thence  show  th  t  It  w  w  11  travel  up  or 
down  the  chain  with  a  uniform  acoelerat  t    d  t        equal  to  half  that  of 

gravity       The  teriKS  for  J„  was  fiiit  uied  !  y  F  the  sirih  chapter  of  his 

Thiufu  df  la  Chaleu)  and  afterwards  by  B  1  A  t  dy  f  a  generalized  form  of 
Poisson  fi  equation  may  be  found  in  the  se  nd  1  m  f  th  TMorie  GSn^ale  dus 
Surfaces  fay  Daiboux,  1889. 
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where  T=  Mg  whun  w  =  l.  When  the  chain  is  homogeneous,  tliia 
equation  takes  the  simple  form 

T  =  Mg  +  mg{l-x)    (3). 

It  may  be  noticed  (1)  that  this  expression  is  independent  of 
the  time;  (2)  that  the  tension  at  any  point  of  the  chain  is  equal  to 
the  total  weight  of  matter  below  that  point. 

Lei  the  chain  he  homogeneous  and  let  the  weight  of  the  heavy 
particle  attached  to  the  lowest  extremity  be  n  times  that  of  the 
chain,  then  M=nml.  Putting  l'  —  (n+l)l,  the  second  equation 
becomes 

^5=sf''-)|} w 

Writing  l'-x^^\  we  find 

gdt'~d^''^^d^ ^   ^■ 

The  general  integral  of  this  equation  can  be  expressed  in  the  form 
of  two  definite  integrals 

y  =  r  ^{ct+  $  cosejde  +  {'  ^|r{ct  + 1  oose)\og{^sm'  d)d0...{Q), 

where  4ic^  =  g.  These  arbitrary  functions  must  be  determined  from 
the  conditions  of  the  special  problem  under  consideration.  See 
Boole's  Differential  Equations,  Chap,  xviii. 

600.  Let  us  analyse  the  swiny  motion  of  the  chain  into  its 
harmonic  oscillations.  The  simplest  method  is  to  recur  to  the 
differential  equation  (5),  though  the  same  result  follows  also  easily 
enough  from  the  solution  in  definite  integrals. 

Putting  y  —  u  sin  {pot  +  a.),  where  4c^  =  g,  so  that  the  motion  of 
every  element  repeats  itself  at  a  constant  interval,  we  have 

S+fI+^'»=« ('>■ 

We  write  the  solution  of  this  equation  in  the  form 

n.AJ.(pO  +  Br.(pl)   (8), 

where  A  and  B  are  the  two  constants  of  integration,  and  J^,  Y^ 
are  two  functions  wliicli  may  be  written  in  the  forms 

y,  («)  -  -  r  COS  (x  cos  <l>)  log  («  sin"  ^)  ci.J>  +  2  log  2  /,  (») 

-/.Wloga,  +  |-{l+J)2^^,  +  {l+i  +  i)2^,'-^.j+.... 
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See  Forsyth's  Differential  Equations,  Art.  104 ;  Gray  and  Mathews' 
Treaiise  on  Bessel  Functions,  Chap.  ri.  They  also  give  tables  of  the 
values  of  J^  {a>)  and  /,  {ai). 

600a.  First,  let  there  be  no  weight  attached  to  the  loweT  end  of  the  chain, 
then  M—O  a,ad  I'  —  l.  Siuoe  Y^  contains  the  term  log|  irhioh  is  infinite  i^hen  f  =  0 
OS  x=l,  we  see  that  the  constant  5  =  0.  It  we  use  the  solution  expreaaed  indefinite 
integrals,  we  see  that  for  the  same  reason  the  function  ^  must  be  zero.  The 
oaciUation  is  therefore  given  by 

y  =  AMpi)urv(vct  +  a)    (9). 

Sinoe  j/=0  when  .t^O,  i.e.  |=^/(,  the  periods  of  the  principal  oaoiilations  are 
(^ven  by 

^W)  =  0 (W)- 

The  equation  J„  (a:)  =  0  has  an  infinite  number  of  real  positive  roots.  Sir  G,  Stokea 
has  given  the  following  expression  for  the  ith  root 

X     .     „.     ■050661      -053041      -362061  ,,,, 

_=,_.2E  +  -^j--^-j^j-^,  +  ijv-3p    ,11). 

See  his  Mathematical  and  Physical  Papers,  Vol.  ii.  p.  3S3  or  Tramac.  Camb.  Phil. 
Soe.  Vol.  IX.  Part  1.  The  first  root,  given  by  !  =  1,  is  i/»  =  -766,  the  other  roots  are 
given  up  to  two  plaoes  of  deoiMialsbr3!/ir  =  i-i.  The  first  iorty  roots  of  J„[x]^0 
with  the  oorresponjing  values  of  J,  («)  are  given  by  Willaon  aad  Peircc  in  the 
Bulletin  oj  the  Aineiican  Mathematical  Society,  Vol,  m.  1897,  and  also  by  Gray 
and  MathewB 

Let  T  be  the  complete  period  of  the  principal  osoillatica  oorreapondii^  to  any 
root  y5  of  the  Bessel'a  equation  (10);  then  pT  =  4jr^I/().  The  periods  for  different 
chains  theiefore  vary  as  tkt  aquaie  roots  of  the  lengths. 

In  oidei  that  a  chain  may  perform  a  prinoipai  oscillation,  it  shonld  be  initially 
placed  at  rest  in  the  form  of  the  curve  y  =  GJ^  (pj)  where  C  is  any  arbitrary  constant 
and  ^=l-x 

6006  Secondly,  let  as  tuppose  that  a  particle  of  mass  M—nml  is  attached  to 
the  lowc't  point  of  the  chain.  We  now  use  both  the  ausiliary  fonotiona  Jo  ^'^^  ^a- 
We  haie  when  the  string  is  making  a  principal  oscillation 

y  =  {AJ^{p^)  +  BY„{!,0)^a{pct  +  a)  |12). 

To  find  the  ratio  AjB  and  the  period  of  the  OBOillation  we  have  two  conditions, 
,l)asbeforej/  =  0  when  a:=0,  i.e.  4^=f,  and(2)  when  ;'  =  ;'- i,  the  value  of )/ mast 
satisfy  the  differentia!  equation  of  the  motion  of  the  particle  M.     This  equation  is 

"§=-*£ ""■ 

Wc  thus  obtain  the  two  following  equations 

AJ^{pJl'j  +  BY„{pJl'}^0. 

^lpyJo(p/)-%Ji(p/)}  +  £Wi'o(?/)-3pri(j./)}=o, 

where  J-^{xj^  ~dJg{x)ldx,  Y-^(x)^ -dr„{xjjdx  and  /s  =  i'-i.  Eliminating  A/B 
we  have  a  somewhat  complicated  determinantal  equation  to  find  the  values  of  p. 

600c.    BxampleB.    Ex,  1,     Let  the  law  of  density  be  m=-4  (i  +  l'- a:)-*  where 
/  is  the  length  of  the  chain  and  A  and  J'  are  two  arbitrary  constants.    Also  let  a 
weight  eqnal  to  2Agy/l'  be  fastened  to  the  lower  extremity:  prove  that 
y^f\{l  +  V-x)i-{ig)U}+FUl  +  V~^)i  +  mUi. 

This  integrationmay  be  efiected  by  writing  0  =  {l  +  l'ti-  (J  +  ;'-a:)i.  The  equation 

of  motion  then  takes  the  form  -r?  =  ^  3J?,,  which  can  be  solved  in  the  usual  manner. 
dt^      2  de^ 
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'&X.  2.  Show  a!eo  that  the  harmuaio  periods  of  the  chaiD  and  weight  are  given 
by  Ki'itftiiK{(i  +  E')*-i'i}  =  l. 

To  prove  this,  we  substitute  ^=/(9)9in  {K(4a)St  +  a}  in  the  differentia!  equation 
obtained  in  the  last  Example;  we  tliuB  find/(e)  to  be  tiigonometrioal.  Since  i;  =  0 
when  3:  =  0  for  aJl  values  of  (,  the  eipresaion  for  y  reduces  to 

y  =  un^${A^BiY,^{y)  +B,oos,i(j3)l} 
whwn  Jj  and  Bk  are  two  arbitrary  constants.    But,  when  x  =  l,  ij  must  satisfy  the 
equation  of  motion  of  the  weight,  viz.   d'yjdt^^  -  gdyjdx.     Whence  the   result 
follows  by  suLstitution 

Ei  3  Prove  that  the  principal  osoillationB  of  a  hetert^euBonB  chain  whose 
line  density  vaiies  as  the  nth  power  of  the  distance  from  the  lower  end  are  given  by 


ere  9  =  4t^  Hfi^p-^ln  +  l),  and  x  is  meas 
If  the  line  density  is  m  =  Kx'^,  the  equation 

imel  upwards  from  the  lowest  end. 
[Greenhill. 
(1)  becomes 

'^    d^-d^{i^ 

t-D- 

Putting  )j=.usi 

njjct  and  as  before  x  =  ^^ 

',  this  becomes 

$+^|-«-«^ 

By  a  theorem  it 

L  differential  equations,  wi 

3  know  that  if  u- 

-CTbetbe 

integral  of 

-•^li"^' 

1  the  integral  of  the  same 

!  equation  with  a 

+  3  writte 

11  for  a.     It 

lows  at  onoe  thj 

it  in  our  ease, 

The  result  to  ' 
bweeu  J„  and  J", 

bo  proved  may  be  deduced  at  once  ffom 
,  given  in  treatises  on  Bessel's  funotionB. 

the  known  relations 

601.  JOotion  Of  a  solitary  wavo.  Let  a  geometrical  point  P  move  along 
the  chain  so  that  the  velocity  (i.e.  dijjdt]  of  the  particle  whioh  at  the  time  t 
coinoides  with  F  is  always  eqnal  to  some  constant  quantity  A.  Let  it  be  the 
velocity  with  which  P  moves,  then,  following  in  our  mind  the  motion  ot  P,  we 
have  by  differentiating  dyjdt  —  A  with  regard  to  ( 

dfi     dxdt 
Let  Q  be  a  point  also  within  the  wave,  such  that  the  tangent  to  the  chain  at 
Q  makes  with  the  vertical  an  angle  whose  tangent,  i.e.  dyjdx,  is  B/T,  \yhere  B  is 
some  constant  quantity.    Let  ti'  be  the  velocity  with  which  Q  moves,  then 

r4\ 


dxdt     dx  \ 


=  0. 


Eliminating  the  second  differential  eoefBcients  of  y  from  these  equations  and  (1) 
of  Art.  599,  we  easily  deduce  that,  if  P  and  Q  coincide  at  any  instant, 
vv'  =  Tlm. 

Let  AB  be  a  disturbed  portion  of  the  chain  travelling  in  the  direction  AB  on  a 
chain  otherwise  in  equilibrium.  At  the  confines  of  the  disturbance  the  two  portions 
of  the  string  mast  not  mate  a  finite  angle  with  eaoh  other.  If  ttey  did,  an  element 
of  the  string  would  be  acted  on  by  a  finite  moving  force,  namely,  the  resultant  of 
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the  two  finite  tensions  at  its  extremitiea.  In  sucll  a  case  the  disturb iinoe  woald 
instantly  esieud  itseJf  farther  along  the  chain  and  assome  some  new  form. 
Supposing  we  esoiude  aoj  such  case  as  this,  we  mnst  have,  as  long  as  the  motion 
is  finite,  both  dyjdl  —  0  and  dyjdx=0,  at  both  the  upper  and.  lower  estremities  of  the 
distncbanoe.  If  then  P  be  a  point  at  whioh  dyldt=0.  and  Q  a  point  at  which 
dyldx  —  0,  P  and  Q  may  be  considered  as  taken  just  within  the  boundaiy  of  the 
nSTe;  P  and  Q  will  therefore  each  travel  with  tha  Telocity  of  that  boundary. 
Hence,  putting  v  —  v',  we  find  for  tlie  velocity  of  either  point 

.■=r/m. 

It  appears  therefore  that  if  a  solitai-y  loaw^  travel  up  the  chain,  the  velocity 
increa$es  as  the  wave  approaches  the  -upp^  extremity.  The  upper  end  of  the  wave 
■will  travel  a  little  qiiicha-  than  the  lamer  end,  because  the  tension  at  the  upper  end 
exceeds  that  at  the  loteer;  thus  the  length  of  the  v)ave  viiil  gradually  inerease. 
When  Lite  wave  travels  dovm  the  chain,  the  veJoHty  for  the  sanie  reason  decreases. 

If  the  chain,  is  homogtaieons,  the  bowtdaries  of  a  eolitairy  wove  tra'vel  up  the 
chain  mth  an  aeceieration  equal  to  half  that  of  gravity,  and  down  the  chai-a  mith 
a  retardation  of  the  same  numerical  avtoara, 

602.  Chain  suspended  by  both  extremities.  An  in- 
elastic heterogeneous  chain  is  suspended  from  two  Jiwed  points 
under  the  action  of  gravity.  Any  small  disturbance  heing  given 
in  its  own  plane,  it  is  required  to  find  the  small  oscillations. 

Let  the  axis  of  x  be  horizontal  and  that  of  y  vertical.  Let  0 
be  any  point  on  the  chain  when  hanging  in  equilibrium,  and  let 
the  arc  s  be  measured  from  G.  Let  (x,  y)  be  the  coordinates  of' 
any  point  P  determined  by  CP  =  s.  Let  T  be  the  tension  at  P, 
mgds  the  weight  of  an  element  ds  situated  at  P.  The  equations 
of  equilibrium  are 

Let  a  be  the  angle  which  the  tangent  at  P  makes  with  the  axis 

of  a,  then  we  easily  find     !r=  —^,    m  =  w  — ; — (1), 

■^  cos  a  ds 

where  w  is  an  undetermined  constant. 

When  the  chain  is  in  motion,  let  (w  + 1,  3/  +  jj)  be  the  co- 
ordinates of  the  position  of  the  particle  P  at  the  time  (,  and  let 
the  tension  at  that  point  be  2"  =  2"  +  ^.  The  equations  of  motion 
will  be 

d'^_ld  Lp,(d^  ^dlW  ^  ^  J.  rf  \rp,(dy  ,  ^U  _„ 

dt^  ~mdsY  \ds  ^  ds)\  •         dt^  "  m  ds Y  \ds  "^  ds)]     ^' 
which,  by  subtracting  the  equations  of  equilibrium,  reduce  to 

dp      mdsV  ds'^     ds)'      dt'^mdsV  ds^     ds)'"^  '' 
when  the  squares  of  small  quantities  are  neglected. 
Since  the  string  is  inelastic,  we  have 

{d(c  +  d^f^-{dy^-dr,f  =  {dsr. 
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Expanding,  and  rejecting  the  squai'es  of  small  quantities,  this 

becomes  "r  3- + ->^  "v^  =  0   03). 

as  as      as  as 

We  have  thus  three  equations  to  find  f,  ij  and  U  as  functions 
of  s  and  t. 

603.  Velocity  of  a  vrave.  To  find  the  velocity  with  which 
a  solitary  wave  will  travel  along  the  chain. 

If  we  suppose  a  small  disturbance  to  travel  along  this  chain, 
so  that  there  is  no  abrupt  change  of  direction  of  the  chain  at  the 
boundaries  of  the  wave,  we  must  have  at  those  points  d^jds  =  0, 
df}jds  =  (i,  d^jdt  =  0,  drildt  =  0.  and  (7  =  0.  Let  v  he  the  velocity 
with  which  one  boundary  of  this  wave  travels  along  the  chain, 
then,  following  that  boundary  in  our  mind,  we  have  as  in  Art.  601 

*l+„il=o      i"i  +  3-o      .-.^-.■^ 

d&        dsdt       '        dtds        d^       '  dV         d^' 

with  a  similar  equation  for  jj.     Thus  the  dynamical  equations  be- 
come at  the  boundary 

d&^     m  ds  ds'        \         mj  ds^     vi  ds  ds ' 
and  the  geometrical  equation  becomes  -r^  'T'  ~  ~  ZTl  j   ■ 

From  these  we  easily  get  v''  =  2'/m.     Substituting  for  T  and  m 
their  values,  we  have,  if  p  he  the  radius  of  curvature  at  P, 

v  =  ^/(gpcosa)  (4), 

■so  that  the  velocity  of  either  boundary  o/tke  wave  is  that  due  to  one 
quarter  of  the  vertical  chord  of  cwvaimre  at  that  point. 

Ex,  A  ebain  is  in  equilibrium  nttder  the  action  of  any  forces  which  ace 
functions  only  of  the  position  in  apace  of  the  element  aete^  on.  Show  that  the 
velocity  of  either  boundary  of  a  Bolitacy  wave  is  that  due  to  one  quarter  0!  the  ohord 
of  cucTature  in  the  direction  of  the  resultant  force  at  that  boundary. 


(-3 


c  aquation  of  motion.  To  salve  as  far  as  possible  tkf 
of  viotion  of  a  heavy  slack  heterogeneous  chain. 

It  will  be  convenient  to  express  the  unknown  q^uentities  ^,  jj,  U  in  tern 
one  function  ^, 

Lst  a +  <^  be  the  angle  which  the  tangent  at  P  makes  with  the  homon  at 


where  A  and  JJ  are  two  undeterniiued  functions  of  (. 


y  Google 


ART.  605.]  CHAIN   SUSPENDED    BY    BOTH    ENDS. 

The  eqimtions  (2)  now  become  by  Kubstitatioii  fcom  these  and  fraii 
c^^  ~  3^  1"  "* 


d=.,    1       d  /       y  .     \ 


...(3). 


For  the  Bake  of  brevity  Jet  aeoents  denote  differentiations  with  regard  to  ( 
Expanding  the  differentiations  on  tlie  right-hand  side,  these  eq^uafcions  may  bi 
nritten  in  the  form 


Dili'eveiil 


,tiag  the  first  with  regard  to  a  and  adding  the  result  to  th 

iting  the  second  and  eubtraoting  the  first  from  the  resolt, 

itions  evidently  give 

U COSa  =  iDg  {2ji!,da+  Ca  +  D) (9), 

'i-'Ti"^*'**'") '"!■ 

)  undetermiued  functions  of  (.     These  are 


the  g 


wliere  C  and  D  a 

etiuations  to  determine  the  email  oseiliations  of  a  slack  chain. 

The  undisturbed  form  of  the  curve  being  given,  p  is  Imown  as  a  function  of  a. 
We  may  then  use  the  equation  (10)  to  find  ^  as  a  function  of  a  and  t.  The  tension 
is  then  found  from  the  equation  (9),  and  the  displacements  ^,  ij  of  any  point  of  the 
chain  by  equations  (7). 

605.  The  determination  of  the  whole  motion  depends  therefore  on  the  solution 
of  a  single  equation.  Supposing  the  integration  to  have  been  effected,  the  expres- 
sion for  ^  will  contain  two  new  arbitrary  functions  of  a  and  (.  These  we  may  re- 
present by  f  (P)  and  x  {Q)  where  V  and  x  ^^^  arbitrary  functions  of  two  determinate 
combinations  P  and  Q  of  the  variables.  The  arbitrary  functions  A  and  li  are  not 
independent  of  C  and  D,  and  the  relations  between  them  may  be  found  by  substi- 
tuting in  equations  (8). 

We  have  thus  four  arbitrary  functions  whose  values  have  to  be  determined  from 
the  conditions  of  the  question.  Let  Ug,  a,,  be  the  values  of  a  which  correspond  to 
the  two  eitremitiea  of  the  string.  Then  the  values  of  0  and  d^jdt  are  given  by  the 
question  when  (  =  0  for  all  values  of  a  from  a  —  a^  to  a  =  ai;  also  the  initial  values 
of  A  and  IS  are  given.  Thus  the  values  of  f  (P)  and  x  {Q)  are  determined  for  all 
values  of  P  and  Q  between  the  two  limits  which  correspond  to  0=%,  t  =  0  and  0  =  01, 
(  =  0.     The  forms  of  ^  and  x  for  volueB  of  P  and  Q  exterior  to  these  limits,  and  the 


about  the  axis  of  y,  the  whole  subsequent  11 


e  symmetrical.     Thus  ^ 
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410  ySCILLATIONS    OF    A    LOaSE    CHAIN.  [CHAP.  XIII. 

must  be  a  function  of  a,  contaiaiag  when  expanded  Only  odd  powei'5  of  o.  Sub- 
stituting each  a  seriee  in  equation  (10)  vie  sae  tha,t  G  must  be  aero. 

606.  OsclUatioiu  of  a  cyeloidal  cluilii.  There  ace  eeveral  oases  in  wbich 
tlie  equation  to  find  the  emaJl  motions  of  a  cliain  maj  be  mora  oc  less  completely 
integrated.  One  of  the  most  interesting  of  these  is  that  in  whioh  tlie  chain  hangs 
in  equilibrium  in  the  form  of  a  cycloid.  In  this  case  we  have,  if  b  be  the  radius  of 
the  generating  oircle,  p=4booea.  The  density  of  the  chain  at  any  point  is  given  by 
ta=uilibeos'a,  bo  that  all  the  lower  pait  of  the  chain  is  of  nearly  uniform  density, 
but  the  (tensity  increases  rapidly  higher  up  the  ohain  and  is  infinite  at  the  cusp. 

The  equation  to  find  the  oscillations  now  taltea  the  simple  form 

di'~ 
in  whi«h  all  th         &        t 

There  are  t  oa  1  m  t  n  to 
and  down,  and  (  )  wh  n  t  w  nj,  f 
the  two  following  e  ampl 

Es.  1.  ^  ?  avy  ha  n  pended  f  i  two  points  in  the  same  hoHiontal  line 
hangs  wtder  g  Ij  the  f  f  "•  V  loid.  Find  the  lymmeirical  osciUalione 
of  the  chain,     1  n    I     U  p      t  m      s  only  up  and  doien. 

In  this  case  we  have  G  —  O.  To  find  the  nature  and  time  oF  a  email  oscillaiion, 
we  put  <p=  7,B  sintt  +  SB'eos «t, 

where  S  implies  summation  for  all  values  of  k,  and  B.  U'  are  functions  of  a  only. 
Substituting,  we  have  -3^  +4  (  1 +  — ]  Ji  =  0; 

with  a  similar  equation  to  find  ^'.     Therefore  ii^Xsin  -{20  {l  +  —  )  I, 


■iHS+'*"''f ™. 


where  L  is  an  acMtfary  constant,  the  other  constant  being  determined  by  the 
consideration  that  the  motion  is  symmetrioal  about  the  asis  of  y.  For  the  sake  of 
brevitj-,  put  \=2^[l  +  bs^ig).     Substituting  in  (7),  we  find  that  the  terms  derived 


^  ==  2  [  -  L  j^  {X  cos  Xa  COB  3a  +  2  sin  Xa  sin  2a} - 


where  li  is  a  constant  depending  on  the  position  of  the  points  of  support.  The 
terms  derived  from  R'  must  be  added  to  these,  but  have  been  omitted  for  the  sake 
of  brevity.  They  may  be  derived  from,  those  just  written  down  by  writing  cos /it 
for  sin  Kt  and  changing  the  constants  L,  H  into  two  other  constants  L',  R'. 

Let  the  length  of  the  chain  be  21,  then  at  either  end  siaa^^ljib.  At  both 
extremities  we  must  have  £=0, 11  =  0.  AU  these  four  conditions  can  be  satisfied  if 
tanXa„/\  =  ^  tan  2%. 

This  equation  therefore  determines  the  possible  times  of  symmetrical  vibration  of 
a  heterogeneoas  chain  hanging  in  the  farm  of  a  cycloid. 

607.  If  a  be  imj(  very  large,  the  oscillations  are  nearly  the  same  as  those  of  a 
uniform  cha.in*.  In  this  case,  since  a^  is  small  but  Xog  is  not  necessarily  small,  the 
equation  to  determine  X  is  approximately 

*  The  reader  who  may  wish  to  see  another  method  of  discussing  the  smaJl 
oscillations  of  a  suspension  ohain  may  consult  a  memoir  by  IVIr  Hiihrs  in  the  ninth 
volume  of  the  CamMdge  Transactions  1851.  Mr  Rohra  considers  the  chain  to  be 
homogeneous,  symmetrical  about  a  vertical  line,  and  nearly  horizontal  from  the  be- 
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ART.  fi08.]  CHAIN    SUSPENDIED   HY    BOTH    ENDS,  4H 

The  least  value  of  Xoj  which  can  be  taken  is  a  little  leaa  than  |jr,  viz.  Aaj^  4-4934. 
Hence  \  ia  great,  and  therefore  K  =  \(3/46)i  nearly.  The  eipresaioES  tor  f  and  ij  now 
take  the  simple  forms 

The  terms  depending  on  cos  at  have  been  inelnded  in  these  eipi'essions  for  |  and 

b     ntrod        g  e  into  the  trigononietrioaJ  faetor. 

Th         t      f  the  equation  tan^o„  =  ^^l[|  may  be  found  by  continued  approsi- 

ra  ti  a      Th   first  is  zero,  but,  since  \  occurs  in  the  tlenominator  of  some  of  the 

mall  t    m      this  valne  is  inadmissible.     The  others  may  be  expressed  by  the 

f    m  la  \    =J(2t  +  l)ir-fl,  where  S  is  not  very  lacfta.    This  malies  the  time  of 

b  ati  n  n  a  ly  equal  to  ^  -  ^  -    ,       •    Thus  the  times  of  vibration  of  the  chain 
3(  +  l  ijigb 
are  all  short. 

This  result  will  explain  vihp  the  marching  of  troops  in  Um4  along  a  smpenHon 
bridge  may  cause  oicitlatioTti  wMeh  are  so  great  as  to  be  dangeraiis  tn  the  bridge. 
It  is  clearly  possible  that  the  "  marching  time  "  may  be  equal  to,  or  very  nearly 
equal  to,  some  one  of  the  times  of  vibration  of  the  bridge.  If  this  should  ooour 
it  follows  from  Arts.  338  and  340  that  the  stability  of  the  bridge  may  be  severely 
strained. 

It  should  be  noticed  that  the  terms  in  the  expression  for  {  have  the  square  of  X 
in  the  denominator,  while  those  ia  the  expression  for  ij  have  the  first  power  of  \. 
Since  X  is  great  we  may  as  a  first  apprommation  reject  ilie  valv£i  of  ^  altogether,  and 
regaj'd  each  element  of  the  chain  as  siniply  mooing  up  and  dmiin, 

608.  Ex.  2,  A  heavy  chain  luepended  from  tjpo  points  Jiangs  under  gravity  in 
the  form  of  a  cycloid.  If  it  smings  from  side  to  side  in  its  oien  plane  so  that  the 
middle  poiM  ha«  only  a  lateral  motion  without  tmy  perceptible  vertical  motion,  find 
the  times  of  oscillation. 

As  in  the  last  example,  we  put        0  =  Sli  sin  nt  +  SR'  cos  at, 


Q  equation  (11),  we  see  th 

2C=SftBin«t  +  Stoo9Kt  where  h  and  ft  are  arbitrary); 

lonatants.     The  equation 

find  B  becomes                        f?  +  4  (1  +  —  )  B=  -  'i- 

rweputX2:=4(l  +  6«a/3)  as  before,  we  find  Ji= - 
Thence  taking  the  term  of  ^  which  contains  si 
I  h'-hbeas'ia     ^     26     ,, 


-n-(2a  +  sin3«) 


e  have  in  the  ai 


-ij^{Xeo3(AB  +  M)eos2a  +  2Bin(\a  +  M]sin2a}-i  — cos  (\a  +  M)+H. 

If  v^e  suppose  the  two  supports  to  be  in  the  same  horizontal  line,  we  must  liave 

ginning  of  the  process.  In  the  second  edition  of  this  treatise  (he  small  oscillations 
were  treated  on  the  same  hypotheses,  but  in  a  different  manner.  That  method, 
however,  is  not  nearly  so  simple  as  the  one  here  given  in  which  the  approiimate 
oscUlatious  for  a  catenary  are  deduced  from  the  accurate  ones  for  a  cycloid. 
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412  OSCILLA'IIONa   OF   A    LOOSE    CHAIN.  [CHAP.  .XIIT. 

.5  =  0  snd  71  =  0,  when  a=±a„.  These  conditions  may  be  satisfied  if  we  take 
M=iTr,  H=0,  for  then  J  becomes  an  even  and  i;  an  odd  function  of  a.  Id  this 
case  i)  =  0  at  the  lowaet  point  of  tha  chain.  We  have  then  two  equations  to  find 
Ljh;  cqnating  its  values,  we  have 

in  \ati\^-i 

IE  2(1(1     A     _  \  tan  \a„  tan  3a„  +  2 


.n  Sou  -  X  tan  \b„  - 


609.  If  a„  be  small,  this  equation  is  very  nearly  satisfied  by  ?iao  =  i?r,  where  i  is 
any  iateger.    In  this  case  the  complete  expressions  for  f  and  i?  take  the  simple  forms 

GIO.  Examples,  Es.  I.  If  we  change  the  variables  from  a,  t  toji,  q,  where 
show  that  the  general  equation  (10)  of  amall  oscillations  takes  the  form 

where  ^*=s  cos  o/p  and  ^=ii^'. 

Show  also  that  the  coefficient  of  0'  is  a  function  of  p  +  g,  the  form  of  the 
function  depending  on  the  law  of  density  of  the  chain. 

This  transformation  may  be  useful,  beoaase  it  follows  from  Art.  603  that  p  is 
constant  for  the  boundaries  of  a  solitary  wave  travelling  in  one  direction,  and  q  for 
a  wave  travelling  in  the  other  direotion. 

Ex.  3.    A  heavy  chain  hangs  in  equilibrium  under  gravity  in  such  a  form  that 

its  intrinsic  equation  is  =  — sin'(3o  +  c),  where  h  and  c  are  any  constants. 

Show  that  its  law  of  density  is  given  by  m=v>  —  - — -^ —  .  If  such  a  oiiain  be 
set  in  motion  in  any  symmetrical  manner,  prove  that  its  motion  is  given  by 

21,.       )*'{'*        21.       jf- 


(,.l,m|2.  +  ,)JP 


Ex,  3.  If,  in  addition  to  gravity,  each  element  of  the  chain  be  acted  on  by  a 
small  normal  force  whose  magnitude  is  Fg,  prove  that  the  equation  of  motion 

ot  Ito  chain  1.  _f_  Jl  _  «  -  4,  -  20  =  ^  ^  +  2  Jji;  i.. 

IE  the  chain  is  nearly  horizontal,  so  that  a  is  very  small,  and  if  F=/Bin  (at -co), 
prove  Umt  tibe  coefGcient  of  the  corresponding  term  in  the  expreseion  for  0  is 
(2-«')/»/l3P-«)-|«"lt. 

El.  4,  A  heavy  chain  of  length  21  is  suspended  from  two  points  A,  B  in  the 
same  horizontal  line  whose  distance  apart  is  not  very  different  from  21.  Each 
particle  of  the  chain  is  slightly  disturbed  from  its  position  ot  i-est  in  a  direction 
perpendicular  to  the  vertical  plane  through  Ali.    Find  the  small  oscillations. 

Gil.     Ex.     A  uniform  string  in  the  form  of  s 


y  Google 


ART.  612.]  LONGITUDINAL    VIBIIATIONS. 

Show  thai,  if  tha  string  be  slightlj  displaced  so  that  initially  it  is  at  rest  an 
forinr^o  +  Zti^eOEinS,  thenat  any  subsequent  time  t  its  tocm  will  be  dGtera 


■wheie  X  implies  aummation  from  m  —  ltom  —  in.    Discuss  the  result  (1)  when  ra  =  l 
and  n  =  l,  and  (2)  whea  n=3.    [See  Act.  579,  Ex.  2.]  [Math.  Tripos,  1884. 

Small  Oscillaiions  of  a  Tight  String. 

612,  An  elastic  string  whose  weight  may  he  neglected  and 
whose  unstretched  length  is  I  has  its  extremities  fixed  at  two  points 
whose  distance  apart  is  I'  where  I'  >  I.  The  string  being  disturbed, 
so  that  each  particle  is  moved  along  the  length  of  the  string,  find  the 
equations  of  motion. 

Let  A  be  one  of  the  fixed  points,  and  let  AB  be  the  string 
when  unstretched  and  placed  in  a  straight  line.  Let  the  extremity 
B  be  pulled  until  it  reaches  the  other  fixed  point  B'.  Let  FQ  be 
any  element  of  the  unstretched  string,  P'Q'  the  same  element  at 
the  time  (.  Let  AP  =  re  and  let  the  abscissa  AP'  be  x'.  Let  T 
and  T+dT  be  the  tensions  at  P'  and  Q'.  Let  M  be  the  mass  of 
the  whole  string,  m  the  mass  of  a  unit  of  length  of  unstretched 
string.  Since  the  mass  of  an  element  is  rndx,  the  effective 
force  on  it  is  {mdx)  {d^x'jdf).  The  difference  of  the  tensions  at 
the  two  extremities  of  the  element  is  dT.  Equating  these,  we 
find  that  the  equation  of  motion  is 

"wa <i>- 

if  E  be  the  modulus  of  elasticity,  we  have  by  Hooke's  law 


Hi  +  i W, 


ElirainatinET  T,  we  have  -7--  =  — ^-r C^^)- 

"  dt"      mdx^ 

It  should  al80  be  noticed  that,  assuming  as  usual  the  truth  of 
Hoohe's  law,  these  equations  and  results  are  not  merely  approxi- 
mations, but  are  accurate  when  ic'  —  a;  is  not  small*. 

It  is  often  more  convenient  to  select  some  particular  state  of 
the  string  as  a  standard  of  reference,  and  to  express  the  actual 
position  of  any  particle  at  the  time  t  by  its  displacement  from  its 
position  in  this  standard.  Thus,  if  the  nnstretched  state  AB  of  the 
string  be  chosen  as  the  standard  of  reference,  we  put  x' ^x+^,  so 

*  The  assumption  that  the  motion  of  every  paitido  in  any  transverse  section 
is  the  same  may  be  justified  by  using  the  equations  of  motion  of  an  elastic  solid. 
It  has  been  proved  by  Chree  that  if  we  cetaiu  terms  depending  on  the  square  of  the 
ratio  of  the  thiotnesa  to  the  length  of  the  rod  the  results  obtained  are  in  acoprdance 
with  the  equation  (3).     Quarterly  JoumaJ,  xsi.  1886,  iiiu.  1889,  xxiv,  1890. 
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414  OSCILLATIONS  OF  A  TIGHT  STRING,  [CHAP.  XIII. 

that  ^  is  the  displacement  of  the  particle  whose  abscissa  ia  the 
iiiistretched  state  is  x.     The  equations  of  motion  now  become 

p.^%  T^Ef (4). 

dt'     max''  da: 

612  a.  If  the  position  of  the  string  when  stretched  in  equili- 
brium is  taken  as  the  standard  of  reference  the  equation  of  motion 
is  somewhat  different.  Let  Pj  be  the  position  of  the  point  P  in 
the  stretched  string  and  let  Xi  be  the  abscissa  of  Pi,  then  x,jl'  =  cojl. 
Let  m'  =  mljl'  be  the  mass  of  a  unit  of  length  of  stretched  string. 
Let  also  w'  =x,  +  ^,  so  that  ^i  is  the  displacement  PiP'.  By  sub- 
stituting in  (3)  the  differential  equations  become 

dVm'ldxC-'  ""^    I    dx,     ^  '■ 

where    T„  =  E  (I'  —  l)/l   is   the    tension    of    the    string   when    in 
equilibrium, 

613  6.  If  we  put  E  =  nM' the  typical  equatiofl  (4)  takes  the  form  j^  =  '*^j-^- 
The  most  elementary  methoil  of  obtainiag  a  solution  is  by  a  change  of  the 
independent  variablea.    Pat  at-x=p,  at  +  x  =  q,  and  we  find 


\ir    it)  '    \    ir    ill  '■ 


!E  i=f  (p)  +  i''  (9),  01'  after  replacing y,  q  by  their  values 

f-/(<.I-a:)+F(a(  +  i) (6), 

It  ia  sometimes  useful  to  substitute  for 
or  -f[x-at). 

612  0.  The  two  waves.  Referring  to  equation  (6)  we  see 
that  the  most  general  motion  of  the  string  is  found  bj  superim- 
posing the  motions  determined  by  X  =/(at—x)  and  X'=F(at+a;), 
where  ^  —  X+  X'.     Let  us  consider  these  S' 

R   , ■ 


At  each  point  P  of  the  unstretched  string  draw  an  ordinate 
PR  equal  to  the  longitudinal  displacement  X  of  P  at  a  given  time 
t.  The  iocus  thus  traced  out  by  R  exhibits  to  the  eye  the  actual 
displacement  at  the  time  *  of  every  point  of  the  string.  When  t 
alters,  this  locus  will  change  and  adapt  itself  to  the  changing 
motion  of  the  string.     If  the   string  vibrated   transversely  this 
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construction  would  be  unnecessary,  for  the  displaced  string  would 
itself  form  the  ]ocus  of  R. 

Let  a  point  G  starting  from  any  position  travel  along  the  axis 
AB  in  such  a  manner  that,  if  ic  be  its  abscissa,  a(  —  iC  is  constant 
and  equal  to  c.  The  velocity  of  C  is  therefore  uniform  and  equal 
to  a.  Since  the  displacement  of  the  point  of  the  string  at  any 
instant  coincident  with  G  is  equal  to /(c),  the  displacement  at  G  is 
always  the  same.  If  then  G  at  starting  coincide  with  the  foot  of 
an  ordinate  of  given  magnitude,  it  will  always  be  at  the  foot  of  an 
ordinate  of  the  same  magnitude.  This  is  the  same  thing  as  saying 
that  every  ordinate  of  the  locus  moves  continually  in  the  positive 
direction  with  a  velocity  equal  to  that  of  G  without  changing  its 
magnitude.  The  locus  travels  along  the  axis  as  a  wave  travels  on 
the  surface  of  water. 

The  conclusion  is  that  the  equation  ■X=f{ai,-ai)  represents 
a  wave-like  motion  which  travels  in  the  positive  direction  with 
a  uniform  velocity  equal  to  a  without  changing  its  form.  In  the 
same  way  the  equation  X'  =  f(ai  +  a:)  represents  a  wave  motion 
which  travels  with  a  velocity  equal  to  —  a.  Such  a  wave  travels 
in  the  negative  direction  of  the  axis. 


In  the  case  of  the  string  the  velocity  of  either  of  these  waves, 
when  referred  to  the  unstretched  string  as  the  standard,  is  (Ejm)K 
If  the  equilibrium  position  of  the  string  is  taken  as  the  standard, 
the  velocity  of  either  wave  is  (Sl'/m'l)K  Shortly  we  may  say 
that  the  velocity  is  such  that  the  time  of  traversing  a  length  I  of 
unstretched  string  or  a  length  V  of  stretched  string  is  I  {mjE)^.  It 
should  be  noticed  that  this  time  is  independent  both  of  the  nature  of 
the  disturbance  and  of  the  tension  of  the  string. 

Solitary  waves.  We  may  also  suppose  that  the  initial  dis- 
titrha/nce  ecdends  over  only  a  portion  EF  of  the  whole  string,  the 
remainder  being  undisturbed.  The  argument  shows  that  this 
disturbance  may  be  replaced  by  two  initial  disturbances  which  also 
extend  only  over  EF.  In  one  of  these  the  displacements  at  the  ex- 
treme points  E,  F  (like  that  at  G)  will  travel  with  equal  velocity  in 
one  direction  and  in  the  other  disturbance  the  displacements  at  E,  F 
will  travel  in  the  other  direction,  the  length  EF  being  unchanged 
in  each  case.  The  oiiginaj  disturbance  therefore  separates  into 
two  solitary  waves,  the  stiing  being  undisturbed  immediately 
before  and  behind  each. 

When  the  initial  conditions  are  such  that  at  all  points 
d^/dt  =  —  ad^ldtv,  we  have  by  (6)  F=0  and  ^  =  f(at  —  x) ;  there  is 
then  but  one  wave  and  that  wave  travels  in  the  positive  direction. 
When  the  initial  conditions  make  d^fdt  ~  +  ad^/dx,  we  liavey=0 
and  ^  =  F(at  +  x);  the  wave  is  again  solitary  but  travels  in  the 
negative  direction. 
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612  d  Each  of  the  waves  ioto  which  the  motion  has  been 
analysed  may  be  further  analysed  by  expanding  the  function  into 
a  series  of  sines  and  cosines.  Let  this  expansion  be 
f  {at - 0))  =  A,  sin  [rti (at- a;)  + 'J,]  +  Aa  sin  [ni{at~a:) +  Bk}  +&c. 
Taking  any  one  terra,  say  X„  =  A  sin  {n(at  —  w)  +  a], 
the  motion  represented  by  X^  may  be  called  a  simple  wave  or  a 
harmonic  juajie.  The  coefficient  A  expresses  the  maximmn  extent 
or  amplitude  of  the  oscillation.  The  period  of  the  oscillation  of 
any  particle  is  ^-n-jno.;  the  reciprocal  of  the  period  is  called  its 
freqmnoy.  This  latter  term  is  due  to  Lord  Rayleigh.  If  we  trace 
the  curve  whose  absciss:i  is  x  and  ordinate  X„,  regarding  t  as 
constant,  we  see  that  the  portions  of  the  curve  between  the 
ordinates  given  by  ie,  a;  +  2Tr/»(,  a:  ±  4nrjn  &c.  are  similar  and  equal 
10  each  other.  In  other  words  the  values  of  the  ordinates  recur 
when  w  is  increased  by  2irjn.  The  quantity  l-jrjn  is  therefore 
called  the  length  of  the  wave.  lb  follows  that  those  waves  in  which 
n  is  least  have  their  periods  greatest  and  their  lengths  longest 
Of  two  oscillations  of  unequal  period,  the  one  of  shorter  period 
is  called  the  sharper  of  the  two  and  the  one  of  longer  period  is  said 
to  be  the  flatter. 

613.  An  elastic  string,  stretched  as  described  in  Art.  612,  is 
slightly  disturbed  in  any  manner,  to  find  tlte  equations  of  motion. 

Following  the  same  notation  as  before,  let  (af,  y,  s)  be  the  co- 
ordinates of  P'.  Proceeding  exactly  as  in  Art.  574,  we  may  form 
the  equations  of  motion.  Since  the  mass  of  an  element  is  rndx 
instead  of  mds,  the  equations  will  be 

where  ds'  is  the  length  of  the  element  P'Q'.     If  S  be  the  modulus 

d^             T 
of  elasticity  we  have  by  Hooke's  law  -j-  =  1  +  -^ (4). 

Since  the  disturbance  is  very  small,  dy'jds'  and  d^jds'  are  very 
small,  and  dx'jds   is  very  nearly  equal  to  unity.     Hence  the  first 

equation  takes  the  form   m  -y-j  =  ~T' (5). 

dx  T 

and  Hooke's  equation  takes  the  form      ^—  =  1  +  -j=i . 

^  ax  J^ 

Tbese  are  the  same  as  equations  (1)  and  (2)  of  Art.  612,  so  that 
when  the  disturbance  is  small  the  longitudinal  motion  is  independent 
of  the  motion  transverse  to  the  string. 

In  the  second  equation  we  inay  regard  T  as  constant,  its  small 
variations  being  multiplied  by  the  small  quantity  dy'jds'.  Hence 
we  may  put  T=T„,  where     T<,  =  E(l' -  1)11. 
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This  gives,  by  equation  (4),  ds'ldic  =  l'jl,  and  therefore  ds'  =  die^, 
where  as  before  «,//'  =  x/l.  Let  m'  =  mljl'  be  the  mass  of  a  unit 
of  length  of  the  stretched  string  when  in  equihbriiini.  The 
I  of  motion  then  becomes 


dy_2y^      rfy  _  y,  <; y 


..(6), 


mi'  das^  dt^      m'  dsc-^' 

according  as  the  unstretched  or  stretched  string  is  the  standard  of 
reference.     The  third  equation  may  be  treated  in  the  same  way. 

The  velocity  of  a  transverse  wbration  measured  in  units  of  length 
of  stretched  string  is  therefore  (To/m')*.  The  time  of  traversing  a 
length  I  of  unstretched  string  or  V  of  stretched  string  is  {mll'jTa)^. 
This  velocity  is  independent  of  the  nature  of  the  disturbance,  but 
depends  on  the  tightness  or  tension  of  the  string. 

QlSa.  As  the  strings  used  in  musical  instruments  are  very 
slightly  extensible,  the  lengths  I,  I'  are  very  nearly  equal.  We 
may  therefore  put  unity  for  the  factor  I'jl  whenever  it  occurs  in 
the  small  terms.  The  two  forms  given  in  (6)  of  Art.  613  are  now 
identical,  and  the  equations  of  transverse  motion  may  be  written 
in  the  form 

^-«.-%    Tension -r. 
at'  ax' 

where  a  is  the  velocity  of  a  wave,  a^  =  TJm',  and  at  is  either  the 
stretched  or  unstretched  length  of  the  abscissa. 

613  Z>.  We  may  here  notice  one  point  of  difference  between  the  equations  of 
motion  of  longitudiDol  and  transverse  vibratione.  lu  the  former,  Eupposing  tliat 
there  are  no  ti-ansversal  vibrations,  no  approxiaiationB  aie  made,  so  that,  as  already 
pointed  out,  the  ec[iiationa  (4)  and  (5)  of  Art.  612  hold  for  large  aad  small  vibra- 
tiona.  In  the  latter,  even  if  the  longitndinal  vibrations  are  insensible,  we  assnme 
that  ds'jdx  and  dxjdx  are  bo  nearly  equal  that  we  may  write  the  one  for  the  other. 


If  the  siring  vibrate  without  sensible  longitudinal  vibrations  |j  is  of.  the  second  order 
of  small  quantities,  and  as  the  enhstitntion  for  ds'jdx  is  made  on  the  right-hand  side 
of  (2),  which  already  contains  the  small  quantity  dy'jds',  the  differential  equation  (6) 
is  correct  when  we  oan  neglect  the  cubes  of  small  quantities.  If  however  the  string 
osoillates  simiiltaneously  with  longitudinal  and  transversal  vibrations,  ^,  is  of  the 
fii^t  order  of  small  quantities,  so  that  the  tTansversal  and  longitudinal  mbratioia 
are  independent  only  when  -me  ca/ii  neglect  the  sqjiares  of  small  quantitiei, 

613  c.  A  finite  sijing  stretched  between  tmo  fixed  yoinie  A,B  is  initialls  dittwbed 
so  that  the  transversal  di^plaeemsnt  y  at  any  ^oint  distant  z  /roiR  A  is  ip  (x),  and 
tlie  initial  vfhcity  dyjdt  at  the  same  point  is  iji{x).  To  find  the  functioiu  f{s] 
and  F  [sj  when 

y^/(x-at)  +  F{^  +  at). 

We  have  two  sets  of  conditions,  y  =  i//{x)  and  dyjdt  — ifiixl  when  (=0  for  all 
values  of  X  between  a:  =  0  and  x^l;  also  ^==0  when  ^  =  0  and  i:  =  l  for  all  values 
of  t  positive  and  negative. 

R.  D.    n.  27 
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Th    tl     d         It  fi-")^  -F(z)  where  z^at  for  all  v(diie»  of  z  and 

1  that   /  ma    b    ivntt  d    n  the  form 

j=~¥(at-x)-\-  F  {at  +  x). 

Th  f  th  ndt  nfe  s  P(o(- i)  =  F((W  +  Z)  and  pravea  that  Jf(j)  ia  uaalteied 
h  n  a    d  o   d       as  d  by  2i. 

The  trst  and  second  conditions  give 

then  by  integration 

These  two  equations  determine  P(3i)  and.F{-x}  for  all  values  of  a  between  3t=;0 
anfl  X—  +1.  It  followB  that  i'(s)  is  known  from  z—  -i  to  +1  and  its  vahies  repeo,t 
iifhen  z  IS  altered  by  2? 

All  these  values  of  F  (i.)  have  the  eame  couetant  of  mtegiation  but  this 
constant  disappears  on  Bulatitution  m  the  equation  given,  above  for  y  Thia 
oonatant  may  therefoie  he  omitted 

bl4  OrapMoal  solution  Ifte  may  use  tbe  theoiem  on  the  two  ifta\es 
(Art  filic)  to  investigate  tlie  motion  of  ttrui  f  jimtf  tenith  also  Th  ide'i 
la  to  produce  the  string  both  ways  indelimtely  and  }y  chooaing  projei  initial 
conditions  foi  the  additional  portiocB  to  constmet  the  two  our\es  \=_/{a;) 
X  =F{x)  so  that  their  oidinates  A  ind  1  nhall  represent  the  jmtjal  tondtttojts 
throQgliout  the  whole  length. 

Since  the  displacement  at  any  point  of  the  string  may  be  written  in  the  form 
y^f(^-at)  +  F(x  +  at) 
it  lollowB  that  if  the  curve  X=f{x)  is  moved  to  the  right  and  the  other  to  the  left 
each  through  a,  dislanee  at  the  sum  of  tlieir  ordinales  at  any  point  N  of  tlie  string 
a  eqial  to  1  te  d%splaceiaent  of  the  M  g  at  N  at  the  t  net  Tl s  velocity  dyjdt 
8  p  oport  onal  to  (fte  d^ejence  of  the  laigeita  of  tie  ngUs  the  tangents  at  N  to 
the  two  cir  ei  make  inth  t  e  ama  of  x  a  d  the  %ncl  nation  Ayjdx  of  the  string 
to  tJiat  ax  s    I  p  opor   O'lal  to  the  sa     of  the    aae  taltge  t 

614  a     To  make  th  s  clear  let    b  apply  the  method  to  a  p  ohlem  of  Helmholtz. 
A  itnng  of  ^  <jt       st  e^:    dbetoe    tuo  Jixed  po  n  s  i   B    >  d  aUR  aside  at  some 
p  'tl   C     dis      ce  CC       p   pendinularly  to  AB  and  then  released.     It  is  required 
find    he     lb    qte  ti 

In    al  y  h    fin  te       mg      e  without  velocity  in  the  form  of  two  straight  lines 

AC     CBS  ty  s  proportional  to  the  difference  of  the  tangents  of 

n     n  h      w      mves  to  the  a>:is  of  x,  we  shall  take  the  two  travelling 

rv  am      nd       coincide  initially.     We  shall  also  assume  as  a  trial 

h  h      m  d      p    f  straight  lines  of  equal  length  alternately  inclined 

tip  and  down  to  lie  stirng  and  intersecting  it  in  the  series  of  points  B,  B, ,  B„  &c., 

A  Al   do    which  are  at  eq^ual  distances      They  are  represented  in  the  figure  by  a 

dotted  line 

If  the  intersection  D  of  the  two  straight  bn's  AB,  BD  bisects  the  initial 
dispJaoement  (.  (7  we  ha  e  e  nitiui,tcd  tl  e  t  v  e  irves  which  lepieseut  the  ^iven 
initial  conditions  of  the  stimg  at  all  points  bet  veen  A  and  B  rhe  string  being 
pro  luced  and  the  fastoniKfeS  at  i  i!  rpmoved  p  suppose  that  such  mitial  di-.j.lace- 
menis  aie  given  to  the  produced  lorti  ns  that  they  also  are  lepiesented  by  the 

>  s  parated  b^  moving  one  to  the  left  and  the  other  to 
It  thcj  are  ep  esented  m  the  figure  by  the  lines  EFGH, 
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E'F'G'H'.  Sines  the  alternate  portions  of  either  curve  have  their  ordinates  et[ual 
and  opposite  eaeh  to  each  the  anm  of  the  ordinatca  at  A  and  Ji  ia  always  aero,  and 
the  tangents  also  are  parallel.  It  follows  that  the  infinite  string  always  passes 
throagh  the  points  A  and  B  and  that  the  velocity  at  eaoh  point  is  zero.  These  two 
points  remain  abeolntely  fixed  in  space. 


If  the  string  were  now  fastened  to  fixed  pegs  at  the  points  A,  B  and  the  portions 
beyond  A  and  B  removed,  the  ^notion  of  the  portion  betweeit  A  and  B  loouM  remain 

In  this  way  all  the  initial  conditions  as  well  as  those  at  the  estremities  of  the 
finite  string  have  been  satisfied.  The  position  of  the  string  at  any  time  (  oan  be 
oonsti  noted  by  puttmg  the  two  eutves  into  position  and  adding  the  ordinates. 

if  a  curve  is  constructed  by  adding  the  ordinatea  of  two  straight  lines,  that 
Euive  mnet  also  be  a  straight  line.  A  glance  at  the  fignre  shows  that  at  any 
instant  tlie  stimg  must  have  the  form  of  the  three  dotted  straight  lines  AL,  LM, 
MB,  where  L,  M  he  on  the  ordinates  of  F,  F'.  It  only  remains  to  traue  the  paths 
a  d  m  t    n    t  L,  M. 

A  tl  rves  move  it  is  olear  from  the  figure  that  M  wi]l  reach  B  and  pass  to 
th  th  le  of  AB.  We  may  trace  its  motion  by  moving  the  ourves  eontinnally 
nwa  1  Bnt  this  is  nnneoesaaiy.  After  a  time  Ija  every  straight  line  will  have 
u  d  tl  ame  length  I  along  the  aiis  of  x,  and  therefore  the  two  ourves  will 
agaii        n    de  as  at  the  beginning  of  the  motion  except  that  t/te  orMnates  are  all 

I     After  a  second  period  IJa  they  are  reversed  ^■ 

again  and  the  string  has  resumed  its  original  position. 
The  folloicing  comtrnction,  is  noio  evident.  The  string 
has  initially  the  position  AC,  G'S ;  take 

C'L^C'M^at, 
the  portions  AL,  MB  remain  at  rest  until  the  dis- 
turbance reaches  them,  i.e.  for  a  time  (.     Hence  L, 
M  travel  along  C'J,  C'B.  Join  <7' to  the  middle  point 
0  of  All  and  produce  CO  to  C"  where  OC"  =  C'0.  C" 

Then  L,  M,  when  they  have  passed  A  and  B  respectively,  travel  v 
velocity  along  AC",  BC"  and  arrive  simultaneously  at  G",  after  a  tim 
return  along   their  previous  paths  to  C  and  the 
repeated. 

In  the  figures  the  displacements  of  the  string  t: 


X  have 


arily  been  greatly  exaggerated.     It  should  be  remembered  that  the  angles  the 

27—2 
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ipvial  lines  laike  with  the  axis  of  i  ai 
legSiiilfd  a.b  [Qit^ 

When  the  stiing  does  not  stait  from  lett  the  two  curvee  X-f(x),  X'  —  F{x) 
ftie  not  identical  and  the  u  pi  lun  distoverj  ot  their  proper  forms  maj  be  diffioult. 
We  canhowevei  alwaji  determiue  these  b^  naing  the  resalts  of  Art.  613  e. 

eUt  Another  constrvctioii  for  a  phu! cd  itnng.  Let  two  points  F,  Q  be 
placed  on  the  ordmates  of  L,  M  at  difltanoee  ij  ?;'  from  AB  (figure,  Art.  614a). 
Draw  AF,  PB  and  AQ  QB  The  sum  of  the  ordinates  of  the  two  broken  lines 
AFB  AQB  will  (for  any  absoissa)  be  equal  _, 

to  the  ordinate  of  the  broken  hne  ALMB 
pionded  this  lelation  holds  at  each,  of  the 
foui  points  A  L,  M,  B  This  evidently 
follows  from  the  Imcanty  of  the  equation  of 
a  straight  line.  The  etring  AB  is  plucked 
atCandCC'^-j'.  hetAC=li,BC-l^.  The 
ftbseissae  ot  L  and  Jif  are  li-at  and  Ij  +  at; 
the  ordinates  are  obtained  from  the  obvious 
properties  of  similar  triangles.  By  using  a 
little  geometry  we  can  show  that  the  required 
relations  will  hold  at  L,  M  if 

{t,  ~  at)  (I  +  at)  y 

Thus  the  position  ALMB    f   h    p      k  d        nj    a    b    n 
dUplanKments  AFB,  AQB     a  of  1 

If  we  write  ^  =  l^-a  fo  te  abscissa  o  P  we  find  a  tepahofJ  aai 
arc  of  the  parabola  21,  j^j  ■)  i  ^)  Th  pa  ab  a  pas  es  th  o  gh  the  ends 
A,  B  of  the  string,  its  ax  s  b  ec  s  AB  at  ight  an  es  and  the  con  avit  s  n  d 
towards  AB  After  P  has  arnved  at  the  end  A  of  the  string  it  follows  L  and 
dea     b  th      p      b  1  q     1 1    th   f    m     b  t  h        g  t  ty  t         I 

pwaid       Tl      p      tPQd        btl         mpthbtmpp     tdett 
Thy  Iwy         th        dlefLJUdd        bthhl  rs         th 

tiffi    2lj 


at)y 
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E     1      A 


d  fl    t  ly 


t     d    g               p  rt       BP  t       1          th    d 
ach      B    t  wllbe      ilae^by          w  w           1 
111    t       BFE        t    t  h  a       8      tei          d   pi 
1    1  and    ppo   t    t    tl    t    t  Br    t  th        m 
11  d  th       fl    t  d  w 

LFB      Bh  w  th  t  when    t 
It        1    b    k  f         B        th 
m     t    iFE  (   h       FB=BF) 
ta  t    f  t  m       Th                ally 

E            A      It        d       t    d  a  ind  fin  t  ly 
I  p    t        EF      d   En  b  d  1     git  a      Uy     If  th 

d   eob       t            te     tJJ 
pp        h        E                 f 

tl- 


th  t  th       fl    ted 
IB      fi     1        pao 


I       t    1 


615.  Analyttca,!  Solutlone.  There  are  two  methods  in  use.  We  shall  first 
illuatrate  these  by  solving  a  sim|>le  example  by  both  methods,  and  we  shall  then 
make  some  remarks  on  the  results. 

An  elastic  strtnn  vtfiose  uvetretehed  length  ii  I  rests  on  a  perfectly  smooth  table 
and  has  its  extremities  fixed  at  (ico  pointe  A,  B'  whose  distance  apart  is  V,  iBhen 
V  is  greater  than  I.     The  extremity  B'  is  suddenly  released,  find  the  motion. 
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Solution  T>y  dlsconttnao-us  fnnctlcilts.  Following  the  eame  notation  as  iu 
Art.  612,  the  motion  ia  given  by  the  equation 

^=f(at-x)  +  F{at  +  ^), 
where  J  is  the  ciisplacement  oi  the  particle  whose  absoisaa  in  the  unstretiiliod  string 
is  X.     The  conditions  to  determine  /  and  F  aw  as  follows : 

1.  Whan  31=0,  i-0  for  all  valnes  of  (, 

2.  When  x^l.  2'=0  and  :.d^jdx  =  0  for  all  values  of  t, 

3.  When  [  =  0,  J=ra;  from  x=0  to  x^l,  where  i'  =  (r  +  lli, 

4.  When  £  =  0,  ^jdt^O  from  a;=0  to  x  =  l. 

From  the  first  condition  it  follows  that  the  f anotions  F  and  /  arc  the  aame  with 
opposite  signs.  From  the  second  condition  we  have  f'{at  +  l)—  -f  {at-l),  so  that 
the  values  of  the  funotion/'  ceour  with  opposite  signs  when  the  variable  is  increased 
byaf.  If  then  we  knew  the  tbIuw  of/'(2)  for  all  values  otz  firom  1  =  2,,  to  z  =  j„  +  2I 
where  s^  has  any  value,  then  the  form  of  the  Innction  is  altogether  known.  Now 
the  third  condition  gives  f(-x)  ~f{x)=Ts  and  the  fourth  gives  /'  {-x)=f'  {x)  from 
x  =  0  to  x-l.  Hence  /'(a)=  -  Jr  from  a=  -I  to  x  =  l.  It  follows  that  /'(j)=  -Jr 
from  s=  -i  to  J,  /'(s)=ir  from  £  =  [  to  3£  and  soon,  changing  sign  every  time  the 
variable  passes  the  values  I,  37,  51,  Ac.  Let  na  consider  the  motion  of  any  point  P 
of  the  string  whose  nnstretched  abscissa  is  x.  Its  velocity  is  given  by  the  formula 
v/a^f'  {at-a:)-f'(at  +  x).  Since  3;<  i  we  have  «/(i=  -^  +  5r=0;  henee  the  particle 
does  not  move  until  at  +  x  =  l.  The  seoond  funotion  then  chongessign,  and  wehave 
vla=  -^-^=  -r.  The  particle  continues  to  move  with  this  velooitjuntilai-jt^i, 
when  the  first  funotion  changes  sign,  and  so  on.  Let  AB  be  the  nnstretched  string,, 
and  let  a  point  iJ  starting  from  B  move  continually  along  the  string  and  back  again 
with  velocity  a.  Then  it  is  easy  to  see  that  when  B  is  on  the  same  side  of  P  as  the 
loose  end  of  the  string,  F  will  be  at  rest,  and  when  B  is  on  the  same  aide  of  P  as 
the  fixed  end,  P  will  be  moving  with  a  velocity  alternately  equal  to  ira.  The 
general  charaoter  of  the  motion  is;  the  equilibrium  of  the  string  being  diaturbad  at 
B,  a  wave  of  length  il  travels  along  the  string,  so  that  P  does  not  begin  to  move 
until  the  ivave  reaches  it.     This  wave  is  reflected  at  A  and  returns. 

615  il.  Bolntlon  by  TTi^soitonietrlcal  series.  The  second  method  of  conduct- 
ing the  solution  is  as  follows.     Taking  aa  before  the  expression 

let  us  expand  each  function  in  a  series  of  sines  and  cosines,  so  that  we  have 

f=2[4sin>(ai-i)  +  a}+B3in{«(flt  +  arH-,3}]. 
where  Z  implies  summation  for  all  values  of  n,  and  A,  B,  a  and  ^  are  oonatants 
which  are  different  in  every  terra,  and  may  conveniently  be  legardad  as  functions 

of  II. 

Since  the  motion  is  oaeillatorj,  we  may  suppose  that  all  the  values  of  n  are  real, 
and  it  is  clear  that  without  loss  of  generality  we  may  restrict  n  to  be  positive.  We 
do  not  propose  to  discuss  the  circumstances  under  which  these  suppositions  may  be 
correctly  made.  For  these  we  mast  refer  the  reader  to  Fourier's  theorem.  We  may 
here  regard  the  asanmptiona  as  juatiflad  by  the  reault,  because  we  can  thus  satisfy 
all  the  data  of  the  question. 

The  four  conditions  of  the  problem  enable  us  to  determipe  the  oonstants.  From 
the  first  condition  we  have  |S=o  +  jijr,  £  =  (-!)""'■■' .,4,  where  «  is  any  integer.  It 
easily  follows,  by  expanding,  that  J  may  be  written  in  the  form 

I  =  S  (O  sin  no(  +  J>  COB  Jioi)  sin  H3;, 
where  C  and  D  are  to  be  regarded  as  functions  of  n.     From  the  second  condition  we 
have  oosni  —  O,  hence  jii  —  J(2i  +  l)  T,  where  i  is  any  positive  integer.    The  periods 
of  the  principal  osoillations  (Art.  S3)  of  the  string,  with  proper  initial  disturbances, 
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one  end   being   fixed  and  the   otUec  loose,  aje  therefore  ineluded   iii   the   form 

The  initial  disturbance  ie  given  by  the  third  and  fourth  conditions.     We  lia^'e 

XDan.m=rx,        ZCnsianx  =  0. 

To  find  the  vatue  of  D  in  any  term,  we  muitiply  the  first  egualion  by  the  coefficient  of 

D  m  that  term,  and  integrate  tlavughmit  the  length  of  the  string,  i.e.  from  a^^O  lo 

x=l.    ThiagJTea 


^h'j'.' 


The  other  terma  all  imniBh,  since  f'  ein™;sin?i'i(Zii;  =  0,  wheniumdu'  are  numerically 
unec[ual.     Thisfollmos  also  from  the  mle  given  in  Art.  398. 

Treating  the  second  equation  in  the  saiae  way,  we  find  (7  =  0.    Hence  the  motion 


Writing  for  i  its  valaes  1,  S,  3,  &o.  successively,  this  equation  becomes  when  written 

at  length 

8rl   f         Tat    .     Ttx      1         3jrat    ,    37r.)f       1         Sirat    .    Stvx  | 

i-  -„_  -j  cos  _.  sin  -^  -  p  COS  -^  sm  —  +  p  oos  -^  sin  -^  -  «o.  j- . 

Tins  is  a  convergent  series  for  i,  and  it  ma;  be  a  sufficient  approximation  to  the 
motion  to  take  only  the  first  few  terms.  For  exaniple,  let  us  reject  all  beyond  the 
first  two  terms,  and,  in  order  to  compare  the  result  with  that  obtained  in  the  first 
solution,  let  usputa(=Jf.  If  we  trace  the  carve  whose  ordinate  is  -  <!|/ii(  and  abeoiaBa 
a;,  we  find  that  it  resembles  ^—0  for  small  values  of  x.  then  rises  with  a  point  of 
contrary  flexure,  and  becomes  nearly  horiEontai  as  .r  approaches  I.  This  agrees 
very  well  with  the  result  found  in  Art.  615. 

6156.    If  we  examine  th  It  h  II         th  have  two  kinds  of 

conditions  to  determine  th       b  t      y  f      t  (1)  Thei        e  the  conditions  at 

the  two  extremities  of  th  tn  g  Th  p  1  ty  f  th  he  that  they  hold  foe  all 
values  of  t.     (2|  There  ai     th         ti  1        d  t  t  m  t  The  peculiarity  of 

these  is,  that  they  do  nof  1   1 1  f       II      1  f      b  t      ly  f  ■  all  values  within  a 

certain  range  limited  by  tl  1  gth  1  th  t  g  Th  fi  t  set  of  conditions  is 
used  to  determine  the  m  d  b    h  th        1  f  th    f      tiona  recur,  so  that, 

when  their  values  are  k     wn  tl         h  cam  lunitel        ge,  they  will  become 

known  for  all  those  value      f  th  bl   wh   h  th   p  oWem.     The  second 

set  of  conditions  determi      th        al       d        f,  Una  hm  t  1       j,^.  A^.  613  c. 

In  comparing  the  two     It  w         tht       hfmh       ts  advantages.     The 

first  determines  the  motion  by  a  simple  formula.  The  second  is  more  convenient 
when  the  harmonic  periods  are  required. 

In  both  of  these  solntjons  the  arbitrary  functions  were  found  to  be  discontinuous. 
The  discontinuity  is  plainly  eshibited  in  that  of  Art.  615,  though  in  Art.  615a  it  is 
concealed  in  the  series.  It  m  b  bj  t  d  that  no  notice  is  taken  of  any  possible 
discontinuity  in  forming  th  q  t  n  f  motion  (Art.  612),  and  that  therefore 
these  equations  cannot  b  ppli<>d  (1  t  farther  examination,  to  any  cases  which 
require  the  arbitrary  fm  ti  n  t  1  d  into  the  solution  to  be  discontinuous. 
This  question  has  been  m    b  d  ed  b  t  we  have  not  spa^e  here  to  do  more  than 

make  a  very  few  remarks         t 

The  discontinuity  in  th  1  t  it  f  A  t  615  has  its  origin  in  the  contradiction 
between  the  condition  (2),  viz.  that  3'=0  when  x-l,  and  the  condition  (3)  that 
r=E)-from  a  =  0  to  i,Art.  615.  But  this  contradiction  is  only  apparent,  for  we  may 
replace  the  given  initial  conditions  by  others  which  are  without  ambiguity,  and 
which  differ  as  slightly  as  we  please  from  those  given  above.    ]jet  q  be  some  finite 
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I  antt  1  wever  small  such  thnt  a  tension  leas  thanEa  may  beneglected;  theiitha 
nd  t  (3)  may  be  replaced  by  a  continaous  function  1=^  (x),  where  ^'  (x)  differs 
f  ni  by  1  33  than  a  for  all  values  of  a:  between  3;  =  0  and  x  —  l-^,  and  then 
d  a  t  zero  while  x  increases  from  x  =  l-^  to  I.  Since  &  can  be  taken  as 
small  a  w  please,  it  is  evident  that  the  solution  given  above  is  substantially 
nnait  d  hy  this  change  of  the  initial  conditions.  Tlie  difFerence  is  that  the  tension 
and  th  1  city,  instead  of  changing  snddenly,  change  only  very  quickly  in  the 
small  tim  0/a.  It  is  true  that  the  moile  in  which  tliis  rapid  change  is  efFected  is 
unknown  1  ut  that  is  because  there  is  nothing  in  the  initial  conditions  to  (letermine 
t  By  p  eding  to  tlie  limit  when  a  and  0  are  small  we  can  make  the  new  set  of 
oond  t    n       present  the  former  as  nearly  as  we  please. 

"W  I  the  reader  to  De  Morgan's  Differential  Calculus,  Chap.  xii.  pages  629, 
727  wl  a  short  history  of  the  dispute  between  D'Alembert  and  Lagrange,  and  a 
li  n  s  n  f  the  ditBoultj,  may  be  found.  In  tlie  Micanique  Aiialntigue,  Seeonde 
Part  pBg  385,  Lagrange  shows  that  we  may  avoid  the  use  of  discontinuous 
functions  bj  regarding  the  string  as  the  limit  of  a  light  string  loaded  with  masses 
in  the  manner  described  in  Art.  403.  Poisson  gives  other  reasons  in  his  TraitS  de 
Mieanique.     It  is  now  generally  admitted  that  the  functions  may  be  discontinuous. 

615c.    In  the  method  of  solution  by  trigonometrical  eerios  we  replace  T  =  ixby 


_8ri[.    T^_l.    .    5^,i,   -    ^_^    I 
rx     ^j  |sin  2j      g^sin   ^^  +g,sin    ^^        o.|-. 

Since  this  is  a  aonvergent  series  the  initial  value  of  ^  is  only  slightly  altered  by 
replacing  tx  by  the  first  n  terms  of  the  aeries  provided  n  is  great  enough  to  suit  the 
required  (tegree  of  approximation.  When  this  is  done  all  the  initial  conditions 
become  perfectly  continuous  and  the  second  method  of  solution  leads  to  a  finite 
value  of  f  represented  by  the  first  n  terms  of  the  former  infinite  secies. 

To  show  the  nearness  of  the  approximation  thus  obtained,  we  add  the  results  of 
a  numerical  calculation  given  by  Sir  G.  Airy  in  page  163  of  Ms  treatise  on  Sound. 
Supposing  that  only  8  terms  of  the  Pourie  *  se  ies  are  taken  he  compares  the  values 
of  both  sides  of  the  equation  tor  he  n  eteen  values  of  ar  vh  ch  divide  the  length  I 
into  eighteen  equal  parts.  Divide  b  th  des  [  thn  eqnat  on  by  )■(  and  multiply  by 
100  to  avoid  decimals,  the  left  and  i  ght !  and  s  des  respectively  then  have  the 
following  values ; 

0.  6,  11,  17,  22,  28,  83,  39  41  50     6  61   67  7       8   33,  89,  94,  100, 
0,  5,  11,  17,  22,  28,  33,  39  45   50  o5     1  (.7     2  77  83,  89,  95,    98. 

615  d.  Aooording  to  Ohm  and  Helnloltz  tie  hu  a  ear  perceives  simple 
liarmmde  mbrationi  alone.  In  tao  the  ear  makes  an  uaooneeious  espansion  of 
the  aerial  vibrations  into  a  series  of  tngonometr  oaJ  terms  which  is  imitated  in  our 
solutiou  by  the  use  of  Fourier  s  ser  es  Th  s  expansion  is  then  not  a  mere 
analytical  artifice  used  for  the  y  rposea  of  calculat  on  I  ut  it  has  an  essential 
meaning  in  nature.     See  The  Seiw  I  o  t  of  Tone   p   35 

616.  rroo  vibratloiiB.  An  elast  it  ng  h  s  its  ext  lies  A,  B  fixed  at  tma 
points  whose  distance  apart  isl.anlvbate  t  a  s  e  elj  To  find  the  notes  which 
can  be  sounded,  see  Art,  613  a. 

We  take  the  stretched  position  of  the  sting  as  the  standard  of  reference,  and 
let  y  be  the  transversal  displaceme  t  ol  the  po  nt  whose  a  soissa  is  ai.  Let  m'  be 
the  mass  per  unit  of  length  of  the   tret  hed  st   n       The  Tifferential  equation  is 

I.     .„  w. 
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where  aP—  TJm'  aa  shown  in  Art.  613.     Since  the  jwtea  whioh  can  be  sounded  are 
reqviiied  we  adopt  the  solution  by  trigonometrical  series.    We  put 

y  =  -Z[A  ^  {n  {at  -  n:)  + a] +  B  Bin  {n  (at ■i-x)  +  ^}-\ (2). 

When  x  —  0,  y  is  zero  for  all  values  of  (,  henee  as  in  Art.  615  a 

y  =  2{Osianat  +  Dco6nat]Biaiix  (3). 

When  a'  =  i,  y  is  aero  and  therefore  ii!=tV. 

The  S  DOW  implies  summatioii  for  all  positive  integer  values  of  i ;  the  negative 
values  of  i  giving  the  same  series  over  again. 

616a.  The  constants  G  and  D  can  be  determined  when  the  initial  conditions 
are  given.  Let  U8  suppose  the  string  to  be  drawn  aside  at  some  point  C  a  distance 
CC'=y,  as  described  in  Art.  614a.  Let  AO-lj,  CB^l^.  Since  the  string  stai-ts 
from  rest  at  the  time  (=0  in  the  form  of  the  two  straight  lines  AC,  C'B  we  have 
by  equation  (3)  C  =  Oand  SDBianx  =  yxlli  or  y(l~x)lls 

according  as  a;  <;  ij  or  >  I, .    To  find  D  we  multiply  by  sin  im  and  integrate  from 

:.  Dl    Bic." Tixdx^l  I     a:a.am:dx+Y  I     (' - 5^)  sin n.riJ.i^. 
Jo  hjl  hjh 

By  using  the  equation  nl  =  iT,  we  find  D^^y  smnlijl,l^n^. 

'■  !/=5z^"— «"•   <5)- 

616  b.  The  motion  given  hj  taliiug  only  the  terms  which  have  any  one  period 
and  neglecting  the  others  is  called  sometimes  a  note  and  sometimes  a  tons.  The 
note  of  longest  period,  that  is  the  note  determined  by  t^l,  is  eaWed.  the  fundamental 
note,  and  when  it  is  necessary  to  distinguish  between  the  fundamental  note  and  the 
subsidiary  notes  these  latter  are  called  overtones.  The  overtones  are  also  sometimes 
called  t}ie  harmonics  of  the  string.  Helmholta  has  usetf  the  German  word  cUmg  to 
express  the  fundamental  note  together  with  the  assemblage  of  subsidiary  notes  by 
■which  it  is  accompanied  in  a  musical  instrument.  This  word  has  been  adopted  by 
some  English  writers. 

The  'period  of  the  fundamental  note  is  2I/a.  If  this  period  be  called  r,  the 
periods  of  the  harmonics  in  order  are  t,  Jt,  \t  and  so  on.  The  lengths  of  the 
corresponding  waves  are  found  by  multiplying  the  periods  by  the  velocity  a.  K 
the  length  of  the  wave  of  the  fundamental  note  is  ?i,  wa  have  X  =  Si',  and  the  lengths 
of  the  harmonic  waves  are  ^,  JX,  -JX  and  so  on,  see  Ait,  612  d. 

The  points  of  intersection  of  the  string  with  the  straight  line  joining  the 
extreme  flsed  points  are  called  the  nodes,  and  the  points  of  the  string  most  remote 
f  m  th  straight  line  are  called  the  loops.  Putting  i/  =  0  we  see  that  the  nodes  are 
g  n  b  sm«iK=0;  patting  dyldxj  —  O,  the  loops  are  given  by  coa)ijc=0.  Thus  the 
f  dai  ntal  note  has  one  loop  and  no  node  intervening  between  the  fixed  extreme 
p  nt  The  next  harmonic  has  two  loops  and  one  intervening  node,  and  so  on. 
It  mp  rtant  to  notice  (1)  that  the  positions  of  the  loops  and  nodes  are  fixed 
th  gh  t  the  motion,  (2}  that  the  nodes  and  loops  occur  alternately,  (3)  that  the 
d  t  n  between  any  node  and  the  consecutive  loop  is  one  ijuarter  of  the  length  of 
th  f  the  waves  forming  the  note,  the  length  being  measured  on  the  stretched 
ti  ng      See  Art.  433  and  Ai't.  613  a. 

Wl  n  a  stretched  string  AB  is  drawn  aside  at  some  point  G  and  released  without 
n  t  al  locity  the  motion  is  given  by  equation  (5)  of  Art.  616  a.  The  nodes  are 
therefore  given  by  siniia!  =  0,  and  therefore  if  C  be  situated  at  one  of  these  points 
we  also  have  sin  nl,  =  0.  It  follows  that  when  a  string  is  plucked  aside  at  one  of 
the  nodes  (i.e.,  the  points  which  are  stationary  during  the  motion)  those  harmonics 
or  tones  which  also  have  a  node  at  that  point  are  not  sounded.  This  theorem  is 
ascribed  by  Helmboltz  to  Young,  Fhil.  Trans.  1800.     See  also  Art.  318. 
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616  c.  Quality.  In  order  that  the  string  may  be  made  to  sound  any  given 
hai'monic,  the  initial  conditions  roust  be  suoit  that  the  amplitudes  of  all  the  other 
notes  are  aero.  In  practice  this  condition  oannot  be  satisfied,  and  all  that  can  be 
aocomplisiied  is  that  the  amplitude  of  the  proposed  note  shall  be  very  much  greater 
than  those  of  the  others.  It  follows  that  every  note  when  aoundecl  ie  aoeompanied 
by  a  number  of  subsidiary  notes  whose  pei'iods  are  different  from  that  of  the  note 
intended  to  be  aonnded.  When  therefore  notea  o(  the  given  period  are  sounflecl  bj 
two  instruments  of  different  construction,  they  may  be  accompanied  by  different 
series  of  subsidiary  notes.  This  is  usually  expressed  by  saying  that  the  notes  are 
of  different  qTiitlitJes. 

616  d.  Soumling  boards.  The  sounds  excited  in  the  air  by  a  vibrating  string 
are  in  general  too  faint  to  be  distinguished  by  the  ear  unless  previously  strengthened 
by  the  use  of  a  sounding  bonrd  or  by  some  other  means.     Taking  the  pianoforte  as 


■Fransveru.    vi 


,,  =  -^,  un,ai    1  -  -"^l^n,      .^2{C.mnat+D.c 


^^ZlAsm{n(at-.-c)  +  a\-i-Bs\ii{v.{at  +  x)  +  p\l 
Here  some  terms,  aeleoted  from  the  complementary  fanetion,  are  joined  i 
partioular  solution  in  order  that  that  solution  may  satisfy  the  conditions  a 
ends  of  the  string.    After  choosing  the  arbitrary  constants  so  that  both  y^-i 
?j  =  0  when  3!  =  0  and  x  =  l,  we  have  nl  =  itt  and 

If  initially  the  string  is  straight  and  without  motion,  both  y  and  dyjdt  are  zero 
at  all  points  of  the  string  when  (  =  0.    We  therefore  have  by  Fourier's  rule  D  =  0 

and  G  =  — ^    j-^ — jj  or  zero  acooiding  as  nl  is  an  odd  or  even  multiple  of  r. 


here  nl=iTr  and  the  summation  is  taken  for  all  integer  values  of  i  from  i  —  i  to  oo  . 
K  g  is  iieoriy  equal  to  one  of  the  values  of  n,  the  forced  vibration  is  magnified, 
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Art.  337.  If  the  inagaiEcation  is  considerable  it  may  become  necessary  to  take 
account  of  some  of  the  small  terms  of  the  second  ordei  which  were  neglected  in 
forming  the  equations  of  motion. 

6176.  If  the  fcn-ce  is  such  that  qlis  an  odd  multiple  of  v,  say  ql-(2i'  +  l)'ir,  oae 
term  in  the  particular  integral  becomes  infinite.  The  term  in  the  oomplementary 
function  defined  by  ji  =  g  is  also  infinite.  To  determine  the  combined  effect  of 
these  two  infinite  terms,  we  write  q—n  +  p,  where  p  is  a  small  quantity.  By 
expanding  each  term  in  powers  of  p  it  will  be  found,  after  some  reduction,  that  the 
terms  with  negative  powers  of  p  cancel  eaoli  otter.  There  will  be  terms  without  p 
and  others  containing  positive  powers  of  p.  We  neglect  the  latter  when  we  put  p:=0. 
Hnally  we  find 

^-^yj-Biaqat{-ql-2q{x-il)ooBqx  +  5siaqx}~oosqat{2qatsiagx}. 

The  yalue  of  ii  is  unaltered  except  that  the  infinite  terra  must  be  omitted. 

We  notice  that  the  presence  of  the  infinite  terms  has  had  the  eEeot  of  changing 
the  form  of  the  solution.  Art.  356.  We  now  find  a  term  with  (  as  a  factor  and  the 
value  of  yj  becomes  bo  much  magnified  that  it  soon  ceases  to  be  small.  The  factor 
X  has  not  the  same  effect,  because  e  is  restricted  to  lie  between  zero  and  I. 

The  forces  which  occur  in  nature  generally  depend  on  the  positions  of  the 
bodies  concerned  and  not  simply  on  the  time.  The  force  /sin  qat  ooiild  then 
appear  only  as  representing  a  natural  force  to  a  first  approximation.  When  this 
is  the  case  we  may  find  that  the  exact  equality  of  the  period  of  the  force  to  some 
natural  period  of  the  motion  will  disappear  when  we  correct  the  period  (as  in 
Art.  356)  and  take  account  of  the  resistances  (as  in  Art.  33Q). 

617  c.  Bxamplas.  Ex.  I.  A  heavy  elastic  string  AB,  whose  unstretched  length 
is  I,  is  suspended  from  a  point  A  under  the  action  of  gravity.  If  J  be  the  vertical 
displacement  of  any  point  whose  distance  from  Aiax  when  the  string  is  unstretched, 
and  if  a  be  the  velocity  of  a  wave  measured  in  units  of  nnstretched  length,  then 

where  /  [e)  recurs  with  an  opposite  sign  when  z  is  increased  by  21.     If  the  string 

is  initially  unstretched  and  at  rest,  prove  that  f{'j=  ''=f~a  + 1~2  ■ 

the  upper  sign  being  taken  when  :  lies  between  - 1  and  0,  and  the  lower  when  a 
lies  between  0  and  I.  Thence  show  that  the  whole  length  osoillutes  between 
(  and  l  +  gPjaK 

Taking  the  other  form   of  solution,   show  that   the   harmonic    periods    are 

,  where  i  is  any  integer.     Show  also  that 


-(2I  +  J)» 


■(^?)~(- 


I      . 


(2i  +  lf 
!stending  fromi^O  to  i  =  =o.    We  notice  that  the  harmonic  periods 
are  independent  of  if,  Art.  617. 

Ex.  2,  A  string  infinite  in  length  in  both  directions  has  its  initial  state  deter- 
mined by  J=/ fa:)  and  d\\Al,-'F(x).  Show  that  the  displacements  at  the  time  t  are 
given  by  5^j/(^  +  „i)  + j/(:c-ai}  +  ^J^;|^^^F(X)d\. 

[Riemann's  Partial  Differential  Equations. 

Es.  3.     A  heavy  string  is  suspended  vertically  by  one  eitromity  without  any  of 

its  parts  being  stretched;  if  it  be  then  left  to  the  action  of  gravity,  prove  that  the 
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lower  end  will  oaoillate  as  if  it  were  acted  on  by  an  acceleration  equal  to  that  of 
gravity  tending  to  the  middle  point  of  its  path.  [Smitli's  Pi'ize. 

Ex.  4.  The  ends  of  a  etretehed  string  of  length  I  ai-e  faatenecl  to  two  equal 
m^aea  M,  eontroUeiJ  by  springs  of  strength  /i  allowing  transversal  vibrations.  If 
the  string  is  plucked  at  its  miildle  point,  the  period  p  of  vibration  will  he  given  by 

jnntan  ■ —  =  ^ ,  where  m  is  the  line  density  and  nut^  the  tension   of  the 

string.  [Math.  Tripos,  1931. 

Ex.  S.  An  elastic  rod  of  length  I  lies  on  a  smooth  plane,  and  is  longitudinally 
compressed  between  two  pegs  at  a  distance  I'  apart.  One  peg  is  suddenly  removed; 
show  that  the  rod  leaves  the  other  peg  just  as  it  I'eaches  its  uatnral  state,  and  tiien 
proceeds  with  a  velocity  equal  to  (I-  (')/(  of  the  velocity  of  propagation  of  a  longi- 
ttidinal  waie  in  the  lod  [Math.  Tripos,  1833. 

Ei  b  A  ling  termed  of  elastic  string,  of  mass  If  and  natural  length  2jri, 
is  ■'tietchsd  round  a  enooth  ciiculir  cylinder;  prove  tliat  the  time  in  which  a 
longitudinal  pulsation  will  travel  lound  the  cylinder  is  independent  of  the  size  of 
the  oyhndei 

Whpn  the  ring  is  m  eqmlibiium  the  ends  of  a 
the  centre  of  the  iinK  aie  drawn  together  until  th 
and  these  ends  are  then  let  go.  Measuring  e  from  the  diameter  bisecting  the  angle 
2a  prove  that  at  any  subsequent  time  the  displacement  from  the  position  of  equili- 
brium of  the  end  of  the  corresponding  axe  is  equal  to 

o I       '>  3iu  iiC  sin  ho  eo°  nut 

vhe  e   1/?u  =  tE        i  eii  g   tl  e    adiu     of  the  tylmder  an  1  E   the  modulusi   of 
ehst  cvtv  [Math  T   poa,  1886. 

The  first  part  of  this  exann  Ic  folio  vs  from  the  theorem  on  the  velocity  of  a 
wave  given  in  Art  612  t  In  the  see  nd  j-ait  the  diffeiential  equat  on  leads  to 
i-ZMamn8cos,iwt  The  values  of  II  aie  foiii  by  u  int  Fjuiiers  Theorem 
as  in  Art.  bio  a. 

618.  Obligatory  moUons  at  one  end.  A  string  AB  is  atretelied  at  a  tension 
snch  that  the  velocity  of  a  wave  is  equal  to  a.  One  extremity  A  is  fixed  while  the 
other  B  is  agitated  by  a  transverse  force  so  that  the  displacement  at  any  time  I  is 
G  sin  qat.     To  find  the  motion. 

The  origin  being  at  A,  one  possible  motion  is  given  by  y~Lsmqa:sinqat, 
provided  this  reduces  to  G  sin  qat  when  x  —  I.  Hence  L  —  Gjsin  ql.  This  is 
obviously  the  forced  vibration  and  would  represent  the  actual  motion  if  the  initial 
conditions  were  properly  chosen.    After  adding  the  free  vibrations  wo  have  (Art.  Glli) 

ly  =  G  g-!^  sin  5of  +  2  {  C  sin  iiat  +  U  cos  «at}  sin  us, 

where  nl-VTr.    If  the  string  is  initially  straight  and  starts  from  rest,  we  find  by 
using  Pourier's  rule 


e  force  F  which  could  produce  the  given  obligatory  motion  must 
«  equal  to  the  transverse  component  of  the  tension.    We  therefore  have  (Art.  61S) 
{=Tfdyjdx  where  after  the  differentiation  of  y  we  put  x  —  l.    This  gives 
r=  TflGa  cot  ql  sin  qat  +  'LT^Cn  cos  iV  sin  nat. 

618  <[.     Tyndall,  in  his  treatise  on  Sonnd,  1867,  describes  how  the  obligatory 
.gitatlon  of  strings  can  be  experimented  on  very  conveniently  by  attaching  one 
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eitremdtj  to  either  prang  of  a  tuning  fork  suffieiently  powerful  and  large  not  to 
be  sensibly  affected  by  the  reaction  ot  tlie  string.  Helmholtz  had  alao  used  the 
same  method  1862. 

618  i.  Es.  1.  If  both  ends  of  the  string  are  subject  to  the  same  obligatory 
motion  prove  that  the  displaoemeut  is 

y^G.sinqat  Cos  3  fa;  -  JO  see  JgZ. 

This  follows  at  ouoe  by  aaperimpoaing  the  two  separate  displacements  due  to 
each  obligation, 

Ex.  2.  If  ql  is  a  maltiple  of  t,  the  expression  for  y  has  two  infinite  terms.  To 
diecoirer  the  new  form  assumed  by  the  solution  we  put  g  =  «  +  p  where  p  is  ultimately 
zero  and  proceed  as  in  Art.  6176.    Prove  tbat  two  infinite  terms  then  became 

^_|_  |,i„  g^t  (:.  COS  ?..  -  ^  Sin  g^)  +  00s  9«( .  at  sin  g.j . 


Ex.  3.  The  motion  of  a  string  JB  is  given  by  i/  =  ^(.-c),  dyldl^i>{x),  A  being 
the  origin.  At  this  instant  the  estremities  ace  suddenly  displaced  transversely 
through  the  small  spaoes  AA'  =  li,  BB'=k.  Prove  that  the  subsequent  motion 
referred  to  AB  as  the  asis  ot  x  is  given  by 


K-f)' 


yJ;  +  S(CBin)!ii(  +  i>ct 


inal   G-j^[x)Bmrt3:d>:,  JJ  D  =  J\t(.'c)  sinna(Jj!+ (J:  cosiii-;tj/«, 

Mheie  !(!=j5r,  S  implies  summation  from  !  =  1  to  cc ,  and  the  limits  of  the  integrals 
aie  -e^O  to  I 

To  obtain  these  results  we  notice  that  the  first  two  teims  in  the  expression 
foi  I)  repeaent  the  oidmates  ol  the  equilibiinm  position  i  B  o!  the  string  The 
initial  conditions  aie  11  — h  when  i!  =  0  y  —  k  when  i  =  I  /^^(j;)  iJyldt  =  il/{x)  at 
all  intermediate  points  The  first  two  conditions  aie  satisfied  if  nl^nr  The 
constants  C  and  D  are  made  by  Foaner  s  rule  to  batisty  the  remaining  ones 

Ex  4  The  extremities  A  B  ut  a  tight  stung  are  continuously  agitated 
aeooiding  to  the  laws  j/  =  r(')i  y  =  F{t)  for  a  time  extending  fiom  (  =  0  to  t  =  K 
The  mitial  conditions  at  the  time  t  —  O  tor  all  intermediate  x>o'nts  are  ;/  =  ^{a:), 
dy!dt  =  <p  (j)      Prove  that  the  motion  at  any  time  t,  greater  than  t—u,  is  given  by 

V  =  ^l-|j  f(«)+|F(a)  +  S((7Ein!iiK  +  Bcosnni)sinna; 

«(t-«){F'Meos .(!-/' («)|rf«, 


Isin^K 

nl      Jo 


where  itl~iir  and  S  implies  summation  from  i  =  I  t 

If  tbe  time  (  is  less  than  u,  the  motion  at  tl 
espresaion  with  t  written  for  u  in  the  first  two  t 
the  integral. 

To  prove  this  we  notice  that  if  we  put  zero  for  1^(1)  and  f{^)  in  the  result 
of  Ex.  3  we  have  an  expression  for  the  motion  due  to  the  sudden  disturbance  k, 
ft  of  the  two  ends  at  any  time  t  after  that  disturbance.  If  then  we  write  /'  (u)  d«, 
F'{u)du  for  ft  and  It  respectively  and  also  write  t-~u  tor  (  we  have  found  the 
motion  at  the  time  t  due  to  the  actual  disturbance  given  to  the  ends  in  the  time  du. 
By  integrating  this  from  u^OtoK^uwe  obtain  the  whole  effect  due  to  the  agitation 
of  the  extremities  in  the  time  «.  To  this  we  add  the  motion  due  to  the  initial 
disturbance  h=f{0)  and  li~F{0)  of  the  ends  of  the  string  and  also  that  due  to  the 
initial  disturbance  of  the  intermediate  points  as  given  in  Ex.  3. 
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We  may  apply  this  !oi'mula  to  the  special  ease  in  wtieh  one  end  is  fixed  and 
the  other  has  an  ohligatory  motion  given  G  sin  qat.  The  result  is  seen  to  agree 
with  that  obtained  in  Art,  618  when  we  expand  sin  gj^/sin  ql  and  xft  in  aeries  of  the 
form  2P iiniunby  using  Fourier's  role. 

The  results  of  eiamplee  (3)  and  (1}  are  given  by  J.  M.  C.  Dahamel  iu  a  Meiaoire 
ear  let  vibratiom  d'vn  lyslhite  quelcanque  de  points  viatSHels  presented  to  the 
Academy  of  Sciences  in  1832,  and  printed  in  the  Journal  de  VScoie  Folyteclmique, 
Tome  SIT.  1834.     K.  Dnhamel  claims  this  method  of  finding  the  disturbance  at  the 

618  c.     Infinite  Strings.     One  end  0  of  a 

vibrate  transveraely  so  that  the  displacement  ii 
the  string. 

We  have  y=f{at-xj+F{at  +  x). 

WJieu  a;  =  0,  i/  =  G  sin  qat  -J  {at)  +  F  [at). 

Write  al  +  jc  for  i  and  eliminate  T',  we  find 

'J-/(<'t-a^)-/l'"  +  ^)  +  Gsin<7(a(  +  a-). 
Again  y  =  0  and  dyjdt^O  when  (=0  for  all  positive  values  of  x, 
.:    0^f(-x)-f(x)  +  G^mqx, 
.         0=/'(-ir)-/M  +  GjeoS3:l. 
The  last  equation  gives 

«'=-/(-•)-/(«)  +  <!«»  2". 

Thus  f(s]  —  G  ain  iz-\G  or  -^G  aooording  as  z  is  positive  or  negative.  It  is 
evident  that  when  we  substitute  in  the  espression  for  y,  the  \G  will  disappear  in 
aU  oases. 

If  x->at,  the  substitution  gives  y  —  0.  If  a!<n(,  the  result  is  y^Gsiaq  {at-x). 
The  t^itation  theretbre  travels  along  the  string  extending  over  a  length  OM^at, 
the  string  in  front  of  ilf  being  undisturbed. 

The  force  Y  which  when  appUed  at  the  end  0  will  oause  that  end  to  vibrate 
according  to  the  law  y-Gziaqat  is  given  (as  in  Art,  618)  by 
Y=T^dyldx^GqcoBqat. 

If  at  any  instant  t  —  ty,  the  agitating  force  at  O  ceased  to  act,  we  may  represent 
this  event  by  superimposing  a  new  force,  also  at  A,  sufticient  to  cause  a  displacement 
-Gsingo(.  The  effect  will  be  that  a  second  agitation  will  follow  the  first  and 
extend  over  a  space  ON—a[t~l^.  These  would  neutralise  each  othei  at  all  points 
behind  N.  The  portion  MN  of  the  string  is  alone  distuibed  and  that  distmbance 
woubi  be  represented  by  j/  =  G  sin  3  (a(  -  x). 

618  (f.  Show  ]iow  to  deduce  the  motioa  of  an  unliiitlti.d  stims  ]iom  the  leeulti, 
given  in  Art.  618  for  a  limited  striiig*. 

Transfer  the  or%in  to  the  agitated  end  by  writmg  l-x  for  v  Fmallj  we  shall 
make  !  =  60  .     Since  nl=iir,  the  expression  in  Art.  618  becomes 

j.olH£^^m,..+2?«=J=raiiiL(!i!4S  ,1). 

■'  smql  '  q^P-i'!r'  ^ 

By  using  Fouvier's  rule,  we  have 


2<; 


*  A  method  of  dediiomg  these  results  by  using  the  diacontinr 
J(sin  cl/J)  rff  taken  between  the  hmita  iro  was  given  in  the  Germa. 
of  this  treatise  1808. 
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...(2), 


i-1  to  !  =  oo.     The  serieE  holds  for  all  values  of 
Put  c^lqJT  and  «=ir(f-0/l,  and  wa  find 

Oouq{£-l)^l   ^^a^gcos-Vg/Z 

ain  ig  Iq  fq^-i^ir' 

wliere  f  lies  between  0  and  3i.  When  at^x  and  both  ai  and  x  lie  between  0  and  I 
v;e  may  write  for  |  either  (at-x)  or{at  +  x).  MaMag  both  aubstitutiouB  and  sub- 
tracting one  aeries  from  the  other,  we  ha^e 

"^ l".'_i"," '°'- 


.m,l 

Substitute  in  the  equation  (1),  ancl  we  find 

y  =  asmq{at-x). 

In.  the  aame  way  when  at<x,  both  being  ■=(,  we  may  write  (a -at)  and  (x  +  at) 
for  g.     After  malting  these  substitutions  in  (2)  and  Eulitraeting  -we  find  y  —  0. 

The  first  term  of  tlie  series  (1)  ia  the  /m'ced  vibration  and  its  phase,  viz.  qat,  is 
the  same  as  that  of  the  agitating  foi-ce  (Art.  362).  The  complementary  function  is 
the  sum  of  an  infinite  number  of  periodic  terms  of  other  periods.  By  equation  (3), 
these  represent  in  Fourier's  manner  a  single  vibration  of  the  same  period  as  that  of 
the  forced  vibration  but  with  a  different  phase.  It  appears  from  the  final  result 
that  when  ati^x  the  whole  effect  of  the  complementary  fanotion  is  to  alter  by  qx 
the  phase  of  vibration  of  the  particle  distant  x  from  the  agitated  end. 

618«.  We  laay  aho  deduce  the  motion,  of  a  finite  string  BA  from  t!mt  of  an 
infinite  string  by  using  the  method  described  in  Arts,  614  a,  614 1?.  Let  the  agitating 
force  be  given  and  act  at  the  end  B  and  let  the  end  A  be  fixed.  Produce  BA 
indefinitely  and  \,sksAB'  =  AB.  If  now  we  place  at  B' another  agitating  force  equal 
and  opposite  to  that  at  B  the  point  A  will  be  fixed  thioughout  the  Motion.  The 
actual  displacement  at  any  point  P  between  B  and  A  will  be  the  sum  of  the 
displacementB  due  to  the  two  E^tations,  and  will  take  diSerent  forma  according  as 
the  fronts  of  the  two  waves  from  B,  B'  travelling  towards  P  have  or  have  not 
reached  P. 

This  constniotion  holds  until  such  time  as  the  front  of  the  wave  from  B'  has 
reached  A,  that  is  until  t  =  2I/a.  After  that  time  the  points  will  become  subject  to 
the  vibration  due  to  the  force  at  B'  as  well  as  to  that  at  A.  To  destroy  the  former, 
another  agitating  force  equal  and  opposite  to  that  at  B'  must  be  made  to  act  at  a 
point  C  where  BC=BB',  and  so  on. 

619.     Stcing  wifln  a  partiola  attacbed   and  a  farce  F  sin  qat.     A  strinff, 

vfhose  ends  A,  B  ai'e  fixed,  is  stretched  at  a  tension  r„.  A  mass  M  attached  to  ii 
point  G  of  the  string  is  ajsted  on  by  a  ti'ansverse  force  Y—Fsinqal.  Tlie  string  is 
initially  straight  and  at  rest.    Find  the  subseqjient  motion*. 

*  This  problem,  put  into  various  forms,  has  been  much  discussed,  chiefly  with 
a  view  to  its  application  to  the  string  of  a  pianoforte.  An  account  of  the  experi- 
ments of  Helmholtz,  and  of  the  theory  to  which  he  waa  led,  is  given  in  his  treatise 
on  the  Sensations  of  Tone,  translated  by  A  J.  Ellis,  second  English  edition,  1885. 
Helmholta  chiefly  uses  the  method  of  discontinnous  functions,  but  Donkin  in  his 
Acoustics,  1870,  has  given  a  solution  founded  on  the  expansion  of  series  and  this 
method  has  here  been  used  in  the  text.  This  has  also  been  adopted  by  Eayleigh  in 
his  Theory  of  Sound  who  has  considered  in  relation  to  this  problem  the  effect  of  the 
resistance  of  the  air.  The  theory  of  the  violin  string  is  also  due  to  Helmholta:,  the 
difSeolty  here  being  to  determine  by  observation  exactly  how  the  bow  acts  on 
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Let  ?i  (  be  the  utiatrelched  lengths  of  AC,  CB  and  i^l^  +  l,.  Let  C  be  the 
origin,  GI  the  liietiion  in  mliioh  x  is  measured.  The  forced  vibrations  of  the 
strings  At,    Ll   aie   by  Art   615o 

!/,  -      4  ein  qat .  sin  g  (a:  +  ii)/sin  3(1 )  „, 

y.-     A  sinjai.sinjia^-y/BiugJaS 
These  aJreadi  satisfy  the  oonilitioiis  that  j/i  — 0  when  x—  -l^  and  1/2= 0  when  s:=l,^ 
for  all  values  of  t      They  muft  ilso  satisfy  the  condition  that  iji  =  yi  vfhen  x  =  (i. 
This  shons  that  A=A 

Coniiiei     ixt  tie  maas  M     Ita  ejaation  of  motion  is 


h-^-'-^fXW '"'■ 


where  the  bracket  implies  that  x  is  to  be  put  zero  after  the  differentiation  has  been 
performed.  The  ordinate  y  is  that  of  the  particle  and  must  be  e^ual  to  )/,  or  y^. 
We  therefore  have  after  sntstitntion 

MAg''a^=^F+  T„Ag  (oot  gl^^  +  coi,  qlj), 

:.  Aq  {Tt,  BID  ql-Mi,a^  sin  ql^si-iiqls)^ -Fain  qi,s.[iiqls  (3). 

This  equation  determines  the  constant  A  when  the  period  of  the  acting  force  is 
given.  The  forced  vibration  is  given  by  the  expressions  tor  j/],  y^,  and  has  there- 
fore been  completely  determined, 

619a.  1/  the  fame  Y^Ftinqat  aetimj  on  the  partiele  M  were  zero,  we  should 
have  'T^  sin  ql^Mqd'  sing?;  singij. 

Here  the  quantity  g  is  no  longer  determined  by  the  period  of  an  acting  force,  bat  by 
the  geometrical  conditions  of  the  system.  The  equation  therefore  gives  the  periods 
of  the  free  vibrations  of  a  system  of  two  similar  strings  with  one  attached  particle 
vibrating  trans verselj. 

6196.  It  is  useful  to  consider  the  case  in  which  tlte  laaasMia  zero,  hat  the  force 
Y=Fainqat  continues  to  act  at  the  point  C.  By  joining  equations  (1)  and  (3)  we 
see  that  the  forced  vibrations  of  the  two  parts  of  the  string  are  given  by 

-gii 
fngi"'"^"'""''^-'"'"'        '■"-~T,qBi: 
To  the  forced  vibrations  of  thie  string  we  must  add  the  system  of  free  vibrations 
if  we  wish  to  satisfy  any  special  initial  oonditious  of  motion.     The  free  vibrations 
are  the  aame  as  those  of  a  string  whose  ends  A  and  B  are  fixed  and  which  is  not 
acted  on  by  the  force  Y— Fsin  qat.  Art.  325.     Since  the  origin  is  at  C,  these  are 

i,  =  SE„siniia(sin«(i  +  y (5), 

where  lj  +  L  =  iir.  The  condition  that  the  stHng  is  straight  when  (  =  0  is  clearly 
already  satisfied.  To  make  the  strins  start  from  Test  we  must  have  when  (  =  0 
d^jdt=  -  dyjdt  !rom  .r=  ~l^tox  =  0  and  dij/i(=  -dy^dt  from  3:  =  0toa!  =  ij.  To 
find  fl„  we  follow  Fourier's  rule  (Art.  398).  Multiply  both  sides  of  the  equality  by 
sin?i{3;  +  ;|)  and  integrate  from  one  end  of  the  string  to  the  other,  that  is  from 
X-  -(,  to  x=l,.    We  then  have 

-£„'^»singJ|sin=«(^  +  i,)rt.^ 

=  >anql.Jmaq(x  +  l^)dnn{xi-l,)dx-smql,ismq{x-k)3mn.{x  +  l,}dx. 
The  limits  of  the  first  integral  are  3:=  -  ^i  to  Jj,  of  the  second  x=  -l^toO,  o£  the 
third  1  =  0  to  h.     The  integrals  can  be  simplified  by  obvious  artifices,  and  we  find 


.n,(.+y,    s,,-'^^;=|i,,to,«.mj(>.-y..-(4). 


y  Google 


■"■(•+« m- 


432  OSCILLATIONS   OF   A   TIGHT   STRING.  [CHAP.  XIIL 

We  therefore  have  for  the  free  vrbratiorrs 

ar      aim.! 

The  free  vibratione  ate  given  by  |5]  or  (7)  and  the  forced  vibrations  ot  the  two 
parts  of  the  string  are  represented  by  the  values  of  y^  and  y^  given  by  (4)  or  which 
is  the  same  thing  by  (1)  in  Art.  619. 

620.  Flanofoxte  Btrius.  HelmholtE  has  made  an  appUcation  of  this  theory 
to  3,  pianoforte  string.  He  observes  that  when  strucl!  by  the  hammer  the  string 
moves  but  very  slightly  from  its  position  of  rest  and  that  the  elastic  pad  of  the 
hammer  is  very  yielding  ajid  admits  of  mneh  compression.  He  therefore  assumes 
that  the  pressure  exerted  by  the  hammer  during  the  blow  which  it  gives  1«  the 
string  is  as  great  as  if  the  string  were  a  pei'feotly  fixed  and  perfectly  unyielding 
body.  He  is  then  able  to  represent  the  pressure  of  the  hammer  by  Y—Fsingat  as 
long  as  t-^Tijqa.  When  t  exceeds  this  vaiue  rbecomes  negative  and  the  hammer 
leaves  the  string. 

The  position  and  motion  of  the  pianoforte  string  at  the  instant  when  the 
hammer  leaves  it  may  be  found  by  adding  the  espressions  given  above  for  the  free 
and  forced  vibrations  and  putting  gai  =  ir.  Hence  if  y  represent  the  displacement 
we  have  s  =  SB„sm  («,r/a)  sinm  (x+  I,), 

dyjdt  =  IB^im  cos  (iis-/a)  ^n(x  +  l^)  +  Aqamnq(x  +  l,)!sm  ql^, 
or  =2B„nacos(w/9)Einj.(a:  +  I,)-^gasing(a^-Z>ing!„ 

acooidiog  as  x  lies  between  - 1^  and  0  or  0  and  L,. 

The  string  then  begins  to  vibrate  freely  with  its  two  ends  fiiEd  with  initial 
conditions  determined  by  these  values  of  y  and  dyjdt.  To  find  the  motion  we 
reclion  t  afresh  from  this  instant  and  put  |  — a  +  Jj  so  that  |  is  measured  from  the 
ead^.     We  then  have  j;  =  S(C„co3)ioi  +  I)„sin?u(()  sinnf. 

We  now  compare  this  expression  with  the  values  of  y  and  dyjdt  given  above. 
By  again  using  Fourier's  rule  we  deduce 

C„=B„sinnir/a,        Z)„  =  B„(l  +  coEn-n-/j). 
The  motion  of  the  string  is  therefore  determined  by 

y  =  2B„  oos  {nir/29)  sLii  n  [at  +  i./2gl  sin  ,^, 
where  B„  is  given  by  equation  (6),  Art.  619  b. 

620(i.  It  is  important  in  a  musical  instrument  that,  as  soon  as  a  note  has 
lieen  olearly  expressed,  no  remains  of  it  should  confuse  the  sncceediug  note.  In  the 
case  ot  the  piano  the  destruction  of  a  note,  when  once  sounded,  is  not  left  entirely 
to  the  forces  of  resistance.  A  piece  of  leather,  called  t!ie  dampei;  rests  on  the  string 
when  not  sounding.  This  is  raised  off  the  string  by  the  action  of  some  mechanism 
when  the  key  is  pressed  so  that  a  clear  note  is  produced.  As  soon  as  the  pressure 
is  removed  from  the  hey  the  damper  falls  again  and  accelerates  the  stifling  of  the 
sound.  The  damper  should  be  placed  so  as  to  act  nearly  at  the  same  point  of  the 
string  as  the  hammer.  It  then  resembles  a  negative  hammer  and  destroys  the 
same  notes  by  a  reverse  process. 

631.  Several  etrinss.  Three  elastic  string)  AB,  BC,  CD  of  differejit  materials 
are  attached  to  eaeh  other  at  B  and  G  aitd  stretched  in  a  straight  line  between  tv>o 
fixed  points  A,  D.  If  tlie  particles  of  the  string  receive  any  longitudinal  di^lace- 
ments  and  Hart  front  rest,  find  tlie  subsequent  motion*. 

*  The  problem  of  finding  the  transversal  vibrations  of  ft  tight  string  ooroposed 
of  two  parts  of  different  kinds  appears  to  have  been  first  solved  by  Poisson,  Journal 
de  V4eole  Polytechniquc,  Tomexi.  1820.   Poisson  points  out  that  Euler  and  Bernoulli, 
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Let  A  be  the  origin,  AD  the  direction  in  wliich  x  is  measured.  Let  the  un- 
Btretohed  leagths  of  AB,  BC,  CD  be  i,,  l^,  l^-  Let  Bj,  E^,  B,  he  their  tespeotivo 
coefficients  of  elaatioity,  m,,  m^,  nij  their  maBses  per  anit  of  length.  For  the  sake 
of  brevity  let  £j  =  m,a,^  E^=vufis'',  Ba^mjaj*.  Let  ihe  rest  of  the  notation  ba  the 
same  as  beiore. 

Wbea  the  string  is  stretched  in  equilibrium  between  the  two  fixed  points  A  und 
I>,  let  T,  be  the  tension  of  the  etriog.  In  this  position  the  displftcements  of  the 
elements  of  each  string  from  their  positions  when  uiigtretohcd  may  be  written 

f3  =  &0.  =  Ji,+|5r^  +  |?(:,_J^_y   (1). 

At  the  time  (  after  the  eqoalibrinm  has  been  disturbed,  iet  these  displacements 
be  respectively  Ji  +  f,',  Jj  +  Sa'.  ^j+la'.    The  general  form  of  any  i'  is 
f=S[4sin{ji(a(-3:)  +  a}  +  Bsin{n(af  +  a^)  +  ;3}] 
=  2  [i  sin  (!ti  +  JK)  cos  M(  +  i' sin  (jtc  +  jU')  Bin  )ia[] 
by  au  obvious  transformation.     Since  each  string  starts  from  rest  d^jdt^O  when 
t  =  0  for  all  existing  values  of  x,  and  therefore  L'  =  0.    We  then  have 
li'  =  Sii  sin  frija;  +  M{)  cos  niOit  "| 

fi'  =  S£.iSin{7ij(3;-I,)  +  j¥a!eos)i^2t  [  (2), 

f3'=SiaBinj7ts(ai-Ii-(j)  +  Jtf3|  COB  iiaOjf  J 
where  S  implies  summatioa  for  all  the  harmonies. 

In  order  to  compare  the  coefficients  of  the  same  harmonic  we  must  suppose- 
11,01=11502= 51303= 2?r/p,  where  p  is  the  period  of  the  harmonic.     To  find  the  oon- 
alants  we  have  the  conditions 
when    3f=0,  a=ii,  x^l-,  +  ls, 


E  ^^=B  -^  E  ^^^=E      ^ 


.(3), 


nM3^ijsin(Bjf2  +  Ms)         1 

IS  Jirs= EaiiaL,  COB  Kfa  +  Mg)  f 

0=1,3  sin  (Jijis  +  M^. 


who  had  attempted  the  problem  before  him,  had  arrived  at  only  incomplete  results, 
M^atoires  de  Pitersboarg,  1771  and  1772.  The  latter  had  indeed  obtained  an  eqoa- 
tiou  giving  the  periods,  but  liad  not  fomid  the  form  assumed  by  the  string  at  auy 
time  dm:ing  the  motion.  The  results  of  the  latter  were  to  a  certain  extent  erroneonSr 
as  ha  had  rejected  the  condition  that  the  two  parts  of  the  string  mast  have  a 
common  tangent  at  the  point  of  junction.  The  problem  has  been  again  considered 
by  Bourget  in  the  Annalei  de  VScole  normale  su^rie-ure,  tome  tv.  1867,  where  he 
corrects  some  of  the  results  of  Foisson.  He  also  discnssee  the  vibrations  of  a  tight 
cord  formed  of  three  different  parts,  and  gives  a  somewhat  complicated  rnle  to  find 
the  periods  when  the  cord  is  composed  of  11  difiereut  parts.  Finally  he  describee 
ten  differdnt  experiments  showing  ihe  agreement  between  the  theoryandeaperienoe. 
These  experiments  are  again  discussed  in  tome  ix.  of  the  Aunales  de  Volservatoira 
de  Paris,  1363. 
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These  give  the  followiae  eciuations 

itofiiidtheil/'s: 

t.nM,     i.ni,>,l,  +  M,)        t 

.aiia/j 

Un(V2  +  i^i)      f,     tanK;,  +  M,) 

-""       E,n^               K.n,         ' 

i^^'h 

B,«,            ■                        £,7,, 

Solving  these  we  find 

tann,I[     taon^l,     imn^l, 
B,n,          E^^         E,n, 

=  {E,n^Y 

,tan!i,i,   tenVa   tannj?,            ,,^ 

L ,  -L-i .  tan  — -'  ta 


a  takes  the 


Saljstitatmg  for  ii, ,  iij,  tt 

This  equation  (tetermines  the  period  p  of  any  principal  oscillation.    In  s 

we  may  obtain  an  easy  Bolntion.    If  E^la^=E^a^  =  EJa^,  thin  et[uatioi] 

form  of  "  the  sam  of  the  tangents  of  three  angles  is  equal  to  the  ptodact."    The 

aum  of  the  angles  is  therefore  a  multiple  of  r  and  we  have  at  once  2;/i[  =  Jpi  where 

i  is  any  integer.     Similarly  if  IJa^^^lJi^  —  lgla^  all  the  periods  are  apparent.    In 

other  cases  we  mast  use  methods  of  approximation. 

631  a.  The  values  of  p  being  known,  it  is  clear  that  the  preceding  equations 
determine  all  the  constants  except  i^.  We  have  therefore  one  constant  undeter- 
mined for  each  harmonic  function  of  t.  To  find  these  we  must  have  recouree  to 
the  initial  conditions.     The  rule  to  effect  this  has  been  fully  given  in  Art.  399. 

The  equations  (2)  may  be  written  in  the  forms 

J/  =  2P„C09«oJ,  Ja'  =  S«««osna(.  f,' =  SR„  cos  nat |5), 

where  P„,  Q^  and  R^  Btand  for  the  coeffioients  as  exhibited  in  the  last  article.  The 
first  of  these  three  equations  represents  in  a  typical  form  the  motion  of  any  particle 
in  the  string  AB,  the  seeonci  represenfai  the  motion  of  any  particle  in  BC,  and  so  on. 
Keferring  to  Art.  399,  the  three  sets  of  multipliers  may  be  typically  represented  by 

m^dxPj,,  mjiteQ^.  m^dxB^ (6). 

The  summations  spoken  of  in  Art.  399  are  here  integrations  and  extend  over  the 
lengths  of  the  tiiree  strings  respectively. 

Suppose  now  that  we  have  initially  ?i'=/i  [x],  Ea'=/s  (r),  $3^fs{x).     We  find 


JO  I  i,  Jl,- 


These  integrations  i 
given  Thus  we  ha' 
anj  value  of  ji 

The  integiations 
without  difiitulty  ai 


9  effected  w 
tt  additional  equation  t- 


m^xB^\..{7). 


s  of/jH  /g(3!)  ana/3(ic)  are 
id  the  L  which  corresponds  to 


1  the  light  hand  iii^e  of  thi^  equation  c 
isult  Ih 


,nd  the 

4Kf.L,-  +  '"AC'.-  +  '"AV}  

1  the  left  hand  "iide  can  only  be  performed  when  the  fni 


.(8). 


The  mtegratioi 

To  obtain  (8)  we  notice  that  it  P=I,  sin  (nx-H-y)  we  have 

where  P'  —  dPjdx  and  both  sides  are  to  be  taken  between  the  same  limits.  Also 
mjif^EX'  where  for  the  sake  of  brevity  we  have  written  \^pj2v.  If  (Pi,  Q-^,  B-,), 
{Pa.  Qay  -Rfl)  ^^  the  values  of  P„,  §„,  Jt„  at  the  upper  and  lower  limits  of  their 
respective  integrals  in  (7),  the  right-hand  side  of  that  equation  becomes 
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where  Q'^dQjdx,  K'^dRjdx.     Bat  by  (3)  when 

x  =  l^  +  is  +  ^,        R,~0. 
Kakiiig  these  aiibstitationa  we  obtain  for  the  right-hand  of  (7)  the  result  marked  (8). 

622.     Examplefl.    Es.  1.     If  the  three  strings  vibrate  transversely,  and  a,,  it^, 
Og  be  t^e  velocitiSB  of  a  nave  along  them  me^ured  in  units  of  length  of  unstretched 
string,  proYB  that  the  periods  of  the  notes  ace  given  by  the  eq.uation 
tann,;.      tanjijij     tan?!j^_    jtan^Ji   tan v^l^   tan n^l^ 

where  nr,aj^=:ii^a^='n^^=2'irjp.  If  the  initial  disturbance  is  given  show  how  to  End 
the  subsequent  motioa. 

The  conditions  at  any  janoiion  are,  (X)  the  ordiniites  of  each  string  are  equal, 
(3)  the  tangents  are  coincident. 

Ex.  2.  Two  heavy  strings  AB,  BC  of  different  materials  are  attached  together 
at  B  and  suspended  nnder  gravity  from  a  fixed  point  d.  Prove  that  the  pciiods  of 
tlie  vertical  oscillations  ace  given  by  the  equation 

tan  -^  .  tan  -^  -  -^^ , 

the  notation  being  the  same  as  before.  If  the  two  strings  are  iuitially  unatretched, 
and  start  from  rest,  find  their  lengths  a.t  any  time. 

Es.  3.  Two  strings  AS,  BC  of  different  materials  are  attached  at  B  to  a  particle 
of  mass  M,  while  tkeic  othec  extremities  A  and  C  are  fixed  in  space.  If  the  particles 
of  the  system  vibrate  along  the  length  of  the  straight  line  JC,  prove  that  the  period 
p  of  any  principal  oscillation  is  a  root  of  the  equation 

M —  =  —cot  — -'  +  — ^cot  — - , 
p       it,         a,jj      o,        Osjj 

ivhere  Jj^,  l^  are  the  unstretched  lengths  of  the  stiings,  .S, ,  E^  their  elasticities,  and 
«!,  iij  the  velocities  of  a  wave  measured  in  units  of  unstretched  length  per  unit  of 
time.  The  values  of  p  obtained  by  equating  (when  possible)  the  ootangents  simul- 
taneously to  infinity  make  B  a  node. 

If  the  system  make  small  oscillations  transverse  to  the  straight  line  AC,  the 
periods  will  be  given  by  the  same  equation  if  we  replace  Sj  and  £,  by  r„  the  tension 
of  the  string  when  in  equOibrium. 

Ex.  4.  A  particle  is  suspended  from  a  fined  point  hy  an  elastic  string  and 
performs  small  oscillations  in  a  vertical  direction ;  supposing  the  string  uniform  in 
its  natural  state  and  of  small  finite  mass,  show  that  the  time  of  a  small  oscillation 
wiU  be  approximately  the  same  as  if  the  string  were  without  weight  and  the  mass 
of  the  particle  were  increased  by  one-third  that  of  the  string.  [Smith's  Prize. 

Ex.  5.  A  string  having  its  extremities  fixed  is  vibrating  transversely  in  a  period 
p.  If  a  small  mass  he  attached  to  a  point  distant  i, ,  l^  from  the  ends,  prove  that 
the  period  is  increased  in  the  ratio  l-t-iTBin^2irij/pa  to  1,  where  a  is  the  ratio  of 
the  mass  attached  to  the  mass  of  the  string.  [Donkin's  Acoustics,  page  142. 

Ex.  6.  Two  strings  xA,  Ax'  are  fastened  at  A,  prove  that  any  small  transversal 
vibrations  travelling  from  x  io  A  will  be  partly  cefleoted  and  partly  refracted  at  A ; 
and  that  the  displacements  due  to  the  incident,  reflected,  and  transmitted  vibrations 
are  to  each  other  aa  1  +  ft :  1  -  ji :  2,  where  n  is  the  ratio  of  the  velocity  of  propaga- 
tion  in  xA  to  that  in  As'.  [Math.  Tripos,  1846. 

28—2 


yGoosle 


436  OSCILLATIONS  OF  A   TIGHT   STEING.  [CHAP.  XIII. 

If  ijj ,  1J5 ,  ijj  are  the  three  displacements,  we  have 
„.ZJ.in{»(«l-,.)+.),    ,,.2II,m{»(al  +  .l+pl,     „. 20  .in  («' (•'>-!)  +  ,}. 
Comparing  terms  of  the  same  period,  we  have  na  —  n'a!.    The  conditiona  ai  the 
point  of  janetion  give  li  +  la^lji        dtijldx  +  dit^ldx^djqjdx. 

Hence  a,  p,  y  are  equal  and  A,  B,  G  hs.ve  the  given  catioa. 

Ex.  7.  Two  aniform  heavy  elastic  beams  AB,  CD  equal  in  every  respect  are 
oonneetecf  hy  a  light  inestensible  string  BC;  the  beam  AB  iiea  unetrainefl  on  a 
smooth  horiaontal  table,  while  CD  is  Buspended  at  rest  under  the  action  of  gravity 
by  a  Btring  which,  heing  held  at  B,  passes  over  a  smooth  pulley  P  at  the  edge  of 
the  table,  PBA  being  a  straight  line.  InveBtigate  the  motion  of  the  string  when  set 
free;  prove  that  its  tension,  after  being  instantaneously  diminished  by  one  half, 
remains  constant,  and  that  its  velocity  receives  equal  increments  at  equal  intervals. 

[Math.  Tripos,  1876. 

The  probl  m  un  It  d  n  its  physical  relations  if  we  suppose  the  rods  to  be 
in  one  straight  In  n  th  table  and  CD  only  to  be  acted  on  by  gravity;  in  thie 
way  the  pro!  1  m  a  phfi  d  by  eliminating  the  pulley.     To  keep  the  centre  of 

gravity  of  tl  wh  1  tat  ay  let  u8  next  apply  t(  evec^  particle  a  force  half  that 
of  gravity  in  th  pp  t  d  eotion.  The  result  is  that  the  lod  iS  is  acted  on  by 
^g  in  the  dirett  BA  nd  he  rod  CD  by  Jg  in  the  direotion  CD  The  solation 
then  follows  the  lines  of  Es   1   Art  622 

E  Aptl         fidtth     middle  point  of  a  heaiy  stnni,    which  is 

tr  tch  d  t    d     bl     t    1      th  b  t  two  fixed  pomts  on  a  smooth  horizontal 

t  bl       Th    un  t    tohed  1    gth    f  th      tring  is  2i,  its  modulus  is  n  times  and  the 

ght    f  tl     p        1  tim       th    weight  of  the  strinfe      The  particle  is  then 

m  d  th  gh  d  t  ce  W  to  d  e  of  the  fixed  points  and  when  the  string 
h      b  d    ed  t  tl     I     t   I         set  free.     Show  that  there  are  sufficient 

d  t  to  d  t  -m  com]  1  t  ly  th  four  arbitrary  functions  and  indicate  how 
h  t    b      mpl  ;  d      P         th  t  the  velocity  of  the  partiole  dunng  the  first 

t       1  X    (1  )   wh  =2g  ( and;  is  the  time  fiom  last      [Cams, 1871. 

Bi.  9.  Three  strings  OA,  OB,  OC  of  the  same  material  but  of  difierent  lengths 
are  united  at  0  and  aie  kept  tight  by  being  fastened  to  fixed  points  A,  B,  C,  the 
angles  BOC,  COA,  AOB  being  denoted  by  o,  j3,  y.  Show  tbat  the  times  of 
vibration  transversal  to  the  plane  ABC  of  the  different  notes  sounded  when  0  is 
free  are  determined  by  the  equation  for  T 

^sina  .  cot  ,rr,/r  + Vsiii^  -  cot  ,rr,/r  + ^sin^  -  COt  wT,jT  =  t>, 
where  T,,  T^,  T,  are  the  times  of  the  gravest  notes  of  OA,  OB,  OC  when  Oieflsed. 

[Math.  Tripos,  188*. 
Ei.  10.     Three  equal  and  similar  stretched  strings  AO,  BO,  CO  are  fastened 
together  at  0,  while  their  other  ends  are  attached  to  three  fixed  points  A,  B,  C,  so 
pi      dth  t  tl         gl     AOl   BOL      (JJ  q     1       d  b  th    [1 

il        P        th  t  th    eq    t  tpi/  +6cotpf/6=0  d  t         es  th    p      i 

h  6  th         pect  It         flgtdldft  sal 

brat  1     e       y  f  tl       t     g      i  t      t    teh  d  1    gth         t   2  /p 

1  V    A    B    C  pt  fib  It  S  hbtes 

b  tl  1    6 1  d     Uy     d  t  ly  tl      p  b    t        f     0 1 

?,  =  jii  cos  pt  sill  wtCi/ain  mV,        i;i= B,  cos  pt  sin  nii/sin  nV, 
where  p  =  tmi-nh,  soc  Arts.  613,   613,      The  vibrations  for  the  other  strings  are 
obtained  by  changing  the  suIQsos.    Since  the  strings  are  fastened  together  at  0,  the 
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resolved  displacements  reapeetivelj  parallel  and  perpendieiilav  tu  AO  are  equal. 
We  thus  find 

S,JS  =  As-A3,        B^^S  =  A^-Ai,        B^^ia==A^~A^.        A^  +  A^  +  A^^O. 
The  longitudina.1  and  transversal  components  of  the  tension  are  respectively 

Since  the  Itn  ion-,  yu  the  liiplaced  position  of  0  are  in  equilibriiim,  \vc  find  by 
the  oanic  resolutions  as  before  E  y  moot mi'=  -  rjncotni'.  Using  the  values  of  a 
and  6  given  in  Aiti  612,  613,  thi?  leads  to  the  required  result, 

Es   11      A  nnifoim  stung  of  length  21  is  stretohed  with  tension  T  between  two 
fiied  pomts     Pro^B  that,  if  the  string  is  initially  pnlleil  aside  by  a  force  T  at  a 
point  distant  Z.  liom  onr  end,  the  motion  of  the  string  is  given  by 
_Y    „    .    ijb    .    irx  eosnt 

where  m  is  the  mass  per  unit  of  length,  a  the  Telocity  of  propagation  of  waves  along 
the  string,  2nl  =  iVa,  and  the  siinimation  is  fi'om  !  =  1  to  i  =  co  . 

The  string  has  its  ends  fastened  to  two  roasBea  each  equal  to  M  which  are  kept 
in  place  by  springs  of  strength  /i  and  has  a  mass  M'  fastened  at  its  middle  point. 
Prove  that  if  M'  is  plucked  transversely  the  period  of  the  vibrations  is  Sjr/ya  where 
ptanj)J{iyW(MiiV-p)-2T=}  =  T{2J«pV-3/i  +  M'p2a2j. 

[Math.  Tripos,  1885. 

In  the  second  part  of  the  question  take  the  middle  point  as  origin,  then  for 
the  string  on  the  positive  side  y  =  (Peosp3;  +  Csinp3!)co8jia(.  The  conditions  are 
(1)  irdPyjdi'^^ -2Tdyldx  when  a;  =  0;  (3)  Md'yjdt''= -Tdyjdx- fiy  when  x-l. 
Substituting  for  y  and  eliminating  QjP  we  obtain  the  result. 

Ex.  12.  Siiperpoiition.  The  ends  A,  B  ot  a  string  AHB  are  fastened  to  light 
rings  which  are  free  to  move  on  smooth  rods  parallal  to  one  another.  At  A,  H,  B 
forces  act  transversely  to  the  string  and.  parallel  to  the  rods  with  intensities 

Z^Pcoaift+Gsintt,         r=  i  cos  W  +  jlf  sin  M,        Z  =  Eoo3^(  +  Ssinfi(, 
respectively.    Show  that  at  the  time  t  the  consequent  displacement,  in  the  direction 
opposite  to  that  of  the  forces  at  any  point  P  in  AH,  is 

aX   eosK  {I- x)la     oF   coa\(f- 7t)/a  ■  cos  to/a     aZ   coe/^-r/a 

Tk"      Eia  Klja      ^  TX'  sinW/a  '^  Tv- '  sin //.Ija  ' 

where  T  is  the  tension  of  the  string,  a  its  wave  velocity,  and  x,  It,  I  the  natural 

lengths  of  AP,  AH,  AB  respectively .  [Math.  Tripos,  1886. 

Consider  the  forces  separately.  Taking  Y  iirst,  let  j;,  jjj  be  the  transversal 
displacements  of  tvro  points  one  in  each  of  the  strings  AH,  HB  distant  x  and  x-^ 
from  A  and  B  respectively.  The  conditions  are  (1)  dT,ldx=0,  diijdii:i  =  0  at  A  and 
B  respectively;  (2)  ij=%  and  T  idrildx  +  d-^ldn^  —  Y  e.S,  H.  The  displacement  due 
to  Y  having  been  found,  that  due  to  ^  is  deduced  by  writing  h  —  l  and  changing 
Y,  \  into  Z,  p..  The  displacement  clue  to  X  may  be  deduced  from  that  due  to  Z. 
Superimposing  all  three  the  result  given  is  obt^ned. 

Ex.  13,  A  metal  rod  fits  freely  in  a.  tube  of  the  same  length  but  of  difierent 
snbstance,  and  the  extremities  of  each  are  united  by  equal  rigid  discs  fitted 
symmetrically  at  the  ends.  Show  that  the  periods  of  the  notesemissible,  which  have 
a  node  at  the  centre  of  the  system,  are  given  by  iicljx,  where  21  is  the  length  of  the 
rod  or  tube  and  a  is  a  root  of  the  equation  3Wir=miioota:/(t  +  raVcoti/n',  and 
where  M,  m,  m'  are  the  masses  of  a  disc,  the  bar,  and  the  tube,  and  a,  a'  are  the 
velocities  of  propagation  of  sound  along  the  bar  and  the  tube. 
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s  (1)  wlien  M  is  very  large,  and  (2)  when  M  is  very 
i\  [Math.  Tripos.  1SB3. 

a  imiform  bar  of  length  I  are  attached  to  two  fixed 
poiuts,  distaGi  I  apart,  by  springs  of  equal  strength.  If  the  longitudinal  vibtations 
of  the  bar  are  repreaented  by  ^^{Pemvixll  +  QcosTaajl]  sinrt, 

prove  that  (m^g'-iV')  t^n  m  +  2jitqt/i,^0,  where  fi  is  the  strength  of  either  of  the 
springs  and  q  the  ratio  of  the  tension  to  the  estension  of  the  bar. 

[Math.  Tripos,  1880. 
Ex.  15.  A  uniform  sphere  of  mass  M  and  radius  e  is  capable  of  moving  about 
its  centre  which  is  fixed.  Three  uniform  inextensible  etcings  are  attached  at  the 
estreraities  of  three  mutuaUy  perpendicular  radii,  and  being  drawn  tight,  have  their 
other  ends  fixed  bo  that  the  directions  of  the  strings  pass  through  the  centre  of  ibe 
sphere.  Prove  that  the  periods  P,,  P^,  Pj  of  the  small  oaeillationE  of  the  sphere 
are  given  by  equations  of  the  form 

5  Pi'^  ~ 

where  1^,1^,1^  are  the  lengths,  inj,™^,  BI5  the  masses  of  the  strings  and  3)5,^5,  p, 
are  the  fnndamental  periods  of  their  natural  vibrations  when  they  are  fixed  at  both 
ends     (UeeAit  (jl8  taking  only  the  foiced  iibrition  )  [Math   Tnpos   IBOi 

623  KaBistanoa  of  tlis  air  Let  \i>,  biippo°e  that  the  resistance  of  the  air 
to  a  vibrating  stung  ma>  be  repiesented  by  a  foioe  on  eioh  element  which  is 
proportional  to  the  lelooity  of  that  element  We  ahsume  tins  to  be  the  laiv  of 
resistance  whether  the  vibrations  are  longitudinal  01  tians^er«al  though  thp 
coefiicient  of  resistance  01  tiiction  maj  not  be  the  same  toi  the^c  tiu  kind-,  of 

The  etiuation  of  motion  of  Hie  string  takes  the  form 

dt'~     dx'      ^  dt ^  '' 

where  J  is  the  displacement  of  the  element  whose  abscissa  is  0; ;  Arts.  613a  and  613a. 
We  shall  apply  this  equation  to  two  cases,  in  one  of  whioh  the  free  vibrations  are 
required  and  in  the  other  the  forced  vibration  is  the  object  of  investigation. 

The  two  exlTemitiea  of  a  string  A,  B  are  fixed  in  apace,  it  i»  required  to  find 
the  free  vibratio'iii. 

It  is  convenient  to  clear  the  fundamental  equation  of  the  term  d^jdt  by  writing 
^e^=i] ;  we  then  have 

riF""  d^^"'-^''  '•''■ 

If  /  is  go  small  that  its  square  oan  be  neglected  this  equation  is  reduced  to  the 
form  already  solved  in  the  preceding  articles.  Without  making  any  asBumptioa  as 
to  the  magnitude  of  /,  we  now  put 

if^Psin  (wiat  +  vj, 
and  arrive  at  the  equatio! 


£!-(-■-{:)-«. 


.n  {mat  +  y)  {Aai 

where  m^=  n^  -f^ja'>  and  the  summation  estends  to  all  values  of  u  real  or  imaginary 
which  allovr  f  to  satisfy  the  oonditions  at  the  ends  of  the  stnng. 

These  conditions  are  that  ^  —  0  when  x  —  O  and  also  when  a=i.  It  follows  that 
S  —  0  and  nl=iTr  where  i  is  any  positive  integer;  the  negative  values  of  i  only  giving 
the  same  expression  for  £  with  a  negative  A,     Hence 

J  =  S^<-/'m(».t  +  -,),mm   (A). 
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If  thecoefScient/  of  the  reentauce  \b  gipiter  than  awjl  some  of  the  values  of  m^ 
may  be  negative  and  Vae  ooiresponcUng  tiigonometrieal  fiicotionB  of  t  in  the 
eijuatioii  (A)  will  turn  into  real  exponentials. 

To  find  these  terms  we  teoiir  to  equation  (2) ;  we  now  put  tj  —  Qs"'  and  arrive 
at  the  equatioa 

If  we  take  those  values  of  r''  which  are  less  than  f'ja^,  Q  ie  a  trigonometrical 
function  of  x.  Put  r^^fja'-n'^,  then  for  eaoh  value  of  it'  there  are  two  values 
of  r,  we  therefore  write 

Since  ^—0  when  a!  =  0  anda:  =  I,  we  have  n'l^iir  and  E  =  0,  B'  =  0.    Hence 

i-e-/'S(C^'-"'  +  ii«~™')sinn'.r (B), 

where  r^^pja^-n''  and  the  summation  extends  over  all  the  positive  values  of  m', 
less  than //a,  which  make  u'l—ir. 

If  we  take  those  values  of  r  ^fja,  we  find  in  the  same  way 

where  ?■==/'/«'  +  «,"'.  We  can  satisfy  the  condition  J=0  when  3;  =  0  by  making 
5=  -A,  B'—  ~A',  but  we  cannot  also  make  f=0  when  x—l,  for  all  values  of  (, 
with  any  real  value  of  n"  except  n"  =  0.  Thus  the  complete  integral  of  the  equation 
of  motion  (1)  is  given  by  the  two  forms  (A)  mid  (B). 

623  o.    Let  us  interpret  the  equation  (A). 

(1)     The  nodes  and  loops  (Art.  61B6)  are  given  by  ein(iir3;/I)  =  aero  and  unity 
iie  same  positions  as  when  there  was  no  re- 


(2)    Whatever  note  the  string  is  sounding  the  es 

tent  of  the  vibration  is  reduced 

by  the  reaistanoe  to  the  aan 

f      t         f  t               1 

1 

la    Art  6i 

(3)    Since  the  period  is 

/            A       -        f! 

th     ft 

t    Eth           t     ce 

to  lengthen  the  periods  of  ail  th        t 

(1)    The  specimen  tern 

p          t 1        (M  m 

y  b        p 

ss  d  by  tl         m    t 

m         ±                 E 

h     t  th 

p    se  t 

wh  se     ng                     ad 

612 

W   th      f      1 

a              2ir         I        11 

h       h 

11 

d     m   h  1  by 

h             an       b 

m       h   dmi             d 

S.         th 

q         t  r     A 

n  ign  fi    n       W    ma   c 

th       moe 

d         5 

\        (A)          /? 

mu      ha                    Al 

ce                        h 

■=  V 

i  and  th      f        <: 

Th                             h 

5                  CO  (h     n 

et,             /b    m  d 

ea 

gr  d     11    th        te 

628  6.    Nest,  let  us  con   a      th    te  TO    i  f  th                   )  d  ed  f    m   q     ti 

(B).    These  do  not  represe  t           t        d         lltymt         f  hlmtfn 

side  to  side  of  AB.     Since  both  th        p         t   ar           t        th  t    m   1  k   th  si 

derived  from  equation  (A)  alte      tely  dip           Th        d  dli 
when  there  is  no  friction. 
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equations  of  the  form  f  (x)  =  SZ,  sin  -na;,  0  (a-)  ~  SM  em  nx  where  L,  M  are  obvious 
functiona  of  the  oonatonts  A,  y  or  G,  D  according  as  the  term  is  derived  from 
equation  (A)  or  equation  (B).    These  may  be  found  by  tlie  use  of  Fourier's  rule, 

623  d.  Oiic  extTSmity  A  of  a  string  is 
so  that  it  has  tlie  obligatory  iaotian  f  =  C 
vibration,  see  Art.  618. 

Tb.«,...l.„ot„..i.„i.      g  +  2/|..'S (1). 

We  now  write  J=2Me»»'+*^^    (9), 

where  M,  ft,  k,  y  are  constants  at  our  dispoaal  and  may  be  different  in  every  term. 
The  constant  7  may  be  included  in  Uie  factor  M  if  this  is  afterwards  found  suitable. 
By  subatituting  the  specimen  term  in  the  differential  equation  we  Gnd 

ft»  +  2/A/a  =  S= (3). 

Since  there  ate  two  values  of  It  for  each  value  of  b  we  write 

|=S(Jlfe'"«+'^-'^  +  W«'"<-*^l')  (4|. 

Now  when  x  =  l,  f  =  G  sin  gat  for  all  values  of  t.  Since  the  forced  vibration  ie 
required  there  are  only  the  two  values  of  A  given  by  h—  ±?\/- 1.  These  are  wholly 
imaginary  and  the  correaponding  values  of  ft  found  ftom  (3)  are  complex.     Let 

ft=o+0V-i;         ■■■  ^-0'-!=.         a^=/g/» (5)- 

We  now  substitute  these  values  of  h  and  ft  in  the  equation  (4)  and  expand  the 
imaginary  exponentials  in  sines  and  cosines  in  the  usual  way.  Talijng  only  the 
real  parts  we  iind 

^=Me<^ aos  (q'it  +  px  +  yj  +  Ne-"' coa  {gal- 0x  +  y'}     (6). 

If  we  had  taken  the  imaginary  parts  and  absorbed  the  J-l  in  M  and  N,  the 
result  would  have  contained  sines  instead  of  cosines  and  this  would  merely  have 
altered  y  and  y'  by  ^?r, 

Wb  notice  that  each  of  the  two  terms  of  (6)  separately  satisfy  the  differential 
equation  (1).  They  represent  the  two  waves  which  originated  iu  the  agitated  end 
and  are  oontinually  refieoted  at  each  end,  Art.  614c. 

Since  |=0  when  x  —  0  for  all  values  of  (,  we  have  N—  -M,  7=1'',  and  J  becomes 

f=Jir[oos(9ai  +  -y)eos^a:(«"'-«-"'^)-sin(5aS  +  v)sin^a:(f»^4-e-"^)],..(7), 
Again  when  «=  1,  we  have 

f=Gsinga(-G{sin(3ai  +  y)eoB7-ooa(g«E  +  7]siuvi; 
,-.  Gsin7=-af(c'"-e-=^)ooE|3i,        60037=  -  KKe-^  +  e-"')  sin;Si...(8); 

■■-^^-  =  ^^^.         G=±M{eS^  +  ^-i:«'-2c08  2|3J}i. 
ootjSI     e"i+e-oi'  i  "^  < 

These  give  the  values  of  7  and  M.  The  sign  of  M  depends  on  the  value  chosen 
for  y,  and  is  determined  by  the  equations  (8) :  (?  sin  y  has  the  opposite  sign  to 
3^008,81,  GC0S7  the  opposite  sign  to  Msin^L 

633  «.  If  the  string  is  unlimited  in  length  the  waves  which  proceed  from  the 
agitated  end  B  are  not  reflected  at  any  point,  so  that  there  are  no  waves  travelling 
towards  B.    We  now  take  B  as  tlie  origin  and  put 

i^M'e-"^  OQs{qat-  0j:  +  y'). 

As  before  we  find,  by  substitution  in  the  fundamental  equation  of  motion,  tha 
^-a^-q\a^-fqla.  Since  J=G  sin  gat  when  .r  =  0,  we  have -/ =  ^ir  and  M'-  -  G. 
The  remtlting  forced  wave  it  therefore 

?=Ge-"sin{9a*-;3i) (9|. 


yGoosle 


ART.  fi25  a.]  VISCOSITV,  441 

This  result  may  be  deduced  from  (7)  of  Art.  633  d  by  wiiting  l-x  for  x,  making 
{  infinite  imd  using  ibe  eqiia.tiona  (8). 

Ex.  One  end  B  of  an  iudefinitely  extended  Htraight  elastic  roc!  is  agitated  by  a 
longitudinal  force  equal  to  F  sin  qat.    Prove  that  the  foroeil  vibration  ia  given  hj 

where  JV^(n'  +  (3=)  =  (F/Ep,  tan  7=n/|3,  and  a,  ^  have  the  values  given  in  Art.  623  rf. 

We  proceed  as  in  Art.  «23e,  the  origin  being  at  B,  the  tension  T^Ed^ldxie  put 
eq^ual  to  F  sic  qat. 

624.  The  Tloe  wave.  An  interesting  analogy  to  the  longitudinal  vibrations 
of  an  elaatio  I'od  is  eupplieii  by  the  horizontal  motion  of  the  mater  when  the  tide 
wave  travels  from  the  eea  up  a  uniform  liver  or  canal.  The  equation  of  motjoa  in 
each  case  is  the  same,  the  resistance  being  Ifd^jdt. 

Consider  the  volume  of  water  between  two  cross  sections  whose  distauoe  apart 
at  the  time  t  is  <lx  +  d^  (Art.  612).  For  hydrodynamioal  reasons  this  volume  is 
approximately  constant  and  therefore,  if  the  breadth  of  the  canal  is  given,  the 
height  ij  of  the  tide  wave  above  the  mean  level  is  ij—  -  hd^jdx,  where  k  ia  the  depth 
of  She  river.  It  foEows  that  the  rise  or  fall  of  the  tide  corresponds  to  the  tension 
of  the  rod. 

At  the  mouth  of  the  river  there  is  au  obligatory  rise  and  fall  of  the  tide  equal  to 
that  in  the  sea,  say  y  —  K  sin  qat,  and  at  any  bariier  on  the  rivei  the  longitudinal 
vibration  f  is  aero.  The  vibrations  of  the  watei  therefoie  bear  a  considerable 
resemblance  to  those  of  a  rod  under  corresponding  tonditions 

For  eiample,  the  height  of  the  tide  in  a  long  iiver  without  barrieis  is  gnen 
by  7j=Ke-"*sin  (gat-^a;)  where  a  is  the  velocity  of  a  wave  and  a,  ff  have  the 
meaning  given  in  Art.  633e.  The  height  of  the  tide  m  a  rivei  with  a  bariiei  at  a 
distance  I  up  the  river  may  similarly  be  deduced  from  Art  628  rf 

626.  VlacOBlty.  When  the  particles  of  a  string  vibrate  longitndinalLy  the 
compression  or  extension  of  an  element  whose  extremities  are  moving  with  slightly 
different  velocities  is  resisted  and  impeded  by  the  viscosity  or  imperfect  elasticity  of 
the  substance.  To  represent  this  analytically,  let  us  suppose  that  the  tension 
exerted  by  a  stretched  element  of  string,  instead  of  being  given  simply  by  Hooke's 
law,  has  an  additional  term  proportional  to  the  relative  velocity  of  the  estremitiea 
of  the  element.    See  Art.  S33,  Ex.  2. 

The  relative  velocity  of  the  two  extremities  of  an  element  is  —  ( ^ )  i*^  1  hence 
r=E-j^  +  2Fni-5-|j  where  F  is  a  constant  meaauriug  the  viscosity  and  m  the  mass 

per  unit  of  length.     We  substitute  this  value  of  T  in  the  differential  equation  of 
Art,  612,  and  we  find 

dt'  dx^  dx'dt' 

This  equation  agrees  with  that  given  by  Stokes  for  plane  waves  in  air ;  Gambridge 
TTumaetions,  18*5. 

The  solution  of  this  equation  may  be  arranged  on  the  plan  described  in  Art.  G23rf. 
625  a.    To  find  the  free  longitudinal  vibrations  when  both  ends  of  the  striiig 
are  fixed,  taking  account  of  viscosity.    Proceeding  as  in  Art.  623  rf  we  find 

J= 2«*°'+5'(Me^ + We-**), 
where  /i==ft'(l  +  2ftF/a),    Since  f=0  when  3!  =  0  and  i  =  i  we  find  at  once  i!i=i7rV-l. 
Hence  putting  K'—  ~n^  we  have 
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It  tolluwa  from  this,  (1)  that  the  positions  of  the  nodes  aad  loops  are  unaffected 
by  the  viscosity;  (2)  that  ilie  greater  the  number  of  nodes,  the  qnioker  the  note  ia 
eatingaiehed,  the  iundaraental  note  disappearing  last ;  (3)  that  -waves  of  abort  length 
are  sensibly  eitiogniahed  by  the  visoositj  more  quickly  than  long  waves. 

When  i  is  large  the  string  has  a  great  many  nodes  and  loops  and  the  relative 
velooities  of  adja<ient  particles  ai'e  greater  than  when  there  are  only  a  few  nodes. 
We  should  espect  therefore  that  the  viscosity  would  have  a  more  roarhed  effect  in 
estinguishing  the  former  types  of  motion  than  the  latter.  Accordingly  we  find  that 
the  large  valnea  of  i  increase  the  eiponent  in  e"*"""';  and  when  PF  is  sufficiently 
great  the  value  of  m  viill  becotne  imaginary.  The  type  of  vibration  will  therefore  be 
changed  into  one  resembling  that  shown  in  equation  {B)  of  Art.  623. 

626.  tmpaet  «r  Bods.  Ek.  1.  Two  perfectly  elastic  rods  J£,  CZ>  of  the  same 
form  and  material  hut  of  lengths  ^ ,  Jj  are  placed  in  the  same  straight  line.  AB  is 
projected  with  a  velocity  V  to  hit  CD  planed  at  rest,  both  rods  being  without  initial 
compression.     Supposing  Ij  to  be  less  than  Jj  find  when  the  rods  separate. 

We  regard  the  rods  aa  being  in  contact  when  the  distance  between  the  extremities 
B,  G  of  the  rods  becomes  equal  to  the  distance  of  molecular  action.  The  two  rods 
may  then  be  treated  as  it  they  formed  portions  of  a  single  rod,  with  the  condition 
that  the  two  portions  remain  in  contact  as  long  as  they  push  against  each  other, 
i.e.  as  long  as  the  tension  at  the  point  of  contact  is  negative.  They  separate  when 
the  common  tension  at  B  and  C  becomes  positive.  As  soon  as  this  occurs  the  rods 
begin  to  move  as  separate  bodies,  but  their  mutual  action  may  recommence  if  this 
motion  brings  the  extremities  B  and  C  again  within  the  distance  of  molecular  action. 

The  problem  of  the  impulse  of  rods  has  been  considered  by  Cauohy,  AeadSmie 
des  Sciences,  1827  and  Bjilletin  des  Scienaea  de  la  SocUtS  PMlomathique,  1826,  and 
by  Poisson,  TraitS  de  Mgcaniqjie,  1833,  Tome  II.  In  Liouville's  Journal,  Vol.  xn., 
1667  there  ia  a  long  memoir  of  140  pages  by  Saint-Tenant  in  which  he  enters  folly 
into  the  conditionB  of  separation.  These  great  authorities  differ  considerably  in  the 
interpretation  of  theii  results,  and  especially  in  the  conditions  of  separation. 

Let  P  be  any  point  of  either  rod,  v  its  velocity.  Let  s  be  the  dilatation,  or 
extension  of  an  element  at  P  per  unit  of  length,  then  s  =  d(jdx  and  also,  by  Art.  612, 
s  =  TjE.     We  have  if  a;  is  measured  from  A  towards  I> 

V  —  ip  {at  -  x)  +  f  {at  +  x),  n8=  -•ti{at- x]  +  i^{at  +  x). 

To  find  ip  and  f  we  use  the  following  conditions  ;  (1|  when  t=0,v  —  V  from  a;  =  0  to 
(,;  u^Ofrom  x  =  l^  to  li  +  l^;  b  =  0  from  3!  =  0  to  l^  +  l^,  (2)  when  a;  =  0,  e  =  0  always, 
aad  when  a:  =  ti  +  ij,B  =  0  always. 

We  easily  find  that  the  functions  <p  and  f  are  the  same,  and  that  the  curve 
y-^  (ar)  consists  of  a  series  of  finite  straight  lines  whose  lengths  are  alternately  9(j 
and  Bfj,  the  ordinates  being  JF  and  zero  respectively.  These  are  rcpi-eaented  in 
the  diagram.     The  axis  of  y  divides  tlie  system  symmetrically. 


-y,  E'~~~D'~~  B'"A     ilG   D        E  h  G 

The  figure  having  been  drawn,  the  following  easy  iule  enables  us  to  find  the 
state  of  motion  at  any  time  £  of  a  point  P  distant  x  from  A  Measure  AP'  equal  to 
AP  in  the  negative  direction,  and  let  two  points  J?,  R  starting  from  P  and  P' 
respectively  travel  each  with  velocity  a  in  the  positive  direction  The  eqoations 
show  that  at  the  time  1  after  the  commencement  of  the  impact 
jj  at  P=  ordinate  of  JJ'  +  Ordinafe  of  Jl 
OS  at  P=  -  ordinate  of  ii'  +  ordinate  of  Ji 
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To  determino  if  the  rods  separate,  we  must  find  when  the  common  tension  at  B 
and  C  Taniahes  and  becomes  positive.  Let  therefore  R  and  R'  start  from  B  and 
I         tfirtth        dt        i  R       dJi  qalt  1*1   respeotively. 

Aftt       t        fii        bj      =2(  th    1       tP  h     r       a   ts     dm  t    fails  to  zero. 

S         !        i        th       ?aipotJi]i  t         llSh       DS-BD,  and  its 

it  1 11  B  th  d     th      t         t  tl  t     t  b  com    zero  at  the 

p      t    f        t    tB 

If  Jl      P  th    g    dmg  p  f  }  p    t   i      f  th      od   -IB  it  is  clear 

OtE  iJfwlllylltw  E  AB  ththiJ  aohes  B  the 
t       gu  d    g  p      t      t         J  p  rt   1      f  th        d  1  £E     It      th      fore  easy  to 

se    th  t    t  th     in  ta  t  i   th  d  t         j  p      t    f  th      od  AB,  and 

mt  ilto  tlthptSwlhttdfi       BorC  arrives 

tp 

At  th    t  m    g         by  at=i\  th    p      t  iS    t    ti  g  t    m  i  E,  and  its 

dtb  qltJITht  tChbempL    tive  and  the 

1     t    I  *T  th  t  f    m  1   th  tl  ae    th         1  C  b  g  na  to  move 

away  fiom  the  end  B.     The  tension  and  veioeitj  at  B  wonld  immediately  begin  to 

nndergo  similar  changes  if  the  rods  were  to  remain  in  contact,  but  this  is  not  the 

case.    Since  the  whole  of  AB  is  at  that  instant  withont  velocity  or  tension,  the  end 

The  reenlts  are  (1)  the  rods  push  against  each  other  for  a  time  2Zi/a ;  (3)  they 
remain  in  contact  but  without  reaction  for  an  additional  time  8  ((;  -  y/a ;  (3)  the 
rod  CD  then  separates  from  AB,  leaving  the  latter  at  rest  and  without  tension  in 
any  part. 

When  theodsh       dff        t      tilt  V       dTwrny  reduce  the 

latter  to  rest  by      i      rap        g  y  p    t   1      f  1   th      d  1      ty  equal  and 

opposite  to  I         Th     g         1  It  malt      1        cept  th  t  AB  instead  of 

remaining  at       t  h  fi     1      loo  ty  t 

In  the  impact  f  hes  tw  1  th  wh  1mm  t  m  JUT  f  ne  hsa  been 
transferred  to  th     th      wh  t       t  "rravity  th      f      m  w     with  a  velocity 

F^i/t,.    The  VI  h        Ibet        frrdtth  Id      part  Ml^ii/;, 

being  transformed  into  via  viva  of  translation  and  the  remainder,  viz.  ilV^  (I  -  l^jl^ 
into  the  energy  (kinetic  aud  potential)  of  the  internal  vibration.  This  internal  energy 
ia  zero  if  the  rods  are  equal  in  length. 

It  is  useful  to  compare  the  results  obtained  by  theory  with  those  given  by 
Newton's  experimental  law  of  impact ;  Vol.  i.  Art.  179.  Since  vis  viva  is  apparently 
lost  in  the  impact,  the  rods  (though  stated  to  be  elastic)  are  in  Newton's  formula  to 
be  regarded  ae  imperfectly  elastic.  We  easily  see  by  putting  ii'  =  0  in  his  forraula 
that  the  coefficient  e  is  equal  to  \jl^ .  We  notice  that  this  does  not  depend  only  on 
the  nature  of  the  materials. 

Ei.  2.     Two  elastic  bars  AB,  CD  of  lengths  I,,  1^,  masses  M^,  M^  and  initial 

velocities  F^,  V^  but  without  initial  strain  impinge  in  the  same  straight  line  ABG 

on  each  other.     If  .4  be  the  or%iii  show  that  the  displacements  for  the  two  rods  are 

_M,V^±M^       .  JjT.a,      2  sin(KK)secS(pVaJcos(j^K>sinyt 

*i-     M^+M,     "^''^'     '"'     k       P'        Jlf,Bec'(pi,/a,)  +  MsSeo»(pyaa)        ' 

,      MjV,  +  M^V.  Jtftf^ta      2sin(pVoa)sec'(j.yo,)cos(yfEK)sinpt 

*=~     JI/i  +  JH^s  '■   '       ='     tj       p'        M,seo»(j)JiK)  +  jTf5sec^(i)y«,)        ' 


where  S  implies  summation  for  all  values  of  p  given  by  the  third  equation  and  Uj, 

flj  are  the  wave  velocities  in  the  two  bars.  [ Saint -Venant. 

PoiSBon  also  gives  the  corresponding  expressions  in  the  case  considered  by  bim. 
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Ex,  3.  Two  rods  AB.  CD.  leagths  i,,  (,  and  velooitiea  F,,  Fj,  impings  in  the 
same  straight  line,  and  at  the  moment  of  contact  the  tensions  of  the  rods  are  Es^ 
and  E«2  respectively.  Show  that  the  two  rods  immediately  separate  or  remain  ia  con- 
tact for  a  time  according  as  Fj  +  asjis  greater  or  less  than  F, -asj.   [Saint- Venant. 

Es.  4.  Two  rods,  lengths  ij,  Ij,  impinge,  and  at  the  moment  of  contact  are 
moving  with  velocities  V,,  V^  and  have  dilatations  Sj,  Sj  uniformly  distributed  over 
their  lengths.  If  Vj^J=aSi,  fa-^oe^are  positive,  and  both  the  values  of  the  former 
greater  than  that  of  the  latter,  prove  that  the  rods  will  push  against  each  other  for 
a  time  2 ii/o,  remain  in  contact  without  reaction  for  a  time  (l^--2l^)la,  ii  l^>2li;  a.nA 
then,  if  ^  is  negative,  separate.  If  s,  is  positive  they  again  push  against  eaoh  other 
for  a  time  2iija,  cease  to  react  for  a  time  (fj  -  aii}/n  and  then  separate. 

627.  Enersy  of  a  string.  An  elastic  string  stretched  betieeen  two  pomts  makes 
small  vlbratiojis,  to  find  the  energy. 

Let  a  paint  P  in  the  unstretohed  string  oocnpy  a  position  Pi  in  the  stretched 
string,  and  when  the  string  is  in  motion  let  its  position  at  the  time  (  be  i".  Let 
X,  x^,be  the  absoisste  of  P  nl  P  d  1  t  =3i-j-f,  y'  be  the  ooordiaates  of  P'; 
also  let  x'=^  +  fi.  Let  f,  i',  b  h  1  ngth  f  the  unstretched  and  stretched  strings, 
m,  m' their  masaea  per  unit    tl    gth  tb         l=m'l',  xjl=Xill'. 

To  find  the  'potential  ene  gy        n  t      th  t  the  work  done  in  stretching  a  string 

from  its  unstretohed  length  if    t     t      t    toh  d  length  rfa'  ia  §B  (  ^ 1 J  dx.    If 

the  vibrations  are  eimply  long  t  S      I  Z    =  f   +  iJ{  and  this  work  is  iE  ij-\  dx. 
If  the  vibrations  are  both  longitudinal  and  transversal,  we  have 


,  where  y'  is  small,  we  may  put  ^  =  xl'j\ 
therefore 

(©]''-M-(i)'--.KITl 


because  in  the  last  term,  where  y'  is  small,  we  may  put  ^  =  xVjl.    The  work  of 
stretching  an  element  is  therefore 

1  the  second  term  we  may  write  the  equilibrium  tension 
n  T  when  we  retain  only  the  squares  of  small  quantities. 


Let  the  velocities  of  waves  of  longitudinal  and  transverse  vibration  ho  a,  b  when 
referred  to  unstretched  lengths,  then  a^^Ejm  mib^^T„llml',  Arts.  G13  and  613. 
The  whole  energy  of  the  element  is  therefore 


cities  of  waves  of  longitudinal  and  t 
itretched  lengths,  then  a^=£/ni  and 
■gy  of  the  element  is  therefore 

inly  transversely  without  longitu 
string  as  the  standard  of  referei 
nidx  =  m'dxi,  and  ^=K(i'- £)/f. 


When  the  string  is  vibrating  only  transversely  without  longitudinal  motion,  it  is 
more  useful  to  take  the  stretched  string  as  the  standard  of  reference.  Let  b'  be  the 
velocity  of  a  wave,  then  b'll'^bjl,  nidx  =  m'dxi,  and  i=x{l'-l)ll.  The  whole  energy 
of  the  element  is  then 


627a.     Let  the  string  be  stretched  beticeea  iaio  fixed  joints  and  make  transvasal 
vibrations.     We  have  y'='ZC si-an,i>^jBia{nib't  +  y), 

where  S  implies  summation  for  all  values  of  jij  which  make  n^l'—ir.     To  find  the 
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whole  enei^j  of  the  striug  we  substitute  this  value  of  y'  in  the  esipression  just  found 
foi  the  energy  of  an  element  and  integrate  from  3^  =  0  to  i  =  i'.    Now 
Jsin^  «iiC|iiEj  ~  Jeos'  Hja^dii  =  Ji', 
Jein  n^  sin  n^tCjdx  =  0,        |cos  Ji]!!  cos  ti-lx-^Ax^—^, 
where  the  limits  atear^O  to  i'  and«i,  n{  are  unequal.   After  an  easy  int^ation  we 
find  that  the  whole  energy  of  the  string  is  XMV^^CHi^,  where  M='m'l'  is  the  whole 

Iftlie  tiring  isstrctahed  between  two  fixed  points  and  makes  longitudinal  vih'atiom, 
we  put  ^  =  x{l'  -1)11 +  20  sianx  sin  [nat  +  '^), 

where  the  rnistretched  string  has  been  taken  as  the  standard  of  reference  and  nl^iw. 
By  the  same  substitution  as  before,  we  find  that  the  whole  energy  is 
JE  (f  -  Ifll+iMa^ZGV. 

627  h.     Intensity  of  a  wave.    When  a  single  wave  is  represented  by 

y'^ABinnib't-^^  +  y) 
the  mean  energy  of  any  length  I'  is  found  by  substituting  this  value  of  y'  in  the 
expression  for  the  energy  of  an  element,  int^rating  from  a^  =/  to  /+  ('  and  tailing 
the  mean  as  in  Art.  73.  We  find  the  mean  energy  is  iMJ^b'^^,  where  as  before 
M=m't!  ia  the  mass.  Now  v  —  dy'ldl  =  Anb'  cos  « (fi'i  -  a,  +  7), 
hence  tko  mean  energy  of  any  length  I'  is  half  the  product  of  the  mass  of  that  length 
by  the  sqaare  of  the  coe_glcient  in  the  expression  for  v,  where  d  is  the  velocity  of  any 
partiole  This  expression  for  the  energy  of  a  unit  of  length  is  sometimes  called 
tlie  intensity  of  the  wave. 

628  Vlbratlona  of  roda,  A  thin  vndfomi  straight  rod  is  in  eqiiilibrium  under 
the  actjon  of  forces  at  iii  tioo  extremities,  and  mhen  disturbed  it  makes  STOall  oscilla- 
tions in  one  plane.    It  is  required  to  farm  the  equations  of  motion. 

Th  Im  whi  h  pa  ses  through  the  centre  of  gravity  of  every  perpendicular 
t  n  t  th  i  called  the  asis  Let  the  axio  AB  in  the  position  of  equilibrium 
b  t  k  n  tl  a  ft,  and  let  the  pluue  of  vibration  be  the  plane  of  xy.  Let  D 
he  th  d  n  ty  f  th  rod  ta  the  aiea  of  any  perpendicular  section,  and  ah^  the 
m  m  nt  t  t  t  that  area  about  a  straight  line  through  its  centre  of  gravity 
d  awn  pe  p  nd   ul      t    the  plane  of  vibration 

LtJ'b    ajyp    nton  the  axis  of  the  rod  ,  the  finite  portion  PB  is  in  eqni- 

1  b  und      th    a  t  on  ol   the  leverted  effective  foices   and   the  foiees  at   the 

t    m  t       P  a  a  B     Let  j.  be  the  ab'^ci'i'ia  of  P  m  the  position  of  equilibrium, 


Let  the  action  of  the  portion  AP  of  the  rod  on  PB  be  resolved  into  (1)  two 
forces  X,  Y  acting  at  P  parallel  to  the  ases,  and  (2)  a  couple  L  measured  positively 
opposite  to  the  direction  in  which  the  hands  of  a  watch  move.  In  the  same  way 
let  the  forces  at  the  extremity  B  on  any  mass  M  to  which  B  is  attached  be  resolved 
into  Xi,  ¥i  and  L,.    The  reactions  on  the  portion  PB  of  the  rod  are  -X-^,  -Z, 
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and  -ii-  In  equilibrium  both  Y  and  Y,  ava  zero,  and  i(  T  is  the  given  tension  of 
the  rod  both  X  anil  X^  are  =  -  T.  Henoe  during  the  motion  T  and  F,  are  small 
qnantitiea  and  X  and  X,  differ  from  T  in  magnitude  by  small  quantities. 

Let  QB  be  an  element  of  the  aiis  o£  the  rod  PB  when  in  the  position  of  equi- 
librium, QjE,  its  position  at  the  time  t.  Let  the  coordiaatea  of  Q  and  Q,  be 
reBpectively  (iCj,  0)  and  (^i  +  ^i,  i;]) ;  and  let  i//,  be  the  small  angle  the  tangent 
to  QjR,  makes  with  the  axis  of  x.  Consider  the  particles  contained  iu  an  elemen- 
tary slice  of  the  rod  bounded  by  two  planes  perpeudioulav  to  QR,  The  linear 
effective  forces  are  respectively  Dadx^"  and  Diadx^",  wheie  accents  denote 
differential  coefficients  witli  regard  to  the  time.  It  is  also  usually  assumed  that 
the  angular  momentum  about  an  asia  through  the  centre  of  gravity  perpendicular 
to  the  plane  of  vibration  ia  Ddxuft'^i'. 

Taking  moments  for  the  finite  rod  PB  about  the  instantaneous  position  of  P 

where  I  and  h  are  the  oo  nates  of  B  at  the  time  t  and  the  limits  of  the  integral 
are  x^  =  x  and  11=  S  e  a  he  quantities  represented  by  the  Greek  letters  are 
small  we  reject  the     1     J     ts      S  noe  T,  also  is  small  and  A'[=  -T  nearly,  this 


-/:-< 


(^j      .  D  3-1       I      k^^^'Ddx,~L,-¥,(l-x)^T{h~-^)^0. ..{!). 


a  result  whieh  is  perhaps  obvious  enough  when  we  look  at  tlie  figure. 

By  a  theorem  in  statics  we  may  write  L=^FJii,  where  p  is  the  radius  of 
curvature  at  P,  F=^k^  {Ew  +  T),  and  E  is  a  constant  which  depends  on  the  material 
oftherodandis  usually  called  Young's  Modulus;  [seeNoteat  the  end  of  the  volume]. 
The  moment  L  in  the  equation  (1)  has  been  taken  in  the  posiiive  direction,  henee, 
since  the  rod  tends  to  straighten  itself,  we  write  L—  -Fjp. 

Siuoe  we  reject  the  squares  of  small  quantities,  we  may  write  -  —  -^  —  -^ . 

Differentiating  equation  (1|  with  regard  to  3:  and  remembering  that  7,,,  Y„  I.  T 
and  h  are  independent  of  x,  we  have 

*!int..+.raa+r,+rg=o p). 

This  differentiation  is  easily  followed  if  we  recollect  the  rule  in  the  integral  calculus, 
Difiei'entiatiug  again  with  regard  to  x. 


^/l" 


-"»=«.      ^*-'>w.-'' «• 


d3:^dt^         dj^ 
By  resolving  parallel  to  the  axes  of  x  and  y  we  find  in  the  st 
j^■■aDdx^  =  X-XJ_,         JTh"aDdx,=  Y-Y, 
le  limitG  being  Xj=x  to  I.     By  differentiating  these  we  have 

_^ _.  Df^  = 

dx  <ii^       '  dx  dt' 

These  two  results  may  also  be  easily  obtained  by  oousidering  the  forces  on  a  single 
element  at  P. 

Since  wfc'  is  very  small,  the  terms  containing  it  may  be  neglected  when  it  is  not 
multiplied  by  E.  It  is  therefore  usual  to  omit  the  third  term  of  equation  (3).  If 
the  rod,  when  in  the  position  of  equilibrium,  is  unstretched,  we  have  also  T  =  0. 
With  these  two  simpUfications  the  equation  (3)  takes  the  form 


dt^         dx' 


...(5), 
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The  theory  of  the  transversal  vibrations  of  rods  was  givon  by  Poissoc  in  Ma 
memoir  on  llie  equilibriam  and  the  motion  of  elastic  bodies,  Memoires  de  V Academic 
des  Sciences,  Vol.  via.,  and  aJso  in  his  ri'ait^  de  Mgcanique,  Vol.  ii.  Art.  518.  The 
term  containing  ak^tj/"  is  not  found  in  Foisaon'a  solution,  but  is  given  by  Clebsch 
in  his  Theory  of  Elasticity ;  see  also  Donkin's  Acmstia,  1870. 

639.  When  the  differential  equation  (5)  has  been  solved,  the  arbitrary  functions 
or  constants  'whiob  have  been  introduced  must  be  determined  by  the  conditions  at 
the  extremities  and.  the  initial  motion. 

At  the  estremib;  B  vie  have  a:=  I,  and  the  integrals  in  both  equations  (1)  and  (3) 
vanish.  Since  the  terms  containing  ^"  and  T  are  to  be  omitted,  these  eqnations 
become,  when  x  —  l, 

i'Eai^  +  i,  =  0,  i=E«^.-r,  =  0  (6). 

If  the  extremity  B  is  free,  both  L,  and  Tj  are  zero,  the  eonditioca  (6)  therefore 
become  j-i=f><  -=-1=0  when  0;=;. 

If  the  extremity  B  is  fixed  to  a  point  on  the  axii  of  x,  Li  —  O  but  Y,  may  have 
any  value,  the  conditions  are  therefore  );  =  0,  ;j-i  =  0. 

If  the  extfemily  B  is  clamped,  both  the  point  B  and  the  tangeut  at  B  are  fixed. 
The  conditions  are  then  ij  =  0,  ^=0  when  ,T  =  f.  The  reactions  at  B  are  then 
given  by  eq^uations  |6j. 

If  the  estremity  B  is  free,  esoept  that  a  finite  mass  M  is  rigidly  attached  to  it, 

we  put  L.^MK^^,   r,  =M-4,  where  MK^  is  the  moment  of  inertia  of  the 

"         '  (it-'       '  dt" 

mass  and  h  is  the  value  of  ^  when  x  —  I.'  After  replacing  f  by  <Eij/d.r.  the  terminal 
conditions  become,  when  jj^Ji,  k^Ei^  f^.  +  MK^^^^O,  FJSa7^-i!f^=0. 
If  the  mass  be  a  particle  we  put  zero  for  K''. 

If  the  mass  M  be  placed  at  any  point  C  of  the  rod  between  A  and  B,  we  treat 
the  portions  AG,  CB  of  the  rod  separately  and  proceed  as  in  the  corresponding 
problem  for  strings.  The  chief  differences  are ;  (I)  there  are  two  couples  L^,  i^, 
one  on  each  side  of  the  mass.  (2)  the  stiffness  of  the  rod  requires  that  the  value  of 
dvldx  must  be  the  same  on  each  side  of  M. 

62'J  a  Another  solntloii.  We  may  arrive  at  the  equations  n!  motion  of  a  rod 
very  simply  by  oonsidenng  the  motion  of  an  element  at  F,  instead  of  the  finite 
length  PB  The  resolved  reactions  at  the  extremities  of  the  element  parallel  to 
the  axes  bemg  \  1  X  +  dX,  Y+dY ;  we  obviously  have  by  resolving  and  taking 
moments  about  y,  wDdx^^^-dX,  aDd!e^^-dY, 

aDrdx^^=-[Y  +  dY)dx+(X+dX)dTi-dL. 

The  first  two  equations  obviously  reduce  to  equations  (4)  while  the  third  becomes 

"-§-'«S-S  ("■ 

SubatitutoX^  -  T,  f^difldx,  i  =  -  FiPji/dar',  and  we  have 
,   <^  _ 

Differentiate  and  eliminate  Y  and  we  find 

yf^. 

^  dxHt''    '"''' dt"        dx^ 
which  agrees  with  equation  (3). 


•M•Sr.-~y-rS^-r^-^,■■ 


uDfcS  J- 
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The  equation  (3),  with  the  terminal  and  initial  conditions,  determineB  the  yalue 
of  ?)  at  any  point  of  the  rod,  at  any  time ;  the  couple  L  is  given  by  i  =  -  Fjp,  and 
the  transverse  force  Y  by  (8). 

To  find  the  terminal  conditions,  we  notice  that  at  the  end  B,  L  or  -  Fdhildx^ 
must  balance  the  impresaect  estemal  oonple  at  that  end,  and  this  atatemant  ia 
eqnivalent  to  the  first  of  equations  (6). 

Again  at  the  end  B,  Y=  Y^  must  balance  the  eittemal  transverse  force  at  that 
end,  hence  by  (7)  we  have,  where  the  terms  containing  ifi  and  the  permanent 
tension  2'  are  omitted,  ¥,  +  dLJd.i:^l}.  This  is  the  same  as  the  second  ot 
ei^natious  (6). 

630.    Bxamplea.    Es.  1.     To  find  the  oscUMions  of  a  rod  with  both  ends  free. 

The  conation  ot  motion  is  5  +  »^g  =  0   (I)- 

Let  !j=2(P Bin mW(  +  Q cos m'a^t) (2), 

then  F  and  Q  are  funotions  of  x  which  satisfy 

£?-.«.,  «-,.«.„ ,, 

.■.    P=^3inm:t  +  Bcoam3;  +  iir(«'™-e-^+J7C{e'«  +  .-""')   (i). 

At  each  extremity  d'vldx^=0  and  d'vldi^  =  0.    When  x=0  these  give  A^H  and 
B  —  K,  and  when  x  —  i 

A{2siaml-e'^  +  e->^)^B{e«'  +  e-»^-2eosvil), 
B  (2  sin  ml  +  c™'  -  e-'^')  -A  {2eosml-e«^-  e'"") . 

BiimiaatingB/J,  wehavB         i  (e^  +  e"™!)  eos  mi  -  1  ^  0     (5). 

The  equation  for  Q  obviously  leads  to  the  same  result. 

If  mi,  THj,  &o.  are  the  roots  of  the  equation  (5),  the  periods  of  the  possible 
oscillations  of  the  rod  are  25r/ni]%^,  ajr/nijW,  &o.     This  agrees  with  Poisaon's  result. 
We  easily  see  that  the  espression  for  ij  may  be  written  in  the  form 

■n  =  SX„{L Bmm^H  +  MaosmVt)  (6), 

A'„,=  (.""  +  .-«"- 2  cos  mi)  (sin  1"^  +  i^""  -  ^^-"'l 

+  (3  sin  mi -e™!  +  e-"")  (cos  ma +  ^«'^+J«-™)    (7), 

where  the  2  implies  summation  for  all  values  of  m  which  satisfy  equation  {5],  and 
L,  M  are  two  undetermined  constants. 

If  the  rod  is  clamped  at  both  ends,  the  terminal  conditions  are  ij^O  and 
djjjdx  —  O.  Proceeding  as  above  we  obviously  arrive  at  the  same  equation  to 
determine  m.  The  periods  of  ofcillation  of  a  straight  rod  clamped  at  both  mds  are 
therefore  the  same  as  tboie  of  a  rod  with  both  ends  free. 

It  the  initial  circumstances  of  the  motion  are  given  hj  i)  —  ^  {x)  and  ii'^tpix}, 
we  may  find  the  values  of  L  and  Jlf  by  the  method  of  multipliers.  Imagine  the 
values  of  ?(  for  all  the  elements  o£  the  rod  written  down  in  suooessive  rows,  Uien  by 
Art.  399  the  proper  multiplier  to  separate  the  column  occupied  by  cosm'a^t  is 
represented  by  the  type  DdxX^.    We  therefore  find  by  Art.  398 

j<J,{x)X„dx  =  MjX^'dx,         jxl/{x)X„dj:=La^m'^^X^Ux      (8), 

where  the  limits  of  all  the  integrals  are  a:  =  0  and  ar  =  i. 

To  simplify  the  notation  let  X  stand  for  the  function  represented  by  X,„  in  the 
equation  (7),  and  let  Zq  represent  the  same  function  when  any  fixed  value  of  a, 
say  iCj,  is  written  for  x.    Let  also  accents  denote  differentiation  with  regard  to  x. 
Multiply  both  sides  of  ni^X=  ^-j  by  JS  and  integrate  between  any  limits  x^  to  x, 

we  find  m''jXhlx  =  lXdX"'  =  rjiX'"  -  X'X"'Y  +jX"'dx   (9). 
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Nest  mulfiply  both  sides  of  the  difiereiitial  equation  by  X'  and  integrate,  ive 

have  int'X'  =  iX'dX-"=.X'X"'  -iX"^  +  ia   (10), 

Tuhere  ^a  is  the  enustant  of  integration.     Henoe 

B=mJJs:,^-ayo'V'+V  (")■ 

Integrating  (10)  between  iimjta  3:^U>  x 

st>i:^^  =  2jX'dX"  -  JX-Hj;  +  o  (a;  -  k„)  =  2X'X"  -  3jX'■^^ds:  + 1.  (s  -  .t„) (12). 

Eliminate /X"^(ti  between  (9)  and  (12)  and  we  find 


im*jX^dx  =  r  BXX"'  ~  X'X"'T  +a{x 


m*j'x^ 


Substituting  tor  a  in  ttEand  oIq,  itstwo  Taluesgiven)-eapeotivelylir(10)flnd(ll), 

we  find  im'<iX'd:i:^SXX'"-X'X"  +  x(m*X''^2rx"'  +  X"^} (14), 

when  taken  [letwe^i  the  litaits  Xg  and  x. 

By  BHing  equation  (14)  tlie  right-hand  sides  of  the  integrals  required  in  (8)  can 
alwaj^  be  found  whatever  the  conditions  at  the  ends  3:0=0,  !c=l  of  the  rod  may  be. 
The  equation  (14)  ia  due  to  Eayle^h  who  obtains  it  by  adifterent  proccas.  See  Theory 
of  Somid,  Art.  Idi,  He  remarte  that  whether  an  end  is  clamped,  supported  or 
free,  XX"'=Q,  X'X"=0  and  that  therefore 

\'x^dx  =  l{m*X^-2X'X"'  +  X"^, 

right-hand  aide.      If  for  example  the  end  defined  by  3;  =  i  is  tree, 

X"=0,  X"'  =  0,  and  j   X-'d^^ilXK 

Ex.  2.  Show  that  the  periods  of  oaoillatiou  of  a  straight  rod  clamped  at  one 
eiid  aadpes  at  the  other  are  given  by  %(e"^  +  e-™')cos™;  +  l  =  0.  [Poisaon. 

Ex.  3.  Two  rods  have  equal  sectional  areas,  and  in  one  the  section  ia  a  circle, 
in  the  other  an  equilateral  triangle.  Prove  that  the  squares  ot  the  periods  of  their 
corresponding  notes  are  aa  3ir  to  3^3. 

Bk.  4.  Haring  given  the  eqnatioa  <i%/ii<'  +  >i*u/dai'=0,' and  the  values  of  u  and 
of  dajdl  for  aU  values  0!  x  when  t  =  0,  find  u  in  terms  oi  t  and  x,  from  i=  -<c  to 

An  elaetia  wire  indejinitely  extended  in  one  direaliav,  is  firmly  held  in  a  clamp 
at  Diw  end.'  If  a  series  of  simple  tracsvetse  waves  travelling  along  the  wire  be 
reflected  at  the  clamp,  show  that  the  reflected  waves  have  the  same  amplitude 
aa  the  incident  waves,  but  that  their  phase  is  accelerated  by  one  quarter  of  a  wave 
length.     What  will  be  the  result  if  the  end  be  free  inatead  of  being  clamped? 

[Math.  Tripos,  1879, 
Ex.  5.  Two  equal  and  similar  elastic  rods  AC,  BC  are  hinged  at  C  so  as  to 
form  a  right  angle,  while  their  other  extremities  are  clamped.  One  vibrates  trans- 
versely and  the  other  longitudinally  ;  prove  that  the  periods  are  2-!rPlf^S^,  where  e 
isgivenbjl  +  cosScoehe+  f  ^^  cosh  S  -  coa  3  ^'"  j  |j  cot  -^=0,  where  I  h  the 
length  of  either  rod,  and/,  g  are  two  constants  depending  on  the  mateiial. 

Ex.  6.  A  rod  ABC  has  the  extremities  A,  B  and  a  point  C  fixed.  If  2ir/m'u^  be 
any  Jieriod  and  AC  —  l,,  CB  =  !^,  prove  that 

cot  mi]  -1-  cot  ?n!2= eoth  ntli  +  eoth  m?, . 
Since  ij  and  d^ijldx^  are  zero  at  p,  we  find 

^^~[Asiamlp:-li)  +  Sem]im{x-l^]siam'a% 

with  a  corresponding  espresaion  for  ij,  obtained  by  wriliag  -i,  for  i,,  B  and  ^  for 

A  and  S.     At  the  or^in  C,  we  have  hoth  ij^  and  ijj  equal  to  zero,  dTjiJdx^dii^ldx 

K.  D.     II.  29 
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and  since  the  couple  at  C  is  the  same  for  each  tod,  d'ljj/ite^— li^^/'^^-     These 
ooaditious  lead  to  the  given  result. 

Ex.  7.  A  thin  uniform  elastic  rod  of  length  21  and  mass  P,  whoie  eiidi  are  fixed 
inpositioa  and  direction,  has  a  mass  Fjn  attached  to  its  middle  point.  Prove  (Ij  that 
tlie  sfmmetrioal  transverse  vibi'atioiis  aie  given  b? 

V  =  SX{L  sin  mW(  +  Mcoe  vfiaH] , 

sinh  mx  -einraa;      oosh  ini-costna' 
~  cosh  ml  -  ooa  mi        sinh  mi  +  sin  mi  ' 
it  being  measured  from  either  end  towards  the  jnidcde  point;  (II)  that  vi  satisfies 
tlie  equation 

ml  (1  -cosh  ml  COS  mi)  =ji  (cosh  mi  sin  mi  +  sinh  mi  cos  mi) ; 
(III)  tliat  if  the  sjstem  ia  set  in  motion  by  the  mase  Pjn  moving  with  velocity  V, 
striking  the  rod  at  right  angles  at  its  middle  point  and  becoming  attached  to  it,  the 
transverse  displacement  at  time  (  is  ij  =  SXL  sin  m'^a^J,  where 

2V     (cosh  mi.  cos  mi- 1)  (oosh  mi -cos  mi)  (sinh  mJ  + sin  mi) 
~  mV  '  (cosh  ml .  cos  mi  -  1)^  +  n  (oosh  ml  -  cos  mi)" 

[Math.  Tripos,  1895. 

The  method  of  solving  the  first  two  parts  of  the  problem  has  already  been 

explained.     To  soliie  the  third  part  we  use  the  method  of  mnltipliera.     Initially 

37  =  0  for  all  points  of  the  rod  and  for  the  particle,  while  rfi)/iii=0  for  each  point  of 

the  rod,  but  is  =  F  for  the  particle.     Following  the  rule  given  in  Art.  399  we  have 


ai'a^pL  i  I . 


x'a.*'-xM  =  x^TX^, 


where  pdx  is  the  mass  of  tiie  element  dx,  the  limits  are  0  to  i  and  X,  is  the  value  of 
Zwhen^c^i.    To  find  J2'(Lr  we  use  Bayleigh's  formula  (Art.  630).    At  the  particle 

?^  =  ?^^.  ■   x"'--  —  X  ■ 

and  by  symmetry  Xi'=0.    We  therefore  have 

4m^  jX'dx  =  (1  -  3/«)  im'Jt,"  +  i  {X/')^. 
Substituting  for  X,  its  value  this  leads  to  the  required  value  of  L.  ■ 

Ex.  S.    Find  the  periods  of  a  stretched  rod  AB  having  the  extrenities  A,  B  fixed 

Writmg  i*=(Eui  +  r)/iijD,  o=  =  r/uD,  the  equation  of  motion  of  a  stretched  rod, 
investigated  in  irt.  629  a,  becomes 

dt'^^        d^      "  d^dt^     "  dc^^"    W' 

This  agrees  with  the  form  in  Doniin's  Acoustics,  Ait.  176,  who  also  quotes  Clebsch. 
Substituting  7j  =  Ae''^smmt,  we  find  the  quadratic 

)(:^6V-{/i2-fcW)i^-m2  =  0 (2). 

Beprasenting  the  roots  by  7^=  -p*,  r^  =  q\  we  have 

i(  =  [Jsinj»;  +  BcoB3)a;  +  Hsinhg3!  +  £coBh53;]6inm(   (3), 

together  with  a  similar  term  containing  cos  mt.  We  notice  that  q^  is  greater  or  leas 
than  p'  according  as  a^  is  greater  or  less  than  k''m\  Since  the  inertia  of  rotation  is 
usually  small  ft%i'  is  small,  except  for  very  large  values  of  m.  But  Wb'  ia  not 
necessarily  small  because  it  contains  the  factor  Eai  +  T.  In  a  stiff  rod  E  is  great, 
and  in  a  tightly  stretched  string  (lUie  a  piano  wire)  T  is  large. 

When  the  ends  A,  B  of  the  rod  are  fixed  we  have  ij  =  0  and  the  couple  I,  or 
-Fd^jdM'  =  0  at  each  end.    These  conditions  lead  to 
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The  positions  of  the  nodea  and  loops  are  the  same  b,b  for  a  atretched  string,  but 
the  period  ot  vibration  oorresponding  to  anj  aystem  o!  nodes  ia  Sir/in  inataad  of  2jr/p. 

The  reaotiOQ  Y  at  either  end  way  be  found  by  substituting  the  value  of  i)  given 
by  |3)  in  equation  (8)  of  Art.  629  a. 

031.  Ex.  1.  The  natural  form  of  a  thin  tnextens'ible  rod  when  at  rest  is  a 
circular  are,  and  the  rod  makes  smaU  oscillatioits  about  (hit  form.  If  the  arc  ii  a 
complete  circle  prove  tliat  the  periods,  3ir/p,  ore  given  by  p^  (i^  + 1)  =  oi^  (i' - 1)' 
■where  i  is  way  integer  and  ais  a  eoasta^it  depeiiding  on  tlie  Jlembility  of  the  rod. 
If  the  are  is  not  a  eompUte  circle,  but  hat  both  ends  free,  show  that  it  can  be  laade 
to  Tiibrate  symmetricaUy  about  its  middle  point  by  suitable  initial  conditions  in  a 
period  ^jp,  provided  that  the  angle  28  tohich  the  arc  subtends  at  its  centre  satisfies 
the  equation 

tan  nS  tan  n^0  tan  ii^S  ' 

inhere  u^,  n-j^,  n^  are  the  roots  real  or  imaginary  of  the  cubic  ax(x-  iy  =  (x  +  X)  f'. 

Deduce  from  this  Poisson'i  expression  for  the  periods  of  vibration  of  a  straight 
rod  with  both  ends  free. 

Let  X,  Y,  L  be  the  tension,  shear  and  stress  oonple  at  any  point  F  of  the  rod, 
then  these  are  a5I  small  quantities  of  the  order  of  the  oscillation.  Let  the  un- 
diBtuibed  aud  disturbed  coordinates  of  P  be  a,  B,  and  a|l+i(),  9  +  ^,  ceapeotively. 
The  equations  of  motion,  when  the  squares  of  small  quantities  are  negleoted, 

where  j«  is  the  maaB  per  unit  of  length,  and  the  couple  L  is  measured  aa  in  Ait.  63B. 
Let  jt  and  q  be  the  proportional  elongation  and  increase  of 
of  the  rod  at  F,  we  And  (see  the  note  at  the  end  of  this  voli 


...(2). 


Since  the  rod  ia  inestensible  we  havep^O,  aud,  by  a  theorem  in  statioa,  /,=  -Jig. 
Elimmating  X,  Y,  L  and  a  from  these  equations,  we  obtain  the  linear  equation 

(l-55)dV/iit»  =  o35(S'^+l)''^    (3), 

where  S  etands  tor  djdS,  and  a.  =  Elvia^. 

To  solve  this  equation  we  put  0  =  SS/sittp[  ain  (ne  +  e).  Substituting,  the 
equation  reduces  to  p5(«^-f-l)  =  on*(B^-ip (4). 

If  the  circle  is  complete,  the  values  of  0  must  recur  when  8  is  increased  by  2ir 
and  therefore  n  must  be  an  integer.  If  the  circle  is  incomplete,  the  value  of  n 
is  unrestricted,  except  that  p  and  n  must  be  connected  by  the  above  equation.  It 
follows  that  each  value  of  p  has  three  corresponding  values  of  n,  so  that  ip  takes 
the  form 

^=S8in(p(  +  f){ilfsin(«fl  +  e)+Jlf,sin(nie  +  ei)  +  l/5  3inKS  +  Ea)f {5). 

The  condition  in  the  question  is  obtained  by  making  X,  Y  and  L  vanish  at  each 
end  of  the  rod. 

The  oaciilafions  of  a  complete  circle  are  discasaed  in  a  difflerent  way  in  Lord 
Bayleigh's  Treatise  on  Sound,  Vol.  i.  Art.  233.  The  equation  giving  p  in  terms  of 
the  integer  i  is  ascribed  to  Hoppe  who  published  it  in  Crelle,  18TI. 

Ex.  2.  The  natural  form  of  a  jvd  is  a  circle  of  radius  a,  and  the  rod  is  both 
extensible  andfiexible,  it  is  required  to  find  the  small  osciWatioiis. 

Consider  the  elementary  portion  of  the  undisturbed  rod  which  is  bounded  by 
two  planes  normal  to  the  axis  at  two  consecutive  points  P,  Q.  Making  the  naual 
assumption  that  these  planes  continue  to  be  normal  to  the  axis  after  the  curvature 

29—2 
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ha--  licPTi  ineicaGed,  we  notice  that  the  wwlnklifd  Unqtla  of  the  fibies  of  the 
element  which  lie  on  eithei  aide  of  PQ  aie  not  eiiual  to  the  UDRftetolied  leuath 
of  PQ,  bnt  aie  longer  on  the  convex  aidp  and  shorter  on  the  other  Let  E  be 
Young's  modnluH  of  elasticity,  u  the  area  of  the  section  at  P,  loJ^  the  moment 
of  ineitia  about  an  aiii.  throuRli  its  eenwe  of  (rcavitv  peipendimlar  to  the  plane  of 
bending,  and  a  tlie  aiadiatnrbed.  ladius  nf  the  axi'i  ot  the  tod  We  thfji  tmd  by 
integration  that  the  resultant  tension  X  of  all  the  fibres  which  croaa  the  section  ui, 
and  tbeir  bending  moment  £,  are  given  by 

X=Eu,p-E'^  q  =  Af-Bq,  -^  =  £'^%  =  Bg (G), 

where  p  and  q  have  the  same  meanings  as  in  the  last  example.  In  the  same  way 
we  find  that  the  potential  energy  of  the  fibres  of  an  elementary  length  iJS  of  the  rod 
is  d,V=\iU{Ap'^+Bq^), 

this  result  is  however  not  wanted  in  the  following  solution.  It  is  proved  in  the 
note  already  retei-red  to. 

Substituting  these  values  of  X  and  L  in  the  dynamical  equatioua  of  the  last 
artide,  and  eliminating  Y,  we  find 

maW4,ldf-A!ip,  ™n=(Pu/rf(=-B  (ff^  +  l)?  -  Jp (7), 

where  i  stands  for  djdd.  Since  the  values  of  j;  and  q  are  given  in  the  last  example, 
we  thus  have  two  equations  from  winch  ip  and  «  may  be  found.  To  solve  these  we 
put  't>  =  -ZMsm{pt  +  i)sla{nS  +  d),        «  =  £^■sin  (pt  +  f)  cos  (nfl  +  e). 

Substituting,  and  eliminating  MjN  in  the  UEual  waj,  we  obtain 

m%V-moV{.JK  +  l)  +  B("^-in+J-Bn-K-l)''=0    (8). 

If  ttie  undisturbed  form  of  the  rod  ia  a  complete  ou:ole,  n  may  be  any  integer,  and 
the  two  periods,  via.  2ir/p,  corresponding  to  each  integer  are  given  by  this  equation. 
If  the  itndistnrbed  form  is  an  arc,  n  is  unrestricted,  except  that  p  and  n  must  be 
connected  by  the  eq^uation  (3)  and  both  must  be  real.  Each  term  in  the  ex- 
pressions for  ifi  and  u.  defined  by  any  value  of  (i  has,  as  in  the  last  example,  three 
oorresponding  values  of  n,  and  therefore  contains  three  terms  of  the  form 
1/ .In  («»  +  ■). 

The  conditions  that  X,  Y  and  L  are  aero  at  each  extremity  of  the  rod  show  that 
p,  q  and  iq  must  vanish  at  the  same  points.  These,  as  in  the  last  example, 
determine  e,  tj ,  e,,  the  ratios  M-^jM,  M^jM,  and  give  an  equation  connecting  p  with 
the  length  of  the  arc. 

Another  tohiMoii,.  We  may  also  deduce  the  oscillations  from  Xagraiips'eejiioiions. 
We  divide  the  rod  into  n  elements  each  eahtending  an  angle  dS—l  at  the  centre,  the 
mass  of  each  being  mal.  Let  the  undisturbed  and  disturbed  coordinates  of  any 
junction  of  rods  be  a,  6,  and  a  (!  +  «,),  fl,-l-0,  respectively.  The  quantities  {^„,  i(„), 
<*i,  "n)...('?n,  «],)  determine  the  position  of  the  system.  Neglecting  as  before  the 
vis  viva  of  a  rotation  we  have 

2T=m«i.jS{(»Vi  +  «'„)=+(0'^i-l-^',]3}    (1), 

where  S  implies  snmmation  froms^Oto  s  —  n~l,  and  accents  denote  differentiations 
with  regard  to  (. 

Consider  next  the  potential  energy,  the  work  of  stretoMng  an  element  ds  is 
known  to  be  ^ds  (Jp^  +  Bg^) ,  where 
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We  therefore  bave 

2..,,..  {.(*«_».„..)%,("«^-.-^"««.)|    ,4,, 

To  obtain  the  equations  of  motion  we  substitute  these  functions  iu 

d  dT       dV_  ddT      dV_ 

dtdip',      ii0,"   '         dtdu'      du,~   ' 
wo  find 

.fi*".„«»".+»vj-fj(''-«f-*-".)-(*S*"  «•-.)}-«■■<='■ 

H-2tl,+  !(,_,    ,       IB  i"a-2ll,_,+«,_,  ,  I         „  ,„, 


K-l-)!^ 


These  when  i^dS  ohvionely  reduce  to 

„v'«(*^.,.)+b|,(S  +  ,.)+j(S„)=o. 

and  these  are  evidently  the  same  equations  as  those  already  obtained. 

To  obtain  the  terminal  conditions  we  form  the  Lagraiigian  equations  for  the 
eoordinstea  at  the  ends  of  the  rod.     The  two   estreme  terms   of   {i}   defined  bj 

after  omitting  the  constant  factor  at. 

Substitute  these  terms  in  the  Lagrangian  ec[uationB  for  <fi^,  ii„  and  after  multi- 
plication by  ;  =  ii9  we  obtain  in  the  limit 

*rf»=i+.,„=o,      ■--''■■;?"-"t...-=o   (8), 

and  these  give  ji  =  0.  3  =  0,     The  terms  derived  from  the  vis  viva  2T  disappear  after 
multiplication  by  d8. 

Substitute  again  the  terms  (7)  in  the  Lagrangian  equation  for  u„_j  and  after 
multiplication  by  P=  (liS)^  we  obtain  in  the  limit 

Subtract  the  second  of  equations  (8)  and  this  becomes  in  the  liout  dqldd  —  0  ...(9). 

If  we  substitute  the  terms  (7)  in  the  Lagrangian  equation  for  ^„_j  we  of  course 
obtain  only  a  repetition  of  the  last  of  equations  (5),  i.e.  the  one  defined  by  s  =  b-1. 

Bi.  3.  A  rod  AB  is  vibrating  transversely  without  tension,  deduce  the  equation 
of  motion  and  the  terminal  conditions  from  Lagrange's  general  equations. 
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CHAPTER   XIV. 

MOTION  OF  A  MEMBRANE. 

The  Transverse  Oscillations  of  a  plane  M»mbrane. 

6»9.  Lkt  us  take  as  the  subject  of  oonaideration  a  plane  membrane  equally 
Btretohetl  thcoughoat,  whose  boundaries  aie  either  fixeti  or  subject  to  given  oou- 
ditions.  Let  this  plane  be  called  the  plane  of  xy.  Suppose  this  membrane  to  be 
disturbed  so  that  its  particles  are  slightly  displaced  parallel  to  the  axis  of  z.  The 
membrane  will  now  make  small  oscillations  iibont  the  plane  of  xy.  It  is  the  laws 
of  these  oscillations  whieh  we  wish  to  discover. 

Let  Ml  be  the  displacement  at  the  time  (  of  a  particle  P  whose  coordinates  when 
undisturbed  are  x,  y.     Taking  an  elementary  area  dxdy  at  the  point  P,  let  pdxdy 
be  its  mass ;  thus,  if  tUe  membrane  be  homogeneous,  p  is  tlie  mass  of  a  unit  of  area. 
The  oseillationa  being  transvereal  the  effective  force  on  the  element  will  be 
pdxdy  iPii'ldt^. 

Let  us  now  consider  the  action  across  any  side,  as  dy,  of  the  elementary  area. 
In.  the  general  case  of  a  lamina  this  might  consist  of  a  force  and  a,  couple.  But 
since  a  uiembxane,  like  a  string,  can  be  folded  in  any  manner,  and  can  only  exert  a 
force  along  its  length,  it  is  implied  that  the  couple  is  zero  aud  that  the  force  acts  iu 
the  tangent  plane.  Further,  the  membrane  being  equally  stretched  iu  all  directions, 
this  force  acts  perpendicularly  to  the  side  across  which  it  acts.  Let  us  represent  this 
force  by  Tdy,  then  T  is  cailed  the  lension  referred  to  a  rniit  of  length  and  sometimes 
briefly  the  tension  *. 

The  actions  across  the  two  sides  of  the  rectangular  element  which  are  parallel 
to  the  axis  of  ij  have  to  he  resolved  parallel  to  the  axis  of  3.     These  resolved  parts 

The  resultant  of  the  two  is  T-r-^dxdy.    In  the  same  way  the  resultant  of  the  two 

afitions  across  the  sides  parallel  to  x  is  T-^-^dxdy.    Taking  both  these  resultants, 

and  equating  them  to  the  effective  forces,  we  have  the  equation  of  motion 

^_     /^     ^\ 

'' dt^  \dx''^  dy^)' 

*  The  reader  will  £nd  a  more  complete  (Uscussion  of  those  principles  of  the 
theory  of  elaatioity  on  which  this  equation  is  founded  in  the  Legons  sur  la  tMarie 
MatMiaatique  de  I'MastUit^  des  corps  solidespar  M.  Q.  LasU.  The  equation  itself 
was  first  given  by  Poisson  in  hia  M^moire  sur  VSquilibre  et  f«  mouvement  dei  corps 
elastiques  in  the  eighth  volume  of  the  M^moires  de  I'lnstitat,  1928.  The  oscillations 
of  a,  rectangular  membrane  (Art.  635)  were  also  £rst  discussed  by  him. 
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633.  Since  the  ases  of  eoordinates  may  be  any  whatever  provided  that  they  are 
reotangolar,  thja  eqnatioD  must  be  the  same  whatever  be  the  directiocB  of  the  aiea. 
If  the  membrane  be  referred  to  oblique  axes  inclined  at  an  angle  i,  we  may  show 
that  the  equation  of  motion  is 


634.  To  obtam  a  solution  of  the  equation  of  motion  we  uotfoe  that,  if  we  dis- 
regard the  boundaries,  it  mnat  be  possible  for  the  membrane  to  vibrate  as  if  it  were 
oonatcucted  ol  a  series  of  strings  laid  side  by  side  whose  lengths  are  all  parallel  to 
any  fixeil  direction  we  pleased.  Let  a  be  the  angle  this  fixed  direction  makes  with 
the  asia  of  x.     Then,  putting  r=  nfip,  one  solntion  of  the  ecjuation  is  certainly 

M>=/(.roo8o  +  i;sina-m()  +  F(^cosn  +  yBina  +  ml), 
where  o  is  any  arbitrary  constant,  and  /,  F  are  two  arbitrary  functions  whioh  may 
be  continuous  or  discontinuous  as  explained  in  Art.  6166.  Either  of  these  fnnetions 
with  a  given  value  of  o  represents  a  wave  travelling  in  the  direction  defined  by  o 
with  a  front  which  is  always  parallel  to  the  straight  line  a  cos  a  +  j/ sm  o  =  0.  A  mote 
complete  solution  may  then  be  found  by  summing  these  for  all  values  of  a. 

Since  the  motions  under  consideration  aie  oscillatory,  it  will  be  more  convenient 
to  expand  the  functions  /  and  F  in  sines  and  cosines.  Tailing  only  a  principal 
oscillation,  we  write  io  =  F  sio  pmt  +  Q  cos  pmt, 

where  P  and  Q  may  be  written  in  either  ot  the  following  equivalent  forms,  but  with 
different  constants, 

S{^sinp(:rcosa  +  ),8ina)  +  Beosj.(a:Cosa  +  j/sina)} 
+  S{Csinji(iCOSa-asina)  +  DcoS3,(»!COSrt-!,sina)} 


The  positive  values  of  a  Eire  included  in  the  first  line  and  the  negative  values 
in  the  second  line.  It  follows  that  the  2  here  implies  summation  for  all  positive 
values  of  a. 

635.  Seotansular  Uem'brane.  To  find  the  oscillations  of  a  homogeiiemts  rest- 
angular  ineiabi-aiie  whose  fow  boundaries  are  fixed. 

Let  OACB  be  the  membrane,  and  let  the  sides  OA,  OB,  be  taken  as  the  ases  of 
X  taiiy.  Let  OA  =  a,  OB  =  h.  Then  we  have  to  find  a  solution  which  (1)  makes 
Ml  =  0  when  x~fl  and  when  x=a,  independently  ot  any  particular  values  of  y,  and 
(2)  mahes  w-O  when  y  =  Q  and  when  y  =  b,  independently  of  any  particular  values 
of  X.  Such  a  solution  can  bo  at  once  selected  from  the  general  form  given  in 
Art.  634,  viz.  wi=SLEin(y3;C0SB)sinjjjy  sinajcospmf, 

together  with  a  similar  expression  to  contain   smpmt,  U  being  written  for  i. 
Here  we  must  have  yacosa^iTT,        pfisina^iV, 

where  i  and  t'  are  any  two  integers.     The  periods  {via.  Sir/pm}  arc  therefore  given  by 


(9'K9"K3" 


'I'he  question  arises  whether  this  solution  is  perfectly  general  or  not.  The 
solution  satisfies  the  equation  ot  motion  and  all  the  boundai-y  conditions.  If  then 
it  can  be  made  to  satisfy  lie  initial  conditions  ot  the  membrane  it  will  certainly 
inolnde  every  case.  Let  the  initial  displacement  and  initial  velocity  be  u'  =  ()  (a;,)/), 
Ait>\At^>^{tr,.ij).    Then  potting  t  =  0  we  have 

,>(3r,y)-2Lsin^.sIn':^',  -^  (a;,  y)  =  Si' sin  ?!^  .  sin  ^ .  pm, 
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for  all  vainea  of  x  and  y  i^espectivoij  lesa  than  a  and  h.  To  prove  that  eooh 
eipuDeioas  are  always  poaisible,  we  expand  ^(r,  i/)  in  the  form  2/(j}sm- — 
between  the  limits  x  —  d  to  a;  ancl  again  we  expreae  / [y)  in  the  form  SC sin  —r^ 
between  the  limita  y=0  to  b.  Subetitnting  for  f{y)  we  see  that  ^{x,y)  can  be 
expanded  in  the  ceciuired  form,  and  simBai-  remarks  apply  to  f  (x,  y).     The  values 


can  now  b 

ifl  found  by  uaing  Fourier'i 

jf{    y) 

—         -lljd^iLl, 

=  0  t 

j-0  t   ;    Ti      1 

E        Tl  gbt  H     f  ta  g  1     m  ml  d    t    t  I      f  rr  d  t 

t     f  1    gth  both  Sh       th  t  th    g         t       t         g  h       th 

mb  1  d  tl    t        tl  tl     p       d     t  th         t         I  If/  r)* 

Thus  the  period  la  independent  of  the  area.  [Poisson'a  Theorem. 

636.  When  the  period  of  vibration  of  a  rectangular  membrane  is  given  by  some 
value  of  y,  all  the  poasible  modes  of  vibration  are  included  in  the  form 

..[.x.i„i=*-::3]o..^, 

with  a  similar  term  containing  sinpmt.  In  thisformiand  i'  represent  any  integers 
,hld,..M,  ©'+©'-©'■ 

If  two  sets  of  values  of  i  and  i'  can  satiafy  the  last  equation,  it  easily  follows 
that  the  sqaaiea  of  the  sides  pre  in  the  ratio  of  two  integers.  Supposii^  this 
condition  not  to  be  satisfied,  each  OBcillation  will  be  of  the  form 

i«  =  sin —  ain  -j^  {L  coapmt  +  i'  smprat), 

and  will  contain  two  constants,  via.  L  and  L'.  In  this  case  it  will  be  seen  that 
each  of  these  oscillations  will  be  a  principal  oscillation  and  that  all  the  periods  will 
be  different. 

But  if  several  seta  of  values  of  i  and  i'  accompany  the  same  period  there  will  he 
more  than  two  constants  in  the  expreaaion  for  each  oscillation.  In  this  case  it 
appears  that  there  are  several  ways  in  which  a  membrane  may  be  set  in  vibration  so 
that  the  periods  of  oscillation  may  be  the  same.  It  follows  therefore  that  the 
La^aagian  equation  (Art.  57)  giving  the  periods  of  the  principal  oscillations  has 
a  number  of  equal  roots. 

637.  The  nodal  Hues  are  those  lines  on  the  membrane  which  remain  in  their 
positions  of  equilibrium  during  the  whole  motion.  If  the  period  be  euch  that  the 
osoillation  is  accompanied  by  only  one  aet  of  values  of  i  and  i',  the  nodal  lines  for 
that  oscillation  are  given  by 

These  values  o!  x  or  y  mate  the  coefficients  of  both  cosjimf  and  aia  pmt  equal  to 
zero.  The  nodal  lines  are  therefore  straight  lines  parallel  to  the  aides.  But,  if 
there  are  several  sets  of  values  of  i  and  t'  which  give  the  same  p.  and  if  the  initial 
oonditiona  are  such  that  the  corresponding  coefficients  In  the  coefficients  of  cosymt 
and  sinpiHi  have  the  same  ratio,  the  nodal  lines  will  be  given  by  the  equation 

Si  sin  ^^  sin '-^  =  0. 

They  may  assume  a  great  variety  of  iorms  depending  on  the  number  of  terms 
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in  the  series  and  on  tlie  arbitvary  values  given  to  tiie  coefficients  icpie'jented  by 
the  letter  L.  LamS  in  his  Theory  of  Elaeticity  gives  a  bnet  sketch,  of  the'se 
Another  analysis  is  given  in  EiBmann's  Pwrlial  Differential  Equatioiis  They  both 
remark  that  if  we  take  only  two  terms  in  the  series,  uf  the  foim 

one  nodiil  line  will  be  the  diagonal  xja—ylb.  Here  the  integers  i  and  i'  have  been 
interchanged  in  the  two  terms.  Bnt,  since  the  ec[uation  oonnectiug  these  integers 
with  the  given  value  of  j)  must  also  be  satisfied,  we  have 

which  requires  that  a  =  b.    The  rectangle  mast  therefore  be  a  sqnare. 

From  this  we  may  deduce  that  the  oscillations  of  a  membrane  bounded  by  an 
isosceles  tight-angled  triangle,  i.e.  half  a  square,  are  given  by 


•?]" 


».2I.in-.i!.l„^.lnl^,„^.,. 


with  a  similar  term  containing  sinpmt,  where  i  and  t'  are  integers  connected  by  the 

equation  i'  +  i'2=  (rap/jr)^, 

and  R  is  a  side  of  the  square.     See  Lord  liayleigh'e  Sound. 

Ex.  1.  If  the  Equate  of  the  sides  of  a  reetangnlar  membrane  do  not  bear  to 
each  other  the  ratio  of  any  two  integers,  prove  that  the  nodal  lines  of  a  rectangolar 
mernbrane  must  be  straight  lines  parallel  to  the  sides.  [Poisson's  Theorem. 

Ex.  2.  If  the  sides  ot  a  reetangnlar  membrane  are  such  that  two  sets  o!  values 
of  i  and  i'  give  the  same  period  of  vibration,  then  by  proper  initial  conditions  a 
nodal  line  may  be  made  to  pass  through  any  given  point  on  the  membrane. 

638.  Ex.  liaembra.iie  bcimiil«d  by  an  enuilatttral  triangle.  A  membrane  is 
bouncled  by  an  equilateral  triangle  and  its  boundaries  are  fised.  If  f ,  ij,  f  be  the 
trilinear  coordinates  of  any  point  within  the  triangle,  show  by  actual  substitution 
that  the  equation  of  motion  is  satisBed  by 

_        i^^, 
'   It 
wherej)  =  3iT/ft.     Here  ft  is  the  altitude  of  the  triangle  and  i  is  any  integer. 

This  result  follows  at  once  from  the  tr^onometrical  theorem  that,  if  the  snm 
of  three  angles  is  equal  to  iw,  the  sum  of  the  products  of  their  cotangents  tskea 
two  and  two  is  equal  to  unity. 

This  is  not  however  the  most  general  form  of  solution,  because  we  have  only  one 
independent  arbitrary  integer,  via.  i.  We  cannot  therefore  satisfy  all  the  possible 
initial  values  of  w. 

It  is  shown  in  Lamp's  Theory  of  Elasticity  that  a  more  general  expression  for 
the  period  is  given  by  p  =  {2irlh]{i^  +  i'^  +  ii'ji, 

which  contains  the  two  arbitrary  integers  i  and  i'. 

639.  loaded  Ksnibrane,  A  aniform  rectangular  membrant,  whose  sides  are 
a  and  b  and  man  M,  hag  a  particle  of  finite  mass  )!■  attached  to  it  at  a  point  whose 
coordinates  are  (ft,  k)  when  referred  to  the  sides  as  axes.     To  find  the  motion. 

We  suppose  the  mass  ^  to  be  distributed  over  a  small  area  equal  to  a^.  Let 
Wbe  the  displacement  of  /i  at  the  time  t,  E  the  reaction  bet\veen  the  membrane 
and  that  oiasa,  B  being  taken  positively  when  acting  on  the  membrane.  Then 
~/i  —j~^=R.  Let  us  replace  the  single  force  JJ  by  a  cnntinuoua  force  Zdxdy  which 
acts  at  every  point  of  the  membrane  such  that 

Z  =  2S<!dD(,wi;«),iD(»'n//»). 
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Since  Z  —  0  all  over  the  membiaue  esoept  in  t 
point  {h,  k)  and  at  that  point  Zap^  -  ^^Wjdt^ 


□eighboiu'liood  of  t) 
by  Fourier's  rule 


■ft/a)  Bin  (nV/i/6)=iCa6, 


...(1). 


wliere  the  summations  extend  over  alt  integral  values  of  11,  n'.  If,  ior  instance,  the 
load  were  placed  at  any  point  on  the  originate  h  —  aj2,  the  distribution  of  Z  would 
be  syrametrioal  about  that  ordinate  and  accordingly  we  see  that  all  the  terms  with 
even  values  ofn  would  be  aero. 

The  equation  of  motion  of  the  membrane  is 


d(- 


=  T 


+  Z 


..,(9). 


To  solve  this,  put  to—fix,  y)eosqmt,  :.  W—f{h,  k)eosqmt,  where  vt'' 
clear  that  for  every  term  in  tiie  espanaion  of  Z  we  must  have  a  corres 

inf(x,y).     Put  f{x,y)^S7^LBm{n^xla)sin{n'^ylb)   

Substituting  in  (2)  we  find 

where  M—pab.     This  Rives  at  once 

/'ffln  H^  sin  '-^^^  /'sill  '^  sin  "'""A 
M    f(^.y)     ^^V  «  b     }\  a  b    J 


In  order  that  the  loaded  membraae  should  perform  oscillations  in  a  siiigU  pen< 
the  initial  displacement  must  be  such  as  to  satisfy  equation  (4)  where  n,  it 


integers  as  occur  in  the  eKpansion  of  Z  < 
oBoiDatioD  depends  on  the  initial  displac 
is  the  value  of  W  when  ( =  0.  ^^^  a«-t  ^«i 
Ij^lo.  these  osoiliatioas  we  add  iiuiji^m^m 


the  membrane.     The  magnitude  of  the 
of  the  load,  that  is  oc/[/i,  k)  which 


,  i',p  correspond  i. 


■■  (5 -»)-'■ 


..,(81, 


e  free  vibrations  ti 


Q  the  forced  vibvations 


If  the  membmne  is  performing  any  one  of  the  free  osoillations  and  the  mass  /i  is 
plaoed  at  any  point  of  a  nodal  line  it  is  olear  that /(ft,  k)  =  0.  If  ther^  were 
a  change  in  the  period,  no  denominator  in  (4)  would  be  zero  and  therefore  the 
equation  gives  f{x,  9)=0.  The  forced  vibration  given  by  (4)  will  disappear,  and 
the  membrane  will  continue  to  describe  the  free  oscillation  with  unchanged  period. 

Supposing  however  that  /{ft,  J;)  is  aot  zero,  tlie  possible  periods  of  the  kiaded 
wembrane  arc  found  by  putting  x=h,  y  =  k.     They  are  given  by 


31 


iriving  at  this  result  ia  givi 


639  a.  As  an  example,  let  ua  1 
the  mass  M  of  Uie  membrane.  1 
by  (5),  let  us  suppose  that  only  01 


)ose  that  the  load  n  is  very  much  smaller  than 
[notion  of  the  unloaded  membrane  being  given 
st  of  values  of  i,  i'  accompany  the  value  of  p. 
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Then  only  one  term  in  (6)  lias  a  small  denominator ;  taking  this  term  and  rejeotiiig 
all  the  others,  we  see  that  tlie  corresponding  period  Sir/gm  tor  tlie  loaded  membrane 
is  given  approximately  by 

,._,.=M(,.iJ,  ^'Jff  ,„. 

As  a  second  example,  let  the  membrane  be  square  so  tliat  a=i  and  that  there 
are  two  sets  of  valnea  of  i,  i'  whioh  give  the  same  value  of  p.  Let  these  be  i  =  9, 
i'  —  l;  1  =  1,  i'=2;  and  therefore  p  —  ir^5ja.  These  two  types  of  motion  of  the 
unloaded  membrane  are 


Let  the  load  he  placed  o 

type  of  motion      The  m 

pciiod     The  ordinate  divides  the  membrane  symmetrically  and  hence  m  (1)  i  must 

be  an  odd  mtej,ei      C  nsidcr  the  secind  tjpe    if  /i  is  small  we  must  have  one 

denominattt  in  (4)  smiU  and  hence  n:=l    li  =2      lakinf,  this  one  term  alone 


e  deduce  fio 


l-l(«-^:')  w 


This  f,i\e«  the  change  in  the  periol  of  the  second  type  of  motion  jioluoed  by 
addir^  the  load  /i  The  tvo  ieaults  of  this  seooil  example  are  als  gi^en  n 
Kayleigh  =  Thi,o)i/  of  "^o  nd 

63<»  6  If  the  tocmnla  (I )  could  be  completely  summed  we  mi^ht  deduce  vl  it 
mass  fi  should  be  place  1  at  ani  given  p  nt  th  t  one  of  the  pei  oda  'ff/j  of 
01  ill  at  on  should  hive  a  given  value  Tfe  maj  loiceie  (jffect  o  t  >/  tJu  t  ) 
suji    ittons     We  know   bi  Foiners  rule    that 

i"rj5  +  2=Zji  +  -=2p-^2i^^i--  f^*- 

This  expansion  holds  from  a:  =  0  to  ir  both  inclusive.  Putting  it  =  0,  subtracting 
and  writing  iij  for  x.  we  have 

sin'jf      sin^ay  _;r  sin gy  .  sing  (f -;/) 

l^f<"*'2ii-f=  "*"■■■  ajsinirf 

This  holds  from  j/  =  0  to  Jir,  but  by  writing  j=ir-?(  we  see  that  the  same  equation 
holds  from  tj  —  ti  to  ^w.  The  equation  (10)  therefore  holds  from  y  —  0  to  jr,  and 
we  may  write  y^Jrhja. 

Let  the  given  vaJue  of  5  be  less  than  ?r/6,  so  that  the  given  period  is  longer  than 

the  gravest  note  of  the  unloaded  membrane.     Put  fj'i'"-?'^  ~2^^   '"'^   (S)  then 


...(10). 


where  S  impliei 
of  effecting  the 
If  the  load 
equation  (11]  becomes 

M    ff 

where  0  has  the  value  given 


,     l,rt.,-.«)  l,l.-.l»..,-(-.)( 

'^('sin"'"^V           (11) 

3  summation  from  »'  =  1  toco.     There  is. 
li  is  placed  on  the  medial  line   ft=ia 

V      h  )  <"'' 

,  however,  no  obvious  way 

we  have  j/=^7r,  and  the 

J.-¥(.'«^)"l. 
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839  e.  Ex.  1.  A  pai-tiole  of  maaa  /i  is  placed  at  tlie  centre  of  a  oireular 
membrane  of  radius  b  and  mass  M,  whose  oircumferenoe  is  fixed.  If  the  motion 
oorreepocdiog  to  a  period  3jr/gni  be  given  liy  iu=/(r)  eosgmf,  where  ni'  =  r/p,  prove 

where  the  snmtnation  extends  over  all  values  of  n  which  make  jQ(n6)  =  0,   and 
Jij'  ia  the  valae  of  dJa{x)dxyihenw=nb.     Thence  deduce  that  all  possible  values  ot 

q  are  gi'^n  by  -^;  — S-  -       -, — -„,  and  thai  if  ixjM  is  small,  then  q  is  given  by 

M         (Jo )   "  -5" 
^  =  1-  -~r7r„  approximate! J.     To  obtain  these  resnlta  we  proceed  exactly  as  in 
Art.  639,  but  using  polar  cooi-dinates. 

Ej:.  2.  A,  membrane  of  mass  M  is  bounded  by  two  concentric  circles  whose 
radii  are  b  and  e,  and  the  density  is  D/i^  where  r  is  the  distance  from  the  centre. 
Prove  that  for  any  vibration  symmetrieal  about  the  centre 

HJ  =  {./ton3(ploer)  +  B£in(pIoBr)}cos]imt, 
■where  ra'  =  r/D.     Show  also  that  if  both  boundaries  are  fixed  in  space  the  period 
2jr/jiN(  is  given  by  plofi  (6/c)  =  ijr;  but  it  the  outer  boundary  only  is  fixed  in  space, 
while  the  inner  is  itttached  to  a  moveable  ring  of  mass  />,  then  ji  is  given  by 


^  J.  log  ^  J  tan  ( p  Ic^  ^  j  =  y//i 


II  ;  lb  »nall  complied  with  6  and  c  tlua  membiane  mai  be  rug"  led  as 
nearlj  homngeneoui    mth  the  mner  parts  --lightly  dtniLi  than  the  cuter 

If  c  IS  BTDall  compared  with  b  this  membrane  repieseoto  in  a  hencril  way 
a  ciiculat  membrane  with  more  oi  less  of  the  central  portion  remu\  ed  acd  replaced 
bv  a  given  finite  load 

640.  Ex.  Kembrane  actad  on  by  a  given  pariadloal  force.  A  rectangular 
membrane  is  iounded  by  tlie  coordinate  axes  and  the  straight  Una  x—a,  y  =  b. 
A  finite  acceleratmg  foree  acts  at  the  point  (ft,  ft)  and  is  Tepi'esented  by  Asinrl. 
To  find  the  forced  vibration.    As  in  Art.  639  we  represent  the  iorceby 

where  2S  implies  summation  tor  all  values   of  the  positive  integers  n,  ii'.     The 


l«/[--(S-'3-']- 


Joining  these  to  the  forced 
is  position  of  equilibrium, 


We  may  deduce  from  this  expreaaion  the  effect  of  a  force  acting,  like  an  impulse, 
for  a  jierjf  sliort  time.  Let  r  be  very  great,  and  let  the  force  A  sin  )■(  act  only  for 
the  short  time  ir/r.  If  F  be  the  momentum  communicated  to  the  membrane,  we 
havef=J^sin?'((it  where  the  limits  are  (  =  0  and  J  =  ir/r.  We  thus  have  F=2Ajr. 
Substituting  we  find,  when  r  is  very  great 

^  1         r     *     pm    ]   M 
The  inotion  at  the  time  t  —  rjr,  when  r  is  veij  much  greater  thanpm,  is  given  by 
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Motion  of  a  heterogeneous  Membrane. 

641.  We  propose  to  show  in  this  section  how  bj  the  nae  of  the  theory  of  eon 
jngate  functions  we  may  deduce  the  motion  of  ceitam  hateiogeueoas  membranes 
from  the  oorresponding  motions  of  homogeLsous  merabranei  Tile  coi responding 
theorems  for  a  network  of  particlee  are  brieflj  given  m  Art   421 

We  shall  begin  hy  giving  a  list  of  those  theorems  on  conjugate  functions  ■fthieh 
we  shall  afterwai'ds  require,  and  in  the  next  artiela  we  shall  consider  then  application 
to  the  motion  of  membraaes. 

If  we  have  two  variables  f,  ij  connected  with  i    ?/  by  tl  i  lelutinu 

where/is  any  real  functional  sjmbol,  then  ^.  tj  aic  called  icntagut  junclioTia 

By  taMng  the  first  differential  coeffioients  of  this  equation 
y  and  equating  the  coefficients  of  the  imaginary  quantity  w 

known  results  -r-^  =  -;- 1      -i-=  -  -r^  - 

dx     ay        ay         ax 

Since  we  have  also  .r  +  j,:^/- 1=P  (|  +  ij»/- 1)  it  follows  in  t!ie  same  way  tha 

dx  dv  ,  dy  dx 
-j-  =  ~  and  •£:-  -~r- 
d^      aij  df        dij 

We  may  also  show  by  a  simple  tiansfoimation  of  variables  that 

\dx)  +i^%J  ~iUf/  '^{^J  ilw  '^vvJ  (■ 

^    ^_i(j%    ii%j  i/rffy    f^iV) 

Since  we  may  interchange  x,  y  and  f,  )j  in  this  formula,  it  easily  follows  that 


m)Hm\m<i)'h- 


We  ahali  also  require  a  geometrical  theorem.  Let  us  draw  two  diagrams  each 
reiefred  to  a  set  of  leotangular  axes.  In  one  let  J,  ij  be  the  coordinates  of  a  point 
which  we  shall  call  n,  in  the  other  let  x,  y  be  the  coordinates  of  a  point  which  we 
shall  oall  P.  These  points  are  said  to  correspond.  In  one  diagram  the  loci  defined 
by  ^  =  a,  -q  —  b,  where  a  and  b  are  constants,  are  straight  lines  parallel  to  the  axes. 
In  the  other,  wliere  |  and  i)  ai'e  regarded  as  functions  of  x  and  y  given  above,  the 
loci  will  in  general  be  curved  lines.  Iq  tlie  same  way  the  equation  ij=:0(f)  will 
represent  two  corresponding  curves,  one  on  each  diagram.  Let  the  tangents  to  these 
ouives  at  corresponding  points  11  and  F  make  angles  e  and  e  with  the  axis  of  x,  then 
tan  e  —  di/ld^  and  taiie  —  dyldx.  Through  P  draw  the  curve  j;=:6,  where  6  has  its 
proper  constant  value,  and  let  the  tangeat  to  this  curve  make  an  angle  A  with  the 
axis  of  X.  Then  denoting  differential  coefficients  with  regard  to  af  and  y  by  suffixes, 
we  have  )j^+i;^tand  =  0.  We  also  have,  as  proved  above,  ^^—yi,,  and  ^i,=  -iig- 
,  cJjj     -n^x  +  ■n.idv      -  tan  A  +  tan  e 

Since  tane=T^  =  -^^= — z^-  t—i 77 > 

til     ki^^+igdy       1  +  tan^tane 

we  see  that  e  —  e-  A.  It  immediately  follows  that  the  angle  made  by  any  two  curves 
tobich  meet  at  P  is  eqval  to  the  angle  between  the  correa^iding  curves  which  nieet  at 
n.    In  other  words  coiresponding  angles  are  equal. 

If  we  draw  two  corresponding  networks,  one  on  each  diagram,  and  if  the  meshes 
of  each  be  infinitely  small  triangles,  it  follows  from  the  equality  of  the  angles  that 
the  netvJorJcs  are  similar  to  each  other  at  corresponding  points.  The  scale  or  ratio  of 
the  networks  is  not  however  the  same  all  over  the  diagrams. 

It  also  follows  from  the  equahty  of  the  angles  that  the  curves  defined  by  S—  a, 
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T)  =  Ji  cut  at  the  aarae  angle  in  each  diagram.     They  llierefare  cut  each  otherat  right 
ai\gles. 

642.  Suppose  that  we  know  the  motion  of  a  hovoogeneous  membrane  with  given 
bounding  oonditiona  vibrating  transverBely,  sayt«  =  $(f,  jj,  (|,  where  wi  repcesenta  {lie 
diaplaoement  of  a  point  wliose  coordinates  are  (J,  ij).  Then  this  valtie  of  jp  BatisfieB 
the  etiuation 

"  lit*         \<i^       &if)  ■ 
where  D„  ie  the  density  and  T  is  the  tension  of  the  membrane. 

Let  a,  J  be  the  coordinates  of  a  point  on  another  membrane  which  has  sand 
etrewed  over  it  and  fastened  to  it,  so  that  the  sand  vibrates  with  the  membrane. 
Let  the  densilry  D  of  this  heterogeneous  medium  be  given  by 


^^  =  '^\^'-^^\ 


Then  the  equation  of  motion  of  this  new  membrane  is 

lut,  since  |,  -q  are  known  functions  of  ic, ;/,  we  obtain,  by  Bubstitution  ia  the  equation, 
i  =  ^  (^,  i;,  i),  the  new  relation  10  =  ^  (i,  y,  t),  which  is  the  solution  0!  the  equation 
f  motion  of  the  new  membrane 
Th      U  f  th        w  m      b  a   I       ]  f  b       f  th        at  with 

p     d    g  b       d  d  t 


C       rally  w    d        ( 

t  th        t     1  m   t           1  th          mb            but  only 

bl    p  n  d      f      b    t 

d     od  !  1            W    m           t       tl    t  the  two 

h        th       m    p 

od      f     b    t            a           Bpo  a    t     od  1  lines. 

I      h     t        f    m  t 

t                     y  th  t      1           po    t    f       I   mem- 

h     Id            p     dt        } 

1   p      t      th       h     m  mb  an         hi    the  area 

ed      If  th     be      t 

t     led  t              a  Ih    It              t    p    I  t   n  may 

Th           mmb 

1               h  t      g                  a       m  y  b      bjeeted 

w  eo  sil      a 

t        h                           t           If  h        -er,  the 

t       y          bl 

tl     m  tub           th           It        11          1       present 

f      h        e 

m  mb             At  th        m    t  m          m    6       lember 

It    t    be    bt 

1              t  m      ly    IP       m  t           b  t           ccTirate 

f  th     q                  S 

h         It          f  h    t        I   btam  d  1  y     m   simple 

It             bt       a  by     1         pp      m  t   n,  even 

the  latt«r  may  appear 

to  be  more  diiectly  apphcable. 

To  take  a  simple  example,  the  osciilations  of  a  homogeneous  looae  heavy  cl 
suspended  from  two  fixed  points,  can  be  found  only  by  very  troublesome  algebraical 
approximations.  But  if  we  euppoae  the  chain  to  be  heterogeneous,  we  may  obtain 
an  accurate  solution  of  the  equations.  This  solution  leads  to  nearly  the  same 
results  as  the  approximate  investigations  for  a  homogeneoas  chain.     See  Art.  607. 

To  take  another  example,  we  may  notice  that  the  motion  of  a  homogeneous 
membrane  bounded  by  two  raaii  veetores  ana  two  oiroular  arcs,  can  be  espressed  by 
the  help  of  BeaeePs  funotione.  But  the  motion  of  a  membrane  bounded  in  the 
same  way  and  of  the  proper  density,  can  be  expressed  by  ordinary  sines  and  cosines. 
This  is  muoh  simple::  than  a  solution  in  Bessel's  functions,  and  helps  ua  to  under- 
stand the  nature  of  the  motion. 

646.  We  may  also  express  all  this  in  geffntetrieal  langvage.  Consider  first 
a  heterogeneous  membrane  with  any  fixed  boundary  which  vibratea  according 
to  the  law  iB  =  f{x,y,  t), 
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mh       HI        hdpl  tftlipotP'wl         Ctii        oordinates  are  x.  y. 

■ft  oe         th    TO  mb  th     tw        tin         h  q       oas  are /(«,  a)  =  f 

d  F(     j)—        h  and  p  ram  t  ra      Th  vea  ace  to  he  siioh 

th  t      h       th    1.       m  by       00     ta  t  m  nt  d^  =  a  or  dti^a, 

th    t  t      t  1      1    th    m      1  t      1         ta7  squareB.    That  the 

podg  mt      fj       d        hllb       i!wl        these  carveB  form 

J  f  11         f         th    p    p     t        th  t  th  !1         etp     ding  figures  formed 

th    t  ml  ai      by  th    m  tl    1    f        j  g  t    f      t  e  similar.    It  maj, 

h  w  also  bdeddfmthlt  t        dAx    641.    If  ABCD  be 

f  th      ]  d  p      11  1  to  th  f      th      gh  any  oomer  A,  and 

th       d         ppduJ        BM       dD\fmtht         d]      nt  corners  on  this 

plilWh       tht        qlttgl     ABM  AD]\     th      des  in  each  triangle 

be    g  th    d        d   £;  p  od     ed  Ij       j        li    t         ly       d  th      ij  only.    It  follows 

from  this  that  -^  di  =  ^  tin  KaA-^dti=  --~dl.    We  therefore  infer  from  Art.  641 

d^         d^  <h  d^ 

that  di  =  (iij. 


Th..,  .ln„  ih.  i«,.i.,  Z)  I.  gi,.n  b,-         t  =  (I)"  +  (S)"  • 
it  follows  tliat  the  mass  of  each  elementaiy  square  is  the  same. 

Next,  consider  the  corresponding  homogeneous  membrane.    D  th   m  m 

hrane  straight  lines  parallel  to  the  asss  of  £,  ij  at  a  distance  a  fr  m  h  tl 
that  eaoh  straight  line  corresiponds  to  one  of  the  curves  drawn  on  th  h  t  g 
membrane.    lit  a  new  boundary  be  drawn  which  outs  these  st       ht  i  t  fl 

same  angles  which  the  boundary  of  the  heterogeneous  membra  t    tl 

spending  curves. 

Then   the  motions  of  these  two  membranes  are  the  same     t  pig 

points.    We  may  consider  each  to  be  given  by  w  =  ^{      /     ) 

according  as  me  eKpress  w  in  terms  of  f,  ij  or  x,  y. 

647.  We  may  Dotice  that  the  two  membranes  are  so  related  tl  t  tb  ) 
eorresponding  squares  on  the  heterogeneous  and  homogeneous  membranes  are  equal  [o 
each  other.  Thus  the  iohole  masses  of  the  membranes  are  the  eame,  but  differently 
distribttted. 

648.  Similar  theorems  apply  in  olianging  from  one  heterogeneous  medium  to 
another,  but  as  this  case  does  not  present  any  novelty,  and  is  not  so  simple  as  the 
one  just  oonsideced,  we  need  not  discuss  it  minutely. 

649.  Having  traced  on  the  membrane  the  t 
/(a;,  !/)  =  f,  i' (3:, s)=^,  where  f  audi;  are  constants, 
Laplace's  equation,  we  may  trace  a  third  set  of  curves  given  by 

(S)"Hi)'=@)'*(iy--"- 

These  are,  of  course,  the  curves  of  constant  density. 

A  ourve  of  constant  density  which  passes  through  any  point  will  cut  the  two 
members  of  the  two  orthogonal  sets  which  pass  through  the  same  iwint  at  comple- 
mentary angles.  Then  we  may  shoie  tliat  the  sines  of  these  angles  are  as  the  radii  oj 
curvat'ure  of  tlie  tv>o  members  at  that  point. 

To  prove  this,  let  us  find  tan  6,  where  8  is  the  angle  thai  the  ourve  of  equal 
densitymakes  with  theourve/fa,  3/)  =  J.     By  simple  differentiation,  we  find 


yGoosle 


MOTION  OF  A   MEMBRANE.  [CHAP.  XIV. 

itial  coefficients.    Since /j,  =  ii',,  and/„=  -/*'i. 
or,  that 


sins'  ■¥JyU  +  {J-J-f/)/^ 

Bill  the  radius  of  curvature /f  of  tlie  carve/ ia  given  by 

Ifi  +  fM 


650.  It  ia  not  every  heterogeneous  medium  whose  motion  can  be  deduced  from 
that  of  a  homogeTifoas  one.    If  we  eliminate  J  between 

yds:)       \dy)       D„'      ds:^'^  dy^      ' 
.ve  easily  obtdn  ^!^  +  ^^.0. 

It  immediately  follows  (from  Att.  641)  that 

d^      ■*■      d-4^ 

M.  tlterefnre,  be  suck  tliat  its  logantkm 

661.  For  conyenienoe  of  reference,  let  (i,  y)  be  the  Cartesian  coordinates,  (r,  S) 
the  polar  coordinates  of  a  point  P  on  the  heterogeaeona  membrane ;  {(,  ij)  the 
Cartesian,  {p,  lu)  the  polar  ooordinatea  of  the  corresponding  point  11  on  the  homo- 
geneons  membrane.     Suppose  we  take  as  oar  relation  between  the  two  points, 


Then  we  find  i=tlog^.  ii  =  ce. 

Thus  atruight  bonndaries  on  the  homogeneous  membrane  paj:allel  to  the  a;sis  of  f 
correspond  to  straight  boundaries  on  the  heterogeneous  membrane  which  pass 
through  the  origin.  At  the  same  time,  straight  boundaries  parallel  to  the  axia  of  i) 
coriespond  to  circles  whose  centre  is  at  the  origin. 


Th.  d..*  D  i.  ^.=  b,  ^ .  (I)' + (ay .(!)". 


If  r  vanish,  we  have  D  infinite; 

it  will  therefore  be  necessary  to  exclude  Uie  origin 

from  the  area  of  Ibe  membrane. 

If,  then,  we  know  the  smtioti 

!  of  a  membrane  hounded  by  a  rectangle,  tlie  trans- 

/oi-niafioTf  immediately  gives  tka  : 

motion  of  a  Itetej-ogeneous  membrane  bounded  by  two 

circular  ores  and  any  two  radii  i 

mtorea. 

652.     Example The  motion  of  a  rectilinear  homogeneous  membrane  bounded 

by  the  straight  lines  S  =  h,,  ^^h^;  it— k^,  ii  =  k^,  is  known  to  be  given  by  the  type 
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It  immediately  tollowa  that  the  motion  of  a  heterogeneous  membrana  bounded  by 
the  area  of  oonoentrio  oiroles,  whose  radii  are  h^'  and  h.^',  and  by  two  radii  veoWrea 
$^a,  and  S  —  a^,  is  given  by 

.    .    /.     logr-logfti'  \    .     r,     fl--B,\ 
w^Aeml  IT  ,      .  ,    ,  --;-; )  em  UV^—- '■    ooapmt, 
V      logfta'-logV/         V      "a -a,/ 


where  the  integers  i  and  i'  aatiaCy 


cV 


(log  ftj'  -  log  fti')2     (oa  -  Oi)'  ■ 
and  the  density  D  of  the  membrane  is  given  by  Ti"  ~  (  ~  )  ■ 

653.     Another  useful  relation  between  the  corresponding  points  P  and  H  is 

and  therefore,  in  polar  coordinates,      p=cf  -  j    ,  u^nfl. 

By  this  transformation  all  radii  veotores  are  turned  round  the  origin  and  altered 
in  a  known  manner 

Also,  the  density  D  of  the  heterogeneous  membrane  ie  given  by  -„-=«'  (  -  ) 

Since  e^oonstant  makes  w^oonstant,  we  see  that  straight  lines  through  the 
origin  correspond  to  straight  lines  through  the  origin.  Also  circles  whose  centres 
are  at  the  origin  correspond  to  circles  whose  centres  are  at  the  origin. 

If  we  choose  n=  -1,  we  have  the  ordinary  case  of  inversion  ;  thus 

In  this  case  any  circle  inverts  into  a  circle.     The  density  of  the  membrane  is  then 
given  by  -  -  =  f  -  j  .    As  this  is  infinite  when  r  is  zero,  the  centi 
be  external  to  the  membrane. 


654.  Es.  1.  The  density  of  a  membrane  bounded  by  two  c 
ciioles  of  radii  a  and  b  at  any  point  distant  p  from  the  centre  is  Ajp',  Let  it 
vibrate  Bymmetrioally  so  that  the  nodal  lines  are  concentric  circles,  then  by  Ei.  2, 
Art.  639c,  the  possible  periods  of  vibration  are  21-  (Aj^iy,  where  p  is  such  that 
P  (loga-log6)  =  tjr,  and  i  ia  any  integer. 

Let  us  invert  this  with  regard  to  an  esterna!  point.  We  immecliatelj  have  the 
following  theorem. 

A  heterogeneous  membrane  is  bounded  by  two  fixed  circles,  cenij'es  C  and  C. 
Let  0  be  that  point  which  has  a  common  polar  line  in  both  oirelee,  and  let  this  polar 
line  cut  the  straight  line  OCC  in  the  point  H.  Let  the  density  at  any  point  P  be 
given  by  D  =  .1  .(■—■-  -  )  ,  Then  the  membrane  can  vibrate  so  that  the  nodal 
lines  are  circles,  and  the  possible  periods  o£  vibration  are  27r  j  -j-=  J  ,  where  p  is 
fluch  thatp  log  /  ^_  — iir,  aud  a  and  a'  are  the  radii  of  the  circles  whose  centres 
are  C  and  C 

Ex.   2.    A  heterogeneous  membrane  is  bounded  by  two   rigid  circles  whose 
equations  are  respectively  p=iip  aud  p=\r,  where  p  and  r  are  the  distances  cf  any 
point  from  two  fised  points  S  and  E.     The  former  is  the  outer  eirde  and  is  fixed  in 
R.  D.     II.  30 
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space ;  tlie  inner  is  tree  to  move  and  is  eo  loaded  that  its  centre  of  gravity  is  at  JR. 
The  surface  density  at  any  point  P  of  the  membrane  is  iAb^jph",  whare  26  is  the 
distance  between  the  fixed  origins  S  and  li.  Prove  that  the  membrane  can  oscillate 
o  that  the  nodal  lines  are  the  circles  fi=  kT,  and  that  the  periods  P  arc  given  by 

!,  where  T  is  the  uniform  tension  of  the  membrane, 
and  M  the  mass  of  the  Ic 

066.  Example, — The  motion  oi  a  rectilinear  membrane  bonneted  by  the  axes  of 
f  and  J)  and  ihe  straight  lines  ^—h,  7j  =  ft,  is  known  to  be  given  by  the  type 

where  i  and  i'  are  any  integers  which  satisfy  ha  +  "m  ~  ^  ■ 

Let  us  invert  this  with  regard  to  the  origin,  we  see  that — 

The  motion  of  an  inflnite  membrane  bounded  by  the  ases  of  x  aad  y,  and  the 
arcs  of  two  circles  whose  diameters  are  li',  h",  and  which  touch  the  axes  of  x,  y  at 
the  origin,  is  given  by  the  type  ic  — ji  sin sin -_ oospmt, 

where  the  integers  i  and  i'  satisfy  the  equation  i^h'^  +  i'^k'^—  ^c'', 

provided  that  its  density  is  given  by  Ii  =  (  -  J  .  — ^^ , 

where  r=teEEioii  of  the  membrane. 

666.    Example.— 11  we  transform  the  same  theorem  with  n  =  2,  we  see  that— 
The  motion  of  a  finite  membrane  hounded  by  two  straight  lines  OA  —  h',  OB  =  k', 

inclined  at  an  angle  ir/4,  and  by  two  rectaugalar  hyperbolas  passing  respectively 

through  A  and  B,  and  having  OB  and  OA  for  asymptotes,  is  given  by  the  type 


where  i  and  i'  ara  connected  by  ~~  "^  ir~    — 

provided  thai  its  decEity  if.  I     il    \  .—^. 

657.  Suppose,  in  an  nhn  te  ho  no|,e  eous  embrane,  a  very  small  circular 
area  of  radius  e  to  become  g  d  and  to  be  const  ained  to  move  transversely  with 
a  motion  given  by  tu  —  4cosj  n  The  wave  w  11  sj  read  out  equally  in  all  directions, 
and  when  the  motion  has  become  steady,  the  vibration  at  any  point  distant  p  from 
th         t       f  d   t    b         will  be  given  by  i«  =  J„  {ppj  A  bob  pmt. 

H       w    h  pp    ed  e  to  be  so  small  that  J„{pe)  —  1.     Such  a  small  circular 

vib    t    B  m  y   f      convenience,  be  called  o  wwce  of  disturbance,  or  more 

h    tl 

It  w  t  t  m  this  theorem  by  the  method  of  conjugate  functions,  we  see,  for 
th  t    b  n  Art.  641,  that  the  infinitely  small  circle  will  transform 

t  m  1      li  .,  into  another  circle. 

658  J I   — Th   vibrations  of  au  infinite  homogeneous  membrane  bounded 

by     fi    d  t     ght  1        talten  as  the  asis  of  x,  and  acted  on  by  a  source  at  some 

pmt(t  j         gi        }yw  =  {Jo{pp}-J^{pp')}AeoBpiia, 
where  t^^iS-i.f+iv-Vi)'', 

and  p'-'={i-i,i^+tv  +  Vir< 
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so  that  p,  p'  ace  the  dJstancea  of  the  point  (J,  if]  from  the  source,  and  its  image  on 
the  other  side  of  the  axis  of  |. 

HencG  we  infer  Uiat  the  vibrations  of  an  infinite  heterogeneous  membrane 
bounded  by  two  fixed  radii  vectocea  forming  a  corner  of  angle  ir/ti,  anc!  acted  on 
by  a  eonree  at  a  point  r^Si,  are  given  by 

w  -  {J„  ipB)  -  J„  ipR) )  A  aoapmt, 
where  c"^  ii*= r="  +  ri="  -  2r»j-,''  eos  n(e-  $,} 

provided  that  the  density  of  the  membrane  is  given  hy  —  =  m*  I  -  1 

Here  r,  B  are  the  running  coordinates  of  any  point  of  the  mediam,  to  is  the 

traneverse  displacement  at  the  point  p,  u,  and  D^  Is  a  constant. 

The  method  of  deducing  the  motion  of  a  heterogeneous  from  that  of  a  homo- 
geneous membrane  was  given  by  the  author  in  the  twelfth  volixme  of  the  Proneedings 
of  the  Matliematical  Society,  1881. 
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Art.  56.  TraasEanuation  to  jirineipal  coordinate b.  This  method  of  trans- 
forming any  uoordinatoa  6,  /p,  &o.  to  the  prii  oipal  loordii  ates  f  j;  do  m^j  he 
presented  in  a  purely  Mathematical  form.  Let  us  fitat  a&6ume  the  tcansformat  on 
to  be  possible,  ao  that  we  have 

3T=^„#2  +  2d„S^+...,    =ai,f +a.V+         I  ,,, 

where  the  accents  have  been  dropped  from  the  ooordinates  in  2T  as  being 
unneoessary  for  our  present  purpose.  We  have  also  omitted  I',  from  the  second 
equation  for  the  sake  of  unity.  Lot  the  formilee  of  tranntormat  on  which  we  have 
to  find,  be,  as  in  Art.  69, 

^=«.,?+«^,+  () 

&s.=&e.  ) 

Let  us  eliminate  P  from  the  equations  (1)  ei  J  1  lie  entiate  the  ei.ul6  with 
regard  to  S.     Patting  p^^—  -Ch/m^  we  have 

^  (T,,Hii)=(.,r,>+,j,ft+  h,p,'+tj  f  ;|+fa (B). 

This  vsniahes  when  we  put  :)=0,  f=0|  ifeo.  whatever  J  may  be.  Heiioe  if  the 
ttajiBformatioii  be  possible  we  have  after  substitution  from  (3) 

(A,l.,'+c„)i,+  M„,,'+c„)>^+ .0 (4), 

In  the  same  way  by  differentiating  with  regard  to  0,  we  have,  when  )j  =  0,  f=0,  &c, 

{A-aPi'  +  Cjs)li+(A^p^^+C^)>i>j+ =0. 

Thus  we  see  that  pj'  is  one  value  of  p'  obtained  from  L^range's  determinantal 
equation  as  given  in  Art.  58,  while  the  values  of  £j,  nt^,  &c.  are  proportioual  to  the 
minors  of  the  determinant.  Bliminating  ij",  f,  &c.  in  turn  from  the  equations  (1), 
the  same  ailment  appliee  to  each  of  the  other  columns  of  coefGoients  in  the 
formnlra  of  transformation  (2).  In  this  way  we  obtain  the  rule  given  in  Arts.  53 
and  66.  The  formnlre  of  transformation  are  written  at  length  in  Art.  66.  We  see 
that  the  ooeEBoients  of  x,  y,  &a.  are  the  values  of  the  minors  Xjj{p%  Ac 

If  there  were  on  the  right-haad  side  of  tl  juat  d  (1|  any  term  such  as  ^, 
this  product  would  give  on  the  right-hand  d  f  (3)  a  t  m  (a^p^  +  c^  ^  (brijdS 
when  we  eUoiinated  p  and  differentiated  w  ti  ega  A  it:  e.  It  would  give 
(oisPa^  +  ^is)  ijd^/'W  when  we  eliminated  j/'an  1  d  fi  nt  atel  ith  regard  to  d.  Now 
the  differential  coefBoients  of  J  or  ij  with  a  d  t  h  oordinatee  e,  ip,  f,  Sio. 
cannot  be  all  zero,  for  this  would  make  ^  nl  p  nd  nt  of  all  the  coordinates. 

Also,  if  Lagrange's  determinantal  equation  ha  all  t  t  unequal,  the  coefficients 
a,jP[=  +  C[5  and  a^ip^  +  Cn  cannot  both  vanish.  Hence  m  this  case,  when  the  right- 
hand  sides  of  (3)  are  made  to  vanish,  there  cannot  be  any  products  of  coordinates 
in  either  of  the  espressions  on  the  right-hand  side  of  (1). 
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If  Lagrange'a  equation  hare  equal  roots  we  kaow  by  Art.  61  that  all  the  minors 
■will  ba  zero.  The  ratios  of  I,  m,  &c.  found  by  the  preceding  rule  will  therefore  bo 
nugatory.  To  simplify  the  argument  let  us  suppose  that  the  equation  has  tno  equal 
roots  and  let  these  be  p^'  and  p^.  The  ratios  of  the  coefGolents  in  the  third  and 
following  ooinmns  of  (2)  may  be  found  as  before,  because  they  depend  on  unequal 
roots  in  Lagrange's  determinant.  Since  thefirstmiuora  are  aero  for  the  equal  roots, 
the  equations  (4)  to  determine  the  ooefliDieiits  of  either  of  the  first  two  columns  ot 
(2)  are  not  independent.  Eejeoting  any  one  of  these  equations  (as  in  Art.  278)  we 
obtain  by  using  the  second  minors  all  the  letters  in  the  first  column  in  terms  of  any 
two,  say  Ii  and  ni, .  Tlie  letters  in  the  second  colum-n  are  found  in  terms  of  ij  and 
jBj  by  the  same  formnlffi.  Thas  we  have  two  independent  eoefScients  in  each  of 
tiiese  columns  instead  of  one  as  before. 

But  if  we  uae  these  formulce  of  transformation  without  further  limitation,  we  are 
not  sure  that  terms  containing  the  product  |ij  may  not  enter  into  the  two  right-hand 
sides  of  the  eipresaioDH  (1)  provided  they  enter  both  with  ooefficieats  in  the  ratio 
p,^ :  1.  To  secure  the  absence  of  such  terms,  it  will  be  suffioient  to  make  the 
coefficient  of  fjj  in  either  of  the  coefficients  T  or  U  equal  to  nero.  It  wo  choose  T, 
we  have  by  substituting  from  (2)  in  (1) 

A,^l^l,  +  A,^(l,m^  +  l,m,)  + =0, 

or  aa  it  is  written  in  Art.  316 

A  (i,y  =  0. 
Eegarding  then  l^,  m,  and  ij  aa  arbitrary  we  have  sufficient  linear  equations  of  the 
flcBt  order  to  find  all  the  other  eoofiicients  of  the  two  first  columns  in  the  formuls 
of  transformation.     Thus  we  have  three  arbitrary  conatants  instead  of  two. 

Alt.  60.  Ths  conditionB  tliat  a  qnadxlo  Bliotild  be  one-signed.  The  con- 
ditions briefly  quoted  from  Williamson's  Differential  Gakiilua  have  referonoe  to  the 
quadrie  T,  which  is  to  be  a  positive  one-signed  function,  and  it  is  stated  that  the 
sncceasive  discriminants  should  all  be  positive. 

If  we  assume  that  the  sign  of  the  discriminant  is  not  altered  hy  any  linear  trans- 
formation of  the  coordinates  we  may  obtain  an  easy  proof  of  this  proposition.  Let 
the  quadric  be 

iiT=Aij8^i-2A^^^-i-A^4fi  +  3ie (1), 

and  to  simplify  the  argument  let  there  be  only  four  coordinates  S,  ^,  V.  X-  Let  D 
be  the  discriminant,  Hi  the  discriminant  when  any  one  coordinate,  say  x,  is  P"'  equal 
to  zero,  Dj  the  discriminant  when  two  coordinates,  as  x  a-nd  i',  S'e  both  put  equal 
to  zero,  Dg  the  discriminant  when  three  coordinates,  x,  V'  ""^  'Pi  ^''^  P"!^  equal  to 

Collecting  all  the  fl's  together,  then  the  ^'s  and  so  on,  we  may  write  T  in  the  form 
27- ifi  (e  +  <ti* -!■  6,iA -K!iX)^-H -Ba  (*  +  6=^  +  CaXJ"  + -Ca  W  +  i^sX)' +  B4X=, 
where  all  the  English  letters  on  the  right-hand  side  are  rational  functions  of 
A,„  Jjg.  &c.  and  therefore  are  real. 

We  may  now  write  this  eipreasion  in  the  form 

2T  =  B,x^  +  Il^l'-hB^^  +  By  (3), 

where        u  =  x,   z^i'  +  CgX,   V  =  <l>  + ''if  +  "sX:   !c^e  +  a,<p  +  b,'f'-i-cjc (3)- 

Since  |1)  and  (3)  niay  be  derived  from  each  other  by  a  linear  transformation, 
their  discriminants  have  the  same  sign.  Hence  the  product  B^B^^^  has  the  same 
sign  as  D.  Again,  putting  u  i^  ^  ^  0  and  repeating  the  argument,  the  product  BiB^^ 
has  the  same  sign  as  !>,.  Similarly  the  product  B,Bj  has  the  same  sign  as  Z>2  and 
Bjhas  the  same  sign  as  D^.  Thus  B-,,  B^,  B^.  B^  are  positive  Jnhen,  the  disariminaitts 
D,  J>,,  Dj,  Dj  are  all  positive  ami  not  otherwise. 

The   conditions   that   T  should  be  a  one-signed  positive  quadric  follow  im- 
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mediately.  Tlie  conditions  tbat  T  Eihould  lie  a  ooe-aigned  negative  quadrie  may  be 
deduced  from  these  by  changing  the  signs  of  all  the  coeffioientB  ^,i ,  Bu,  ifee.  in  the 
expression  for  T. 

It  the  term  with  8'^  ■were  absent  from  {V\,  the  tvansfocmatioii  here  used  to  eollect 
the  fl'a  together  could  not  be  effected.  But  it  should  be  noticed  that  however 
small  the  coefficients  4^  &a.  may  be,  no  difficulty  can  arise  as  long  as  they  are 
finite.  Accordingly  if  A^^  6"^  is  absent  from  (1)  we  introduce  a  term  afl''  and  write 
2r'=2r+oe^  where  «  is  aa  small  as  we  please.  It  now  follows  that  2T'  will  be 
a  one-signed  positive  function  if  all  the  euccessive  discriminants  of  2T'  are  positive 
and  eonversely.  But  these  diBoriminaats  are  all  integral  rational  fnnetions  of  the 
coefficients  and  may  he  made  as  nearly  equal  aa  we  please  to  those  of  2T  by  de- 
Ereasing  a  iadefinitely,  and  then  we  also  have  T'  —  T.  The  conditions  therefore 
that  2T  should  he  a  one-eigned  positive  function  are  tliat  the  successive  discriminant} 
of  T  are  positive.  In  the  same  way  if  the  term  containing  ifi''  should  be  absent  at 
the  stage  of  collecting  the  ^'s  together  we  supply  the  term  ^if/^  to  2T  and  the  same 
arguments  apply 

We  may  also  notice  that  in  using  the  theorem  the  onlei  of  taking  the  several 
discriminants  is  immaterial  We  mav  begin  with  <//  instead  of  8,  then  put  ^  =  0  to 
get  the  next  discriminant  and  so  on  In  this  waj  by  alteiing  the  older  of  the 
letters  we  may  get  new  sets  of  conditions,  apparently  diffeient,  hut  all  leally  equi- 
valent to  each  othei 

That  the  diacruninantt,  of  (1)  and  (2)  keep  the  same  -.ign  mai  he  shown  as 
foUowh      Taking  the  second  espiessjon  lot  us  wiite 

J;  =  i,tf-^iJ^+  i/  =  mie  +  nt,^-t-  '  —  Xc         (4). 

'Substituting  m  (2)  we  obtain  a  quatliiL  espres^ion  whose  discriminant  i'^  easily  seen 
to  be 

I  BjJj'  +  BjHii^-f  £jii(j-i-Bi«iJnj+      ic    I 

B,ljl^  +  B.jin,m^  +  ...         iiiZjH  ^aHia'' + . . .      &.<.. 
\  &0.  *e.      "         &c.  I 

This  is  obviously  the  squaie  of 

I  \/^A    -J^i^i     V-^a"!.  *=■  I 

^bX     sJB^m^     V^jn,,  &a. 

I     &0.  dtc.  &e.      Sm.  I 

The  discriminant  of  T  when  expressed  as  a  function  of  9,  ij>,  &c.  is  therefore  equal  to 

B^B^B.^..     I     ^1         nil,     *c.   1= 

h         ^s.     ^c.        (5). 

j    &C.  &C.       &0,    I 

The  sign  has  th      f       n  t  h    n  altered. 

The  deteriD  na  t  th  p  -e  sion  (5)  is  the  Jaoobian  of  x,  y,  &e.  with  regard  to 
9,  0,  &0.  and  ft  n  all  d  th  determinant  of  transformation.  Comparing  the 
formula?  of  tr  n  f  mat  n  (3)  and  (4]  we  see  that  this  determinant  is  equal  to 
unity.  Hence  th  d  m  na  t  of  (1)  and  (3)  have  not  only  the  same  sign  but  are 
e^ual  each  to  e     I 

We  also  imm  d  at  ly  d  du  f  om  the  espiesiion  (5)  b>  ■i  double  transformation 
the  theorem  quoted  in  A  t  61 

Art.  151,  aoonwtrical  pcopertles  of  Uie  berpoUiode  1  An  ellipsoid  whose 
equation  is  ax'  +  fy^  +  yi  ~1  has  its  ccntie  0  hied  and  rolls  in  Poinsot's  manner 
on  a  fixed  plane,  the  per).ei  d  tulai  on  the  l  lane  being  OL—p  (Art.  Ii9,  fig.  1). 
Find  the  radii  of  the  bounding  oulIcs 

Let  I  be  any  point  common  t)  the  rolhode  and  herpolhode,  OI=r,  LI—p,  then 
r'=^p^+p'^.     By  proceeding  as  in  Art  150  c  Bi  1  we  can  find  the  greatest  and  least 
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Tallies  of  or  for  any  given  polhode  and  oan  thenco  deduce  the  corroeponding  values 
of  p.  To  fix  our  ideas  let  a,  ft  7  be  in  ileeeending  order.  Let  p'^l/n-,  then  jT'^^it 
the  polhode  is  oonoave  to  the  axis  of  OC.    Let 

p^^^      {^-'^)i^-y) ,      ^^.^      (,r-Y)(,r-a)  ^       ^^,^  Jjr~^){^-f)  _ 

Then  pi  and  p^  are  the  radii  of  the  lesser  and  greater  bounding  oireles  and  pj  is 
imaginary. 

2.  To  espresH  the  equation  of  a  polhode  and  also  that  of  the  oorresponding 
herpolhode  as  a  relation  between  the  radius  vector  of  the  common  point  I  and  the 
perpandioular  drawn  from  the  origin  O  or  i  on  the  tangent  to  the  curve  at  I. 

For  the  polhode  the  origin  is  0,  OI=r.  Lei  the  pecpendjenlar  on  the  tangent 
he  p'.    The  equations  of  a  polhode  are 

oar'  +  jSy^  +72"  =1 

These  are  the  same  as  the  equations  (1),  (2),  (3)  of  Art.  137  except  that  Uj,  Uj.oij,  01 
are  replaced  by  x,  y,  z,  r  and  T,  Q  by  unity  and  ?r.  We  therefore  have  at  once  by 
equations  (6)  of  that  article 

where  jt,-  ^    2'^ <  *"■  *°^  S= -(o-p)  (^-7)  (7-11). 

from  these  we  find  dxjds,  dyjdi,  dzjds  in  terms  of  drfde  where  s  is  the  arc.  Adding 
the  square!  md  writing  1  -p'^jr^  for  (drjds)^  we  deduce 

r'-y        r^-lh  r'-i^  5^-/13 

As  the  ellipsoid  rolls  on  the  plane,  the  polhode  and  herpolhode  have  a 
tangent  at  I,  hence  if  p  =  I.I  is  the  radms  vector  0/ 1,  q  tke  perpendicular  from  the 
onjjm  L  im  the  tangent  to  the  herpolhode  at  I  (Art.  149,  fig.  1),  we  have  i^=ifl+p* 
and  p^—q^+p^  Substitnte  these  values  of  r'  and  p"^,  and  the  equation  of  the 
hLipolhode  co>T:esponding  to  (1)  becomes  after  a  slight  reduction 

s     ^  09-7)^7  ^  (7-°)  7°  ^  (^Z&^  m 

p!_gS  /-pl^  />^-fe^  P^-P3^ 

where  p,  and  /I9  are  the  radii  of  the  bounding  circles. 

Since  a,  (3,  ir,  7  have  been  taken  in  descending  order,  each  of  tlie  three  fractions 
on  tke  right-hand  side  U positive  for  all  values  of  p>/3i  and  -s/ij. 

3.  To  find  the  radius  of  curvature  at  any  point  of  the  herpolhode. 

The  radius  of  curvature  at  I  is   R^pdpjdg.     Hence  after   differentiating  (3) 

(p"-iTV      x)     (,■-»■)■(»■-/■.■)■     (f'-ftT "■ 

This  equation  gives  if  at  any  point  of  the  herpolhode  when  the  radius  vector  p  and 
the  perpendiGular  q  on  the  tangent  are  Imowu. 

i.  To  find  the  radius  of  curvature  R,  of  the  herpolhode  at  the  points  whete  it 
touches  the  bounding  circles  we  multiply  both  sides  of  (3)  by  (p^-i/j^and  put  p'=pi^ 
and  therefore  q'=pj^.  Every  term  on  the  right-hand  side  is  then  zero  except  the 
first.  The  ultimate  ratio  of  p"  -  J^  to  p^  -  d^  is  found,  by  treating  equation  (3)  in 
a  similar  manner,  to  be  Sjlfi  -  7)  Py.    We  therefore  have  after  a  slight  reduction 

^_    'P    7 /_     ^^  notice  that  this  ratio  is  independent  of  the  particular  polhode 

H,  fiy 

described  by  the  point  I  and  depends  mily  on  the  ellipsoid. 


...(!)■ 
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Tlie  radius  ot  curvature  H.j  at  the  boundary  p  =  i)2  is  found  in  the  same  way. 

To  find  the  points  of  inflexiim,  we  sqa&re  boih  sides  of  (2),  multiply  (3)  by  8 


,..(4), 


and  subtcaot.     We  then  h; 

where  II  is  twice  the  snm  of  the  products  of  the  three  frautions  on  the  right-hand  aide 
of  (2)  taien  two  and  two  together.  It  follows  tliat  H  la  positive.  Henue  unless  oae 
of  the  three  eipressiona  ^4-7-0,  7  +  0-^,  a  +  p-7  is  negative  every  one  of  the  sis 
terms  on  the  right-hand  side  of  (4)  ia  positive.  Since  however  in  a  momental 
ellipsoid  the  sum  of  any  two  principal  moments  of  inertia  is  greater  than  the  third, 
it  follows  that  fi  cannot  be  infinite.    Hence  Poinsot's  kerfoikode  has  no  potnti  of 

6.  If  a,  ;3,  T,  7  are  in  descending  order  and  if  the  rolling  ellipsoid  is  snch  that 
a^p+y  the  herpolhode  has  a  point  of  inflexion. 

We  multiply  (4)  by  {p'-g^'  and  put  ^=ft^  and  therefore  j^^p^a.  Every  term 
on  the  right-hand  side  is  then  ;:ero  except  the  first.  Since  a:>^  +  y  the  first  term 
of  (4)  is  negative,  and  therefore  qjB  is  negative  when  (^=p,^.  In  the  same  way  we 
find  that  qjB  is  positive  whenp^^^^,  since  0,3,7  are  in  descending  order,  ThnsB 
has  changed  sign  and  is  therefore  infinite  for  some  positive  value  of  p*  jehich  lies 
between  the  limits  of  the  bounding  circles. 

7.  That  the  perpendicular  q  on  the  tangent  to  the  herpolhode  i$  ahBay$  positive 
is  perhaps  self-evident,  bnt  a  formal  proof  can  be  easily  found.  Since  p'*=g^-fp[^ 
we  haTejp''=p^  if  3  =  0.  Now  p  is  the  shortest  distance  of  O  from  the  plane,  hence 
p"  must  coincide  with  p  in  position  as  well  as  in  length.  The  tangent  at  I  to  the 
polhode,  the  perpendicular  p  on  the  tangent  plane  at  I  to  the  ellipsoid  and  the  radius 
vector  01  must  therefore  lie  in  one  plane.     The  condition  for  this  is 

\ip-y)Py!^,  (T-^It"/!/,  (o-^)a;3/2|  =  0, 
ax,  (Sy,  yz\ 

where  the  terms  in  the  several  rows  are  proportional  to  the  direction  cosines  of  the 
three  straight  lines  referred  to  the  axes  of  the   ellipsoid.    When  expanded   this 

which  cannot  be  satielied  by  real  values  of  x,  y,  z, 

8.  Jf  the  instantaneous  aMs  describe  the  separating  polhode  jr=^  the  equation 
of  the  herpolhode  may  be  reduced  to  either  of  the  forms 

where  p  is  the  radius  vector  01,  g  the  perpendioular  on  the  tangent  and  S  is 
measured  from  the  greatest  radius  vector.  The  inner  bounding  circle  is  a  point  and 
the  radius  Pj^co!  the  outer  circle  ia  given  by  e*a(37=(o-j3)  ((^-7).  This  value  of 
c  requires  that  ^  should  be  the  mean  axis  and  therefore  tiiat  o-^7:>(3.  The  eurve 
when  traced  shows  an  infinite  number  of  tnrns  round  the  origin. 

9.  The  perpendicular  g  on  the  tangent  ot  the  herpolhode  and  the  radius  of 
cnrvature  R  may  be  expressed  in  terms  of  the  radiua  vector  p  by  the  equatioas 

■)(T-|i)(^-T)|' 
T.(ly  (   • 


jrMj2  = 


(5 -^ (,-a(5_r_-.J ,. 
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The  first  of  these  results  ig  an  algebraic  tranaformation  of  that  given  in  Art.  3. 
The  aeeon]  follows  himi  M=pdfil Ig      These  form  ilie  seen  too  oomplieafced  to  be  of 

10  Poinsot  s  fiRUie  of  the  herpolhodc  le  drawn  with  a  point  of  inlleidon  on 
eaoh  aic  between  the  bounding  circles  (Throne  Nmtv  lie  it  la  Rotation  des  Corps, 
1852)  M  dc  Sparre  has  shown  that  this  tgute  is  not  correct  {Comptes  Bend-m, 
TomsB  ECis  01  I88S)  He  a\  o  lisonsaes  the  rolling  ol  coniooids  in  general  and 
obtains  the  same  result  as  that  K'ven  m  Art  b  Darbous  in  his  Notes  to  Despeyrous 
{Coure  de  Meeanique,  1886J  shows  in  a  different  manner  that  the  herpolhode  of  a 
momental  ellipsoid  cojinol  have  a,  point  of  inflexion  and  he  finds  an  expression  for 
the  radius  of  enrvature  which  can  be  reduced  to  that  given  in  Art.  9.  See  also 
Greenhili'e  A^Ucations  of  Elliptic  Functions  for  another  discussioa. 

Art.  631.  StrsBB  in  a  onrred  flexllils  and  extsnalble  rod.  The  statical 
theorems  quoted  in  this  article  may  be  proved  in  the  following  manner.  Let 
FQ  be  any  element  of  the  asis  of  the  rod  in  its  unstrained  position.  P'Q'  the 
same  element  in  the  strained  rod.  Let  ds,  ds'  be  the  lengths  of  these  elements, 
a,  p  the  radii  of  curvature  at  P,  F".  Then,  since  p.  q  are  the  propoitioaal  elonga- 
tion and  increase  of  curvature, 

'■%-^.  -e-3" "'■ 

Let  a,  e  be  the  coordinates  of  P,  a(l+«),  e  +  ^  those  of  K     Than  since 
ds^adB,  (^)3=o=(du)'  +  a'(l  +  u)'(rfe  +  d^f 

we  easily  find  that  p^a  +  d^jde  (2). 

Again,  when  we  neglect  the  squares  of  small  quantities  we  liave 


-{• 


L  t  f      th        d  to  the  principal  axes  of  the  carved  asia  at  F.     Let  the 

norm  1  d  d   I     th        '      I      1  t  th    tangent  be  the  axis  of  x,  and  let 

^  be  pe  1      1    U      t    tl     pi  f  th  We  assume,  as  is  usual  in  such 

probl  th  t  th  m  t  1  p  t  1  t  th  d  wh  oh  lie  in  a  plane  perpendicular 
to  th   ax  ti        t    1  pi        p    p     h     1     to  the  aKis  when  the  rod  is  bent 

ox  fit    tohed        d  ti    t  th      di  t  f    m  th  are  not  sensibly  altered. 

Dra       g  tw    pi  1  t     th  i  P'   Q',  let  R'S'  be  any  elementary 

fibre    f  th      od  par  llltoth  lygbtee     these  planes,  and  let  BS  be  its 

unst    t  !  ed  1     gtl      L  t  j       b    th  di     t        f  J{';  if  ds  he  the  anstretohed 

lengti      f  P  i     ih  t       hi       i    t    t  i  ed  1      tbs  of  R'S'  are  respectively 


■('-J)- 


TI  1      t  t  f    11  th    hb        wh   h    ross  the  eleraeutarj  area  dydi 

is  e    d    tlj  Edid   (—  1       S  b  1 1  ting  f       la',  dir,  1/p  their  values  given  by 

(4)  ai  d  (1)       J     J    t    g    11    h    p  t    /      bo      the  second  because  the  rod  is 

tliin,  we  find  that  the  resultant  tension  of  these  fibres 


'C-s)} 


-Edydz  jp-(l+i')gi 
Let  u  be  the  area  of  the  section  of  the  rod,  u>k^  its  moment  of  inertia  about  the 
sis  of  y.     Eomembering  that  the  centre  of  gravity  of  a  is  the  origin,  we  find  by 
u  obvious  integration  that  the  resultant  tension  T  and  couple  L  are  given  by 

r=£^jy-J(i+p)gl,  i=-£«J(l+p)a   IB)- 


yGoosle 


474  NOTES. 

Since  the  rod  oscilla:tea  about  ite  unstrained  position  we  raay  neglect  tihe  squares 
and  products  of  the  small  quantities  p  and  g.  These  then  reduce  to  the  results 
used  in  Art.  esi,  Ex.  2. 

The  work  of  a  fibre  per  unit  area  of  section  when  pulled  from  its  unstretched 
length  da  to  the  length  dn'  is  proved  in  Vol.  r.  Art.  343  to  be  -  ^E  {dir'  -  di^fld-r. 
Substituting  as  before  for  dir,  dtr'  and  rejecting  the  cubes  of  eja,  we  find  that  the 
vorlt  W  is  gifeu  bj 

,.(7). 

Thie  reduces  to  the  result  given  in  Art.  631  when  only  the  lowest  powers  of  p  and  q 
are  retained. 

From  the  expression  for  W  we  may  deduce  the  values  of  T  and  L.  Keeping  P" 
fixed,  let  the  element  P'Q'  be  further  stretohed,  without  altering  the  ourrature,  so 
that  its  length  becomes  ds",  then  dp  =  {dB"  -  ds')ld$.  The  work  done  by  the  tension 
at  the  end  Q'  ie  -T  {ds"  -  ds')  and  that  done  by  the  couple  at  Q"  ia  L  {ds"  -  ds'jip. 

We  therefore  have  -T  +  -  =  -j-. 


Wds=-  JEuds  L''  +  -J  3^  (1  +pA   . 


s  without  altering  the  length  of 
while  the  work  of  the  oouple  is 
■e.      Since  dq=-{llp' -lip)  a,   we 


r  and  I,  given  by  (6). 

that   L  =  ±  Fjp  where 


Nest  let  the  rod  receive  an  increase  of  o 
the  element.    The  tension  at  Q'  does  no  worli 
L{l!p'-ljp)dii',   where   Ijp'   is  the  new  ourva 
,,    .  ^        a     dW 

see  that  L  —  --     — ;—  . 

l+y  d(( 

From  these  results  we  easily  deduce  the  values  o 
The    theorem  quoted   from   statics   in   Art 
F=fc^(Bio  +  T),  also   follows  easily  from  the  equations  (6).    Eemembering   that 
the  unstrained  radius  a  is  here  infinite,  and  putting  q^ajp  we  have 

T^E^p,         i=  -Euk^(l+p)lp. 
Eliminating  p  from  the  value  of  L,  we  have  the  result  quoted. 

Art.  639.  loaded  Uembranee.  We  may  also  deduce  this  result  from  the 
tormulre  in  Arts.  76  and  77.  We  shall  begin  by  refen^ing  the  unloaded  membrane  to 
principal  coordinates.  To  efiect  this  we  write  (see  Art.  56)  the  complete  expression 
for  w  given  in  Art.  636  in  the  form 

«)  =  sin— Bin^J  +  sin^sin^,,  +  &c. 

The  vis  viva  of  the  membrane  is  easily  seen  to  be 

Ji{du)!dt)^pd^dy  =  ipab{S.'^  +  v'^+...) 
where  accents  denote  difFerential  ooeiiicieiits  with  regard  to  the  time.  If  'we  now 
form  Lagrange's  determinant,  every  constituent  will  be  zero  except  those  in  the 
leading  dlagonaL  If  q^".  q^,  &e.  be  the  roots  of  the  determinant  and  M=pab,  these 
oonstituents  will  be  iM{q^-q^^),iM  {q^-q^^  &e.  Here  q  stands  for  the  quantity 
represented  by^  in  Art.  636;  the  roots  q^,  q^,  &c.  are  all  found  in  that  Article, 
and  are  expressed  by  giving  i  and  t'  all  integer  values. 

Placing  now  a  mass  fi  at  the  point  {h,  k),  its  displacement  will  be  giTen  by 

which  we  may  abbreviate  ir 


force-function  will  be  the  si 


n  additional  term  in  the  eiprei 
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Expanding  this,  and  veraembering  that  by  Art.  76  oiilj'  tbe  first  powers  ot  jj,  can 
enter  into  the  eipanaion,  we  have 

Dividing  by  the  first  terra  we  have 

ii^'"qj^q'''''qs^-q'''^ 
Substituting  for  a,  p,  &c.  their  values  given  above,  and  writing  q^pra,  we  have 
the  result  given  at  length  in  Art.  639. 

This  method  is  oleacly  general,  and  will  apply,  when  the  proper  values  of  a,  ji,  &o. 
are  substituted,  to  membranes  of  other  forms- 
Art.  641.  Oonjugate  Functions.  The  application  of  the  theory  of  conjugate 
funetions  to  Hydrodynamics  is  probably  well  known  to  the  student.  £j  that  theory 
the  potential  of  a  complicated  fluid  motion  can  sometimes  be  made  to  depend  on 
that  of  some  simpler  motion.  Thoi^h  this  course  is  beyond  the  scope  of  the  present 
work  we  may  yet  notioe  some  propositions  whioli  appear  to  be  new. 

When  one  fluid  motion  Is  changed  into  another  by  a  method  analogous  to  that 
described  in  Art.  643  for  niembranes,  the  kinetic  energies  of  the  two  fluids  which 
occupy  corresponding  elementary  areas  are  equal.  Thus  the  whole  kinetic  energies 
of  the  two  fliottons  are  equal,  but  diferently  distributed  over  the  areai  of  motion. 
This  corresponds  to  the  theorem  proved  in  Art.  646  tor  membranes. 

Suppose  a  vortes  n  of  strength  m  to  exist  at  any  instant  in  one  fluid  at  a  point 
whose  coordinates  are  (f,  jj).  There  will  then  be  a  vortex  P  of  equal  strength  at 
the  corresponding  point  (x,  y)  of  the  other  fluid.  These  will  not  continue  to  move 
so  as  to  occupy  corresponding  points,  bat  we  may  sometimes,  juithout  diaeusiing 
the  motion  of  the  rest  of  the  Jtaid,  deduce  the  motion  of  F  from  that  of  n  by  the 
following  rule.  Let  x  (li  v)  ^  "  e«»^«n'  ftmcUon  (not  the  current  function  of  t)ie 
fluid)  giving  the  motion  of  the  vortex  n,  $o  that  its  velocities  resolved  paratht  to  the 

a^es  of  ^  and  ij  are  respectively  —  nnii-  -^  .  Then  the  instantaneaas  motion  of  P 
is  given  by  a  current  f-anction 

i.e.  its  velocities  resolved  parallel  to  tluaxei  of  x  and  y  are  respectively -4^  and  - -^  , 
and  itt  path  is  found  by  equating  x'  fo  <i  constant.  Here  pfi  is  the  q-uantity  called 
DjD^  in  Art.  643.  Generally  we  may  say  that  the  current  funetian  of  F  is  obtained 
from  that  of  TI  by  subtracting  ^mlog/i,  where 

ljP={dildx)^+{dildy)^={dvldy)^  +  {d^ldx)\ 

In  using  this  rule  the  strength  m  of  a  vortex  is  to  be  considered  positive  when 
the  vortex  rotates  in  the  direction  opposite  to  the  hands  of  a  watch,  that  is  irom  the 
positive  direction  of  f  to  the  positive  direction  of  i). 

To  prove  thia  theorem  we  notice  that  the  current  function  at  any  point  (f^,  i;^)  in 
one  fluid,  or  at  the  point  {a:,,  y,)  in  the  other  ia 

lt=-4mlog|(fi-|)'  +  (i7i-l)n  +  -fi- 
where  in  the  latter  tluid  the  Greeli  letters  are  regarded  as  known  functions  of  the 
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Edglisli  ones.  Here  R  reprpsents  a  series  of  terms,  similar  to  the  first,  due  to  the 
presence  of  other  vorticee.  Since  the  vortex  P  doea  not  move  itself,  we  can  deduce 
its  motion  from  that  of  the  neighbonring  pointe  by  superimposing  on  the  latter  the 
reversed  motion  due  to  the  vortes.  This  relative  motion  is  given  by  the  current 
function, 

f=-imlo8{(|,-|)=  +  K-';l'f+4'«l'«{(%-i)=  +  (!'i-!'n+^- 
Let  Jj=J  +  f',  Tii  —  '^  +  Tf,  3!j=3!  +  x',yj=y  +  y'.    Let  ua  expand  the  expression  for 
^  in  powers  of  x',  ^  by  subatituting 

f  1  - 1 =1:^'  +  k,v'  +  i  (f  ,^  +  2f  CT^'a'  +  W)  +  ^''■ 
with  a  similar  espceasion  for  jjj-);.   Here  theEnffisesa,)/,  rto.  denote  differentiationa. 
We  find,  after  retaining  the  cubes  of  the  small  quantities,  that  the  factor  x'^  +  y"^ 
divides  out.    Expanding  the  logarithm  we  have 

m  (  ,  rfloa/i      ,  dlog/il         ,         ,  „ 

^         2}        dx        ""       dy    )  6  f-       . 

where  /i^=fj,=  +  |„'.     The  effect  of  the  first  term  of  this  series  is  to  aive  F  resolved 

velocities  equal  to  -  Jwdlog^/ii^  and  Jnid  lt« /i/diE  parallel  to  the  axes  of  a;  and  y. 

Cocsider  next  any  term  of  B  due  to  the  preaenoe  of  a  vortex  at  {^„.  ij„),  say 

H=-lB<log{(|-ga+(,_^j!}. 
The  resolved  velocities  of  a  point  of  the  fluid  at  II  are  found  by  diflereotiating 
this  with  regard  to  17,  £,  and  changing  the  sign  in  the  latter  case ;  let  these  be  u,  v. 
The  reaolved  velooities  of  a  point  at  P  are  similarly  found  to  be  tnjj,  -  v^j,  and 
~  «Dji+  wf„.  If  there  be  only  one  independent  vortex,  the  vortices  inolnded  in  B  ate 
imsges  of  n  and  their  positions  are  delerminefl  by  that  of  11.  Let  the  conditions  o£ 
the  question  be  such  thai  the  resolved  instantaneous  velocities  of  n  are  u=x„t 
V—-XI,  tiien  the  resolved  velocities  of  P  due  to  the  same  terms  are  Xm  ~Xx- 
Taking  therefore  all  the  terms  of  f,  the  resolved  velocities  of  P  are  xy  ~  i""^  ^os  f-jfiy 
and  -  Xi  +  i""^  '"B  iildx. 

As  an  example  of  this  rule,  let  ns  investigate  the  path  of  a.  vortex  P  swimming 
in  the  corner  formed  by  two  straight  lines  inclined  at  an  angle  equal  to  ir/m.     This 
problem  is  discussed  by  Prof.  Greenhill  in  the  Quartm-ly  Journal,  Vol.  xv.     Let  us 
first  suppose  a  vortex  U  to  swim  in  the  infinite  space  bounded  by  the  axis  of  f. 
Plaoing  an  image  oa  the  negative  aide  of  this  axis,  we  see  that  the  vortes  II  moves 
parallel  lo  the  axis  of  {  with  a  velocity  tn/2i;.    Its  stream  function  is  therefore  Jmlogij. 
Taking  any  point  on  the  axis  of  f  as  origin,  we  shall  turn  the  negative  aide  of  the 
axis  round  the  origin  until  it  makes  an  angle  eijual  to  ir/n  with  the  positive  side- 
To  express  this  we  use  the  focmuiie  of  transformation  given  in  Art.  653.     We  thus 
have  i7  =  c(f/e)''sin«0.    The  value  of  11.  ia  therefore  n(i7c)"~'.    According  to  the 
rule  the  stream  function  which  gives  the  motion  of  the  vortex  P  in  the  corner  is 
x'  =  imlog?i-ilog/i 
=  imlog(rsin«e). 
The  path  ie  therefore  given  by  ri\nnl)  =  c  where  c  ia  a  constant.     It  maybe  noticed 
that  ti  need  not  be  an  integer. 

If  two  circles  intersect  in  A  and  B,  we  may  find,  by  inverting  this  result,  the 
motion  of  a  vortex  V  in  ilie  apace  bflwem  the  circular  boundaries.  Let  S  be  the 
angle  the  cirole  through  A,  B  and  the  vortex  F  makes  with  either  circular  boundary, 
and  let  a  be  the  angle  between  the  circular  boundaries.  Then  the  current  function 
of  the  vortex  V  is  found  by  subtracting  \m  log  fi,  from  the  value  of  x'  given  above, 

where  ii—{-\  ,  as  shown  in  Art.  653.     The  current  function  of  the  vortex  V  is 
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The  path  of  the  vortex  i a  given  by  the  aquation  ^T.  BV.  sin  ■ —  =  C,  where  C  is 
a  constant. 

The  chief  objection  to  using  the  method  of  conjugate  functions  in  Hydrodynamioal 
probleme  ie  the  difficulty  of  finding  the  proper  forniulie  of  transforni»tion.  Bat  to 
diaoover  these  we  have  a  eonvenient  rtile,  via.  that  if  we  know  the  motion  of  a  flaid 
within  the  space  boamied  by  one  or  two  infinite  cwvei,  we  can  in  general  find  the 
motion  with  the  same  boundariei  lufteii  compUeated  by  the  presence  of  sources  and 
vortices.  To  prove  this,  let  |  and  i)  be  the  velocity  and  stream  potentials  of  this 
motion  Then  ij  is  oonstaut  along  the  boundaries.  If  we  use  ?,  ij  as  our  formuliB 
of  transformat  on  the  g  ven  boundaries  will  transform  into  straight  lines  parallel  to 
Qie  ax  s  f  The  motion  due  to  vortices  and  sources  in  this  space  has  already 
been  nvest  gated      Hence  the  motions  in  the  more  general  spaces  may  be  deduced. 

We  may  eysxd.  any  closed  curve,  snoh  as  an  ellipse,  as  a  section  of  aa  infinite 
oylinde  If  VFe  know  its  potential  at  any  external  point  when  charged  with  a 
given  quan  ty  of  e  eo  r  city,  we  may  immediately  deduce  the  motion  of  a  fluid  with 
vortices  ai  sou  oe  outside  this  curve  from  the  corresponding  motion  round  a 
cii-cle. 

I  in  the 
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